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FAST COLLOCATION SOLVERS
FOR INTEGRAL EQUATIONS ON OPEN ARCS

J. SARANEN AND G. VAINIKKO

ABSTRACT. In this work we develop a unified approach
for numerical approximation and fast solution of classical in-
tegral equations on open arcs. The approximation is obtained
applying the cosine transform and fully discrete trigonometric
collocation together with an asymptotic approximation of the
operator. The computed approximation is of optimal accuracy
order in a large scale of Sobolev norms, and it can be obtained
in O(nlogn) arithmetical operations. Our results cover log-
arithmic singular integral equations, Cauchy singular integral
equations, as well as hypersingular integral equations.

1. Introduction. In many applications the boundary integral
method leads to solution of an integral equation on an open arc, when
two-dimensional phenomena are considered. In the basic examples the
arising integral equations can be covered by the following types: loga-
rithmic singular integral equations, Cauchy singular integral equations
and hypersingular integral equations. For the parametrized forms of
the model equations see (2.1)—(2.3). Equations of these types come
from various fields such as fracture mechanics, aerodynamics, electro-
magnetism and elasticity, for example. Except for some special cases
the arising integral equation cannot be solved explicitly but requires
an approximate solution by numerical methods. In the literature var-
ious numerical schemes have been proposed for particular examples.
These schemes cover the standard spline based methods [31, 8, 38,
12] as well as trigonometric methods and polynomial approximation
with their fully discrete variants including also other quadrature meth-
ods [17, 2, 9, 25, 5, 19, 6, 7, 11]. This list is not complete, in
particular for Cauchy singular equations there are many earlier stud-
ies but they can be traced from the works mentioned here. Also fast
solution has been considered: for the case of Cauchy singular equation
with a polynomial approximation, see [3, 4].

Received by the editors on March 17, 1998, and in revised form on July 1, 1998.
1991 AMS Mathematics Subject Classification. 65R20, 45L10.
Key words and phrases. Fast solution, integral equation, open arc, cosine

transform.
Copyright ©1999 Rocky Mountain Mathematics Consortium

LY



58 J. SARANEN AND G. VAINIKKO

The purpose of this work is to develop a unified approach for numer-
ical approximation and fast solution of classical integral equations on
open arcs. For our approach we proceed as follows. Starting from the
parametrized form we first apply the cosine transform and obtain for
the original problem an equivalent formulation as a periodic problem
of certain parity. It is well-known that the cosine transform has some
obvious advantages. In particular, in the case of logarithmic singular
and Cauchy singular equations on an open arc I', the solution may have
a singularity of the order O(|z — ¢|~'/?) at the endpoint ¢ of T even
when the righthand term of the equation is smooth. The cosine trans-
form removes this singularity. Moreover, for smooth by (x,y) and g(z),
see (2.1)—(2.3), also the coeflicients and the righthand term of the peri-
odized problem are smooth, consequently so is the solution of the peri-
odized problem. Thus the periodized forms of problems (2.1)—(2.3) are
rather convenient for an approximate solution. We use a fully discrete
version, cf. [28], of trigonometric collocation method for determining
low frequencies of the solution. The computation of high frequencies
is based on some asymptotic approximation of the operator. The ap-
proximation, see (8.10), (8.11) and their matrix form, Sections 9, 10, is
organized so that the application of the n x n-stiffness matrix to an n-
vector costs O(nlogn) arithmetical operations. This allows us to solve
the discrete problem in O(nlogn) operations using a suitable two grid
iteration. The computed approximation is of optimal accuracy order
in a scale of Sobolev norms. This scale is of maximal length in the
situation where only grid values of the righthand term are used. We
also point out that in case of analytic data and solution, [28] provides
exponential convergence.

2. Parametrized equation. In our analysis we start from an
integral equation which is given on the open interval I = (0,1) and
apply the cosine transform to obtain a more convenient form of the
equation which allows application of an approach for fast solution based
on [29]. For the parametrized equations we assume one of the following
three types

1
(Buo)(a / (bo(, ) log |z — y| + b (2, 9))v(y) dy
0

=g(x), xze€l,

(2.1)
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(2.2)
(Be)w) = [ ("LE2 4 by (o tog o — o1+ balo) ol dy
=g(z), zel,
(23)
1
(Brv)( < + bi(z,y)log |z — y| + ba(z, y)) (y) dy
0
=g(z), z€ I

Here we assume that by € C*°(I x I), k = 0,1,2 and by(z,z) # 0,
x € I. The first integrals in (2.2) and (2.3) are understood in the sense
of the principal value and the finite-part of Hadamard, respectively.
Introduce the weighted spaces LZ(1), Lf/a (I) and HL(I) of functions
having a finite norm

o= 1 o<y>v<y>|2dy)1/2,

ay) = y"*(1 —y)'/2,

o = ([ opwra)

olle = (lollZ + [10']13)"2,

respectively. Define also HL(I) = {v € H:(I) | v(0) = v(1) = 0} with
the norm induced from H}(I). The following mapping properties of
By, B¢ and By can be obtained from our consideration:

By : L2(I) — HX(I) is a Fredholm operator of index 0,
Be : LA(I) — L%(I)  is a Fredholm operator of index 1,
Be - Lf/a I — Lf/U(I) is a Fredholm operator of index —1
By : HL(I) — L2(I)  is a Fredholm operator of index 0.

In the case of B the above properties are explicitly given, for the
Cauchy operator, in [16]. For By, and By also the mapping properties
By : H'/2(I) — HY?(I) and By : H'/?(I) — H~'/?(I) are known,
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see [31, 36], but we will not use those (for the definitions of spaces
H*(I) and H*(I) = H§,(I), s € R, see, e.g., [14]).

Example 2.1. Equations with a logarithmic singular kernel. Let '
be a smooth open arc in the plane. Consider the integral equation

(2.1a) (Sk,rvr)( /Gk z,&)vr(§) dsegr(z), z€Tl
where ds¢ denotes the integration with respect to the arc-length and

Gr(z,€) is the fundamental solution to the Laplace equation if k& = 0
and to the Helmholtz equation if k£ £ 0,

1
Go(2,€) = =5 log|z = ¢,

Gr(z,€) = —Ho '(klz - &), kA0,

(2.1b)

where Hél)(z) is the Hankel function of the first kind and order zero.
With k£ = 0 we have Symm’s equation with the logarithmic kernel. It
arises when solving the potential equation with the Dirichlet boundary
condition in the exterior domain of I'. With k& # 0 equation (2.1a)
appears in solution of the exterior Dirichlet problem for the Helmholtz
equation which arises from the two-dimensional time-harmonic scat-
tering problem at a soft screen. For a general k the singularity of the
kernel Gy, is also logarithmic. Let z +— z(x), € I be a parametriza-
tion of the arc I'. We transform the integral operator S, r on I' to the
integral operator Sy on I where

210 (S = [ G ) W)

Then we have (Syv)(z) = (Sgrovr)(z(z)) if v(z) = vr(z(z)). Now

equation (2.1a) becomes

aq) 0@ = [ @logle ~ ol + bule o) dy
=g(x), xz€l

where by (z,y) is a smooth function and g(x) = gr(z(z)). In some ap-
propriate function spaces the equations (2.1a) and (2.1d) are uniquely
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solvable if K = 0 and Cap (I') # 1 [24, 37], or if K # 0 and Imk > 0
[27, 30, 31]. Here Cap (I') is the logarithmic capacity or, equivalently,
the transfinite diameter of T'. In fact, under these conditions, S, defines
an isomorphism from L2 (1) to H}(I).

Example 2.2. Cauchy-singular integral equations. The singular
integral equation
(2.2a)

1

(P22 4 by gtog o = o1+ ate) o) dy = g(o), € T
appears in several applications concerning flow problems around air-
foils. In particular, with the constant function bo(z,y) = by # 0 and
b1 = by = 0, we have the basic airfoil equation. Equations including the
logarithmic term and the function by (x,y) appear also in applications;
an example coming from modeling the circulation around freely mov-
ing weakly loaded propellers is discussed in [20, 23]. Another example
which appears in solving the pressure distribution around thin oscillat-
ing airfoils in a ventilated wind tunnel is described in [10]. However,
equation (2.2a) is not yet uniquely solvable in these examples, but the
uniqueness is assured by imposing an additional condition of the form

(2.2b) Drv = /0 v(y)dy =~

which has the interpretation that the circulation around the profile is
given. So, instead of (2.2a) we have to consider the system
(Bev)(z) = g(z), x€l,

2.2
( C) (I)]’U =7.

In the case of the special example given in [23] the system (2.2¢) is
uniquely solvable in v € L2(I) for any given data g € L2(I), v € C.

Example 2.3. Hypersingular equations. Consider the hypersingular
integral equation

0 0
gy e =5 [ G Oue) ds

=gr(z), z€Tl
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where Gj(z,€) is the fundamental solution defined in Example 2.1.
Here we additionally assume that I' is an oriented arc, n, being the
unit normal vector at the point z € I'. Substituting z = z(z), £ = z(y),
the kernel can be decomposed as

0 0

on. a—ngGk(va)

(2.3b) —

27
= b, y) log |z — y| + bax(z, y)
|2 (@) ||z — y|?
where by, bar, are smooth functions, see, e.g., [18]. Now equation (2.3a)
reduces to an integral equation on I,

(2.3¢)

! 2m >
— 5 + bix(z,y) log |z — y| + bar(z,y) |v(y) d
| (- s+ b gl ol + b))

=g(x), xz€el

where v(z) = vr(z(x)), g(x) = gr(z(z)). Equations (2.3a) and (2.3c)
are uniquely solvable if & # 0 and Im > 0 [27, 36]. Equation
(2.3a) arises from the Neumann-type exterior problem for the potential
equation, k = 0, and for the Helmholtz equation, k£ # 0, which appears
in the time-harmonic scattering at a hard screen.

3. Periodization of the parametrized equation. Having an
integral equation which is given by one of the forms (2.1)—(2.3) on
I =(0,1), we apply the cosine transform

(3.1) z=z(t) = (1 —cos2nt)/2, t€(0,1/2).

After this transform we obtain a new integral equation for the unknown
function w and the righthand side f on (0,1/2). The new kernel is
defined in a natural way already on the symmetric interval (—1/2,1/2)
and, moreover, has a natural 1-biperiodic extension to R2. The final

form of the equation is obtained by extending the functions u and f as
even or odd functions to R.

3.1 Equations with a logarithmic singular kernel. We recall the
equations of the general form (2.1),

1
(3.2) /0 (bo(, ) log | — y| + by (@, 9))o(y) dy = g(z), w el
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where by, by € C(I x I). Applying the transform (3.1), extending
x(t) by the formula (3.1) for all ¢ € R and writing u(t) = v(z(t))|2'(t)|,
f() = g(z(t)), t € R, we obtain
1/2
(3.3) /O (bo(x(t), z(s)) log | (t) — (s)]
+ b1 (x(t), z(s)))u(s)ds = f(t), te(0,1/2).

Since u and f are even functions and the kernel is an even function with
respect to both of the arguments ¢ and s, equation (3.3) is equivalent
to

1/2
B 5[ ol 2(:) logle(t) — ()
+b1(x(t), z(s))u(s)ds = f(t), teR.

Here we have

1 12
= / bo(x(t), x(s)) log |z (t) — x(s)|u(s) ds
2) 12
1 (172
- —/ bo((t), 2(s)) log | sin (¢ — 5)[u(s) ds
2/
1 /2
+ 3 / bo(z(t), z(s")) log|sinm(t + s)|u(s’) ds’.
—1/2
Substituting s’ = —s in the last term, we obtain
1 /2
—/ bo(x(t), z(s))log |z (t) — x(s)|u(s) ds
2/ 1

1/2
= / bo(z(t), z(s)) log|sinm(t — s)|u(s) ds.
—1/2

Hence we have reduced (3.4) to the more convenient form
(3.5)
1/2

(Apu)(t) := / (ao(t, s)ko(t — s) +a1(t,s))u(s)ds = f(t), teR

—1/2
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where u and f are l-periodic even functions on R and ag(t,s) =
bo(z(t),x(s)), ai(t,s) = bi(x(t),z(s))/2 are smooth 1-biperiodic even
functions, and ko(t) = log | sin 7t|.

3.2 Cauchy-singular equations. Here we consider equations of the
general form (2.2),
(3.6)

1
/(M+bl(x7y)1og|x_y+b2(x,y)>v(y)dy_g(x), zel
0

r=y

where b, € C®(I x I). We introduce two different periodizations
for (3.6). First let u(t), t € R be the 1-periodic even extension of
the function u(t) = v(z(¢))z'(t), t € (0,1/2). Then, due to parity

properties, fi{/Q (bo(z(t), z(s))z'(s)u(s))/(cos2mws—cos2nt) ds = 0 and
equation (3.6) is equivalent with

V2 po(x(t), 2(s) (@' (t) — 2'(s))u(s
(3.7) %/ bo(2(?), 2(5))(2"(8) — 2'(s))uls)

—1/2 cos 2ms — cos 27t) /2

(
1 2 /
+ 5/1/2 bi(z(t), x(s))a’(t) log|x(t) — x(s)|u(s) ds
1 (12 /
+ 3 /_1/2 bo(x(t), z(s))z' (t)u(s) ds
=12'(t)g(z(t)), teR.
For the first term T, we obtain
T, = /1/2 bo(z(t), z(s)) (&'() — a'(s))uls)

—1/2 (cos 2ms — cos 27t)

(3.8) 12
= 7T/ bo(x(t), x(s)) cot w(t — s)u(s)ds.

—1/2
Here we have the formula (sin z—siny)/(cos —cosy) = — cot((z+y)/2).
Putting f(t) = 2'(t)g(x(t)), we see that (3.7) is of the form

1/2

(A1cu)(t) = / (ao(t, s)ko(t — 8) + a11(t, s)k1(t — $)
(3.9a) -1/

+ ay2(t, s))u(s) ds
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where v is an even and f an odd 1-periodic function in R. Moreover,
(3.9b)
ko(t) = cot mt, k1(t) = log | sin 7t ap(t, s) = wbo(s(t), z(s)),

ai1(t,s) = bi(z(t), z(s))z'(t), ara(t, s) = ba(z(t), z(s))'(t)/2.

In the applications connected to Example 2.2, we have to take the
additional condition (2.2b) into account. By the cosine transform we
obtain

1 (2
(3.9¢) v =Qu:= - / u(s)ds = .

Define the operator Ajc x ® by (A1c X ®)u = [A1cu, Pu]. Now the
system of the equations (3.9a) and (3.9c¢) is given by a single equation:
for given [f,~] find the function u such that

(3.10) (Aic x @)u = [f,9].

In the other periodization of (3.6) the function u(t) is chosen to be
the odd 1-periodic extension of v(x(t)), 0 < ¢t < 1/2 and f(t) = g(z(t)),
t € R is even. Proceeding in a similar manner as above, we find that
(3.6) is equivalent to

1/2
(Azcu)(t) := / (ao(t, s)ko(t — 8) + a1 (t, s)k1(t — s)
(3.11) 172
+ aga(t, s))u(s) ds
=f(t), teR.

Here the functions ag(t, s), ko(t) and k1 () are the same as for A;c but

as1(t,s) = by(z(t), z(s))z'(s), asa(t, s) = ba(x(t), x(s))z’'(s)/2.

In the case of the second formulation we do not use any additional
condition for the uniqueness but we insert a new parameter w in order
to obtain a uniquely solvable equation for all righthand sides f. Thus
we shall consider the solution of the equation

(3.12) Ascu+w = f.
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3.3 Hypersingular equations. We recall the equation (2.3),

' (bo(z,y) B
(3.13) /0 <|£_y2+b1(x’y)10g|$—y+bz(w7y)>v(y)dyg(x),

el
Applying the cosine transform and multiplying the resulting equation
by z'(t), we obtain for u(t) = v(z(t)), f(t) = 2’ (t)g(z(t)), the equation
(3.14) K(t,s)u(s)ds = f(t), 0<t< 2
0
where K = Ko + K1 + K5 with
Kot ) = 02 03 s)
| cos 2t — cos 2ms|? /4
Ki(t,s) = by(z(t), z(s))'(t)2'(s) log | sin(t — s) sin7(t + s)|
Ka(t, 5) = ba(x(t), z(s))a’ (t)2'(s)-

The function f is an odd function on R, and we extend u as an
odd function to the whole real axis. By the parity properties of the
functions K, f and u, (3.14) is equivalent to

1 12

(3.15) 3 e K(t,s)u(s)ds = f(t), teR.

By using the relation (cos 27t — cos 2ws)? /4 = (sin7(t — s) sin7(t +5))?
and
sin 27t sin 27s 1 1

(sin7(t —s)sinm(t +s))2  sin’w(t—s) sin’w(t+s)

we obtain
1 [z 12 b (o(t
= Ko(t,s)u(s)ds = 7r2/ Mu(s) ds.
2J 12 —1/2 sin“7(t — s)
Moreover, we have
1 2
= Ki(t, s)u(s) ds
2/ 1

1/2
= 2 / by (x(t), z(s))x' (t)x' (s)log|sinw(t — s)|u(s) ds,

—1/2
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and (3.15) becomes for the 1-periodic odd functions u, f,

1/2
(Agu)(t) == / (ao(t, s)ko(t — s) + a1 (t, s)k1(t — s)
(3.16) 1/
+ as(t, s))u(s) ds
= f(t), teR,
where
ro(t) = (sin® wt) ™1, k1 (t) = log | sin 7t

ao(t, s) = m2bo(x(t), z(s)),

a(t,s) = by (x(t), z(s))z’(t)2'(s),

ax(t, s) = ba(a(t), x(s))2’(t)2'(s) /2

Remark 3.1. The cosine substitution was introduced by Multhopp
in [15] for the airfoil equation of Prandtl, see also [35, 22, 21]. For
Symm’s equation it was applied by Yan and Sloan [37] and for the
basic hypersingular integral equation on an interval by Biihring [7].

4. Even and odd operators. By means of the periodization we
have transformed all the equations (2.1)—(2.3) to the form

1/2
(4.1) /1/2((10(15, $)ko(t — s) + a1 (t, s)k1(t — s)
+ax(t, s))u(s)ds = f(t), tE€R,

where u and f are 1-periodic and a, € C73(R?), the space of all
1-biperiodic smooth functions. Moreover, it holds that ag(t,t) # 0,
t € R. Equation (4.1) is a special example of equations analyzed in
[28]. In order to include more applications than just those connected
to equations (2.1)—(2.3), we assume the general form used in [28]. We
consider the equation

where A = 371 _( A, such that
1/2

(4.3)  (Apu)(t) = /_1/2 Kp(t — 8)ay(t,s)u(s)ds, a, € CT5(R?).
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Furthermore, we assume that x,, 0 < p < g, are 1-periodic distributions
on R such that the Fourier coefficients satisfy for a € R,

' 0£41€Z, keNy=NU{0}, p=0,1,...,q
Here A is the difference operator, A&,(l) = &,(1 + 1) — #,(1). Due to
(4.3) and (4.4), A, € Op>.“"?, i.e., A, is a periodic pseudodifferential
operator of order v — p. On the main part Ay of the operator A we
impose the following condition for a positive number cyg:

(45&) |I%0(l)‘ > Coo|l|a, 0 7& leZ,
(4.5b) ao(t,t) £0, teR.

It follows from (4.3)—(4.5) that A is an elliptic periodic pseudodif-
ferential operator of order «, see [33], and A € L(H*, H*~®) for any
X € R. Here H” is the Sobolev space of 1-periodic distributions u with
the norm

1/2
lullx = <Z[max<1, |k|>]”a<k>|2) 7

keZ
1/2

ﬁ(k) _ / u(s)efik%rs ds = <u’ efik:27rt>'

—1/2

Moreover, A : H* — H*~“ is a Fredholm operator of index zero for
any A € R, and N(A) = {u € H* | Au =0} C C{°(R) is independent
of A\; N(A) = {u € C°(R) | Au = 0}. Therefore, if

(4.6) Au=0, uweC®(R) = u=0,

then A: H» — H* X\ € R is an isomorphism.

Next we discuss solvability of (4.2) in the special cases of (2.1)—(2.3).
The transformed equations (3.5), (3.9) and (3.16) were derived by using
special parity properties of the functions u, f and the operator A. These
properties are also utilized when discussing the unique solvability of
(4.2). For this we introduce the Sobolev spaces H} and H) of the even
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and odd functions

These spaces are closed subspaces of H*, and H” is represented as the
direct sum H* = H) + H). Let P, : H* — H} and P, : H* — H)
be the corresponding projections. For u € H» we write u, = P.u,
u, = P,u. We say that the operator A is an even operator if A does not
change the parity of the function, i.e., if P.Aue. = Aue, Py Aug = Aug
holds. The operator A is an odd operator if A changes the parity,
i.e., we have P, Au, = Au,, P, Au, = Au.. Equivalently, A is even
if AP, = P.A and A is odd if AP, = P,A. Consider the solution of
equation (4.2). If A is even, the equation (4.2) is equivalent to the
system

(47) Aue = fe, Au, = fo-
Similarly, if A is odd, the equation (4.2) is equivalent to the system
(48) Au, = fe, Au, = fo-

In our applications which arise from applying the cosine transform to
an equation on an open arc, we do not use the whole system (4.7) or
(4.8) but just one or other of the equations appearing in these systems.

Now we characterize the parity properties of an integral operator
through its kernel. Consider a general term A, = A in the representa-
tion of A defined by

1/2
(4.9) (Au)(t) = / K(t — s)alt, s)u(s) ds,

—1/2
(4.10) a € C3y(R?), |AFRQ)| < cl|*7%, 0#1€Z,k € Ny.
Introduce the conditions
(4.11) K is even, l.e., &
(4.12) K
(4.13) a is even, i.e., a(—t — s
(4.14) t
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Observe that (4.13) is equivalent to the condition a(—k, —j) = a(k, j),
k,j € Z, and (4.14) is equivalent to a(—k,—j) = —a(k,j), k,j € Z.

Lemma 4.1. (i) A is even if conditions {(4.11), (4.13)} or
{(4.12),(4.14)} are fulfilled.

(ii) A is odd if conditions {(4.11),(4.14)} or {(4.12),(4.13)} are
fulfilled.

Proof. By definition

A is even iff{ a(=j) =u(j)j€Z = (;ﬁ‘)(_k) = (@)(k)’k € Z; }
(=) = =0().j €2 > (Au)(=k) = —(Aw(k).k € 2

Ais odd iff{u(_J) =u(g)ies = A“&—’f) = —(Ai)(km € Z; } |
W(=j) = —u(j),j € Z = (Au)(=k) = (Au)(k),k € Z

We have, see, e.g., [33, p. 90],

(Au)(k) = > alk — 1,1 = Pibyal), ke 2.

JlE€Z

Respectively,

(Au)(=k) = Y a(—k — 1,1 = j)i()a())

JIEZ
=Y a(—(k=1),=(1 = )A(=Da(—j).
JlEZ
Now the assertions of the lemma easily follow. O

Remark 4.1. Condition (4.13) holds true, if one of the following is
valid

(4.15a)

a(—t,s) = a(t, s), a(t,—s) =a(t,s), t,s€eR,
(4.15b)

a(—t,s) = —af(t,s), a(t,—s) = —a(t,s), t,s€R.
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Similarly, (4.14) holds true if one of the following is valid

(4.16a)
a(—t,s) = —alt, s), a(t,—s) =a(t,s), t,s€R,

(4.16Db)
a(—t,s) = a(t, s), a(t,—s) = —a(t,s), t,s<€R.

We introduce a linear functional ® by

1/2 o
(4.17) Sy = / u(s)p(s)ds, where ¢ € C7°(R) is even.
—1/2

Furthermore, we define the operators A x ® and A + ® such that

(4.18) (A x ®)u = [Au, du), uec H),
(4.19) (A+ ®)u,w] = Au+wo, [u,w] € H) x C.

Lemma 4.2. In addition to (4.10), assume that a(t,t) # 0, t € R

and
(D] = coll]*, 0F# 1€ Z,co>0.

Then, for any A € R, the following holds true

(i) Under conditions (4.11) and (4.13), A € L(H}, H2~%) and
A€ L(H), H)%) are Fredholm operators of index 0,

(ii) Under conditions (4.12) and (4.13), A € L(H}, H)~%) and A €
L(H}, H}=) are Fredholm operators of index 1 and —1, respectively.

Consequently, we have A x ® € L(H} H)™* x C) and A+ ® €
L(H) x C,H2%), and these are Fredholm operators of index 0.

Proof. Represent A = Ag + Ay with Ag = M, B, where M denotes
multiplication by b(t) = a(t,t) and B is defined by

1/2 |
(Bu)(t) = /1/2 k(t — s)u(s)ds = Zﬂ(l),%(l)ezl%rt.
- =

Clearly, under condition (4.11), B € L(H),H}~®) and B € L(H),
H)~%) are Fredholm operators of index 0, and under condition (4.12),
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B € L(H}H)™®) and B € L(H),H} ) are Fredholm of index 1
and —1, respectively. The same property has Ag = M,B, since b is
even under condition (4.13), and, therefore, M}, € L(HX~, H}~®) and
M, € L(H)~% H)~%) are isomorphisms. Finally, A; = A — Ay €
L(H* H*~*1) see, e.g., [28] or [33]; therefore, A; € L(H*, H}~9)
is compact. Of course, it has the same parity properties as A and
Ap. From this we obtain the assertions of the lemma concerning the
Fredholmness and index of A. The last assertion in (ii) concerning
A x ® and A + ® follows from properties of A. O

Notice that the condition a(t,t) # 0, t € R, cannot be fulfilled if
a(t, s) is an odd function.

5. Analysis of the periodic problem. In this section we analyze
the solvability of the periodic problem for even and odd operators. As
an application we obtain solutions of the periodic problems derived
in Section 3. Consider first the case of even operators. Assuming
the general conditions (4.3)—(4.5), an even operator A defines bounded
mappings A € L(H}, H)~%), A€ L(H), H)~®). For our applications
we need to specify the main part further. For this, let CS(R) and
C2(R) be the space of all even, respectively, odd, functions in C°(R.).
We require on the main part the following properties:

(5.1a) Ro(=1) =ko(l), 0#1€Z,
(5.1b) ao(—t,—s) = ap(t,s), t,s€R,
(5.1c) ap(t,t) #0, teR.

Moreover, we impose the conditions

(5.2a) ue CRX(R), Au=0 = u=0,
(5.2b) ueCp(R), Au=0 = u=0.

Theorem 5.1. Let A € R be given. Assume that A is an even
operator with the conditions (4.3)—(4.5) and (5.1). If (5.2a) is valid,
then A: HY — HX% is an isomorphism. Moreover, if (5.2b) is valid,
then A: H) — H)~% is an isomorphism.
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Proof. The main part of the operator A satisfies the conditions of
Lemma 4.2 part (i), and A is a compact perturbation of the main part.
This with (5.2) yields the assertions. O

Consider the solvability of the equations (3.5) and (3.16). For these
we set

(5.3a) veL2(I), Bpo=0 = v=0,
(5.3b) ve HL(I), Bgv=0 = v=0.

Lemma 5.1. The following assertions are valid:

(i) The mapping v — u with u(t) = v(x(t)), t € R, defines a linear
isomorphism between L%/U(I) and HY as well as between HX(I) and
HL.

(ii) The mapping v — u with u(t) = v(x(t))signt, |t| < 1/2, extended
to a 1-periodic function, defines a linear isomorphism between Lf/g(l)
and HY as well as between H.(I) and H}.

(iii) The mapping v — u with u(t) = v(x(t))x'(t), t € R, defines a
linear isomorphism between L2(I) and HY.

(iv) The mapping v — u with u(t) = v(x(t))|2'(¢)|, t € R, defines a
linear isomorphism between L2(I) and HY.

Proof. For u(t) = v(z(t)) and u(t) = v(z(t))signt, we have

1
[\}
S—
>
~
no
=
—~
S
—
~
N
N~—
)
g\
Py
~
S~—
Q
By
\
[\
S—
>
=
—
3
N
S

1/t v(z)|? 1y 12
= ;/o mdw = ;HUHUU,

where t(z) = (1/(27))arccos(1 — 2x) is the inverse function of x =
z(t) = [(1 — cos2nt)/2], 0 <t < 1/2. A similar calculation shows that,
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for u(t) = v(z(t))2'(t) as well as for u(t) = v(z(t))|z'(t)], t € R, we
have |[u|2 = 4 ||v||2. Hence, for u(t) = v(z(t)), we also have

(5-4) (lall§ + 1 15)12 = (1 /m) ol + dm o 15)12.

On the lefthand side there is a norm equivalent to |lu||; and on the
righthand side there is a norm equivalent to ||v||1,,. Now assertions (i),
(iii), (iv) and the first part of (ii) easily follow. To obtain the second
part of (ii), notice that (5.4) remains true also for u(t) = v(z(t))signt
provided that this function is continuous at ¢ = 0, i.e., v(0) = 0.
The continuity of the 1-periodic extension of u means that u(1/2) =
u(=1/2) or v(1) = 0.

Thus, w € H} if and only if v € HL(I), and inequality (5.4) holds
true for those functions. Hence the second part of (ii) is also proved.
]

Now we obtain

Theorem 5.2. Assume (5.3). Then the operators By : L2(I) —

HXI), By : HL(I) — L2(I) and Ar, : HY — HM' Ay : HY — H}!
are isomorphic for all A € R.

Remark 5.1. Assume that v € L2 (I) is the solution of Brv = g such

that g € C°°(I). Then it follows from Theorem 5.2 that v is of the form
v(z) = 27 2(1 — x)"/24(z), ¢ € C(I). For this regularity result, the

condition on g can be considerably relaxed. Similarly, if v € HL(I) is
the solution of Byv = g where g € C*°(I), it follows from Theorem 5.2
that v is of the form v(x) = z'/2(1 — z)'/?¢(z), ¥ € C(I). In fact, for
the latter case, one can show sharper result ¢ € C°°(I). For the case

of the basic hypersingular equation, see [7, 6].

Consider now the case of an odd operator A together with the
operators A x ® and A 4+ ®. We require on the main part Ag the
properties
(5.5a) Ro(=1) = —Ro(l), 0#£1€Z,

(5.5b) ap(—t,—s) = ap(t,s), t,s€R,
(5.5¢) ap(t,t) #0, teR.
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Moreover, for the linear functional ® : H} — C we additionally impose

1/2

(5.6) o1 = ¢(s)ds # 0.
—1/2

We consider the solution of the equation
(5.7) wueEH) : Au=f, du=~, fe€H) " ~ecC
and assume uniqueness for the homogeneous problem in the form

(5.8) ue CP(R), Au=0, Pu=0 = u=0.

Theorem 5.3. Assume (4.3)—(4.5), (4.17), (5.5), (5.6) and (5.8).
Then, for any A € R, the operator A x ® : H» — H)~% x C is an
isomorphism.

We apply this result to the solution of the Cauchy singular integral
equations on the interval I in the case where the periodization is carried
out by the first method described in Section 3.2. The corresponding
operator A is given in (3.9a). We set the condition

(5.9) veL2(I), Bov=0, ®v=0 = v=0.

Theorem 5.4. Assume (5.9) and define du = (1/2) f_lgz u(s) ds.
Then the mapping Bc x ®1 : L2(I) — L2(I) x C and Ajc x @ : H) —

H) x C are isomorphic for all A € R.

Proof. It suffices to show that any function u € C{O(R) satis-
fying Ajcu = 0, ®u = 0 vanishes identically on R. We define

v(x) = (u(t(x))/(2m\/z(1 — x))). Since u(t(x)) is continuous, one eas-
ily verifies that v € L2(I). Moreover, Bov = 0, ®v = 0, which implies
v=0and u=0. O

Remark 5.2. Consider the equation of the special form, by is constant,

1
(5.10) (Bev)(x) ::/O ( bo —|—b1(x)1og|x—y+b2($ay)>”(y)dy

r—=Yy

=g(z), wel,
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where by, k = 0,1,2, are real and b; € L2(I). Applying the results of
[23, p. 86], one finds conditions on the functions by which guarantee
that the problem Bcv = g, ®;v = v, v € L2(I) is uniquely solvable.
Then (5.9) is valid, in particular.

Remark 5.3. Assume that g is sufficiently smooth and v € L2(I) such
that Bov = g. Then v is of the form v(z) = 27 1/2(1 — )~ /2y(x),

Y e C().

We now turn to describe how the second periodization in Section 3.2
can be utilized for solution of Cauchy singular equations on an interval.
This leads to a problem of the general form

(5.11) we H), weC:Autwp=Ff, fecH ™

Problem (5.11) can be viewed as a “dual” problem of (5.7). As in the
previous cases, the uniqueness for homogeneous equation is sufficient
(and necessary) to solve the general equation (5.11) completely. We
put the condition

(5.12) Au4wp=0, ueCH(R), weC = u=0, w=0,

and have a solvability result for (5.11) given by the operator as A 4 ®
as follows.

Theorem 5.5. Assume (4.3)—(4.5), (5.5), (5.6) and (5.12). Then, for
any X € R, the operator A+ ® : H) x C — HX~® is an isomorphism.

For the Cauchy singular operator we impose the condition in terms
of functions on I,

(5.13)  wvelLi,(I), weCBov+w=0 = v=0, w=0.

Theorem 5.6. Assume (5.13). Then Be + @y : Lf/U(I) x C —
Lf/g(l) is an isomorphism and Asc + ® : H) x C — H2 is an
isomorphism for all A € R.
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In real applications one has to check that (5.12) or (5.13) holds, and
it may not be easy. In the following we introduce an alternative way
to discuss the solvability properties of (5.11). The idea is to make
an effective use of the “duality” between (5.11) and (5.7). To be more
precise, we first show that (5.11) is an adjoint problem, in a strict sense,
of another problem of the general form (5.7).

For given A € L(H*, H*~%), we have the adjoint A* € L(H*~*, H~*)
defined by

(5.14) (Au,v) = (u, A*v), u€ H ve H .

If A is an odd operator additionally, the operator A* is an odd operator,
too. Moreover, the restriction operator A : H) — H}~ has the
adjoint A* : H®™* — H;* and A : H) — H)~® has the adjoint
A*: H>=* — H*. Furthermore, if A is a pseudodifferential operator
satisfying the general conditions (4.3)—(4.5) and (5.5) for given a € R,
then the operator A* also satisfies these conditions for the same number
a. We introduce the duality pairing

([, w), [v, p]) = (u,v) + wp,
[u,w] € H* x C,[v,u] € H* x C.

Now we have
((A* x ®)u, [v,w]) = (u, (A+ ®)[v,w]),u € H* > ve H,we C,

and therefore, 4+ ® = (A4* x ®)*. By the general results for Fredholm
operators, we have

Theorem 5.7. Assume (4.3)—(4.5) and (5.1). Then the operator
A+ ®: H) x C— H)“ is an isomorphism for all X € R if and only
if A* x @ : H) — H>~ x C is an isomorphism for all A € R.

As an application of Theorem 5.7, we recall the second periodization
method described for Cauchy singular equations in Section 3.2. We
consider the equation

(5.15) we HY, weC:Ayxu+(1/2w=Ff [fecH)
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In order to apply Theorem 5.7, we need the adjoint problem
(5.16)

1 172
u€ H): Ajou = f, 5//u(s)ds:fy, feH) ~eC.
—1/2

Now operator Aj. has the kernel a3 (t,s) = @2c(s,t) which becomes
a3o(t,s) = —mbo(x(s), z(t))ko(t — s)
(517) +Ba(a(s), () (Ot — )
(

)
n %E(a& s, 2(1)2 (1),

Comparing (5.17) with the formula (3.9b) we find that the kernel a},
coincides with the kernel obtained by the first method, if applied to the
operator

(5.18)
(o)) = [ (U2 4 Bty tog o — o1+ Baly.) o) s

We impose the condition

(5.19) Bfv=0, ®v=0, vel?(I) = v=0.

Theorem 5.8. Assume (5.19). Then the mapping Asc + @ :
H)} x C — H? is an isomorphism for all A € R..

Remark 5.4. Recalling the operator in Remark 5.2, we have

bo
y—l'

(5:20) (Boo)a) = [ ( +b1<y>log|x—y|+b2<y,x>)v<y>dy.

Now we can directly apply the results of [23] if b; is constant. Then we
have the property (5.19) under a condition concerning by, by and bs.

Remark 5.5. The second periodization method for the singular
integral equation gives a solution of the original equation Bcv = g if the
unknown parameter w in (5.15) turns out to be zero. If, additionally,
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f is sufficiently smooth, the function v(z) = u(¢(x)) vanishes at the
endpoints of I. Solutions which vanish at a given endpoint are of
particular interest in physical applications. This condition is known
as the Kutta condition, see, e.g., [10].

6. Asymptotic approximation of integral operators. For the
following two lemmas, see [33, 32].

Lemma 6.1. For d € N, approximate the operator A defined in
(4.9)-(4.10) by Ag4,

d—1 1/2

(6.1) (Aqu)(t) = a;(t) / ki (t — s)u(s) ds
=0 —1/2
with
a;(t) = 8§j)a(t,s)|5:t, 6§°> =1,
j—1
: 10
() — 7 _ S
(6.2) o9 =1] (27”_ B k-) j>1,
k=0
1
(63) I%](l) = FAJ%(D? leZ, VRS No.

Then Ag— A € Op 3>~ %

Lemma 6.2. Assume that k& : Z — C s extended to ik : R — C such
that & is C*°-smooth and

k
(6.4) ’(d%) fe(&)‘ <ClEl*, g2, keN,

Define the operator Aq by (6.1) with

(6.5) vos (%%4)2@75) s=t

3
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Then Ag— A€ Op 3>~ %

There is a standard linear procedure of extension of functions & :
Z — C to & € C*(R) such that (4.10) implies (6.4), see [33]. In
problems from practice, &(l) is usually of a form where the extension
is obvious. We present the asymptotic expansions (6.1) and (6.4)
for integral operators from Section 3. Actually we have to write the
formulae for /%j (Z) l € Z, only.

(i) For (A f /20 a(t, s)log|sinm(t — s)|u(s) ds we have
—log 2, =0

= -1 i l =

w= L 0= 60, 0tea

The extension # : R — R can be defined so that #(£) = —(2[¢])~*
for |£] > 1; the form of the extension for —1 < £ < 1 has no influence

on the validity of the property A4 — A € Op Zfl*d, and we may put,
e.g., kj(0)=0,j>1. For |l]| > 1, j > 1, we have

A = -%(d%)j@m-l

__lujx{V”jl>L
2 1

1< -1
(ii) For (Au)(t) = (1/1) f /20 a(t, s) cot (s — t)u(s) ds, we have
-1, 1<0
a=0, =<0, =0, leZ.
1, >0
The extension & : R — R can be defined so that
1 >1
w0 =sime={ 21

Respectively, #;(I) = 0,1 € Z, j > 1. This means that already for
d=1we have Ay — A€ OpY. ™ where

1/2

(Au)(t) = (1/i)a(t,t)/ ko(t — s)u(s)ds, ko(l) = &(1),

—-1/2
leZ.
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(iil) For (Au)(t) = fi{%(a(t, s)u(s))/(sin® w(t—s)) ds we have o = 1,

) 0, 1=0
Al = {—2|l|, 04£1€Z.

Now, already with d =2, Ao — A € Op>. >, where

1/2
(Aqu)(t) = a(t,t)/_l/2 Ko(t — s)u(s) ds
1 da(t,s) v e
omi 0s |, t/1/2 k1(t — s)u(s)ds,

rRo(l) = &(1), /1(l) = —2signl, e Z.

Remark 6.1. If A is an even (odd) operator, then so is A4 defined by
(6.1) and (6.4). The approximation (6.1), (6.2) does not preserve this

property.

7. Trigonometric interpolation.

7.1 Interpolation of functions uw € H*. For n € N, denote

Z:kZ—— k<
- frengerst)

T, = { Z et e e Cok e Zn}.

keZ,

Thus 7,, consists of trigonometric polynomials, dim 7,, = n. Further,

Pau)(t) = Y k)t

k€Z,

is the orthogonal projection of uw € H*, i € R, onto 7. Clearly,

A—p
n
(7.1) u-Paly < (5) e A<n
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The interpolation projection Qnu, u € H*, u > 1/2, is defined by the
conditions

Qnu € T,, (Qnu)(]nfl) =u(jn™t), j=0,1,...,n—1.

An explicit formula is given by

n—1
Quu=Y_u(in en;= Y ul(jn " )en,,
J=0 JE€Zy,
1 ik2m(t—jn "t
ongt) = D etemlizin,
k€Z,

the Lagrange polynomials ¢, ; € 7, satisfy ¢, j(kn~') = d;,. The
error of trigonometric interpolations can be estimated by, see [33, 29|
or, without a characterization of the constant, [1, 26],

A—p
n 1
72 - Quih < (5) e 0<x = w> g

where 7, = (1+2357, j=2)1/2,

7.2 Interpolation of even and odd functions. Denote

A {60+chcosk2wt:ck€C,k—O,... ,n},
k=1

170 = {chsink%rt:ck eCk=1,... ,n}.

k=1

Thus, 7,¢ ® 7,2 = Tapt1. For u € H¥, respectively v € HY, 1 > 1/2,

the even and odd interpolations are defined by
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It is very easy to see that

Qiu = Qapnt1u forue HY u>1/2,
Qv = Qapy1v forve HY p>1/2.

Therefore, the estimate (7.2) implies

A—pu
e 1
- = Qgulh <3 (n3)
(0<A<p) forue H* pn>1/2,

A—p
1
—0° < -
- o= @zol < (n ) ol
(0<A<pu) forve HY u>1/2.
Implicit formulae for the even and odd interpolations are given by

Qou=> u(jh)el,;,  Qu=> v(jh)e, .
j=0

j=1
h=1/2n+1),
where
ono(t) =h(1+237_, cosk2nt), j=0
Pni(t) = Pni(t) +on,—;(t)
=2h(1+ 2" _, cos(k2mjh) cos(k2nt)), j=1...,n,
gofw-(t) = n j(t) — on,—;(t) =4h Z sin(k27jh) sin(k2mt),

k=1
j=1,...,n.

7.3 Discrete Fourier transform. There are two possible representa-
tions of v, € 7,: through its Fourier coefficients and through its nodal

values,
va(t) = Y eke™ ™ = 3" dion (1),

kEZ,, JEZ,
ek = Op(k),dj = vn(jnfl),k,j cZ,.
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The vectors ¢, = {cx : k € Z,} and d,, = {d; : j € Z,,} are related by
the discrete Fourier transforms c,, = F,d,, d,, = ]fn_lcn:

1 P
==Y e M d ke Dy,
n
J€Zy
I .
d; = Z ek e Ly,
kEZ,
For v, € 7, we have the representations

n n
v, = Co + ch cos k2wt = Zdjgofw».
k=1 j=0

The vectors ¢, = (co,...,¢n) and d,, = (do, ... ,d,) are related by
discrete cosine Fourier transforms ¢, = C,d,, d,, =C,; le,:

cozh(do—i—QZdj),

j=1

n
e = 2h <d0 +2 Z cos(k:j27rh)dj),

Jj=1
k=1,...,n,

d; :co—i—Zcos(jk?wh)ck,
k=1
j=0,...,n, h=1/2n+1).

For v, € 7,” we have the representations

n n
Uy = Z ¢ sin k2wt = Z djgofl’j.
k=1 j=1

The vectors ¢, = (¢1,...,¢,) and d,, = (dy,... ,d,) are related by
discrete sine Fourier transforms c,, = S, d,, d,, = S, tc,:

cr =4hy sin(2rkjh)d;, k=1,...,n,
j=1

d; = Zsin(%rjk;h)ck,
k=1
j=1...,n, h=1/2n+1).
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By FFT, an application of F,,F,;!,C,,C;1, S, and S;! costs
O(nlogn) arithmetical operations instead of O(n?) operations by the
usual matrix-to-vector multiplications.

8. Some discrete versions of trigonometric collocation. Con-
sider the problem

q
(8.1) Au = ZApu = f,
p=0

where the operator A satisfies the conditions (4.3)—(4.6). Then A €
L(H*, H*~%) is an isomorphism for any A € R. We also assume that

1
(8.2) feH"™ p—a>z,

then f is continuous and (8.1) may be solved by the trigonometric
collocation method

(83) Up € ’Tvu QnAun = an

The following result is proved in [28] and actually is elementary in the
situation examined here.

Theorem 8.1. Under conditions (4.3)—(4.6), and (8.2), QnA €
L(T,) is for sufficiently large n invertible,

(8.4) 1(@nA) N L(rr—amry < er, m>np,AER,

(8.5) g, = ullx < en* Hlull, o <X <p,

where ul, = (QnA)"1Qnf is the collocation approzimation for u =
A-Lf e HH,

To obtain fully discrete versions of the collocation method, we intro-
duce some further approximations of A. Let [,m,n € N satisfy

(8.6) 20<m<n,l~n’, m~n?, 0<p<o<l.
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For u € T; we approximate Au by Q. A" with

q
Al =37 A,
p=0

1/2

(A ® = [ ke = 5)Qumlant.s)us) ds

—1/2

(8.7)

where subindex s stands for the interpolation with respect to argument
s only. For uw € 7, © 7; we use asymptotic approximations Q,.A4u,
d € N, of Au where A is of the form

p—1 1/2
B8 (A= > ap) / bt — )u(s) ds

i ’ ~1/2
forp+1 <d,
Apa=0 forp+1>d.

The only condition we put on the approximation is

(8.9) A-Ageopy T

We refer to Lemmas 6.1 and 6.2 for two different possible constructions
of ap; and kp ;. In both cases kp o = kp, apo(t) = ap(t,t). Introduce
the following modifications of the basic collocation method (8.3):

Up € Ty, Al,m,n,dun = an

(8.10)
where Al,m,n,d = QmA(m)B + QnAd(I - Pl)>

Up € Tp, Al,m,n,dun = an

(8.11) ;
where Al,m,n,d = QanQli/meA(m)Pl + QnAd(I - -Pl)

Here b(t) := ao(t,t) and

(Myu)(t) = b(t)u(t), (Myjpu)(t) = u(t)/b(t).
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At first look, approximation (8.11) seems to be more complicated than
(8.10), but actually it leads to more simple matrix schemes as we will
see later.

Lemma 8.1. For v, € 7, 2l <m <n and any r > 0, we have

(8.12) H(Qm.A(m) - Qn-A)'UlH/\—a < C)H,«l_THUlH)\, A e R.

Proof. Tt is sufficient to prove (8.12) for large A, say A > a + 1/2,
A > 1/2. We have
QumA™ — QuA = Qu(A™ — A) — (I — Q) A+ (I — Qn)A

(i) Notice that, due to the inequality I < m/2,

(A — Ay,
——i/w (t = $)(I = Qus)(ap — Prsap)(t, s)uu(s)] d
= = 1/ D m,s D l,sUp P l .

Due to estimates (5.3) and (4.2) of [13],
I(AT = Avi]r-a < Z I(I = Qun.s)(ap = Prsap)vlx—ax
< ZH — P sap)vila—ax
<C"2:” p — Prsap) x—axlvellx

< Z llapllr—ax+r " lluellx
p=0

with any r > 0, where

1/2
|a|%k2_( > [max{l,k1|}}2A1[maX{1,k2|}]2A2@(k17/f2)|2) :
ki,k2€Z
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Since ||Qm |l £(r—o,mr-o) < const for A —a > 1/2, we also have with
any r > 0,
1Qu (A™ — A)vfla—a < expl ™"l
(ii) Notice that, with I’ = [(m —1)/2],
q

(I-Qm)Av = (I-Qn)

p=0

1/2
7t = S)laplts) = (Praa)tlon(s) ds

—1/2

where P, ; denotes the orthogonal projection of order [ with respect to
both arguments ¢ and s. Estimating as in (i) we obtain

||(I — Qm)Ale)\—a < C,\)TZ_TH’UlH)\ with any r > 0.
(iii) The treatment of the term (I — Q). Av; is similar to (ii). m

Lemma 8.2. Forv, € 7, 2l <m <n and any r > 0, we have

1(Q@nMyQuMijy — QA ™ vy x—a < cxrl "|uilln, AER.

Proof. Due to Lemma 8.1, we have, with m’ = [(m +1)/2],
1(@mA™ = Qur AT Nuil|s—a < ex ™" [0,
therefore it is sufficient to show that
(QnMpQm My, — I)Qm’A(MI)”lH)\fa <ex 7" ullae
Notice that Qn MyQn M/, = Qn, therefore, with wy, = Qm/.A(m/)vl,

(QanQli/b - I)wm’ = Qan(Qm - Qn)Ml/bwm’
= QuMp(Qm — Qu)Mumy—p, ., (1/5)Wm’



FAST COLLOCATION SOLVERS 89

and, for A —a > 1/2,

1(Qn My @ My, = 1) Qur AT |3
< CH(l/b) - meTn’(l/b)H)\foc”wm’H)wa
< ex(m—m)"1/b]x—asrllor]lx
<ol ol o

Lemma 8.3. For v, € 7,, l <n, we have

(8.13) [Qu(Aa — A)I = P)valn-a < exl™(I = P)uallx, A= a

Proof. Due to (8.9), Ay — A € L(H*, H* %) therefore
1(Ad = AT = Pl c(r r—ey < exl ™.

From this (8.13) follows immediately for A—a > 1/2. For 0 < A —a <
1/2, we estimate
1@n(Aa = A)I = P)vn[lx—o < [[(Aa = A)(I = P)vnllr-a
+ (I = @n)(Aa — A)(I = P)vnllr-a

and

[(I— Qn)(Aq — A)I = P)vglla—a < en”[(Ag — A)(I = P)vnllx—a+1
<en ' = P)vnla
< exn” (I = P)on|a,

and this results in (8.13) again. o
Theorem 8.2. Assume (4.3)—(4.6), (8.2) and (8.6). Then the

operators Ajmna € L(Ty) and Al,m,n,d € L(7,) are invertible for
n > ng with some ng € N,

L(H o 1) < Cx, 1A b all o mry < e,

Al
(814) || l,m,n,d|
A>a,
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and for the solution w, of equation (8.10) or (8.11), we have with any
r>pu—a+d,

= [ < ext™ (I = Pr)ugllx + exnl ™" || Prug |15

8.15
(5:19) < APl a<A<p,

where ué = (QnA)"1Q, f is the collocation solution and u = A71f €
H*" is the exact solution of (8.1). If d > ((1 —p)/p)(n — ), then

(8.16) ln — ullx < cn)‘_”||u\|u, a< <.

Proof. We have

Atmon,d — QnA= (QMA(m) = QnA) P+ Qn(Aa — A)(I — ),
Al,m,n,d - Al,m,n,d = (QanQli/b - I)QmA(m)]DI

With the help of Lemmas 8.1-8.3, we find, for v, € 7,, r > d,

1(ALmnd = QuA)vnllx—a < exrl " [ Pwnllx + exl (I = Pr)on s
< Ao,
1(Avmng = Atnn,d)Vnlli—a < exrl 7| ProaIx
< a7 vnla-

Together with (8.4), this implies (8.14). For u, = .Al_’j%n’dan, we
have

A[7m7n’d(uz - un) = (-Alﬂn,n,d - Qn.A)U,Z
and
[uz, = ullx < exll(Avmn.a — @nA)ugllr—a
< exl TP Ix + AU = P Iy
< Cl/\/l_d—'_/\_MHquHu
< Cl)(/l/\_u_d”uuu
(on the last step we used (8.5) with A = ). We obtained estimates

(8.15) for method (8.10). An obvious argument extends the result for
method (8.11). Estimate (8.16) follows from (8.5) and (8.15). O
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9. Matrix form of the method (8.10). Here we show that under
conditions, cf. (8.6),

(9.1) 20<m<n, l~n’, m~n®, 0<p<o<1/2

the computation of A; 1, qvn € 7y, for v, € T,, costs O(nlogn) arith-
metical operations. Consequently, iteration methods such as conjugate
gradients or GMRES can be recommended to solve the corresponding
n-system.

(i) Computation of Q,, A™ P, = Zq—o QmAy Pﬂ)n, v, € T,.
For w € H”, v > 1/2, we have

n—1
= 1 ik2m (t—jn 1
an:zw(]n 1)907“7 On,j(t) = ~ Z eik2m(t—gn=")
7=0 kEZ,,
Thus,
m—1
Qm,s(ap(t, s)vi(s Z ap(t, im™ v (im ™ e ;(s),
7=0
(A5 ) (t)
1/2
= Kp(t — 8)Qm,s(ap(t, s)ui(s)) ds
—1/2
m—1 1/2
= >~ ayltgm ulim ) [ ke = Shpms(9)ds
=0 —1/2
m—1 1 ] o
=St L ¥ e
j=0 kE€EZm,
and

-1

(@uAT ) ('m™) =Y ap(i'm ™, jm ™)

(5 et

k€Z,,

3

<.
3|~ 1

/\
QmA} ™ Py, = FrnApmFim 1P
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where
@n(k)a k € Zl7

P o) (k) =
( m,n¥ )(K) {07 ke Zm\zla

and A, ,, is an m X m matrix with the entries

g1 . 1.1 . VRV
ap;j/7j:ap(j/m 17.7m 1)E Z eleﬂ-(] ])m l‘fp(k)a
k€Z,,
i'.i=0,...,m—1.

Clearly the computation of the entries of A, ,, costs O(m?) arithmeti-
cal operations. Application of F,,}, A, ,, and F,, also costs O(m?)
arithmetical operations (for F,,!, F,, here the usual matrix applica-
tion may be used).

(if) Computation of @QnAq(I — P))vs, vy, € Tp,. Recall that

q
Ag = Z Ap.as
p=0
Apa=M,, ;B,; forp+1<d,
A,a=0 forp+1>d,
1/2
(Bpu)lt) = [ |t 9u(s) ds.

—_—
For a € C{°(R), wy, € Ty, we have Q,M,w, = F,M, ,F, b, with
the diagonal n x n-matrix M, , = diag (a(jn™'),7=0,... ,n—1). We
see that

/\
QTLMap,j Bp,j (I - Pl)'Un = vaMap,j,7L]:7:1Bp,j,nR$Ll)ﬁn7 p+1<d,
where
. 0, keZ,
R0 = {
On(k), k€ Z\7Z,

B, jn = diag (kp j(k),k € Zy,).

The computation of QnA4(I — P))v, costs O(nlogn) arithmetical
operations provided that FFT is used for the application of F, ! and
Frn. Thus, under condition (9.1), A mn,q can be applied to v, € 7,
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in O(nlogn) arithmetical operations. The matrix form of the modified
collocation method (8.10) is

q
(92) PpmFm Y ApmFpn'PY iy

p=0

where f = (f(Gn=1),7=0,1,... ,n—1).

. Wm(k), k€ Zm
Py i) (k) = <mn,
P ={ g ST, me
and the convention Z?:o = 0 for h < 0 is used. The iteration

methods such as GMRES or conjugate gradients, can be recommended
to solve the m-system (9.2). The number of iterations for these
methods to obtain the accuracy comparable with the approximation
accuracy (8.16) seems to be O(logn), see [34] for a more simple but
multidimensional problem. We do not go into details. Instead, we
propose an iteration method which needs a finite number of iterations
which is independent of n. This method is based on the preconditioning
of (8.11) by A, 1.

Remark 9.1. Theorem 8.2 remains true for the further modification
where, on construction of Ay, we first approximate the coefficients
ap(t,s), p=0,...,q, by their two-dimensional interpolations Q. map
and then differentiate these functions, cf. (6.2) and (6.5). Under con-
dition (9.1), the computation of Qmp by FFT from the grid values
ap(jm=1,j'm=Y), 4,7/ = 0,...,m — 1, costs O(nlogn) arithmetical
operations.

10. Preconditioning of (8.11) and iteration method. Equation
(8.11) is equivalent to

Up € 7;17 A_l (Al,mm,dun - an) =0,

l,m,n,1

or

(10.1) Uy = Sply + Gn,
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where - ~ B
Sn = Stmmd = Al 1 (Aimni = Aimn.a)

= Al @n(A1 = A)(I = P) € L(T,),
9n = Al_,’l}ﬂ,’n,l nf € ’Tn
Due to (8.13) and (8.14), [|Spvn|lx < 7 H[(I=P)va||x, A > a, v, € T
Consequently, solving (10.1) by the iteration method
(10.2) W =g, u=8u"1+g, k=12,

we have with the solution u,, of (8.11) and (10.1), d > ((1—p)/p)(p—a),

qu — Uy = Sﬁ(ug — Up),

gy = wn I < (™I = Po) (g = wn)la
< (AU |l = unll
< (™A ),

a<A<p, u=Alf,
see (8.16). For k+1 > ((1 — p)/p)(p — A), this provides
s, = wnllx < en Hlufl, 0< X< p.

Consequently, the following result holds true.

Theorem 10.1. Fiz d > ((1 — p)/p)(r — «). Then, under con-
ditions of Theorem 8.2, for k > ((1 — p)/p)(n — )™, the iteration

approzimations uk are of optimal accuracy order

(10.3) k= ullx < en* H s 0< A< p

where u = A~1f € HM.

To present a matrix form of iteration method (10.2), we have to
analyze the computation of v, = Aljln naWn € Tp, for a given w,, € 7T,,

i.e., the solution of equation Al7m7n’1vn = wy,. Notice that A; = Ao =
MyB with b(t) = ag0(t) = ao(t,t), B = By introduced in the previous
section. Thus v,, satisfies

QanQli/meA(m)H'Un + QanB(I - Pl)vn = Wn.
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Since (Qn M p)(QnMy) = Qn, the equation takes the form

Qli/meA(m)H'Un + B(I - F’l)vn = Qan/bwn~

Applying to both sides P, and taking into account that P,B = BP, we
obtain
PlQli/me-A(m)Plvn = BQan/bwn

Under conditions (4.3)—(4.6), the operator P, M, A € L(T) is invert-
ible for all sufficiently large I, and |[(P,M;/5.A) || (o, mr) < const,
see [13]. Using Lemma 8.1 it is easy to see that

| P Qum My jpQu A™ = My jy APl g rx grr-ay — 0 as 1 — oo

therefore, the operator PlQli/meA(m) € L(7)) is also invertible for
sufficiently large [, and

||(HQmM1/meA(m))_lHﬁ(Hk—a’Hk) § COIlSt7 l Z lo.

From this, we find for v, = P,v; + (I — P;)vy, the representation

v, = B™H(I — P)QnM, pyw,
+ (I =B = P)Qun M/ QunA™)
(PQu M1y QAT P) T PQy M jywy-
The matrix form of this formula is given by

b = COF,M,  , Fry Ly

q
+ P (Im — CYFuMijpm Y Ap,mf,;l)

p=0
P D P F My, Fo i,

=: E, W,

where I,,, is the identity matrix of dimension m x m,

q
D; =P FnMijpm Y ApmFr Prw

p=0
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is an [ x [ matrix,

(Pl,nﬁn)(k) = f)n(k)7 keZ;,, 1<n,
o0 (k) oK), k€ Zo\Zy
ors —
(CW3,)(k) {07 oy

and other matrices are introduced in the previous section. Clearly,
under condition (9.1), the computation of 9, = E,,, costs O(nlogn)
arithmetical operations, if the application of Dfl can be done in
this limitation. Using FFT, the matrix products defining D; need
O(m?logm) < O(nlogn) arithmetical operations. On the other hand,
an application of Dfl to an [-vector by a Gauss-type method costs
O(13) operations; therefore, we now strengthen the condition on I:

(104) 20<m<n,l~n’, n~n? 0<p<1/3 p<o<l/2

The matrix form of the iteration method (10.2) reads as follows:

Under condition (10.4), an iteration costs O(nlogn) arithmetical op-
erations and, since the number & = [((1 — p)/p) (1 — )] of iterations is
sufficient to achieve the optimal accuracy order (10.3), the total work
remains in the amount of O(nlogn) arithmetical operations.

11. Modification for even/odd A and f. Now we modify the
methods (8.10) and (8.11) for different cases where the solution of (8.1)
belongs to HY or H¥.

(a) A and f are even, e.g., problem (3.5). Here we assume that k¢ and
ag are even, whereas x, and a,, 1 < p < ¢, may be both even or both
odd. More precisely, ko and ag satisfy (4.11) and (4.13) whereas &,
and ap, 1 < p < ¢ satisty {(4.11),(4.13)} or {(4.12),(4.14)}. According
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to Lemmas 4.1 and 4.2, under these supplementary conditions together
with (4.3)~(4.5), A= >0 Ay € L(H2, H}=%) is a Fredholm operator
of index 0 for any A € R. We assume that

(11.1) ue CX(R), Au=0 = u=0,
then A € L(H), H)~%) is isomorphic, and for

1
(11.2) feHT ™ p—a> 3

equation (8.1) has a unique solution v € H! which can be determined
by the even trigonometric collocation method

(11.3) un €Ty, QpAun, = QL f.
The counterpart of (8.10) now reads as follows:

(5] e e e
u, €7, Al;m,dun =Qnf,

(11.4) e e .
l,m,n,d = QmAe ]Dl + QnAd(I — F)l )

Here AJ™ = 320 AYY) with
1/2 e
Y3 Rt = $)QG L (ap(t, s)ui(s)) ds

if ap, is even in s,

(AG)(E) = R
e Skt = Q% (ap(tu(s)ds

if a,, is odd in s,

remains to be even. The approximation 44 is constructed following
Lemma 6.2. Thus, Ay preserves the parity properties of A, is of the
form (8.8) and satisfies (8.9). The counterpart of (8.11) which reads as

follows:

un €%, A qun = Q4 1,
(115) fe—e e e l)e7 7(zn%) e fe e
Iommn,d — QanQli/meAe Pl + QnAd(I - ‘Pl )

This equation is equivalent to (10.1) and can be solved by the iteration
method (10.2) where now

Sn = (Al ) (AL = AT = FF), gn = (Ai550) 7 QLS.
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With obvious modifications, the results and analysis of previous sec-
tions holds for methods (11.3), (11.4), (11.5) and the iteration solution
of (11.5). In the matrix form of the methods, sine and cosine transforms
are used instead of F,,.

(b) A is even and f is odd, e.g., problem (3.16). About x, and a,,
we make again the assumptions introduced in (a) but instead of (11.1)
and (11.2) we assume

(11.6) ueCH(R), Au=0 = u=0,

(11.7) fEHM Y p—a>1/2.

Then A € L(H), H)~%) is isomorphic, and u = A~ f € H* can be
determined by the odd trigonometric collocation method

(11.8) un €17, QpAu, = Q7 f.
Its fully discrete modifications are

(11 9) Un € 7;;)) lo,;?n,dun = Q?zfa
' Pinonsd = QueAT P + Q5 Aa(I = FY),
uy €71, ~lo,;,on,dun =Qnf

(1110) Jo—o o o o f(m) po o 0
lym,n,d — QanQli/meAo F)l + QnAd(I - F)l )

where AEJ”) = ;:O A,(,T;) with

25 bt = $)Q0 (ap(t, s)ui(s)) ds

if a,, is even in s,

Al (t) = , 7°.
et S22 bt = $)QG o (ap(t, s)ui(s)) ds nen

if a,, is odd in s,

Again, the results and analysis of the previous sections remains true
for the methods (11.8), (11.9), (11.10) and the iterations (10.2) with

Sn = (A1) 710 (AL = A)(I = PY),
n = (A7) T Q0T
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(c) A and f are odd, e.g., problem (3.10). Here we assume that ag
is even and kg is odd, whereas k,, 1 < p < g are even or odd with a,
respectively, odd or even. Further we assume that

(11.1) ueCe(R), 4(0)=0, Au=0 = u=0,

(11.12) fEHM Y p—a>1/2.

Then A x ® € L(H}, H}~® x C) is an isomorphism, see Theorem 5.3,
where (A x ®)u = [Au, @(0)], u € H2, and the problem

Au=f, a(0) =7,

has a unique solution u = (A x ®)7![f,4] € H2 which can be
determined by the even-to-odd trigonometric collocation method

(11.13) un, €T, Q0 Au, =Q0f, 1,(0)=1.
Its fully discrete modifications are given by

Un € 7:12; Z;,en,dun = Q%fv ’&n(o) =7

(11.14) . s T e
l,m,n,d = QmAe ]Dl + QnAd(I — F)l ),

(11 15) Up € /Tne’ A?,Tn,en,du" = Q?Lf’ ﬂ"(o) =7
' Al 4= QaMyQ0, M, Q5 AU PE + Q% Aq(I — PY).

The results of the previous sections hold true for the methods (11.13),
(11.14), (11.15) and the iteration solution of (11.15).

(d) A is odd and f is even, e.g., problem (3.12). Here we put on A
the same assumptions as in (c) but instead of (11.11) and (11.12),

(11.16) weCp(R), weC, Au+w=0 = u=0, w=0,

(11.17) feHSTY, p—a>1/2.
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Then A+ ® € L(H) x C, H)~%) defined by (A + ®)[u,w] = Au + w
is isomorphic, see Theorem 5.5, and the unique solution [u,w] =
(A+®)~1f € H) x C of the problem

Auv+w=f
can be determined by the odd-to-even trigonometric collocation method
(1118) Un € ,Tyfv w e C, QfL(Aun + W) = Qflfv

and its fully discrete modifications

Up € 7;;)7 w e 07 Ale,:’t,on,dun tw= Qflf’

(11.19) ! o ‘
Tmond = QAT PP + Q1 Aa(I — PY),

and

(11.20) un €T7, w€C, A0, qun +w=QLf,

A50 0 = Qo MyQS, My QS AU PP + QS Aa(I — PY),

with A™ as in case (b). The results of previous sections hold true
for the methods (11.18), (11.19), (11.20) and the iteration solution of
(11.20).
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