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PROBABILISTIC ANALYSIS OF NUMERICAL
METHODS FOR INTEGRAL EQUATIONS

STEFAN HEINRICH

ABSTRACT. The approximate solution of Fredholm inte-
gral equations is analyzed from a probabilistic point of view.
With Wiener type measures on the set of kernels and right-
hand sides we determine statistical features of the approxima-
tion process—the most likely rate of convergence and the dom-
inating individual behavior. The analysis is carried out for two
typical algorithms—the Galerkin and the iterated Galerkin
method.

Introduction. The aim of the probabilistic analysis is best explained
in a concrete example. Therefore, we first describe the numerical
problem and the algorithms to be studied. We consider the Fredholm
integral equation

27
£(s) - / K(s, t)e(t) dt = y(s),

where y € La(T), k € Lo(I'?), and T is the unit circle. Let us write this
equation in the form
r—Trxr=1y

and assume that I — Ty (I the identity) is invertible. The Galerkin
method seeks an approximate solution & € X, satisfying

(Ig - Tkxga Z) = (ya Z)

for all z € X,, where we let X,, be the space of trigonometric
polynomials of degree at most n, and ( , ) denotes the scalar product
in Ly(T'). A second algorithm, the iterated Galerkin method (see, e.g.,
[17]), uses ¢ to obtain a further approximation zZ with

I
n

T —Tkxg =y.

The error analysis is usually based on smoothness assumptions. Let
r > s > 0 and let BH"(I'?) and BH*(T') be the unit balls of the
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Sobolev spaces H"(I'?) and H*(T") (which will be explained in Section
3). Then the following error estimates are well known:

(0.1) an < sup  |lz(ky) — 2 (K y)]| < con”?
keBH"(I'?)/2
yEBH*(T)

(see, e.g., [1]; Theorem 2, p. 51]) and

(02) e "< swp la(ky) —ap(ky)l| < can”
k€EBH"(I'?)/2
yEBH*(T)

(see [17, Theorem 3]), where we emphasized the dependence of exact
and approximate solutions on k£ and y. The constants ¢;_4 are positive
and independent of n. These estimates are typical worst case results.
They provide guaranteed error estimates, which means that the error
rate has to be determined by the performance on the “worst” element.
This raises the question of what happens during the approximation
process for “most” elements (k,y). It is the aim of this paper to answer
this question on the basis of a probabilistic analysis.

To make our work precise, we have to fix probability measures on the
set of right-hand sides and on the set of kernels. We shall use Wiener
type measures, which are naturally related to the scale of Sobolev
spaces. We choose them in such a way that they reflect smoothness
H"(T'?) and H*(T) in a fair way. This allows us to extend a comparison
between worst and probabilistic cases.

It turns out that the worst case rate for the Galerkin method holds
for almost all data (k,y), while, for the iterated Galerkin method, the
typical convergence is by a factor n~'/2 faster than the worst case rate,
that is, the worst case seldom occurs. Moreover, the results also give
an insight into the individual behavior. Let us look at the Galerkin
method. By what was said so far, it is clear that, for almost all (k,y),
there is an ng and a ¢; > 0 such that ||z(k,y) — 25 (k,y)|| < cin™%,
n > ng, and the exponent —s cannot be improved. But it turns out
that this last statement can be given a much stronger form. Namely,
the same order of lower estimate holds: For almost all (k,y) there are
ng and ¢y > 0 such that ||z(k,y) — 25 (k,y)|| > can™%, n > ng. Thus,
the global convergence rate is reproduced individually at almost all
data. The same is true for the iterated Galerkin method. Finally, all
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results are of quantitative nature not only in the sense that they give
the precise rate of convergence. They also provide estimates for the
distribution of the constants ¢1, ca, ng.

Quantitative probabilistic analysis was carried out for several numer-
ical problems. Let us mention, in particular, integration [20, 21, 9,
11], approximation [10, 25, 26, 13, 7], root-finding [18, 19]. For fur-
ther information we refer to the monograph [22]. Numerical methods
for integral equations have so far been studied from a qualitative point
of view (in the sense of almost sure convergence for general probability
measures), see, e.g., [2, 16, 23, 4] and their references. The present
paper gives the first quantitative analysis for concrete measures—a task
formulated by S. Smale in [19, p. 96].

While in the case of integration and approximation the operator
mapping the data to the exact solution is linear, this is obviously
not true in our case. The solution operator (k,y) — z(k,y) depends
nonlinearly on k. This makes the analysis more complicated. A major
problem in this respect was the distribution of the norm of the inverse
Fredholm operator, which was solved in [6]. Another ingredient of
the present paper is a recent result of Maurey and Pisier on the
deviation of Gaussian measures from their mean [15]. This result will
be exploited at several levels to handle the probability of simultaneous
approximation of kernels and right-hand sides.

The paper is organized as follows. Section 1 reviews some basic
facts about Gaussian measures. Section 2 already deals with the
main problem, but so far only in terms of general Banach spaces and
Gaussian measures. This will be specified in Section 3, where the main
results are formulated. Sections 4 and 5 are devoted to their proofs.
There we provide a variety of estimates for our concrete situation which
then make the general results of Section 2 work.

1. Preliminaries. Throughout this paper we consider only Banach
spaces over the field of reals. Given Banach spaces X and Y we let
L(X,Y) denote the space of all bounded linear operators, equipped
with the operator norm. K(X,Y) is the space of compact operators,
and we write L(X) and K(X) if X =Y. X* stands for the dual space
of X, B(X) is the o-algebra of all Borel subsets of X. The symbol (, )
is used for the duality between X and X*, while ( , ) always denotes
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scalar products. If X = H is a Hilbert space, we identify X* with H
in the usual way, so that (, ) and (, ) coincide. For z* € X*, y € Y,
z*®Qy € L(X,Y) denotes the operator defined by (z*®y)(x) = (z, z*)y.

In what follows we shall list some basic notions and facts about
Gaussian measures, the emphasis laid on the operator theoretic aspect.
We do this very briefly and refer to the literature. [6] contains
analogous, but more detailed, preliminaries. A Gaussian measure on
a Banach space X is a Radon probability measure p such that each
z* € X* is a symmetric Gaussian random variable on (X, u) (which
may be degenerate, that is, = 0 almost everywhere). We shall consider
only symmetric, i.e., mean zero Gaussian measures. For a Hilbert space
H we let yg denote the standard Gaussian cylindrical probability (see
(8, 1], [14, 25.5.1]). For T € L(H, X) let

(1) = s [ THlde()

dim F'<oo

and let II,(H, X) denote the set of all T' € L(H,X) with E,(T) < oo
(compare [12]). E, is a norm on II,(H, X) turning it into a Banach
space. It is easily checked that

(1.1) IT]| < (7/2)'/2E,(T).

For a further Hilbert space Hy, a Banach space Xy, S € L(Hop, H) and
U e L(X, Xy),

(1.2) E,(UTS) < ||U||IE,(D)]IS]|

(Lemma 2 of [12]). Let R,(H,X) be the closure of the finite rank
operators in I, (H, X). For T' € L(H, X) let Tyy denote the cylin-
drical probability measure induced on X by T, that is, Tyy(B) =
vu(T~(B)) for cylindrical sets B. Now T' € R, (H, X) if and only if
T~g has an extension Ty g to B(X) which is a Radon measure (such
an extension is unique). So T' € R, (H, X) implies that f:yH is Gaus-
sian. Conversely, if p is a Gaussian measure on X, there is a separable
Hilbert space H and an injection J € R, (H, X ) with p = Jyg. H and
J are essentially unique (up to isometries). Note that (J, H, X) is then
an abstract Wiener space (see [8; I, §4]). Let us also mention that if
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= f:yH, T € R,(H,X), then C,, = TT* is the covariance operator of
1, the closure of Im T is the support of u, and

(13) B,(7) = [ lelldufa).

These facts can be found in [8, 12, 24] (compare also the guideline in
Section 1 of [6]). If X = G is a Hilbert space, then R, (H, G) coincides
with the class of Hilbert-Schmidt operators Se(H, G) and

(1.4) (1+ (1/2)*?) " 0(T) < B,(T) < 0(T),

where 02(T') denotes the Hilbert-Schmidt norm. This is a consequence
of [15, Corollary 2.5 and inequality 2.7]. We shall use the following
result due to Maurey and Pisier (see [15, Theorem 2.1 and the remark
on p. 180]).

Proposition 1.1. Let X and Y be Banach spaces, let j be a
Gaussian measure on X, p = Jyy, where J € R,(H,X) and H is
a Hilbert space. Let T € L(X,Y). Then, for allt > 0 and 7 = £1,

p{z € X : 7(||Tx|| — Ey(TJ)) > t} < exp(—t2/(2/|TJ|[*)).

Remark . This statement contains a divisor which might be zero. There
are several places like this herein (Section 2). All of them make sense
and remain true also in the degenerate case if we agree to put a/0 = 400
for each a > 0, and exp(—o0) = 0.

We also need the following result of Chevet [3, Lemma 3.1] and
Gordon [5, Corollary 2.4].

Proposition 1.2. Let X and Y be Banach spaces, m,n € N,
xf, .., xh € X5 y1, ... yn €Y. Define the operators U € L(IT*, X*),
VelL(l3Y)and W e L(I5", L(X,Y)) by



294 S. HEINRICH

Ug) =Y &}
j=1

Vin) =Y myi
i=1

W(Gi) =D (il @y

i=1 j=1
Then
E,(W) <||U||Ey(V) + E,(U)||V]| < 2E,(W).

In the course of investigation we shall determine the asymptotic order
of certain functions with respect to different variables. Therefore, it is
necessary to use a suitable notation, which we want to explain here. If
Aisaset and f,g: A — [0,400) are nonnegative functions, we write

fla) < g(a)

if there is a constant ¢ > 0 such that f(a) < cg(a) for all @ € A. Next,

fla) = g(a)

means f(a) < g(a) and g(a) < f(a). If f and g depend on a further
variable (collection of parameters, etc.), say f(a,b), g(a,b), b € B,

f(a,b) < g(a,b)

means that, for each b € B, f(a,b) < g(a,b) (consequently, the constant
¢ may depend on b). Analogously, =, is defined. Finally, if the choice
of A is ambiguous, we write <4c4 and <gea.

2. General estimates. We start with an abstract formulation of
the Galerkin and iterated Galerkin method. Let X be a Banach space,
which will be fixed throughout this section and denote the identity
operator on X by I. Let T' € K(X) and y € X. Assume that the
Fredholm equation of the second kind,

(2.1) x—Tx =y,
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has a unique solution z = z(T,y). We want to approximate this
solution. For this purpose let (P,)nen C L(X) be a sequence of
finite rank projections which will also remain fixed in this section (to
avoid ambiguity, N always means {1,2,...}). Let n € N and assume
that there is a unique 2§ = 25 (T,y) € Im P, satisfying the Galerkin
equation

(2.2) P.2% — P, T2S = P,y.
We define the error of the Galerkin method by
5T, ) = l[a(T, ) — 29 (T, )|
The iterated Galerkin method determines z!, = z! (T,y) by
(2:3) a, — Ty =y,

and the error is defined as

0n(Toy) = ||2(T,y) — 23, (T, y)

It is convenient to define 65 and &1 also in the case that (2.1) or (2.2)
does not have a unique solution. Then we put 6§ (T,y) = 6(T,y) =
+00. The following simple (and well-known) lemma provides explicit
expressions for the approximate solutions.

Lemma 2.1. Let T € K(X). Then I — P, T is invertible if and only
if I — TP, is invertible. If any of them is invertible, then, for each
y € X, (2.2) has a unique solution and

fEE(T, y) = - PnT)ilpny
an(T.y) = (I = TP,) .

Proof. The first statement follows from the relations

(I-TP,) '=1+T(—-P,T)'P,
(I-P,T)'=I1+P,(I-TP,)'T,
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which are easily checked by multiplying both sides by I — TP, and
I—P,T, respectively. Now, if I — P,T and I —TP,, are invertible, then
(2.2) has the unique solution

2 (T,y) = (I = P,T) ' Poy.
Inserting this into (2.3) gives
2 (T,y) =y+T( = P,T) " Py = (I -TP,)" 'y,

where we used the expression for (I — TP,)~! from above. O

Next we fix the measures. Let G and H be Hilbert spaces, let
® € R\(G,K(X)), J € Ry(H,X) and assume that J is an injection.
Put p = Ci;yG and v = ﬂH. In order to analyze the behavior
of the algorithms we have to consider the stability aspect, i.e., the
invertibility of the operators involved and the consistency aspect, that
is, the approximability of the data. To handle stability, we introduce
the following sets. Let a1, 9,831,082 > 0 be reals, ng € N, and let
WG (011, a9, ﬂl; 62, no) (respectively, VVI(Oél7 a9, 61, 62, no)) be the set
of all T € K(X) satisfying

(i) T(J(H))CJ(H) and ||J-YI - T)J|| < a1,
(i) I — T is invertible, (I — T)~'(J(H))C J(H), and ||J~(I —
T)~J| < B,
(iii) for all n > ng, ||[I — P,T|| < ag (respectively, ||[I — TPR,|| < az),
(iv) for all n > ng, I — P,T is invertible and |[(I — P,T)7 || < (32
(respectively, I — T'P, is invertible and ||(I — T'P,)~!|| < (32).
Since H is a Hilbert space and J is compact, the image of the unit ball,

J(Bp), is closed. From this, it is easily derived that W& and W7 are
Borel sets.

For the quantitative analysis, we have to introduce certain operators
related to the approximation process. For n € N, define HE,H,IL €
L(K(X)) by

nerT = (I — P,)T
n.T=1(-P,)
for T € K(X). Let, furthermore, ¥y x € L(K(X), L(H, X)) be given
by
VyxT =TJ.
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Similarly, let \I/g x be the same as ¥ g x, but considered as an operator
from K(X) to R,(H,X). We put, for the sake of brevity,

(2.4) Er(n) = E, (117 ®)

(2.5) Ly(n) = ||TI7 ||

(2.6) Es(n) = B,(I1,®)

(2.7) La(n) = |11, @]

(2.8) E3(n) = E, (¥ x11,®)
(2.9) Ls(n) = || 0 11, @||
(2.10) Ey(n) = E,(Uy xIIL @)
(2.11) Ly(n) = ||¥p x T, ®||
Finally, we also need the quantities

(2.12) E(n)=E,((I - P,)J)
(2.13) L(n) = ||(I — P,)J]|.

Now we come to the probabilistic estimate of the stability sets W&
and W!. More precisely, we shall reduce it to the estimate of the set
U(B), defined for 8 > 0 by

(2.14) UP)={T e K(X): |1 -T)~*|| < 8}

Later on, we shall use the results of [6] where the probability of
this set was estimated. Define the (generally unbounded) operator
Ux g :DomUx g — L(X,H) as follows. Let Dom Uy g be the set of
those T' € K (X) such that T(X) C J(H). By the closed-graph theorem,
J~YT € L(X, H). Now set

Uy uyl=J'T.

Lemma 2.2. Suppose that In® CDom ¥y g and that Ux g® €
R,(G,L(X,H)). Let >0, 8 >0, np € N and define
ar = ||J[|(a+ By (¥x u®)) +1
ay = a+ B, (®)+1/(28) + 1
B = [J][(a+ Ey(Vxn®))5+1
B2 = 2p.
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If E1(n) < 1/(408) for all n > ng, then

n(WC(ar, as, B1, B2,m0))
> u(Up) — exp(—a®/ (2| | x z®|*))

—exp(—a®/(2]|®|*)) = Y exp(=1/(326°L1(n)?)).

n>ng

The same statement is true for W(ay, az, B1, B2,n0) provided E(n)
and Ly1(n) are replaced by Ea(n) and La(n), respectively.

Proof. We define

A={T e K(X): T(X)CJ(H), ||[J'T|| < a+ E,(Vx y®)}
B={T € K(X):||T|| < a+ E,(®)},

and, for n € N,
Co = {T € K(X): |T - P,T|| < 1/(28)}.

Note that all these sets are Borel sets because they are closed. Assume
that

TeUB)NANBN (ngnocn).
Then T'(X) CJ(H) and
TN =T) | = [T = T T < 1+ (a+ By (Yx,5P))||J]| = a1,
where Iy denotes the identity operator on H. Because of
(I-T)'=I1+T(I-T)",
it follows that (I —T)~*(J(H))C J(H), and
J I -T) =1y +J'T(I-T)"",
hence

1T =T) T I < 1+ (o + By (Ux,m®))B| || = 51
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Moreover, for n > ng,
= PT|[ <[ =T +|IT = PaT|| <1+ a+ Ey(®) +1/(28) = a.
Finally,

10 =P T) M = I = (I =T)" (T = PT)) " (I = T)7'|
<[ =D)7H/A =1 = D)7 T = P.T|) < 26.

This shows

n>ng

(2.15) U(ﬂ)mAmBm( N Cn> C W (a1, a2, B1, B2, o).

Now we estimate probabilities. By assumption, Vx g® € R,(G,
L(X, H)), so we define

n=Uxu®)s
Let © : L(X,H) — K(X) be the embedding given by ©T = JT
(observe that, since J € R,(H,X), J is compact). © is a bounded
linear operator, and obviously OV x g is the identity on Dom VU f.

Therefore, ® = OV x y®, and with this it is easily checked that, for
each Borel set M € B(K (X)),

(M) =n(© Y (M) =n{S € L(X,H): JS € M}.
Using this and Proposition 1.1, we get

p(A) = n{S € L(X, H) : [[S|| > o+ E,(Vx n®)}
< exp(—a?/(2||¥x, 1 P[]*)),

where A€ denotes the complement of A. Also, by Proposition 1.1,
p(B?) < exp(—a®/(2[|@|[*)).
Finally, for n > ng,

E,(I1{®) = E1(n) < 1/(48),
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and Proposition 1.1 together with (2.4) and (2.5) give

w(Ce) = p{||IT — P.T|| > 1/(28)}
< wf{||T — P,T|| > E,(IIJ®) + 1/(45)}
< exp(—1/(326%L1(n)?)).

The last estimates together with (2.15) yield the desired result. With
the obvious changes the proof works also for WZ. o

Now we are ready for the convergence analysis of the Galerkin
method.

Proposition 2.3. Let a1, as,81,02 > 0, ng € N, and assume that
T € WE(au, a9, b1, B2,m0). Then, for each n > no,

v{y € X : 2aia2) 'E(n) < 5S(T, y) < (3/2)B182E(n)}
>1—2exp(—E(n)?/(8(arcB2582L(n))?)).

Proof. By the assumption on T', we can define, for n > ng,
AS(T)=(I-T)"'—(I—-P,T) 'P,.
By (2.1) and Lemma 2.1,
(2.16) 0 (Tyy) = ||AZ (T)yll.
Furthermore, one verifies directly that

AT = (I =P, T)"((I = P.T) = Po(I=T))I=T)""J
= (I - PnT)il(I - Pn)(I - T)il‘]
=(I-PT) I —-P)J(J Y I-T)J) "

By the definition of W, (1.2) and (2.12) we get

(a102) " E(n) = (a102) " By (I — Pa)J) < By(AY(T).)

(2.17) < BiBo B, (I = Pu)J) = 1 B(n).
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With the operator norm in place of E, it follows analogously that
(2.18) (a1a2) "' L(n) < [|AT(T)J|| < B12L(n).
Now we apply Proposition 1.1 to obtain
v{y € X : (1/2)E,(A7(T)J) < ||AT(T)yll < (3/2)B,(AF(T)J)}
> 1~ 2exp(—E, (AT(T)J)* /(8| AT (T)J|*)).
Inserting (2.16-2.18) arrives at the desired result. O

For the main results we need the following simple consequence on the
global, i.e., p X v probability.

Corollary 2.4. Let ay, s, 1,82 >0, ng € N. Then

px v{(T,y) : (20102) "' E(n) < 67(T,y) < (3/2)516:E(n)
for all n > ng}
> p[WCan, as, Br, B2, no)]]

-2 Z exp(—E(n)?/(8(ar1azf1f2L(n))?)).

n>ng

Proposition 2.3 can be used to obtain a first one-sided estimate for
the iterated Galerkin method.

Corollary 2.5. Let aj,as,01,02 > 0, ng € N and T €
WS (ay, a9, B1, Ba,n0). Then, for each n > ny,

v{y € X : 65(T,y) < (3/2)B13||(I = TP,) || ||T — TP,[|E(n)}
> 1 —2exp(—E(n)?/(8(c1az6182L(n))?)).

)T = TPy)x(T, )|
I-TP,) YT = TP,)(«(T,y) — 27 (T, y))l|
)HHIT = TR 187 (T, y).-
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Now the desired result follows from Proposition 2.3. O

The next result provides two-sided estimates for the error.

Proposition 2.6. Let ay,a9,01,82 > 0, ng € N, and suppose that
T € Wl(ay, oz, 81, B2,10). Then, for n > ng,

v{y € X : (2a100) ' E,((T = TP,)J)

< 61(T,y) < (3/2)B1 5B, (T — TP,)J)}
>1—2exp(—E,((T — TP,)J)?/(8(c1ca1 B||(T — TP,)J||)%)).

Proof. Defining
AT =(I-T)" = (I-TF)",
we get, again by (2.1) and Lemma 2.1,
0n(T,y) = 1AL (T)yll.
Moreover,

AT =T -TP,) (T -TP,)(I-T)"'J
=(I-TP,) (T —-TPR,)J(J I -T)J)".

Now we argue as in the proof of Proposition 2.3:

(a102) B, (T — TP,)J) < E,(AL(T)J) < 182 B, (T — TP,).J)
(a102) (T = TP)J|| < |ALT) || < BiBall(T — TP |

and, by Proposition 1.1,

v{y € X : (1/2) B, (AL(T)T) < ||AL(T)yl| < (3/2)E5(AL(T) )}
> 1= 2exp(—E, (AL (T)J)? /(8| AL(T)J|]*)).

These three estimates together give the required result. ©O

Similarly to Corollary 2.4 we also need global estimates of the u x v
probability. In the case of Galerkin’s method, this was simple because
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the estimate in Proposition 2.3 was already independent of T'. For the
iterated Galerkin method this is not so, and we have to use Proposition
1.1 repeatedly to handle the quantities occurring in the estimates of
Proposition 2.6.

Proposition 2.7. Let ay, s, (1,082 >0, ng € N. Then

px v{(T.y) « (daran) "' Es(n) < 0,(T.y) < (9/4)B152E5(n)
for all n > ng}

> p(W(ay, az, B, Bay o))
-2 Z (exp(—FEs3(n)?/(72(c1a2 61 B2F4(n))?))

n>ngo

+exp(—E3(n)?/(8L3(n)*)) + exp(—Ea(n)*/(8La(n)*))).

Proof. By Proposition 1.1 together with 2.8 and 2.9,

T € K(X) : (1/2)E3(n) < E5((T' = TP,)J) < (3/2)E3(n)}
> 1 —2exp(—B3(n)?/(8Ls(n)?))

(replace X of Proposition 1.1 by K(X), Y by R,(H,X), J by ® and
T by \I/I]?} +I12). Analogously we obtain

p{T € K(X) : (1/2)Es(n) < |[(T = TP,)J|| < (3/2)Es(n)}
> 1—2exp(—E4(n)?/(8La(n)?)).

Now the claim follows by inserting these estimates into that of Propo-
sition 2.6. O

3. Main results. In this section we want to introduce specific
spaces, projections and measures, and formulate the main results. We
put X = Ly(T') = La(T,\), where I' = {e® : 0 < t < 2} is the
unit circle and A is the Lebesgue measure on I'. Let (e,)2° _ be the
normalized in Ls(T") trigonometric basis, i.e.,

eo(t) = (2m) Y2, en(t) =7 /% cosnt, e_n(t)=7"Y2sinnt
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n € N, and let P,, n € N, be the orthogonal projection onto
span{e; : |j| < n}. With the choice of X and (P,) the error functions
5% and 6! are defined as well. Let Lo(I'?) = Ly(I'2,\2). For k € Ly(T'?)
let T}, € K(La(T")) be the integral operator with kernel k defined by

(3.1) (To) () = /F (u, 0)2(0) do.

The error-analysis will be carried out for such operators only, so it is
convenient to write 6 (k, ) instead of 6& (T, ) (and the same for §7).
For a real number s > 0 let H*(I") = H*(I", A\) be the periodic Sobolev
space

H*(T) = {f € La(D) : [|fll7gery = D_(1+5%)*(f.e5)* < o0},
JEZ
where (, ) denotes the scalar product of Lo(I"). The embedding
operator of H*(T") into Ly(T") is denoted by J,. The functions

emn(u,v) = e (we,(v), m,neZ, uyvel,

form an orthonormal basis of Ly(I'?). We define the periodic Sobolev
space H"(T'?) = H"(I'?, A\?) for any real r > 0 as

H(T?) = {g € Lo(1?) - lg o)

= Z (14+m? 4+n2)"[(g, emn)|* < 00}.

m,n€Z

By @, we denote the identical embedding H"(T'?) — Ly(I'?). We
assume r > 1 and s > 1/2. Then we have, by (1.4), ®, €
R,(H"(I'?), Ly(I'?)) and J, € R,(H*(T), L2(T)). Consequently, we
can define the Gaussian measures g, on Lo(T'?), by

pr = PrY e (r2y,

and v on Lo(T), by

Vs = JsVHs(T)-
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These measures are of Wiener type in the following sense. As the
classical Wiener measure they are generated by the identical embedding
of a Hilbert space of smooth functions into some function space (see [8;
I, §5]). Consequently, they represent a certain degree of smoothness.
To make this more precise, let ¢ > 0 and let us consider H?(T') as a
subset of Lo(I"). Clearly, this is a Borel set, so v,(H?(I")) is defined.
Then the following holds:

1 foro<s—1/2
0 foro>s—1/2.

(32) w(a17(0)) = {

The first statement is a consequence of (1.4), the second follows from
Lemma 2.9.1 in the Appendix of [22] (we do not give details since we
will not use (3.2) except for certain comments). Roughly speaking,
(3.2) means that v, corresponds to the smoothness H*~1/2. Similarly,

1 forp<r—1
0 forp>r—1.

(33) i) = {

Now we can formulate the main results. First we provide estimates
for an individual, fixed operator T} and the probability on the set of
right-hand sides only.

Theorem 3.1. Letp > s> 1/2, k € HP(I'?), and assume that I —T,
is tnvertible. Then there exist constants c;(k) > 0, i = 1,2,3,4, and
no(k) € N such that, for each n > ng(k),

l/s{y S Lz(F) : Cl(k)n*5+1/2 < 5§(k,y) < Cg(ki)nierl/Q}
> 1— exp(—cs(k)n),

and

ve{y € La(T) : 6L (k,y) < ca(k)n™ P12} > 1 — exp(—c3(k)n).

Since v, corresponds to the smoothness H*~1/2(T'), by (0.1) the com-
parable worst-case rate of Galerkin’s method is n~5t'/2. So Theorem
3.1 shows that this rate occurs for most of the right-hand sides. More-
over, the exceptional set is of exponentially small probability. On the
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other hand, for the iterated Galerkin method we only have an upper
estimate. The next two results give global estimates, i.e., independent
of k, with probabilities on the set of kernels and right-hand sides. In
particular, we obtain lower bounds for the iterated Galerkin method
and estimates of the distribution of the k-dependent constants.

Theorem 3.2. Let r —1/2 > s > 1/2. For each ¢ > 0 there exist
constants c;(g) >0, i =1,2,3,4, and n;(c) € N, i = 1,2, such that

Hr X Vs{(kvy) : Cl(E)n_S+1/2 < 5§(k,y) < CQ(&)H_S+1/2
foralln >ni(e)} >1—¢

and

pr X ve{(k,y)  es(e)n™ "5 < 6L (k,y) < ca(e)n
for allm > ny(e)} > 1 —e.

The first statement confirms the interpretation given above that, for
the Galerkin method, the worst-case rate occurs with large probability,
in fact almost surely. Let us now look at the iterated Galerkin method.
Since g, corresponds to H"~1(I'?), (0.2) gives a comparable worst-
case rate of n~""°t3/2 Consequently, the iterated Galerkin method
converges for almost all k and y by a factor n~/2 faster than for the
worst case. That is, the worst case occurs seldom indeed.

At this point let us emphasize that the whole discussion of relation
to the worst case is based on the “rough” correspondence given by
(3.2) and (3.3), hence remains on a certain intuitive level. A precise
comparison is possible when the measures are restricted to those sets
over which the worst case supremum is taken (see, e.g., [22, 8.5.5] and
[7]). The conclusions, however, would be the same as above; therefore,
we have omitted these additional technicalities. The proof of Theorem
3.2 also provides estimates for the dependence on ¢ for € — 0, namely,
the functions of € occurring there can be chosen in such a way that the
following hold (here < stands for <.¢(9,1/2)):

(3.4) ci(e) = e3(e) =< (log(1/e)) ™"
(3.5) ca(e) = cale) = (log(1/e))3/2+3/ (=2
(3.6) n1(e) = na(e) = (log(1/e))6+3/me =4,

X

X

X
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We shall prove Theorems 3.1 and 3.2 in the following two sections.
This will be accomplished by estimating the needed approximation
quantities and applying the results of Section 2. For this purpose we
have to establish a correspondence to the notation of Section 2. We
have already fixed X = Ly(T") and P,,. Now we put H = H*(T"), J = J,
and get

(3.7) l/zjijH:VS.

Our main results are formulated in terms of p,, which is a measure on
the set of kernels Ly(I'?). In order to use Section 2, we need a measure y
on the set of compact operators. For this let A € L(Lo(T'?), K(L2(T)))
be the mapping assigning to each k € Ly(I'?), the integral operator T
defined by (3.1). Then p will be the measure induced on K (Lz(T")) by
1 under the action of A. This means

(3.5) u(B) = i (A~1(B))
for every Borel subset B of K(Lz(T)). Now we put G = H"(I'?),
d = A, ,

and it follows readily that p = ®vo. With this, E;(n), Li(n), i €
{1,2,3,4}, E(n) and L(n) are defined as well. The following section is
devoted to them.

4. Approximation rates. In this section we define the order
of those quantities which are related to the approximation process.
We begin with E(n) and L(n), defined by (2.12), (2.13) and the
specifications of the previous section. This estimate is very simple.
Once we use (1.4), it reduces to the estimation of the norm and Hilbert-
Schmidt norm of a diagonal operator between Hilbert spaces. We omit
the details.

Lemma 4.1. E(n) <n—*tY2 L(n) <n~*.

The estimation of F;(n) and L;(n) is more complicated. We start
with two general results from which the concrete estimates will follow.
Let 0,7 > 0 be reals and define the operator

U,,:DomV,, — L(H’(T), H(T))
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as follows. The domain Dom V¥, , is the set of all T € K(Ly(I")) such
that Im(T'J,) C H™(T'). Note that, by the closed graph theorem, this
implies J-1TJ, € L(H°(T"), H™(T")). Now we set, for T' € Dom ¥, .,

U, T=J'TJ,.

Proposition 4.2. Let 0,7 >0, r > 7+ 1/2. Then

(i) Im®, Im(IIL®) CDom ¥,, ,,

(i) U, ®, U, [01& e R, (H"(I?), L(H(T), H™(T))),
(iii) [T D] = ™77,

)
(iv) E, (¥, I0L®) =<, n~r—ot7+1/2,

Proof. For i,j € Z, we define

gij = (1+i% + j2)_T/2eij
hi = (1+42)7/ %,
fi = (1+i%)7/?,.

Then (gi;), (hi), (fi) form orthonormal bases in H"(I'?), H?(I") and
H™(T), respectively. By the definition of @, and @,

Bgij = (1412 + %)% @ e,

I Gg,, — 0 lil<n
n vy .
®gi; 17| > n.

Now let g € H"(I'?), with representation

g= E QijGij-
i,jEZ

Then we have

bg = Z aij(1+ +52) 7 Pe; @ e,
ijEZ
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where the series on the right-hand side converges in the Hilbert-Schmidt
norm and, hence, also in the operator norm. The convergence is
unconditional, i.e., the sum is independent of the particular way of
summation. It is easily seen that the assumption 7 > 7 + 1/2 implies

Im (®g) € H™(T),

hence Im® CDom ¥, ,, and similarly Im(IIZ®) C Dom ¥, ,, which
shows (i). Observe that
(4.1)

VU, ,bg=J 1 (Bg)J,

= > i (1+@+52) 7P+ 2P+ )P hy @ f
i,jE€Z

where the convergence is also unconditional, in the Hilbert-Schmidt
and operator norm. Now we have
(4.2)

||WU7TH’{L¢9||2 < 02(\110771_[2(1)9)2

=3 el 1+ 42T+ (4%
1€Z |j|>n

< max ((L+4%+5%)77(1+5%) 771 +)7)llgl]?
i€Z,j|>n

<(T+(n+1)%)7 gl
On the other hand,
(4.3)
|‘\IIG’,TH7[1(I)gn+1,n+1H
=11 +2(n+ 1)1+ (n+ 1)) P hy iy @ frpl]

—r—o+T
pn +,

These two estimates give (iii). For the proof of (ii) and (iv) we have to
introduce some further notation. Let

Do = {0,1,—1}
Dy={ieZ: 21 <|i| <2}, keN.

Define S € L(H"(I'?)) by setting

Sgij _ 2rmax(k,l)+al—rk(1 +’i2 +j2)—r/2(1 +j2)_0/2(1 +i2)7—/29ij
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fori € Dy, j € Dy, k,1 =0,1,2,.... S is an isomorphism of H"(I'?)
onto itself. For k,I € N U {0} we define Uy, € L(H"(I'?), L(H°,H"))
by

—rmax(k,l)—ol+7ky, . Y ;
Uklgij_{2 h;® fi ifie Dy, je Dy,

otherwise.
By (4.1) it follows that

(44) Ulegij = \IJU’T(I)QZ‘]‘, xS Dk, j e Dy.
Using Proposition 1.2 and relation (1.4), it is readily checked that
< o—rmax(k,l)—ol+7k ol/2 k/2

- 2(77’4’1/2) max(k,l)—ol+71k
k,l

Furthermore, for each [ > 0,

ZUkzg—Z D D ey @ (27 h),

k=01i€eDy jeD,;

and we can again apply Proposition 1.2 to get

(Z oy 7 —(r+o)lg(r+1/2)l | 9(=r—o+1/2)lg7l

2( r— O'+T+1/2)l.

=)

For any m > 0 we obtain

o(=r—o+7+1/2)m i Ey\(Untim+t1) < Ey (Z Z UM)

I>m k>0

<> (EW (Z UM) +)° EW(UM))

I>m k<l k>l

(—r—oc+7+1/2)1 (=r+74+1/2)k—0ol
(2 +32 )

I>m k>1
- (=r—o+7+1/2)l _ 9(—r—o+7+1/2)m
(4.5) =32 =2 :

I>m
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This, together with (4.4), implies

U, 5 ® =Y UuS € R,(H"(I?),L(H°(T), H(T)))
I>m k>0

and, similarly,

U, &= Y UuS € R,(H"(I?),LH(T),H(I))),
>0 k>0

which proves (ii). Clearly, we have
B, (W, 115, ®) > B, (¥, L) > B, (¥, 1L}, @)

provided 2™ < n < 2™*1. Combined with (4.5) this gives (iv). O

Now we define, for o, 7 > 0, a further operator \PET : Dom \IIET —
R, (H°(T),H™(I)). We let Dom W% be the set of those T' € K (Ly(T"))
for which Im(7'J,) CH™(') and J-'TJ, € R,(H°(I'),H™(')). The
operator is defined for T' € Dom \Ilfﬂ. by

Ve T =J"TJ,.

Hence,
Dom \IIET CDom V¥, .,

and, for T € Dom UF \IIUE)TT and ¥, T are the same operators.

o,T?

Proposition 4.3. Letr > 7+ 1. Then
(i) Im®, Im(ITZ®) C Dom ¥Z

(i) WE, @, WEIIL® € R, (H'(I2), R, (H"(T), H"(T))).
(iii) ||UF T @[ =, n~"—o+,
)

o, T

E(VE T ®) <, n-r—ot7+L,

(iV o, 7

Proof. We have practically already proved (i) and (iii). Indeed, (i)
follows from the representation (4.1) in the previous proof, while (iii)
is a consequence of (4.2), (4.3) and (4.1). Now we put r1 = (r +7)/2
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and o = (r — 7)/2. Then, by the assumption, ro > 1/2, r1 —7 > 1/2
and r1 + r9 = r. We have

n2(7rfcr+7'+1)< Z Z (1—|—i2 +j2)7r(1 +j2)7a(1_|_2-2)7
" n<|i|<2n n<|j|<2n

< oo(VY 11 ®)?
<IN A+ A+ )T+ )T

i€Z |j|>n
<Y A+ +n) A+ Y A+
i€z lil>n

~ ,n—27”1+27'+1n—20—27"2+1 _ n2(—7"—o‘+7—+1).
n

This implies (iv) and the second statement of (ii), the first one follows
similarly. O

Now we can easily derive the desired estimates for our concrete
situation. Recall the definitions (2.4)—(2.11) and that we assumed
r—1/2>s>1/2.

Corollary 4.4.

Proof. We apply Propositions 4.2 and 4.3. First we put ¢ = 7 = 0,
which gives
Es(n) = E, (I} ®) < n~"+1/2,
Ly(n) = [[I, @[] = n™".
Now let 2 € L(K(Ly(T"))) be defined by E(T) = T*, V € L(G) by
Vgi; = gji, 1,J € Z. Clearly, = and V' are isometric isomorphisms and
=Z® = ®V. Moreover, observe that

=(T(I - Py)) = (I — P,)E(T).
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Thus, we get

Ey(n) = B,(I$®) = B,(IS3V) = B, (I$29) = B, (11,3

and similarly
Li(n) = [[II7®|| = ||, @[ = n~ "

Now we put 0 = s, 7 = 0 and get, from Proposition 4.3,

Es(n) = By (V3I1,®) < n~" >
Ls(n) = |[WE L @) < n~ "%,

while Proposition 4.2 gives

Ey(n) = B, (U, oIl @) < n=rs+1/2

I —r—s o
Li(n) = [|¥, oI, || < n .

We have to separate another immediate consequence of Proposition
4.2 (ii), which will be needed for the application of Lemma 2.2.

Corollary 4.5. Im® CDom ¥ , and

Vo € R, (H"(T?), L(Lo(T), H*(T))).

5. Proofs of the main results. On the basis of Sections 2 and 4
we give here the proofs of the main Theorems 3.1 and 3.2.

Proof of Theorem 3.1. Tt follows from the assumptions k € H?(T'?)
and p > s that
Ty (L2(I)) € HP(I') € H*(T').

This also implies

(5.1) Tk — PoTx|| < n~7,
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and, since p > 0, there is an ng = ng(k) such that, for n > ny,
|Th = Pl < 1/2II(I = Tie) ).
With these relations it is readily checked that

Tk (S WG(a17a2;ﬁ17625n0)

for certain constants o, aso, 01, B2 depending on k. Now the first part of
the theorem follows from Proposition 2.3 and Lemma 4.1. The second
part is a consequence of Corollary 2.5, Lemma 4.1 and the relation

HTk — TkPnH =< n_”,

which follows from (5.1) by dualizing. O

Note that the proof could easily be refined to yield estimates of the
constants ¢;(k), i = 1,2,3,4, and no(k) in terms of ||k||g, =) and
|[(I —Ty)~'||. For the proof of Theorem 3.2 we need an elementary
technical lemma.

Lemma 5.1. Leta > 0,b>1, >0 be reals, ng € N. If
no > ((log a + log(1/¢))a)'/",

then

Z exp(—n/a) < e.

n>ng

Proof. The assumption implies
—nlJa < —loga+loge,

hence,
aexp(—nb/a) <e.

Now we get

+oo
Z exp(—n®/a) S/ exp(—a~tnd ' x) dx
n>ng 1o

(b—1

= ang, )exp(—ng/a) <e. O
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Proof of Theorem 3.2. We start with estimating the probability of
the sets W& and W' with the help of Lemma 2.2. By Theorem 3.3 of
[6] and (3.8), there is a function 5 : (0,1/2) — (0,+00) such that

(5.2) w(U(B(e))) = pr{k € La(T?) : [|(I = Tp) M| < B(e)} = 1 — /6
and
(5.3) B(e) = (log(1/e))L/2+3/(4r) =1

(in this section =< and < always refer to e € (0,1/2)). Furthermore,
it is clearly possible to choose a function « : (0,1/2) — (0,+00) such
that

(5.4)  exp(—a(e)?/(2][Wo,s®[[*)) + exp(—a(e)?/(2]|®[]*)) < /6
and
(5.5) ale) = (log(1/e))"/2.

Corollary 4.5 says that the assumptions of Lemma 2.2 are satisfied.
Then let aq(e), az(€), B1(g), B2(€) be as defined in Lemma 2.2 when we
replace a and (3 by a(e) and §(g). Clearly,

2(e) = (log(1/¢))"/?
g 1/6))1%»3/(47“)671

a
(€) = (log(
(log(1/e))1/2+3/(4n)—1
By Corollary 4.4 there is a constant ¢; > 0 such that, for all n,
max(E1(n), Ea(n)) < e;n "1/2

(we work simultaneously for W& and W7). Hence, if n > Nj(¢) =
[(4c18(e))Y/(=1/2)], then

(5.9) max(Ey(n), Ex(n)) < 1/(46(¢)),
where [a] stands for the smallest integer m > a. By (5.3),

(5.10) Ni(e) = (log(1/e))@rt3)/(4r?=2r) g =1/(r=1/2),
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Corollary 4.4 gives that there is a constant ¢ > 0 such that
max(Li(n), La(n)) < con™".

Let N2(e) be the smallest N € N such that

(5.11) > exp(—n®"/(32¢38(2)?)) < &/6.

n>N

It follows that

(5.12) Z exp(—1/(326(¢)? max(Li(n), La(n))?)) < £/6.

n>Ns(e)
From (5.11) and Lemma 5.1 with a = 32¢23(¢)? and b = 2r we get
Na(e) < ((log(32¢33(¢)?) + log(6/¢))32¢58(¢)*)/* + 1,
hence, by (5.3),
(5.13) Na(e) < (log(1/e))4r+3)/(4r®) o=1/r.
Lemma 2.2, together with (5.2), (5.4), (5.9) and (5.12), gives
(G.14) (WO (o (0), az(e), Ba(e), Bale),mo)) = 1 — 22
for all ng > max(N;(¢), Na(¢)), where WE/! means that the statement

holds for both W& and W!. By Lemma 4.1 there is a constant c3 > 0
such that

E(n)/L(n) > esn'/?.
Let N3(e) be the smallest N € N such that

(5.15) Y exp(=cin/(8+(e))) < /4,

n>N

where y(e) = (o1 (€)a2(e)B1(€)B2(¢))?. Thus

(5.16) v(e) = (log(1/e))>+3/me=4,
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We have

(5.17) Y. exp(—E(n)*/(84(e)L(n)?)) < e/4.

n>N3z(e)

By Lemma 5.1, (5.15) and (5.16),

N3(e) < (log(8(e)/c3) + log(4/¢))8(e) /c; + 1

(518) < (log(1/e))0+3/7e=4,

We put
n1(e) = max(Ny(g), Na(e), N3(e)),

apply Corollary 2.4 and get, by (5.14) and (5.17),

px v{(T,y) :(201 )z (€)' B(n) < 67(T,y)
< (3/2)B1(e)B2(e)E(n) for all n > ny(e)} > 1—¢

for all e € (0,1/2). Now, the first part of Theorem 3.2 follows from
(3.6), (3.7) and Lemma 4.1, while the corresponding parts of (3.3)—(3.5)
are a consequence of (5.6)—(5.8), (5.10), (5.13) and (5.18). We pass to
the proof of the second part, which will be an application of Proposition
2.7. According to Corollary 4.4, there are constants ¢y, c5, cg > 0 such

that
E3(n)/E4(n) > cqnt/?

Es(n)/Ls(n) > csn
E4(n)/Ly(n) > cgn'/?.
Let Ny(e) be the smallest N € N such that

> (exp(—cin/(72y(e))) + exp(—c3n® /8) + exp(—cgn/8)) < e/4.

n>N
Then

(5.19)
D (exp(—Es(n)*/(72y(e) Ea(n)*)) + exp(—Es(n)*/(8L3(n)*))

n>Ny(e)

+ exp(—Ea(n)/(8La(n)?)) < /4.
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Using Lemma 5.1 and (5.16), we get

Nu(e) < max((log(72y(e)/ci) + log(12/¢))727(e) /i,
((log(8/c3) + log(12/¢))8/c3)"/?,
(log(8/c2) 4 log(12/¢))8/c2) + 1

< log(1/e))6+3/me=4,

(5.20)

Now we let
na(e) = max(Ny(g), Na(e), Ny(e)).

From Proposition 2.7, (5.14) and (5.19),

px {(T,y) : (4an(e)az(e)) " Bs(n) < 6,(Ty)
< (9/4)B1(£)B2(e)E3(n) for all n > na(e)} > 1—¢

for all e € (0,1/2). This, together with (3.7), (3.8) and Corollary 4.4
gives the second part of Theorem 3.2. The rest of (3.4)—(3.6) follows
from (5.6)—(5.8), (5.10), (5.13) and (5.20). O
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