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ANALYSIS VIA INTEGRAL EQUATIONS
OF AN IDENTIFICATION PROBLEM
FOR DELAY DIFFERENTIAL EQUATIONS

CHRISTOPHER T.H. BAKER AND EVGENY I. PARMUZIN

ABSTRACT. We address the problem of determining the
initial function ¢(t), for ¢ € [—7,0], given the solution y(t) =
y(p;t) of the linear delay differential equation

y'(t) — A()y(t) — Bt)y(t —7) = f(t), t€[0,T],

for which
y(t) = QO(t), te [_T7 0]

The function ¢(t) is approximated by the function ¢, (t)
that minimizes a certain parameter-dependent quadratic func-
tional. The optimal function ¢, (t) is shown to satisfy a Fred-
holm integral equation, and the role of a regularization param-
eter is transparent from the form of this equation. (There is a
related integral equation for ¢(t).) The convergence proper-
ties of an iterative method for finding ¢4 (t), using an iteration
that is based upon the delay equation for y(¢) and a corre-
sponding adjoint equation, are established by considering an
iteration for the solution of the Fredholm integral equation.

1. The nature of the problem. Studies have been undertaken, in
the context of the mathematical modeling of biological data, see Re-
mark 1.3, of the problem of determining a parametrized retarded differ-
ential equation, along with the corresponding initial function, such that
the solution is a good fit to an observed function. Related problems
have been addressed by others, e.g., [7, 14]. Our practical approach
to answering the question relies upon the numerical solution of differ-
ential equations with deviating arguments, and the minimization of an
objective function appearing in this paper; we discuss numerical exper-
iments elsewhere. However, some interesting analysis involving integral
equations arises in arriving at a theory for our technique; part of this
material is presented below.

Here, we describe a method for determining an approximation to an
initial function, given the solution to a linear delay differential equation
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that the initial function generates. This is shown, using the adjoint
equations with deviating arguments, to be equivalent to the solution of
a Fredholm integral equation, see Section 1.3. The integral equation can
be of a type which is generally recognized as ill-posed, and the effect of
regularization parameters is established. Our results here extend those
for “data assimilation problems” in ordinary and partial differential
equations, cf. [17] and related works. Extensions to nonlinear delay
differential equations, where the initial function need not be uniquely
defined, are discussed by the authors elsewhere.

Since inverse problems are frequently ill-posed, the connection with
integral equations of the first kind, and their regularization to inte-
gral equations of the second kind, is, though interesting, unsurprising.
Moreover, the role of adjoint equations in variation-of-constants formu-
lae can be found in the literature. Nevertheless, our results appear to
be new and the theory provides insight into a practical method, insight
which does not appear to be readily available by a different approach.

1.1 Analysis. Consider an n-dimensional system of linear delay
differential equations (DDEs) with time-dependent coefficients, of the
form

dy(t) _
(Lla) == = A)y(t) - B(t)y(t —7) = f(t), forte[0,T],
subject to
(1.1b) y(t) = p(t), forte[-T,0]
Here

y(t), f(t), o(t) € R™™',  A(t), B(t) € R™™",
T is a prescribed positive constant (the “lag”); ¢(t) is the “initial
function” and f(¢) the “inhomogeneous term.” We find it convenient to
suppose that T' > 7. The solution of (1.1) is dependent on the function

¢ in (1.1b), and when y(t) = ¢(t), for t € [—7,0], we can therefore
write

(1.2) y(t) =y(p;t), forte[-7,T].

Remark 1.1. If B(t) does not vanish for ¢ € [0,7] then the functions
y(p1;t) and y(pe;t) differ when the functions ¢ and @9 differ, and ¢
is uniquely determined if y(y;¢) and its derivative are given on [0, 7].
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The problem addressed here involves the determination, given pre-
scribed 7 > 0, A(¢), B(t), f(t), of an initial function ¢(¢), chosen from
some class F of functions defined on [—7,0], such that the solution
y(p;t) of the given retarded equation is a “best” approximation to an
observed function. Throughout, we suppose F C PC[—7,0]), so that
the initial function is required to be piecewise continuous with finite
jumps at points of discontinuity. We emphasize the case where

(1.3a)
¢ €F, where F:={yp € C[-7,0) with bounded ¢(0)};

(1.3b) A, B, feCl0,T).

We determine an estimation of the initial function ¢(¢) by minimization
of a quadratic functional, given below, involving the deviation of y(¢; t)
from the observed function.

1.2 Details of the identification problem. Suppose «, 3,7 > 0
and y(¢;0) = ¢(0) and = @(t) and ¥ = () are given functions. We
introduce the functional

o [0 ) 2
$9(p) 1= 5/_T () — 3|7 dt + gHsD(O) - 20|,

. I .
+%Hy(<p;0)—Y(0)Hi+§/0 ly(e;t) — 3(0)||2 dt

where y(p;t) satisfies (1.1). We intend the value 7, introduced to
provide some flexibility in the formulation, to assume the value 0 or 1.

We can now formulate the identification problem, or data assimilation
problem, as follows:

Definition 1.1. Let F C PC|[—7,0] be a smoothness class of
bounded functions on [—7,0]. Then the corresponding data assimilation
problem for the identification of ¢ is formulated as follows. Find a
function o, € F, such that y(p4;t) satisfies (1.1) and

15 S87(p,) = min S77
(1.5) o () glelga(cp),

where S37(¢) is defined by (1.4).
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This formulation embodies parameters « > 0, 5 > 0, v > 0, which,
when positive, are “regularization parameters,” see [9], for example.
This applies, in particular, to a. Thus, if we introduce an abstract
operator A such that y(¢;t) = Ap(t) we have

(67

0 T
5220 =5 [ lletoy-pwlzar+ 5 [ 14p -5l ar

which is of the form associated with Tikhonov regularization [20] for

recovery of ¢(t) from Ap(t) = §(¢). Clearly, ¢, depends on these
parameters «, 3, 7.

We consider an idealized situation where the functions y(t) and @(t)
are supposed to be unambiguously defined, but in practice ¥(t) is
usually defined by a priori observational data which is subject to noise.
The choice of §(t) is determined by modeling considerations.

1.3 Our results in brief. We show below that the optimal initial
function ¢, satisfies a coupled set of delay equations, see (2.4), involving
“adjoint equations,” and we give an iterative technique for obtaining
successive approximations ¢, to @.. We show that the function ¢,
identified by our chosen formulation is associated with the solution of a
Fredholm integral equation, and the iteration we propose is related to
an iterative solution of the integral equation. Our discussion establishes
a connection with a regularization method due to Lavrent’ev [12].

Theorem 1.1. For appropriate g2 (t), Kg(t,s) and v0(3,7), the
function @, (t) solving the data assimilation problem satisfies equations
of the form

0
ap (t)+ [ Koq(t,s)pa(s)ds = g0 (t), fort € [-7,0),

(1.6) —r
©+(0) = 0(8,7)-

In (1.6), the kernel Kg~(t,s) is self-adjoint (Kg(t,s) = K;W(s,t))
and positive-definite.

Remark 1.2. If a > 0, then equation (1.6) is a Fredholm equation
of the second kind, and if @ = 0 it is a Fredholm equation of the first
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kind. The positive-definiteness of the kernel implies that the equation
of the second kind, a > 0, is uniquely solvable. However, Fredholm
equations of the first kind (the case a = 0) with well-behaved kernels
are ill-posed. For this reason, the introduction of o > 0 is said to
regularize the problem.

The above theorem is derived through the use of an adjoint differential
equation with a deviating argument. (The link with a variation of
parameters formula is exploited.) We shall obtain properties of the
kernel Kg(t,0) using the fundamental matrix solution for a delay
differential equation. The iteration that yields successive ,, is related
to the integral equation in (1.6), and we investigate the convergence of
that iteration by using properties of the kernel.

Remark 1.3. Note that we concentrate on the identification of the
initial function ¢(t), it being assumed that the DDE is known. For dis-
cussions of parameter estimation for DDEs, in particular in the context
of cell dynamics, see Baker, Bocharov and Paul [3], Baker, Bocharov,
Paul and Rihan [4, 5], and the references therein. Ordinary differential
equations (ODEs) and parabolic partial differential equations (PPDESs)
also arise in modeling of cell populations. Similar (so-called, see [1, 17,
18, 19]) data assimilation problems have been discussed for ODEs, see
[16] and PPDEs, see [1, 2, 17]; the present work fills a gap in the
discussion of DDEs.

2. The optimization problem. In order to consider the minimum
of the functional (1.4), we analyze S27(p + e1). If ¢, € F provides a
minimum of the functional S (), we have S%7(¢,) < 827 (p, +e)),
where € is a real parameter and v is an arbitrary function in the linear
space F. We note S5 (p) > 0, and S27 (¢ + €v) is quadratic in e. To
write down S (¢, +e1b) we need an expression for y(p, +e;t), and
we have it in the following result.

Let us write Ly(t) := y/(t) — A(t)y(t) — B(t)y(t — 1), for ¢t € [0,T7,
and My(t) = y(¢t), for t € [—7,0]. By virtue of the linearity of L and

(2.1) Y(pw +e;t) = y(pust) +e2(dst)
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where z(t) = z(v;t) satisfies Lz(t) = 0 for t € [0,T] and Mz(t) = ¥(t),
for t € [—7,0], that is,
(2.2a)

% — A(t)z(;t) — B(t)z(v;t —7) =0, fort e [0,T],

(2.2b)  z(¥;t) = (), fort e [—7,0), and z(¢;0) = (0).
t) =

The condition z(v; ¥(t), for t € [—7,0] is expressed as z(1;t) =
P(t), for t € [—7,0), and z(¢;0) = (0) in order to emphasize the
possibility that 1/1( —) may not equal ¥(0). The function z(1;t)
vanishes if and only if ¢ (¢) vanishes.

We can write
(2.3a) SET(p +e) = ST7() + ePI7 (0, 0) + €2Q57 (v),

where
(2.3b)

0 T
P (p.9) = a / {o(t) — BB} Twp(t) dt / {u(oit) — 50} T2 ) dt
1 5{(0) — B0)}T(0) + 1 {y(; 0) — (0)} = (ab: 0);
Q37 (4 / I3 d + / (s )2 it
+ D13+ 22w 03

We observe that in the latter expressions we have z(1;0) = ¢(0). We
obtain the following result.

Lemma 2.1. If
o 0
B (o) = & / {o(t) — ()} {u(t) — B(t)}
/ {uloit) — 50} T {w(st) — ()} dt

+ 5 {0(0) - 5O} (Y0) - 20))
+ 3 {w(e:0) =50} {y(w50) - F(O)},
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then S5 () = JB7 (¢, ), and P (¢, ¢) = Jé’”(%w) + B, ) =

270 (p, ). Finally, Q57 () = (1/2)9/(962) { JE7 (p+ <y o+ 2w)},
and Q57 () > 0 and Q57 (v)) = 0 if and only if v =0 on [—T,0].

We thus have the following result.

Theorem 2.1. A function .(t) defined on [—7,0] minimizes
SBY(p) in (1.4) for ¢ € F if and only if P27 (p,, ) in (2.3b) vanishes
for ally € F, where z = z(1;t) satisfies (2.1).

We also note the following result (the proof of which is provided in
Appendix A).

Lemma 2.2. The bilinear form P27 (p, ) is symmetric and positive
semi-definite (definite when oo > 0) on F.

2.1 A method for finding the optimal ¢,. We propose a method
for finding the initial function ¢, € F which minimizes S%7(¢) on
F. This method comprises the solution of a set of coupled equations,
written in the form

dy(t)

(2.4a) o At)y(t) — Bt)y(t — 1) = f(t), forte[0,T],
(2.4b) y(t) = pu(t) fort e [-7,0), y(0)=p.(0),
de™(t) 1 T
(2.4¢) T t)A{) —z' (t+7)B(t+71)
= [y(est) =51,
for ¢ € [0, 17,
(2.4d) xT(t) =0, forte[T,T+7],

(2.4¢) a(p.(t)—p(t )) [B(t+7)]"a(t+7) =0, forte[-7,0),
(2.4f) 2(0) + A{p«(0) = 2(0)} + v{p«(0) = ¥(0)} = 0.

Remark 2.1. If equation (2.4e) were to hold for ¢ € [—7,0] then the
equation for t = 0 would have the form ay,(0) +[B(7)] Tz(7) = a$(0).
Equation (2.4f) defines ¢,(0) if 4+ v # 0.



118 C.T.H. BAKER AND E.I. PARMUZIN

In the process of determining ¢, (t) we also determine the correspond-
ing y(,;t) and o7 (p,;t). We shall show that the solution of (2.4) does
provide a minimum.

The method proposed for the solution of (2.4) is based upon the
following iteration:

Definition 2.1 (An iteration for finding the function ¢, (t)).

250) 9O _ Ay (1) BOwa(t-) = 1(0), for t € 0.7,

(2.5b) Yn(t) = pn(t) fort € [-7,0), ¥.(0) = ,(0),
(2.5¢)

l’T
S0 ot ) A0 ] (7B = o) 5O
for t € [0,T7,
(2.5d) x) (t)=0, forte[T, T+ 7],

(2.5€)
Pnt1(t) = 0n(t)+0n (a(on(t) =5(t) +[B(t+7)] Tz (t+1)),

for ¢t € [—7,0) and

(2.5F)  @n41(0) = 0 (0)+0,{ (B+7)n(0)+2,(0)—B5(0) —5(0) },

forn=0,1,2,... and {J;}, {5}} are appropriately chosen scalars.

What is proposed is to find the solution of (2.4) using the following
procedure:

e Choose a starting approximation for the initial function, @g(s),
s € [-,0].

e For n = 0,1,..., N, where the choice of N yields appropriate
accuracy:

1) Obtain the solution y, = y,(t) of the original problem (2.5a) for
¢ = pnls).
2) Obtain the solution z,) () of the adjoint problem (2.5¢) with

n =z
known righthand side y,(t) — ¥(¢) when ¢ € [0,T] with the condition
z,)(s)=0,s€[T,T+7]

n
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3) Find the next iterate ¢,41(s) using equations (2.5¢) and (2.5f).

We shall establish that if we allow N to tend to infinity, this iteration
converges to give ¢,, for a feasible range of values of @ and §. Our
convergence result, see Theorem 4.2, follows very simply from the fact
that the solution of (2.4) satisfies an integral equation of the form

0
(2.6) ap.(t)+ | Kp(t,s)p.(s)ds = gh (1),

—T

for t € [-7,0), in which Kg(t,s) and g27(t) are given in detail in
(4.1). The iteration above is related to an iterative method for solving
the integral equation, see (4.14), below.

3. The underlying theory. The theoretical discussion of our
method depends upon aspects of the theory of DDEs and of integral
equations.

3.1 A role for the adjoint equation. We shall obtain an equivalent
formulation of the problem (1.5), based upon adjoint equations. This
provides an alternative characterization to that of Theorem 2.1. The
purpose of this approach is to derive (2.4) and (2.5) in order to solve
the “data assimilation problem” (1.5). The results presented here arise,
in effect, due to the relation between the fundamental solution, certain
adjoint problems, and variation of parameters formulae [6].

Lemma 3.1. Let y = y(¢;t) be a solution of the problem (1.1), and
let z = z(¢;t) be a solution of the homogeneous problem (2.2). Then
the first variation of the functional S%7(p) can be represented in the
form

(3.1)
PO (i, 9) = /

—T

0 T
{ale@®)-3(O) + 2T (t+7)B+7) | w(t) de

+ (27 (0) + Ble(0) = BONT + (w3 0) — 5O 7 ) (0),
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where z 7 (t) € RY™™ is the solution, " (t) = z ' (¢;t), of the problem

_dUCT(t) T T _ oy T
(3.2a) % WA -z [+ n)Bt+7) = [y(est) =50
forte0,T],
(3.2b) ' (t)=0, forte[l,T+1)

Equations (3.2) correspond to an adjoint problem, with a special forcing
term y(p;t) — ¥(t).

Remark 3.1. If required, the derivative in (3.2a) is interpreted as
the lefthand derivative. The derivative of the function x ' (¢) satisfying
(3.2) inherits from y(¢;t) — ¥(t) any jump discontinuities at points in
[0,T7; if y(p;t) — ¥(t) is continuous, in particular if y(¢) satisfies (1.1)
where f € C[0,T] and ¢ € C[—,0], then (d/dt)z " (t) is continuous on
[0,7].

Proof. We have

0

PBY(p,9) = a / lp(t) — B(0)] T(t) dt

—T

+ Ble(0) — 2(0)] T4 (0) + v[y(; 0) — F(0)] " 2(¢; 0)

T .TT T
33) - /0 d dt(t)z(q/;;t)dt— /0 2T () A(t)2(v: t) dt

term () term (47)

— /T ! (t+7)B(t+7)z(1;t) dt.
0

term (442)
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Using integration by parts, for (¢) in (3.3) and writing (#i%) as

T4t T
/ z'(s)B(s)z(1; 8 — ) ds = / z'(s)B(s)z(; 5 — 7)ds
T 0

0
—/ z' (s 4 7)B(s + 7)¢(s) ds,

-7

we obtain

0

PE (o) =a [ lolt) = @) Tw(e) de + T (0)2(50)

-7

+B(0) = B(0)] T4 (0) + [y (3 0) — F(0)] 2(1; 0)

+ /O ' (t+71)B(t+7)Y(t) dt

—T

g dz(1; t) A N
+/0 xT(t)<T—A(t)z(z/1,t) B(t)z(¢,t T)) dt.

Then z(¢;t) satisfies the homogeneous equation (2.2). For P27 (p, 1))
we thus obtain the expression in (3.1) and our lemma follows.

From (2.3a), since y(¢;0) = ¢(0), we have the following theorem.

Theorem 3.1. A function .(t) defined on [—7,0] minimizes
SB(p) for ¢ € F where F = C[—1,0) N {|p(0) is bounded} if, where
x! satisfies (3.2),

0
(3.4a) i {alpt) =@M +x"(t+7)Bt+7)} T 9(t)dt =0

for all o € C[—71,0), and

(3.4b) {2(0) + Blp(0) = B(0)] +[2(0) = F(0)]} "%(0) = 0.

If we consider the problem of minimizing over a subset JF,, of F, we
obtain analogous results with F replaced in F,.
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3.2 A réle for fundamental solutions. We introduce, see [10,
pp. 359-363], [11, pp. 148-150], the fundamental solution for a linear
delay differential equation of the form

(3.5a) dzél—stt) — A(t)y(t) — Bt)y(t — ) = f(t), forte[0,T],

with initial condition

(3.5b) y(t) = ¢(t) forte [—7,0].

Lemma 3.2. Let Y(s,t) be a solution of the equation

Y (s,t
(3.6a) % +Y(s,t)A(s)+ Y (s+T1,t)B(s+7) =0, fors<t,
which satisfies
(3.6b) Y(s,t)=0, fort<s, Y(tt)=1I

Then the solution of the system (3.5) is given by

0 t
(3.7) y(t) =Y (0,t)p(0)+ [ Y(s+7,t)B(s+7)¢(s) ds+ ; Y (s,t)f(s)ds.

—T

For related results, see [6]. One may see that the essential structure
in (3.7) is that

(3.8a) y(p;t) = y(t) = Y(0,6)p(0) + Fop(t) + V£(t)

where F is a Fredholm integral operator defined on F and V is a
Volterra integral operator defined on C[0,T]. Hence, also, the solution
of the homogeneous problem with initial function v is

(3.8b) z(;t) = 2(t) = Y(0,1)1(0) + Fyp(t).

Lemma 3.3. The solution z " (t) of the adjoint problem

(3.9a)
dx " (t)
dt
(3.9b) ' (t)=v"(t), forte[T,T+7).

—z' ()A{t)—z " (t+7)B(t+7) =g (t), for te[0,T),
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s expressible as

T+1
() =0 (T)Y(t,T) + / v (s)B(s)Y(t,s —T)ds
T

+ /t g (8)Y(t,s)ds.

It follows that the solution =T (¢) of (3.2) is given by

T
(3.10) (1) = / (e s) - 5(s)]T Y (2, 5) ds.

4. An integral equation for the optimal initial function ¢,.
In what follows, we shall establish the following theorem.

Theorem 4.1. Fort € [—,0),

0
(4.1) ap,(t) + Kpg(t,s)p.(s)ds = gg’v(t),

—T

i which

T
(4.2a) Kﬁﬁ(t’s)_/g " ST (t+7,6)P(s+7,8)dE

T T
[ [ et ve.9D; o
E=t+1 J p=s+1
®(s+T, 1) dpdg

and

T
027 (1) = a@(t) - / T (t+7,5)Y (0,5)D; L Fo(3(0), 5, f) ds

e
T s
—/ <I>T(t+7,5)(/ Y (&, 8)f(§)dE—7(s )
t+1 0
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where

T
(4.2¢) Ds~ = (B+7) + / [Y(0,5)]"Y(0,5)ds
0
is a symmetric and positive-definite constant matriz. Here ®(t+71,s) =
Y(t+7,s)B(t+ 7). Additionally, ¢, (0) satisfies a relation
(4.3)

Djpra(0) = AF(0) + 750 /_/+ (0.1 T® (s + 7. &)pu () dé ds

- [rosr( [ vesse o) .

Remark 4.1. Tt is easy to show that Dg , is symmetric positive-definite
(and therefore has an inverse). Consider J (¢, s) fo (t,)]TY (s,€)d¢;
we have J(t,s) = J ' (s,t), and therefore Dg., = (8 +~) + J(0,0) =
D;,y. By definition,

T T
/ uT(t)/ [V(0,5)]"Y(0,5)dsu(t) dt
0
(4.4) / / Y(0,)] Y (0, s)u(t) ds dt

:/ lo()|? dt > 0
0

for some v(t) and 8 > 0, v > 0 so (Dﬁﬂu, u) > 0. Thus the positive
semi-definiteness of Dg ., is obtained. Since Y (0, s) is a solution of the
equation (3.6a), we can conclude from (4.4) that (Dg ,u,u) = 0 implies
u = 0. The existence of ’DE}Y follows.

Corollary 4.1. When a =0, we have

0
(4.5) Kp(t,8)ps(s)ds = gi”(t) fort e [—7,0),

-7

where Kz, (t,5) and g2 (t) are defined by (4.2).
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Lemma 4.1. The kernel Kg,(t,s) defined by (4.2a) is self-adjoint
and positive semi-definite.

The proof is provided in Appendix B.

The equation (4.1) is obtainable from (4.5) by applying Lavrent’ev’s
method [12, 19], [21, p. 89], which is sometimes called the “method of
singular perturbation” [13, 19], to (4.5). The function ¢ satisfies

0
(4.6) Koo(t,s)p(s)ds = g0°(t), fort e [—T,0).

—T

4.1 Proof of Theorem 4.1. In this section we shall establish
that the initial function which satisfies equations (3.4) also satisfies
the integral equation (4.1).

According to Section 3.2 we may write the solution of the adjoint
problem (3.2) in the form

(4.7) 2T (1) = / (s s) - 5(s)]T Y (2, 5) ds.

Using (3.7), we can write (4.7) as

T 0 T
z'(t) = /t [Y(O7 $)p(0) + Y(E+7,8)BE+T1)p(€)de| Y(t, s)ds

—T

T

o[ [ veon@a-se] v

for 0 <t < T, and therefore

(4.8)
.

e = [ ' [ vieoar@de-30)| v+ ras

+7

T 0 T
+f [Y<ovs>sa<o>+ | viernaBer s de

+7 —T
‘Y(t+T,8)ds.
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~

By virtue of (2.4e), ¢(t) satisfies ap(t) + [z T (t+7)B(t +7)] o a@p(t)
for t € [—7,0). Thus, using (4.8), we have for t € [—7,0)

(4.9)

as(t)+ | /j Y0900+ [ V(6 +75)BlE + 7)ol

T

.
Y(t+7,8)dsB(t + 7)}

t+1 T

—ast-| [ ][ SY(@s)f@df—y<s>fy<t+ns>dsB<t+r>} .

From the expression for z ' (t), we have

(4.10)
.

o= | ' [ | viear©a —y<s>] Y(0,5) ds
]

T 0
+ / [Y(07s)sﬁ(0)+ / Y6+ 7B+ T)ele) de
Y (0, s)ds.

Therefore, we can write ¢(0) as, see (2.4f), (v + B)¢(0) + [IT(O)]T =

Bp(0) + ~vy(0). Here, using (4.10), we can write

(4.11)
e + | | ' Y000+ [ OTY<§+T,s>B<§+T>w<s> dsr

-Y (0, s) ds] |

- 560 +50) - | | ' IREICE —y<s>]TY<o,s> ds]T.

The latter equation allows us to eliminate ¢, (0) from (4.9) to obtain
an integral equation for ¢,. Taking the transposes we can write (4.11)
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in the form
T
(v B)(0) + / V0, 5)]TY(0, 5)p(0) ds

T 0
- / / YV(0,9)]TY (E4+7, 8)BE+T)o(€) dé ds + Fo(3(0).5. 1),
where
Fo(3(0).5. ) = BE(0) + 5(0)
T - s N
- [ o) < / Y(f,S)f(f)df—y(S)> ds.

We may therefore write

(4.12)

T 0
Dy p(0) = / / Y (0,9)] @ (€47, ) () dé ds + Fo(3(0). 5. f).

Using the equation (4.12), we may obtain from (4.9) the result

T 0
ap(t) + /t+ / BT (147, 5) B(E+7, 5)p(E) dE ds

- AL e aroarsronr

- O(E+T, 1)p(€) d§} dpds

(4.13)

T
—ap(t) = [ 87479 Y(0.5) DL Fa(F0).5, 1) ds
t+7
T s
- [ oerna( [ vean@d-50) is
t+1 0
Remark 4.2. From Lemma 3.2 we have Y(§+7,u) =0 for p < £+ 7.

We may therefore change the lower limit in the third term in equation
(4.13) to p =&+ 7.



128 C.T.H. BAKER AND E.I. PARMUZIN

We have derived (4.13) which is the required integral equation for-
mulation and Theorem 4.1 is now established.

Remark 4.3. The solution ¢, of (4.1) is unique in Lg[—7, 0] and hence
in F. Using a similar method to that above, we can show that in a
finite dimensional subspace F,, of F the integral equation has the form
(4.1), where all functions are treated as functions from F,.

4.2 A convergence result. We shall consider the convergence of
the iteration described in Section 2.1 by studying the iteration

. 0
(4.14) w = g% (t)— <agpn(t)—|— [ K (t.8)pu(s) ds>.

This iteration is based upon the integral equation (4.1). It is, in a
certain sense, linked to the “method of sequential approximations”
(12, p. 272]. In (4.14), Kp(t,s) has been shown to be symmetric
and positive-definite; the corresponding integral operator on Lo[—7, 0]
is bounded, self-adjoint, and positive-definite. We state the following
result.

Lemma 4.2. The iteration (4.14) is equivalent to the iteration (2.5)
described in Section 2.1. (For a given g, the two sequences {py,} are
identical.)

Proof. From (2.5e), the functions defined by the iteration (2.5) satisfy
the relation

Pr1(t) —on(t) -

5 = alpn(t) =@() +[B(t+7)] "z (t47) for te[-7,0)

and we have shown in Section 4.1 that

alpn(t) = 8(1) + [B(t +7)] " aa(t + 1)
0
= apa(t)+ [ Kpn(t,s)pn(s) ds — g2 (1),

—T

so the result is immediate.
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Theorem 4.2 (Convergence). Suppose p(Kg ) is the spectral radius
of the integral operator Kg . on Lo[—T,0] having the kernel Kz (t,s).
Then, a sufficient condition for the iteration (2.5) in Definition 2.1 to
converge in the mean-square norm is

2

4.15 on < ,  for all n.
(419) max (o, p(Ks))

Proof. We shall write £27¢(t) = ap(t) + fST Kp~(t,5)¢(s)ds and
the operator £27 on Ly[—7, 0] inherits self-adjointness and, with a > 0,
positive-definiteness from the corresponding properties of the integral
operator Kg .. For a sequence {0, } with d,, > 0 for all n, we can write
the iteration process (4.14) in the form

(116) el = 2nlt) _ goo) — 27 )

Let ¢, be the solution of the equation £27¢,(t) = g27(t) and let
us define €,+1 = @pt1 — @x. Then, according to (4.16), we have the
relation &,,41 = (I — 6,£57)e,, and

n

(4.17) eni1 = | [ = 6.807)z0.
=0

The iteration (4.16) converges in the mean-square norm if |e,|2 — 0
as n — oo. From (4.17) we have

lensals < || TT¢ = n28)| lzollz < TT (2 = 82227, ol
=0 1=0

Thus, a sufficient condition for convergence of this iteration is

(4.18) T — 6,857

o <9 <1 foralln.

Given the properties of £87 on Ly[—7,0], we have ||£57 |z = max, &,
(the spectral radius p(£27)), where {k, },>o are the positive eigenval-
ues of £37. Indeed, K, = a + »,, where {s¢}r>0 are the positive
eigenvalues of K3 . Then condition (4.18) becomes

max |1 — dpa — dper| < 1.
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We have 1 — 00 — 05t € [1 — a0 — Opp(Kp4),1 — dpa) C (—1,1)
provided 1 — a0 — 0,p(Kpg,,) > —1, and Theorem 4.2 is established.

Remark 4.4. In general, the explicit form of the kernel Kg,(t,s) is
unknown and we cannot implement the iteration process for the integral
equation itself; we use the iterative process (2.5).

APPENDIX

A. Proof of Lemma 2.2. From (2.3b) we have

PI (o) = - {e®) - B()} u(t) dt

T
+ / {ulp, £31) — 50} T 2(ws ) dt
T 5{(0) — 3(0)}T(0) + 7 {y(:0) — 5(0)} (145 0).

Clearly,

0
PY(p)=a | {p(t) = (1)} o(t)dt

T
+ / {ulp. f11) — 5(0)} T 25 0) e
0
0 T
—a / ST (E(E) dt + / yT (o, f1)2(ts ) dt

-7

- {a / T ST dt + / ST (v dt}-

-7

Using the expressions for y(t) and z(t) associated with (3.8),
T
| twte iy =500 s(wst)
—{ [ 010.000) + Fpte) + V1) 50}V (0.1) dt o(0

T
+ /O {Y(0,1)0(0) + Fo(t) + VF(t) = 5(t)} "Fop(t) dt.
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Let us write P27 (¢, 1) in the form
(A1)
integrals with 1 (t) in the integrand

P27 (p, ) = P20, 00) + P03, 4) + 2P ({V f = 51 0)

terms in ¢

terms in ;\ terms in f and Z]
+ VB () + VR ({VF -5}

integrals involving 1 (0)

discrete terms: involving ¢(0) and (0); involving only (0)

+  ARY®  + ARYT + PAPP(B)9)
——
independent of 3, ~ involving 8 and ~

Let us now consider the bilinear form

(A.2) PE7 (0, 1) = "PR°(p, 1)+ (VD (9)+CAPTO+ AR )6(0)

If we return to the detailed expression for “P20(p, 1)), OVP(?’O(@),

AP and 1APOB "7 we obtain the following expression for the bilinear
form
(A.3)

0
PEY (1)) = / T () (s) ds

/ /_7/_7 T(s+7.6)2(n+7,t)Y (1) dpds dt

/ /_ s)® " (s +7,1)Y(0,8)¢(0) ds dt

/ /_ Y (0,6)]T®(s + 7, 1) (s) ds dt
+¢"(0)(8+7)¥(0)

+ / ! @ (0)[Y(0,)]TY(0,1)1h(0) dt.
0

It is easy to see from (A.3) that P2 (¢, ) = P27 (1, ). Now consider
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PP (¢, p). We can write

0
PB(p.0) = a / 2T ()o(s) ds + (B + 1) (0)(0)

—T

+/OT {Y(O,t)ga(()) +/O O(s+T,t)p(s) ds]T

. {Y(O,t)@(()) + /OT <I>(sT+ T,t)p(s) ds} dt.

Thus P27 (g, ¢) > 0; positive definiteness is established.

B. Proof of Lemma 4.1. Since the bilinear form (A.2) is positive
semi-definite for all ¢(0) we can pick some particular value of the
function ¢ at t = 0, namely, let

0 T
0 =5} [ [ WOV (et OB+ ripte)des

and we define the bilinear form (A.3) after substitution of (0) as
PE (s )-

If, for notational convenience, we define @(u,t) := ®(u + 7,t)p(u),
then we have

PEY (0, )

:O‘/ d5+/ [TLT (s,)@(p, t) dpuds dt
//,T (5,1)Y(0,) BV/T/IHT (0,6)]"@(u, €) dé duds dt
{ // ‘”/r/w (0.7 ¢l ) de dps]

[Y(0,0)] " @(s,t) ds dt + '37/7-/t+7- (0, )] " tu)dﬂdt}
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: ((6 +)I+ /OT[Y(O, H)]TY(0,t) dt)
Ds [ OT / i[Y(o,@F@(s,é) dé“ds}.

Let us consider the last two terms in the expression for 735’7(90,(,0),
within the braces. Taking into account that Dg, = (8 + ) +

fOT[Y(O7 t)]TY(0,t) dt we can write

_/OT/OT{DE,lv/O /T [Y(0,6)] " o(, €) dfdu}T[Y(O,t)]T<p(s,t) ds dt

—7Jpu+T
0 T .
-1 o
+{Dm /_T/HT[Y(O,M)] o(t, p) d,udt}
0 T
V/— /+ [Y(O’S)}TSB(S’S) déds = 0.
HencG) we have

(B.1) 0< P2 (g, ) = ale, 9) + (Kprp, 0),

where Kpg, is the integral operator with kernel

(B.2)

Koalt)= [ 0T +m00(s+m0)de

T T
[ eTarn v Dty
E=t+1 Jpu=s+1
®(s + 7, 1) dpds.

Since Dgly is symmetric, we can show from (B.1) and (B.2) that

735’7(90, ¥) is symmetric and Lemma 4.1 is established.
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