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1. Introduction. Let H be a Hilbert space with norm |- | and
inner product (-,-). Let A be a possibly unbounded linear operator
in H, and let a : [0,00) — R be a given locally integrable kernel
function. In this note we study properties of solutions of the abstract
linear integrodifferential equation

(1) W(t)+axAu(t) =0, 0<t<T,

in H. Here the usual convolution notation is employed: f * g(t) =
fot f(t —s)g(s) ds, if one of the two functions is scalar-valued and the
other one is vector-valued.

We want to consider mild solutions of (1), i.e., continuous functions
u(+) for which 1 *a *u(t) € D(A) for all 0 < ¢ < T and for which the
integrated version

(2) u(t) + A(1 x a *xu(t)) = u(0)

of (1) holds for all ¢ € [0,T]. The goal of this note is to give conditions
on the kernel function a under which such mild solutions satisfy an
estimate of the form

Au(t)] < (o)

for a suitable power M. It will be proved that such an estimate is
always true if the derivative o’ is integrable and behaves like —t—2*
near zero, and that in this case M = 1/« is a suitable exponent.

The following assumptions will be used. The assumptions for the
kernel function a(-) are to hold on any finite interval [0, T]. A subscript
T denotes that the corresponding quantity depends on T'.
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(A) The operator A is densely defined, self adjoint, and there exists
A > 0 such that (Az,z) > Alz|? for all x € D(A).

(al) The kernel a(-) satisfies

a(0) =
T
a € L*(0,T;R), / tla” ()| dt < oo
0

a"(-) > —er(-)  with ep € LY(0,T; R).

(a2) There exist § > 0 and « € (0,1/2) such that

(3) a’(t) > 6t 172 —ep(t)  with e € LY(0,T; R)
T
(@) / 10 ()] dt < oo,
0

It is known that operators satisfying (A) have a spectral decomposi-
tion

Ax = / ANdE\x
A

for all z € D(A) [8]. Then fractional powers of A can be defined in the
usual way,

Aﬁx:/ N dE\x,
A

for —oo < B < oo and for z from a suitable maximal domain of
definition. Also, property (3) forces a’ to have an integrable singularity
at the origin that is at least algebraic: a’(t) < —6;t~2% + Cr for some
61 > 0.

The two main results of this paper are the following:

THEOREM 1. Let assumptions (A) and (al) hold. Then, for any
uo € H, there exists a unique mild solution of (2) with u(0) = wuo.
It can be obtained as u(t) = R(t)ug, where (R(t))o<i<r s a strongly
continuous operator family in L(H, H). Moreover, the operator families
ATIR'(), A"2R/(), A2(1% R)(-) and A(1x 1% R)(-) are also strongly
continuous on [0, T).
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THEOREM 2. Let assumptions (A), (al) and (a2) hold, and let
0<B<1,0<~<1/2. Then APR(-) and AY*Y/2(1 % R)(-) are
strongly continuous families of bounded operators on (0,T], and the
estimates

(5) IAPR(t)|| < Crt™ =,
(6) |AZH7 (1% R)(t)]| < Opt~=
hold.

Theorem 1 has a natural and well-known consequence for the inho-
mogeneous equation

(1) o' (t) +ax Au(t) = f(t).

In analogy to the definition above, we call a continuous function
u : [0,7] — H a mild solution of (7) if 1 % a * u(t) € D(A) for all
t € [0,T] and if the integrated equation

(8) u&}+Aﬂ*a*Mﬂ):u@)+%;ﬂ@ds

holds for all ¢.

COROLLARY 1. For any f € LY0,T;H), ug € H there exists a
unique solution of (8) with w(0) = ug. It is given by

u(t) = R(t)ug = /0 R(t—s)f(s)ds, 0<t<T.

Theorem 2 implies estimates in various intermediate regularity classes
which we give next.

COROLLARY 2. Under the assumptions of Theorem 2, let 0 < 3 < 1,
1<p<oo, r=p/a. Then

T dt
(9) /tﬂW%@WYSC@%W
0
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and, if 0 < B < 1/2, then

T
(10) [ e e mlrs < cpn)
0

There exist several results like Theorem 1 in the literature, see, e.g.,
[2, 3, 4, 12]. The new features in the result given here are the
weakened assumptions on the kernel function. The main reason for
stating Theorem 1 is to give a framework for Theorem 2, which seems
to be new in this form. Other results concerning regularizing effects
of the resolvent family R(-) have been given for classes of kernels with
either stronger or weaker singularities. In [5] and [9], the kernel a
itself is assumed to have a singularity at the origin, and the resolvent
family is shown to possess an analytic extension into some sector in the
complex plane that contains the positive real axis. These arguments
use the Laplace transform and a suitable deformation of the integration
path in the inversion formula, much as in the classical argument for the
construction of analytic semigroups [11]. In [6, 7, 10, 13| kernels are
considered for which (3) holds with oo = 0, i.e., a’(-) has a logarithmic
singularity at the origin. In this case, A°R(t) becomes a bounded
operator for t > (3tg, where to > 0. These results can be proved
with a variety of techniques, e.g., again by deforming an integration
path in the complex inversion formula [13], by casting the problem
in an abstract semigroup framework and appealing to a general result
on differentiability of semigroups [6], or by explicitly computing the
resolvent in a model problem [7, 10]. Some explicit examples in [10]
show that this “delayed” regularization property in the case o = 0 is
sharp.

We shall construct the solution of Theorem 1 as

u(t) = /Oo U)\(t) dE)\’U,(),

A

where the scalar functions w) are solutions of the equations
(11) U () + Aaxur(t) =0, uy(0)=1.

To do this, suitable a prior: estimates have to be derived, which are
listed in Lemma 1 in the next section. The remainder of the next section
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is concerned with deriving additional estimates from which Theorem 2
follows. The main tool then is simply the variation-of-constants formula
for solutions of inhomogeneous equations associated with (11) which is
employed in a “bootstrap” fashion. One advantage of this approach
is that the sign conditions and regularity assumptions for the kernel
can be kept to a minimum. The two main results together with the
Corollaries are then proved in Section 3.

We use the usual notation of Sobolev spaces and refer the reader to [1]
for the necessary background material. In particular, fractional order
Sobolev spaces W*2(I) of scalar functions on intervals I will be used.
Their definition and properties are also listed in [1]. Constants that
may change from line to line are denoted by the same letter, C'; they are
allowed to depend on T, a(-) and its properties, and other parameters,
but not on the parameter A > A that is used in (11). We also write

d¥(t) =t7d®)(t)

whenever d(+) is a function for which the k-th derivative is defined.

2. A priori estimates for scalar equations. In this section we
study solutions of the scalar equations (11) in more detail. The goal
is to collect estimates that display the dependence on A in detail. A
standard contraction argument shows that solutions w) exist and are
unique on any time interval [0, 7] and that they will be in C*([0,T7).
From now on, T" will be arbitrary and fixed. We set vy = 1 % uy.

LEMMA 1. Let a satisfy assumptions (al). Then, for any solution uy
of (11) and for all 0 <t < T < o0,

(12) A HuX (O 2 ()] + fua ()2 ox () |+ [1x0r (8)] < O

If a also satisfies (a2), then, additionally,

13) /OT /OT<|uA<t>—ux<s>|2 A= DOR 4<c

|t — s|T+2a |t — s|1+2
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PROOF. Equation (11) can be written in the equivalent form

uh(t) + A(/Ot a'(t — s)(va(s) —oa(t)) ds + a(t)vA(t)) =0.

Multiply with uy(¢) and integrate. After some manipulations, the result
is

lua()? = 1+ Mo (t)?

ay A = P O - 2eaes(s) s
+ /\/O /0 a’ (s — 7)|ua(s) — va(7)|? dT ds = 0.

Note that, due to the smoothness of vy, the integral involving a” is
convergent. Since a” is bounded below by an integrable function, (14)
implies that for some m € L(0,T;R)

(15)  |ux(®))? + Mo < C + A/O (m(t — s) +m(s))|ua(s)]* ds.

Gronwall’s lemma now implies the bound for the third and fourth term
on the left-hand side of estimate (12). The last term on the left-hand
side of (12) can be estimated since, by (11), 1 x vy +a' x 1 x vy =
A71(1 — wy). Similarly, using equation (11) and its derivative, the
other two terms can be estimated.

To prove (13), we use (14) again and note that, by the preceding
argument, all terms in (14) except the double integral involving o’ are
now estimated independent of A\. Now use the assumption that, up to
an integrable function, a”(t) > 6t~172%. This implies that the second
term on the left-hand side of (13) can be estimated as stated. To
estimate also the other term, we differentiate (11), multiply the result
with A\~1uy(t) and integrate once. The result is the identity

(16)
1 / 2 ! S// 2
SAOF + [ [ a = olur(o) =@ i ds

= 1+a(t)\w(t)|2+/0 (a'(t=s)ua(t) —ux(s)[*+ ' (s) |ux(s)|?) ds.
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Since the right-hand side can be estimated uniformly in A, the same
argument as before shows that also the first term in (13) can be
estimated as claimed. O

LEMMA 2. If assumptions (al) and (a2) hold, then, for any solution

Of (11);

T
(17) /\2"/ lua(B)[2dt < Co.
0

PROOF. Estimate (13) implies that

[olla < CTA™Y/?
(18) [oalli+a < Cr,
where ||-||s is a norm on the fractional order Sobolev space W*2([0,T],R)
[1]. Since these are complex interpolation spaces, a standard interpo-
lation inequality now implies that

lurllo < llvally < Clluallglloalliza < CA™.

This is the desired estimate. O

Lemmata 1 and 2 provide all a priori estimates that will be needed
for the proofs. The rest of this section will be concerned with deriving
related estimates for functions of the form #'uy(¢), using the variation-
of-constants formula. We therefore write

’U,)\)l(t) = tluA(t), 1))\71(15) = tl’l))\(t)
for 0<t<T, A>A,1=0,1,2,.... We also set
w,\,l(t) = tl(u)\ * U)\)(t)

and set wy _1(¢) = 0 for all ¢ by convention.
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LEMMA 3. Suppose a satisfies (al) and (a2) and uy solves (11). Then,

foralll=0,1,2,...,and 0 <t <T,
l
(19) NCEDS (ﬁ) wns * urgi(t)
=0
(20) / (= Syusa(s)ds| < (@, TIA!
0
(21) (1 wn2)(t) — ors(t)] < CULTIA,

PROOF. Equation (19) (which reduces to the Leibniz rule for deriva-
tives of products after taking the Fourier transform) is proved by a
standard induction argument.

Estimate (20) also follows by induction: For [ = 0, the estimate is
contained in Lemma 1. For the step from [ to [ + 1 we write

/Ot(t — S)ux+1(s)ds = — 2/0t /03(8 — T)ux,(7)dT ds
+t- /Ot(t — s)uxu(s)ds,

and this term is bounded by CA~! by the induction assumption.

The proof of (21) also uses induction. For I = 0, nothing has to be
shown. For the step from [ to [ + 1, we write

(L) (0) = o110 = = [ (= 9y i(s)ds

+ t(/ot uy1(s)ds — v,\,z(t)),

and by (20) and the induction assumption, both terms on the right-
hand side are bounded by CA~!. o

Next an auxiliary kernel is introduced which can be shown to have
the same regularity properties as a}. Let k : [0,7] — R be the resolvent
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kernel associated with o', i.e., the L'-function with the equivalent
properties

(22) a'(t)+kxd(t)+k(t)=0, forae. te]l0,T],
(23) a(t)+ k*a(t)=1, forallte]|0,T].
We set

(24) b(t) =1+aj(t) +kxai(t) =1+t (t)+ /Ot k(t — s)sa'(s) ds.

LEMMA 4. The kernel b has the properties

(25) t-a(t)=bxa(t), foralltel0,T],
(26) ay € W>'([0,T),R) = by € W>'([0,T],R)
(27) ay € W3[0, T],R) = by € W*'([0,T],R).

PROOF. We have
b=1+al +k+al =a+al +kx*(a+a})
—b+dxb=a+aj
d d 4

= E(b*a) = —ayj.

This proves (25). To prove (26) and (27), we first compute ki (¢t) = tk(t)
and ko (t) = t2k(t). Multiplying (22) with ¢ implies

ai—l—kl *a’—l—k*a%—kkl =0,
and thus
ki=—al —kxal —kx(al +kxal)=—(al +2kxal +kx*kxal).
Multiplying again with ¢ one obtains, after some manipulations,

ko = —ag—2kxay—kxk*ay+2(aj +2k*a] +kxkxal)*(al +kxaj).
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Thus, k; is as regular as a} for i = 1,2. Now

(28) bl(t) =t + ad(t) + ky xal(t) + k * al(t)
and
2
(29) bg(t):t2+aé(t)+z(?)]{Ji*ag+1(t).
1=0

From (28) we read off that b; € W21([0,T],R) if a} is in this class,
which proves (26). To prove (27), we note that the convolution
products involving k; and ko will be in W31([0,T],R) as soon as
a3 € W21(|0,T],R) and that the other terms will be as regular as a}.
Since assumption (a2) implies in particular that ai € W31([0,T],R),
property (27) follows. O

LEMMA 5. If assumptions (al) and (a2) hold, then, for allt € [0,T],
A>A 1=1,2,3,...,

(30) ’U,)\’l(t) + b * ’U,)\,lfl(t)
= 2wy -1 (t) + b xwy 1 (t) + (1= )b} xwx1—2(t) + fri(t),

where | fru(t)] < C(I, T)A™L.

PROOF. The proof uses induction. For [ = 1, one computes
uy 1 () = ua(t) + tu) (t)

= ux(t) — Aag *ux(t) — Aa* uy 1(%).

By Lemma 4,
Aaq * uy = Ab* a*uy

= —bxul
:—U)\-l-b—b/*U)\.

Thus, uy,1 solves the equation
uy g+ Aaxung = 2uy + b xuy —b.

Applying the variation-of-constants formula gives (30) for [ = 1.
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The induction step from [ to I + 1 is a straightforward calculation.
One only has to show that the remainder term fy ;4; can be estimated
as stated.

U141 () + b xux (t)
= t(un 1 (t) + b*upn—1(t)) — by *uy 1 (¢)
= t(2wx 1 (1) + b xwxy_1(t) + (1= 1)b] % wx1—2(t)
+ i) = by xun(t)
= 2wy (t) + b xwy (t) +1b] % wy -1 () + frasr(t)

with f)\)lJ’»l(t) = (l — ].)b% * w)\)lfl(t) + tf)\,l(t) — by *u)\,l(t)' By Lemma
4, b} and by are in W21([0,T],R) and vanish for ¢t = 0. Therefore, by
Lemma 3, the two convolution integrals, and thus also fj ;11(¢) can be
estimated by CA~!. The lemma follows. O

LEMMA 6. If assumptions (al) and (a2) hold, then for 0 < t < T,
0<r<1/a, \>A,

(31) lux(t)| < CtTAT
and for 0 <r <1/(2a),
(32) lua(t)] < CE"ATT73,

Here C depends on r,a,T, but not on .

PROOF. We use induction on n to prove first (31) and then (32) for
all r < n < 1/a, respectively, for all r < n < 1/(2a), and then give a
concluding argument in the case where 1/« is not an integer. We start
with the estimate for uy for r = n = 1. By Lemma 5,

tuy(t) = —bxux(t) + 2uy * un(t) + 0 * uy * ux(t).

The terms on the right-hand side can be estimated for each t as follows:
b ux(t)] = [oa(t) + b xva()] < CATV2 < oA

by Lemma 1;

(33) uy * up(t)] < Hu,\H%Q <C\ ¢
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by Holder’s inequality and Lemma 2; and
[b' % wy * up(t)] < COX™

by (33). These estimates prove (31) for » = 1. Since (31) is also true
for r = 0, we obtain (31) for all 0 < r < 1.

We next show (32), first for r = 1/2 and then for » = 1. One computes
toa(t) = 1k Lk upn(t) + 1% bxuy(t) — 2vx * up(t) — 20" x vy * ux(t)

due to Lemma 5. The first two terms can be estimated by CA~!. The
other two terms can be estimated by

a+1

(34) 20 % ux(£)+2b % vy ux(t)] < 282 [|ox || L Junl e < CEEN"T,

by Lemma 3 and Holder’s inequality. Thus |vy ()| < Ct=1/2\—(e+1)/2,
Repeating the estimate (34) and using (31) with » = 1/2 now also gives

20 # ux(£) + 26" % vy uy(£)] < CA™ 2,

This proves (32) also for » = 1. As before, since the estimate is also
true for r = 0, we then obtain it for all € [0, 1].

For the induction step, suppose that (31) and (32) are true for
0<r<n<1/(2a)— 1. By Lemma 5 and Lemma 3,

" un(t) = —van(t) =V kv (t) + 2wrn(t)

(35) , 1
+ 0 x wxn(t) + nby k wx pn_1(t) + gan(t),

where |ga.n(t)] < CA~L. We first show (31) for r = n + 1/2 and then
for r = n+1. The terms on the left-hand side of (35) can be estimated
as follows:

[oan(t) + 8 % vpn(t)] < Ct A7 < O A~ (e

by induction assumption;

(36) .’ =0
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due to the estimates
(37) Jur;(B)] < Ct72A~ U TR,

for j=0,...,n—1, and

(38) [uxn(t)] < CATE.
Thus, also
(39) b 5wy ()] < CEzA~ (D)

The terms involving wy,,—1 can be written as
n—1
1 Y
by * wxn—1 = (b' +b7) * E Ung ¥ U n—1—i T 9rn—1

=0

by Lemma 3, where |gx ,—1(t)] < CA~L. Since ¥/, b3 € L'(0,T; R), we
only have to estimate each term in the sum pointwise:

[ua,i * Unn—1—i(t)] < CAm3 < O~ (e
due to (37) and
(40) lux; (1)) < Ct™EA"UTEa—3,

for 7 =0,...,n —1, by induction assumption. Put together, all these
estimates prove (31) for r = n + 1/2. This means that

(41) s n (1) < Ct= 2N~ (D),
Using (41) instead of (38) now implies that
[wan ()] < CAFDe

and this improved estimate implies (31) also for r = n + 1. As before,
estimate (31) then follows also for all r € [n,n + 1].

We next show (32) for r = n 4+ 1/2 and r = n + 1, still assuming
that n < 1/(2a) — 1. The argument is essentially the same as in the
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case n = 1. First, according to Lemma 3, we can replace v ,+1(t) by
1% uy p41 with an error that is bounded by CA~1. Next, by Lemma 5,

Tkurnpr = —b*vUyp +2%wWrn
(42) +b’*1*w>\7n+n-1*b%*wk)n,l-kl*f)\_’nﬂ,

Lemmata 1 and 4 imply that the first and the last two terms can be
estimated by CA~!. The second term can be estimated by

25 wan(t)] < CY " ong *usnjl(t) + CA!
(43) i=0

< Otz "3 (nFD)a

Here (37) and (40) have been used for j = 0,...,n, except for the
term involving vy ,, where we use the induction assumption. The
same estimate holds for the third term in (42). This proves (32) for
r =n+ 1/2 and implies in particular that

(44) loan(t)] < Ct=2A"2—(0H3)a

Using (44) instead of the induction assumption allows us to improve
(43) to
12 % wx (1) < Oz (ntDa

and to estimate the third term in (42) in the same way. Thus (32) is
proved for r = n + 1 and consequently for all r € [n,n + 1].

There remain some additional cases, all of which can be handled by
the same arguments. Estimate (32) is shown for the case [1/(2a)] < r <
1/(2a) by an argument that is similar to the one in the induction step.
If1/(2a) =1 < n < 1/a, then only (31) has to be shown by induction,
and the argument is identical to the one given above. Finally, (31)
follows for the remaining range [1/a] < r < 1/a as in the induction
step. The Lemma is completely proved. 0O

3. Proofs of the main results.

PROOF OF THEOREM 1 AND OF COROLLARY 1. Let u be a solution
of (1) with u(0) = 0. For N > A, t > 0, set u™N(t) = Enu(t), where
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Ey is the spectral measure of the set [A, N]. Then vV solves the same
equation. Since the operator A is bounded on the space FnyH in which
this equation holds, we obtain " = 0, due to a standard uniqueness
argument for ordinary integral equations. Since N is arbitrary, u =0
follows, which established uniqueness of mild solutions of (1) and (7).

To construct a solution of (1), suppose that uy € H is given. Set

N
(45) uM (t) = /A ux(t) dExug

for N > A, 0 <t <T. Theu" are (classical) solutions of (1) with initial
data u™ (0) = Enug. Then the estimates in Lemma 1 show that the
functions A1 (uN)”, A=z (uN), uN, AY2(1xu™), and A(1x1xu) all
converge uniformly in C([0, T'], H) to continuous limit functions A~ 1u",
A2/, u, AY2(1xu), and A(1*1%u), and u is a mild solution of (1).
This proves Theorem 1. Corollary 1 and the variation-of-constants
formula follow by using the same construction. O

PROOF OF THEOREM 2. The estimates of Theorem 2 follow by using
Lemma 6 in (45) and passing to the limit as N — co. O

For the proof of Corollary 2, we need a standard MARCINKIEWICZ-
type interpolation argument.

LEMMA 7. Let f : [0,T] — R be measurable such that || f|r~ < Ci
and |f(t)| < Cot™" for almost all t, for some v > 0. Then, for all p
with 1 <p < oo and 1/y < p,
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PROOF. Let pu(s) = [{t | |f(t)| > s}| be the distribution function of
f. The assumptions imply

p(s) =0, fors>Cy,
and

1
% cu(s) < Cy,  for all s.

Then

PROOF OF COROLLARY 2. Let p, 3, r be given as in the assumptions.
For given \, we set f(t) = t"~"/Puy(t) and v = 1/a + 1/p —r. By
Lemma 6,

If()] < CA™ and |f(t)] < OX"1t77.

Applying Lemma 7 then leads to the estimate

T
/ O dt < AP,
0

Using this estimate in (45) and passing to the limit as N — oo implies
the first half of the Corollary. The second half follows analogously. O
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