
JOURNAL OF INTEGRAL EQUATIONS
AND APPLICATIONS
Volume 5, Number 4, Fall 1993

GENERALIZED CONDITIONAL
YEH-WIENER INTEGRALS AND A
WIENER INTEGRAL EQUATION

CHULL PARK AND DAVID SKOUG

ABSTRACT. Let Q = [0, S] × [0, T ] and let h ∈ L2(Q).
In this paper we evaluate conditional Yeh-Wiener integrals of
the type

E

[
exp

{∫ t

0

∫ s

0

φ(σ, τ,

∫ τ

0

∫ σ

0

h(u, v) dx(u, v)) dσ dτ

}
|

∫ t

0

∫ s

0

h(u, v) dx(u, v) = ξ

]
.

The method we use to evaluate these conditional integrals is
first to define a sample path-valued conditional Yeh-Wiener
integral and show that it satisfies a Wiener integral equation.
We next obtain a series solution to this Wiener integral equa-
tion which we then use to evaluate the above conditional Yeh-
Wiener integral.

1. Introduction. For Q = [0, S] × [0, T ], let C(Q) denote Yeh-
Wiener space, i.e., the space of all real-valued continuous functions
x(s, t) on Q such that x(0, t) = x(s, 0) = 0 for every (s, t) in Q.
Yeh [10] defined a Gaussian measure my on C(Q) (later modified in
[11]) such that as a stochastic process {x(s, t), (s, t) ∈ Q} has mean
E[x(s, t)] ≡ ∫

C(Q)
x(s, t)my(dx) = 0 and covariance E[x(s, t)x(u, v)] =

min{s, u}min{t, v}. Let Cw ≡ C[0, T ] denote the standard Wiener
space on [0, T ] with Wiener measure mw. In [12], Yeh introduced the
concept of the conditional Wiener integral of F given X,E[F | X], and
for the case X(x) = x(T ) obtained some very useful results including
a Kac-Feynman integral equation.

Received by the editors on November 17, 1992.
1991 Mathematics Subject Classification. 28C20, 60J65.
Key words and phrases. Yeh-Wiener integral, conditional Yeh-Wiener integral,

Wiener integral equation, Gaussian process.

Copyright c©1993 Rocky Mountain Mathematics Consortium

503



504 C. PARK AND D. SKOUG

A very important class of functions in quantum mechanics are func-
tions on C[0, T ] of the type

G(x) = exp
{∫ T

0

θ(s, x(s)) ds
}

where θ : [0, T ] × R → C.

Yeh [12] gives a series expansion for the conditional Wiener integral

(1) E

[
exp

{∫ t

0

θ(s, x(s)) ds
}
|x(t) = ξ

]
.

The corresponding problem for Yeh-Wiener space, namely finding

(2) E

[
exp

{∫ t

0

∫ s

0

φ(σ, τ, x(σ, τ )) dσ dτ
}

| x(s, t) = ξ

]

turned out to be a very difficult one. The standard approach is to
find an integral equation involving the expression (2) and then solve
the integral equation. Many attempted this approach without much
success because the resulting integral equations were quite complicated
and hence very difficult to solve; as an example, see [2, Theorem 2.1].

In [8], Park and Skoug used a different approach to solve the prob-
lem. They first defined a sample path-valued conditional Yeh-Wiener
integral of the type

(3) E

[
exp

{∫ t

0

∫ s

0

φ(σ, τ, x(σ, τ )) dσ dτ
}

| x(s, ·) = ψ(·)
]
,

which satisfies a Wiener integral equation similar to that of Cameron
and Storvick [1]. The Wiener integral equation is then solved to
evaluate (3), and then (2) is evaluated by integrating (3) appropriately.

The main purpose of this paper is to evaluate conditional Yeh-Wiener
integrals of the type

(4) E

[
exp

{∫ t

0

∫ s

0

φ(σ, τ,
∫ τ

0

∫ σ

0

h(u, v) dx(u, v)) dσ dτ
}

|
∫ t

0

∫ s

0

h(u, v) dx(u, v) = ξ

]
,
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where h ∈ L2(Q).

It is clear that (2) is a special case of (4) with h ≡ 1 on Q. However,
as we will see below, the evaluation of (4) is much more involved than
the evaluation of (2). Also, the results in [8] follow from the results in
this paper by simply choosing h to be identically one on Q.

2. Generalized sample path-valued conditional Yeh-Wiener
integrals. For h ∈ L2(Q) define the stochastic integral z by

(5) z(x) ≡ z(x; s, t) ≡ zh(x; s, t) =
∫ t

0

∫ s

0

h(u, v) dx(u, v)

for x ∈ C(Q) and (s, t) ∈ (Q). Then z(x; ·, ·) is a Gaussian process
with mean zero and covariance

E[z(x; s, t)z(x; s′, t′)] =
∫ t∧ t′

0

∫ s∧ s′

0

h2(u, v) du dv,

where t∧ t′ = min{t, t′}.
Since the covariance function of z(x; ·, ·) is continuous, we may assume

that almost every sample path of z(x; ·, ·) is in C(Q).

For h in L2(Q), define a(·, ·) by

(6) a(s, t) =
∫ s

0

h2(u, t) du, (s, t) ∈ Q.

We start by establishing two lemmas.

Lemma 1. If k ∈ L∞[0, T ], then the stochastic integral

∫ t

0
k(v) dvz(x; s, v), (s, t) ∈ Q exists for a.e. x ∈ C(Q), and

(i)
∫ t

0

k(v)dvz(x; s, v) =
∫ t

0

∫ s

0

k(v)h(u, v) dx(u, v).

In particular,

(ii)

∫ t

0

a(s, v)
a(S, v)

dvz(x;S, v) =
∫ t

0

∫ S

0

a(s, v)
a(S, v)

h(u, v) dx(u, v),

0 ≤ s ≤ S.
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Proof. The formula (i) follows from the definition of z(x; s, t), while
(ii) follows from the fact that 0 ≤ a(s, v)/a(S, v) ≤ 1 for every v ∈ [0, T ]
as 0 ≤ a(s, v) ≤ a(S, v). We tacitly use the convention 0/0 = 0 when
a(S, v) = 0.

Lemma 2. For h ∈ L2(Q), assume that F (z(x)) is a Yeh-Wiener
integrable function of x. Then, for almost every η ∈ C[0, T ], we have

(i) E[F (z(x)) | z(x;S, ·) = η(·)]
= E

[
F

(
z(x; ∗, ·) −

∫ ·

0

a(∗, v)
a(S, v)

dvz(x;S, v)

+
∫ ·

0

a(∗, v)
a(S, v)

dη(v)
)]
,

and

(ii) E[F (z(x)) | z(x;S, T ) = ξ]

= E

[
F

(
z(x; ∗, ·) −

( ∫ ·

0

a(∗, v) dv
/∫ T

0

a(S, v) dv
)

· [z(x;S, T ) − ξ]
)]
.

Proof. (i) Under the conditioning z(x;S, ·) = η(·), we have

∫ t

0

a(∗, v)
a(S, v)

dvz(x;S, v) =
∫ t

0

a(∗, v)
a(S, v)

dη(v).

Thus, it is sufficient to show that z(x;S, t) and z(x; s, t) − ∫ t

0
(a(s, v)

a(S, v)) dvz(x;S, v) are independent for every (s, t) ∈ Q. Since they
are Gaussian processes, we need only show that they are uncorrelated.
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This follows easily from the calculation

E

[
z(x;S, t)

{
z(x; s, t) −

∫ t

0

a(s, v)
a(S, v)

dvz(x;S, v)
}]

= E

[
z(x;S, t)z(x; s, t) − z(x;S, t)

∫ t

0

∫ S

0

a(s, v)
a(S, v)

h(u, v) dx(u, v)
]

=
∫ t

0

∫ s

0

h2(u, v) du dv −
∫ t

0

∫ S

0

h2(u, v)a(s, v)
a(S, v)

du dv

=
∫ t

0

∫ s

0

h2(u, v) du dv −
∫ t

0

a(s, v)
a(S, v)

( ∫ S

0

h2(u, v) du
)
dv

=
∫ t

0

a(s, v) dv −
∫ t

0

a(s, v)
a(S, v)

a(S, v) dv = 0.

(ii) Under the given conditioning, we have that z(x;S, T ) = ξ for
almost every x ∈ C(Q). Thus it suffices to show that the Gaussian pro-
cesses z(x;S, T ) and z(x; s, t) − (

∫ t

0
a(s, v) dv/

∫ T

0
a(S, v) dv)z(x;S, T )

are independent for all (s, t) ∈ Q. To prove, simply proceed as in (i)
above.

The following theorem plays an important role throughout this paper.

Theorem 1. Let h, a, and z be as in Lemma 2, and let w(·) be the
standard Wiener process on [0, T ]. Then

(i) Ew

{
E

[
F (z(x)) | z(x;S, ·) =

∫ ·

0

√
a(S, v) dw(v)

]}
= E[F (z(x))]

and

(ii) Ew{E[F (z(x)) | z(x;S, ·) = η(·)]} = E[F (z(x)) | z(x;S, T ) = ξ],

where

(7) η(·) =
∫ ·

0

√
a(S, v) dw(v)

−
[ ∫ ·

0

a(S, v)dv
/∫ T

0

a(S, v) dv
][ ∫ T

0

√
a(S, v) dw(v) − ξ

]
.



508 C. PARK AND D. SKOUG

Proof. (i) Using formula (i) of Lemma 2, we have

(8) E

[
F (z(x)) | z(x;S, ·) =

∫ ·

0

√
a(S, v) dw(v)

]

= E

[
F

(
z(x; ∗, ·)−

∫ ·

0

a(∗, v)
a(S, v)

dvz(x;S, v)+
∫ ·

0

a(∗, v)√
a(S, v)

dw(v)
)]
.

Let

(9) Z(s, t) = z(x; s, t)−
∫ t

0

a(s, v)
a(S, v)

dvz(x;S, v) +
∫ t

0

a(s, v)√
a(S, v)

dw(v).

Then Z(·, ·), as a process depending on the Yeh-Wiener process x(·, ·)
and the Wiener process w(·), is a Gaussian process on Q with mean
zero and covariance

E[Z(s, t)Z(s′, t′)] =
∫ t∧t′

0

∫ s∧s′

0

h2(u, v) du dv.

Thus, Z(·, ·) and z(x; ·, ·) are equivalent processes, and hence, (i) follows
from equation (8).

(ii) Using formula (i) of Lemma 2 with η(·) given by equation (7), it
follows that

Ew{E[F (z(x)) | z(x;S, ·) = η(·)]}
(10)

= Ew

{
Ex

[
F

(
z(x; ∗, ·) −

∫ ·

0

a(∗, v)
a(S, v)

dvz(x;S, v)

+
∫ ·

0

a(∗, v)√
a(S, v)

dw(v)

−
[ ∫ ·

0

a(∗, v) dv
/∫ T

0

a(S, v) dv
]

·
[ ∫ T

0

√
a(S, v)dw(v) − ξ

])]}

= Ew

{
Ex

[
F

(
Z(∗, ·) −

[ ∫ ·

0

a(∗, v) dv
/∫ T

0

a(S, v) dv
]

·
[ ∫ T

0

√
a(S, v)dw(v) − ξ

])]}
,
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where Z(·, ·) is given by equation (9).

On the other hand, formula (ii) of Lemma 2 gives

(11) E[F (z(x)) | z(x;S, T ) = ξ]

= E

{
F

(
z(x; ∗, ·)−

[∫ ·

0

a(∗, v) dv
/∫ T

0

a(S, v) dv
]
[z(x;S, T )−ξ]

)}
.

By checking the covariance, one can easily see that the two processes

Z(∗, ·) −
[ ∫ ·

0

a(∗, v) dv
/∫ T

0

a(S, v) dv
] ∫ T

0

√
a(S, v) dw(v)

and

z(x; ∗, ·) −
[ ∫ ·

0

a(∗, v) dv
/∫ T

0

a(S, v) dv
]
z(x;S, T )

are equivalent processes. Thus, equation (ii) in Theorem 1 follows
readily from equations (10) and (11).

3. Some examples. In this section we use the theory developed
in Section 2 to evaluate the generalized sample path-valued conditional
Yeh-Wiener integral of certain functions.

Example 1. Let F (z(x)) =
∫

Q
z(x; s, t) ds dt. Then, using Lemmas 1

and 2 and the Fubini theorem,

E

(∫
Q

z(x; s, t) ds dt | z(x;S, ·) = η(·)
)

= E

(∫
Q

[
z(x; s, t) −

∫ t

0

∫ S

0

a(s, v)
a(S, v)

h(u, v) dx(u, v)

+
∫ t

0

a(s, v)
a(S, v)

dη(v)
]
ds dt

)

=
∫

Q

∫ t

0

a(s, v)
a(S, v)

dη(v) ds dt.

In particular, if h(s, t) ≡ 1 on Q, then a(s, t) = s on Q, and hence,∫
Q

∫ t

0

a(s, v)
a(S, v)

dη(v) ds dt =
S

2

∫ T

0

η(t) dt
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which agrees with the computation in [8].

Example 2. Let F (z(x)) =
∫

Q
z2(x; s, t) ds dt. Then, proceeding as in

Example 1 above, we obtain that

E

(∫
Q

z2(x; s, t) ds dt | z(x;S, ·) = η(·)
)

=
∫

Q

[ ∫ t

0

a(s, v) dv −
∫ t

0

a2(s, v)
a(S, v)

dv

+
( ∫ t

0

a(s, v)
a(S, v)

dη(v)
)2]

ds dt.

Our next example is somewhat more complicated, but it illustrates
Lemma 2 and Theorem 1 quite nicely.

Example 3. Let F (z(x)) = exp{∫
Q
z(x; s, t) dx dt}. Then, using

Lemmas 1 and 2 and the Fubini theorem,

J ≡E
[

exp
{∫

Q

z(x; s, t) ds dt
}

| z(x;S, ·) = η(·)
](12)

= E

[
exp

{ ∫
Q

(
z(x; s, t) −

∫ t

0

∫ S

0

a(s, v)
a(S, v)

h(u, v) dx(u, v)

+
∫ t

0

a(s, v)
a(S, v)

dη(v)
)
ds dt

}]

= E

[
exp

{ ∫
Q

(T − t)(S − s)h(s, t) dx(s, t)

−
∫

Q

(T − t)
a(S, t)

( ∫ S

0

a(s′, t) ds′
)
h(s, t) dx(s, t)

+
∫ T

0

(T − t)
a(S, t)

( ∫ S

0

a(s, t) ds
)
dη(t)

}]
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= exp
{∫ T

0

(T − t)
a(S, t)

( ∫ S

0

a(s, t) ds
)
dη(t)

}

· E
[

exp
{∫

Q

(T − t)h(s, t)
[
(S − s) −

∫ S

0

a(s′, t)
a(S, t)

ds′
]
dx(s, t)

]

= exp{B/2} exp
{∫ T

0

(T − t)
a(S, t)

( ∫ S

0

a(s, t) ds
)
dη(t)

where
(13)

B ≡
∫

Q

{
(T − t)h(s, t)

[
(S − s) −

∫ S

0

a(s′, t)
a(S, t)

ds′
]}2

ds dt

=
∫

Q

[(T − t)(S − s)h(s, t)]2 ds dt−
∫ T

0

(T − t)2

a(S, t)

(∫ S

0

a(s, t) ds
)2

dt

=2
∫

Q

(T − t)2(S − s)a(s, t) ds dt−
∫ T

0

(T − t)2

a(S, t)

( ∫ S

0

a(s, t) ds
)2

dt.

In particular, if h(s, t) ≡ 1 on Q, then a(s, t) = s on Q, and hence the
last expression in equation (12) becomes

exp
{
S3T 3

72
+
S

2

∫ T

0

η(t) dt
}

which agrees with the corresponding results in [8]. Furthermore, if we
replace η(·) by

∫ ·
0

√
a(S, v) dw(v) in equation (12) and integrate in w

over Cw, then

Ew[J ] = exp
{
B

2

}
Ew

[
exp

{∫ T

0

(T − t)
a(S, t)

( ∫ S

0

a(s, t) ds
)

·
√
a(S, t) dw(t)

}]

= exp
{

1
2

∫
Q

[(T − t)(S − s)h(s, t)]2 ds dt
}

= exp
{∫

Q

(T − t)2(S − s)a(s, t) ds dt
}
,

which agrees with E[exp{∫
Q
z(x; s, t) ds dt}] = E[F (z(x))]. Thus, we

have verified directly that (i) of Theorem 1 holds for the function
F (z(x)) = exp{∫

Q
z(x; s, t) ds dt}.
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Next we will verify directly that (ii) of Theorem 1 also holds for this
example. So let η(·) be given by (7). Then, integrating in w over Cw

using (12), we obtain

K ≡ Ew

[
E

(
exp

{∫
Q

z(x; s, t) ds dt
}

| z(x;S, ·) = η(·)
)](14)

= exp
{
B

2

}
Ew

(
exp

{∫ T

0

(T − t)
a(S, t)

(∫ S

0

a(s, t) ds
)√

a(S, t) dw(t)

−
[ ∫ T

0

(T − t)
a(S, t)

( ∫ S

0

a(s, t) ds
)
a(S, t) dt

/∫ T

0

a(S, v) dv
]

·
[ ∫ T

0

√
a(S, v) dw(v) − ξ

]})

= exp
{
B

2
+ ξ

∫ T

0

(T − t)
∫ S

0

a(s, t) ds dt
/∫ T

0

a(S, v) dv
}

· Ew

(
exp

{∫ T

0

[
(T − t)√
a(S, t)

∫ S

0

a(s, t) ds

−
√
a(S, t)

∫ T

0

(T − v)
∫ S

0

a(s, v) ds dv
/∫ T

0

a(S, v) dv
]
dw(t)

})

= exp
{
B

2
+ ξ

∫ T

0

(T − t)
∫ S

0

a(s, t) ds dt
/∫ T

0

a(S, v) dv +
C

2

}
where

C =
∫ T

0

[
(T − t)√
a(S, t)

∫ S

0

a(s, t) ds

−
√
a(S, t)

∫ T

0

(T − v)
∫ S

0

a(s, v) ds dv
/∫ T

0

a(S, v) dv
]2

dt

=
∫ T

0

(T − t)2

a(S, t)

[ ∫ S

0

a(s, t) ds
]2

dt

−
{∫

Q

(T − t)a(s, t) ds dt
}2/∫ T

0

a(S, v) dv.

On the other hand, using Lemma 1, we obtain

(15) E

[
exp

{∫
Q

z(x; s, t) ds dt
}

| z(x;S, T ) = ξ

]
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= E

[
exp

{ ∫
Q

[
z(x; s, t)

−
( ∫ t

0

a(s, v) dv
/∫ T

0

a(S, v) dv
)

(z(x;S, T ) − ξ)
]
ds dt

}]

= exp
{
ξ

∫
Q

( ∫ t

0

a(s, v) dv
)
ds dt

/∫ T

0

a(S, v) dv
}

· E
(

exp
{∫

Q

[
(T − t)(S − s)

−
∫

Q

(T − v)a(u, v) du dv
/∫ T

0

a(S, v) dv
]
h(s, t) dx(s, t)

})

= exp
{
ξ

∫ T

0

(T − t)
∫ S

0

a(s, v) ds dt
/∫ T

0

a(S, v) dv
}

· exp
{

1
2

∫
Q

[
(T − t)(S − s)

−
∫

Q

(T − v)a(u, v) du dv
/∫ T

0

a(S, v) dv
]2

h2(s, t) ds dt
}

= exp
{
ξ

∫ T

0

(T − t)
∫ S

0

a(s, t) ds dt
/∫ T

0

a(S, v) dv
}

· exp
(

1
2

{∫
Q

[(T − t)(S − s)h(s, t)]2 ds dt

−
[ ∫

Q

(T − v)a(u, v) du dv
]2/ ∫ T

0

a(S, v) dv
})

= K

by equation (14), and so (ii) of Theorem 1 holds for F (z(x)) =
exp{∫

Q
z(x; s, t) ds dt}.

4. Evaluation of conditional Yeh-Wiener integrals. Let
θ(s, t, u) be a bounded continuous function on Q× R, and let

θ(σ, z(x;σ, ·)) =
∫ T

0

φ(σ, τ, z(x;σ, τ )) dτ.
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Then

F (s, z(x)) ≡ exp
{ ∫ s

0

∫ T

0

φ(σ, τ, z(x;σ, τ )) dτ dσ
}

= exp
{ ∫ s

0

θ(σ, z(x;σ, ·)) dσ
}
.

Since ∂F (s, z(x))/∂s = θ(s, z(x; s, ·))F (s, z(x)), by integrating over
[0, s], 0 < s ≤ S, it follows that

(16) F (s, z(x)) − 1 =
∫ s

0

θ(σ, z(x;σ, ·))F (σ, z(x)) dσ.

If we take the sample path-valued conditional expectation under the
conditioning z(x; s, ·) = ψ(·) and then use the Fubini theorem, (16)
yields

(17) E[F (s, z(x)) | z(x; s, ·) = ψ(·)]
= 1 +

∫ s

0

E[θ(σ, z(x;σ, ·))F (σ, z(x)) | z(x; s, ·) = ψ(·)] dx.

Using formula (i) of Lemma 2, for 0 < σ ≤ s ≤ S, equation (17) yields

(18) E[θ(σ, z(x;σ, ·))F (σ, z(x)) | z(x; s, ·) = ψ(·)]
= E

[
θ

(
σ, z(x, σ, ·) −

∫ ·

0

a(σ, v)
a(s, v)

dvz(x; s, v) +
∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
)

· exp
{∫ σ

0

θ(u, z(x;u, ·) −
∫ ·

0

a(u, v)
a(σ, v)

dvz(x;σ, v)

+
∫ ·

0

a(u, v)
a(σ, v)

dv

[
z(x;σ, v) −

∫ v

0

a(σ, v′)
a(s, v′)

dv′z(x; s, v′)
]

+
∫ ·

0

a(u, v)
a(s, v)

dψ(v)
)
du

}]
.

We next observe that, for 0 ≤ u ≤ σ ≤ s ≤ S, z(x;u, ·) −∫ ·
0
(a(u, v)/a(σ, v)) dvz(x;σ, v) and z(x;σ, ·)−∫ ·

0
(a(σ, v)/a(s, v))dvz(x; s, v)

are independent processes, and that z(x;σ, ·)−∫ ·
0
(a(σ, v)/a(s, v))dvz(x; s, v)
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is equivalent to
∫ ·
0

√
a(σ, v)[1 − a(σ, v)/a(s, v)]dw(v) for fixed σ and s.

Thus, we may rewrite (18) in the form

(19) E[θ(σ, z(x;σ, ·))F (σ, z(x)) | z(x; s, ·) = ψ(·)]

= Ew

{
θ

(
σ,

∫ ·

0

√
a(σ, v)

[
1 − a(σ, v)

a(s, v)

]
dw(v) +

∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
)

· Ex

[
exp

{ ∫ σ

0

θ

(
u, z(x;u, ·) −

∫ ·

0

a(u, v)
a(σ, v)

dvz(x;σ, v)

+
∫ ·

0

a(u, v)
a(σ, v)

√
a(σ, v)

[
1− a(σ, v)

a(s, v)

]
dw(v)+

∫ ·

0

a(u, v)
a(s, v)

dψ(v)
)
du

}]}

= Ew

{
θ

(
σ,

∫ ·

0

√
a(σ, v)

[
1 − a(σ, v)

a(s, v)

]
dw(v) +

∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
)

· Ex

[
exp

{ ∫ σ

0

θ(u, z(x;u, ·)) du
}

| z(x;σ, ·)

=
∫ ·

0

√
a(σ, v)

[
1 − a(σ, v)

a(s, v)

]
dw(v) +

∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
]}
.

If we set

(20) G(s, ψ(·)) ≡ E[F (s, z(x)) | z(x; s, ·) = ψ(·)],

then substituting equation (19) into (17) we see that G(s, ψ(·)) satisfies
the Wiener integral equation
(21)

G(s, ψ(·)) = 1 +
∫ s

0

Ew

[
θ

(
σ,

∫ ·

0

√
a(σ, v)

[
1 − a(σ, v)

a(s, v)

]
dw(v)

+
∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
)

·G
(
σ,

∫ ·

0

√
a(σ, v)

[
1 − a(σ, v)

a(s, v)

]
dw(v)

+
∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
)]

dσ.
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This Wiener integral equation is very similar to the Cameron-Storvick
integral equation [1, Theorem 2], and thus (21) has a series solution

(22) G(s, ψ(·)) =
∞∑

k=0

Hk(s, ψ(·)),

where the sequence {Hk} is given inductively by H0(s, ψ(·)) ≡ 1, and

Hk+1(s, ψ(·)) =
∫ s

0

Ew

[
θ

(
σ,

∫ ·

0

√
a(σ, v)

[
1 − a(σ, v)

a(s, v)

]
dw(v)

+
∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
)

·Hk

(
σ,

∫ ·

0

√
a(σ, v)

[
1 − a(σ, v)

a(s, v)

]
dw(v)

+
∫ ·

0

a(σ, v)
a(s, v)

dψ(v)
)]

dσ.

If θ(s, ξ) is bounded, say |θ(s, ξ)| ≤M on [0, S]×R, then by induction
it follows that

|Hk+1(s, ψ(·))| ≤ (Ms)k

k!
≤ (MS)k

k!
for k = 0, 1, 2, . . . ,

and hence,
∞∑

k=0

|Hk(s, ψ(·)| ≤ exp{MS},

and so the series solution (22) converges uniformly on [0, S]. Thus,
G(s, ψ(·)) given by (22) is a bounded continuous solution of (21), and
the fact that such a solution is unique can be shown in the usual way.

We are now ready to evaluate

(23) I ≡ E

[
exp

{ ∫
Q

φ(σ, τ, z(x;σ, τ )) dσ dτ
}

| z(x;S, T ) = ξ

]
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under the assumption that φ is bounded and continuous. Applying
Theorem 1, equations (20) and (22), we have that

(24)

I = Ew

{
E

[
F (S, z(x)) | z(x;S, ·) =

∫ ·

0

√
a(S, v) dw(v)

−
( ∫ ·

0

a(S, v) dv
/∫ T

0

a(S, v) dv
)

·
( ∫ T

0

√
a(S, v) dw(v) − ξ

)]}

= Ew

{
G

(
S,

∫ ·

0

√
a(S, v) dw(v)

−
( ∫ ·

0

a(S, v) dv
/∫ T

0

a(S, v) dv
)

·
( ∫ T

0

√
a(S, v) dw(v) − ξ

))}

=
∞∑

k=0

Ew

[
Hk

(
S,

∫ ·

0

√
a(S, v) dw(v)

−
( ∫ ·

0

a(S, v) dv
/ ∫ T

0

a(S, v) dv
)

·
( ∫ T

0

√
a(S, v) dw(v) − ξ

))]
.

Now each Wiener integral in the summand can be expressed in terms
of Lebesgue integrals in the usual way, as Cameron and Storvick
demonstrated in [1].
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