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RIGOROUS RESULTS ON THE ASYMPTOTIC
SOLUTIONS OF SINGULARLY PERTURBED
NONLINEAR VOLTERRA INTEGRAL EQUATIONS

A.M. BIJURA

ABSTRACT. This paper studies singularly perturbed
Volterra integral equations of the form

t
eu(t) = f(t; ) +/ g(t,s,u(s))ds, 0<t<T,
0

where ¢ is a small parameter. The function f(¢;¢) is defined
for 0 < ¢t < T and g(¢,s,u) for 0 < s < ¢t < T. There
are many existence and uniqueness results known that ensure
that a unique continuous solution u(t;e) exists for all small
e > 0. The aim is to find asymptotic approximations to these
solutions and rigorously prove the asymptotic correctness.
This work is restricted to problems where there is an initial
layer; various hypotheses are placed on g to exclude other
behaviors.

1. Introduction. A singular perturbation problem is a problem
which depends on a parameter (or parameters) in such a way that
solutions of the problem behave nonuniformly as the parameter tends
toward some limiting value of interest. The nature of the nonuniformity
of the solutions can vary. This article concerns solutions of nonlinear
Volterra integral equations in which such nonuniformity occurs in an
isolated narrow region called the initial (or boundary) layer. The
thickness of the layer vanishes as the parameter tends to zero.

In particular, we consider the nonlinear singularly perturbed Volterra
integral equation

(1.1) eu(t) = f(t;e) +/0 g(t,s,u(s))ds, 0<t<T,
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where 0 < £ < 1. The function f(¢;¢) is C* and defined for 0 < ¢ < T
and 0 < e < 1; g(t,s,u) is also C* and defined for 0 < s < ¢t < T
and —oo < u < 0o. Also we require that lim._,o f(0;e) = 0. f has an
asymptotic power series expansion,

oo

f(t;e) ~ Zsjfj(t) as e — 0,

=0

where each f;(t) is C*°. Furthermore, we require that f;(0) = 0 and
f1(0) is nontrivial. The function g can also depend regularly on & but
we assume here that it is independent of e.

Problem (1.1) depends on the parameter € in such a way that the
reduced equation

t
O:fo(t)+/ g(t,s,v(s))ds, 0<t<T,
0

is a Volterra equation of the first kind. For this to have a continuous
solution, fo(t) cannot be merely continuous. Assuming that a stability
condition for the boundary layer holds, we show that u(¢; &) converges
uniformly to v(t) as € — 0. The fact that we need more smoothness on
g and f implies there is a loss of regularity as € changes from positive
values to zero. The loss of regularity here is due to the dependence of
u(t;e) on e. Our task is to discover the nature of this dependence by
working with suitable approximate integral equations and then express
u(t; €) in terms of solutions of these equations for small €.

Singularly perturbed Volterra integral equations occur in various
areas of interest ranging from engineering, physics, chemistry and
ecology to epidemiology. A comprehensive survey of literature to
singularly perturbed Volterra models is found in [17].

Angell and Omstead [2] used the additive decomposition method
to obtain the first few terms in a formal solution of (1.1). However,
their approach has some short shortcomings including the fact that the
general equations for the coefficients in the formal solution cannot be
determined and their results are not rigorously presented. This paper
aims at improving their results. Lange and Smith [19], [20] used the
additive decomposition method in their study of singularly perturbed
linear Fredholm and Volterra integral equations. They deduced the
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general expansion for the formal solution and rigorous estimates to
show its closeness to the exact solution. Skinner [32] developed a
method of generating all the terms of the formal solution and showed
that the formal solution is an asymptotic solution. The approach in
[32] is somehow more complicated than the presentation given here.
However, an adaptation of Skinner’s method of deriving the equations
for the formal solution is included here. This work builds on that of
Smith [33, Chapter 6], O’Malley [28, Chapter 4] and O’Malley [29,
Chapter 2] on singularly perturbed initial value problems for nonlinear
ordinary differential equations. Kauthen [15] provided a survey of
analytical and numerical solutions to singularly perturbed Volterra and
Fredholm integral and integro-differential equations. The analysis in
[17] for solutions of Volterra equations is similar to the one presented
here. Kauthen constructed asymptotic solutions to linear problems
with convolution kernels and hence one will find that the present work
is general and is more detailed.

In recent years there has been an increasing interest to solutions of
singularly perturbed integral equations, both analytically and numeri-
cally. The reader is advised to consult Kauthen [17] for references on
singularly perturbed integral equations, some of which are included in
this paper. Many researchers seem to have focused their interest on sin-
gularly perturbed Volterra integro-differential equations and Fredholm
integral equations. These include the work by Angell and Olmstead
[1]-[3], Lange and Smith [18]-[19], Lomov [24], Liu [22]-[23], Kauthen
[15]-[16] and Horvat and Rogina [14] on integro-differential equations.
Fredholm equations have been studied by Lange and Smith [18]-[19],
Angell and Olmstead [4], Gautesen [9]-[10], Olmstead and Gautesen
[27], Wills and Nemat-Nasser [35], Georgiou [9], Ramm and Shifrin
[30]-[31], Smith [33] and Liqun and Nasser [25] which generalizes the
results in [35].

In the use of additive decomposition method, one imposes the bound-
ary layer stability condition. This forces the inner layer solution to
decay (as the parameter tends to zero) exponentially and thus simpli-
fies the analysis. When the boundary layer stability condition fails,
care has to be taken especially when using the additive decomposition
method. In this case there is no exponential decay for the inner layer
solution. Lange [18] demonstrated this phenomenon using an example.
It is typical for the inner layer solution corresponding to a weakly singu-
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lar kernel to decay algebraically. Indeed, singularly perturbed Volterra
integral equations with weakly singular kernels are not well studied.
The problem on the heat conduction however has received some atten-
tion, (see [17] for the details). Bijura [5] investigated solutions to a
problem of the form

(12)  cult) = f(t) + — )/t ( BLS) syds, 0<t<T,
0

INEGS t—s)l=p
where 0 < ¢ « 1 and 0 < § < 1. It is assumed in [5] that the data
is continuous and k(¢,t) = —1. By pointing out possible technical

difficulties, Bijura constructed the leading order asymptotic solution
and the corresponding proof of asymptotic correctness. The main
interest in [5] is on the decay of the inner layer solution. The nonlinear
version of (1.2) with a convolution kernel is discussed by Kauthen [17]
using numerical methods. Chen [7] derived the asymptotic expansion
of the solution to a certain nonlinear singularly perturbed Fredholm
integral equations with weakly singular kernels. The existence of its
solution is also proved.

The paper is organised as follows: In Section 2, we construct a formal
solution for (1.1) using the additive decomposition method. We start
by introducing the inner layer variable using the dominant balance
argument. The solution is thought in the form

(1.3) Un(tie) = égf‘ {yj(t) 2 (é)] g S

J

where y;(t) represents the outer solution and z; é represents the

inner layer solution. In Section 3 we prove that y;(¢) and z;(7) have
the properties assumed in their derivation. Then in Section 4 we prove,
using the Banach fixed point theorem, that

[u(tie) = Un(te)] = O(™) ase — 0,

uniformly for 0 < ¢ < T'. To demonstrate the methodology developed in
previous sections, in Section 5 we illustrate it by solving two examples,
one of which has been considered in Angell and Olmstead [2] and
another one from population growth modeling.
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2. Derivation of the formal solution. We derive in this section
a formal solution for the integral equation (1.1) using the additive
decomposition method. We suppose that the solution of (1.1) can be
represented in the form

(2.1) u(t;e) = y(t;e) + d(e)z(t/ule);e),
where

y(t;e) =yo(t) +o(1), z(r;€) = 20(7) +0(1) ase — 0.
Firstly we determine formally the width u(e) and the magnitude ¢(g) of
the initial boundary layer, supposing that p(e) — 0. For this argument
we assume that ¢(0,0,u) is nontrivial. Substituting (2.1) into (1.1)

gives

(2.2)
ey(t;e) +ed(e)z(t/p(e);e) = f(t;e)

t
+ [ attsy(sie) + 6(€)a(s/ule)i)) ds,
0
which, letting 7 = ¢/u(e), is equivalent to

ey(p(e)T;e) + eo(e)z(r;€)
= F(u(e)m:e) + ule) / o(ule), w(e)o, y(ple)ors)
+ ¢(e)z(o;€)) do.

Hence, fixing 7 > 0 and letting ¢ — 0,

eyo(0) + ed(g)z0(T)
=ef1(0) + p(e) /O 9(0,0,y0(0) + ¢(e)z0(0)) do + o(e) + o(pu(e))-

Dominant terms can be balanced if we take
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To obtain a formal solution we now suppose that y(¢;¢) and z(7;¢)
have the asymptotic expansions

y(t;e) ~ Zsjyj(t), z(15€) ~ Zejzj(r)
j=0 =0

as € — 0. y(t; €) represents the outer solution, which approximates the

t

solution outside the initial layer, while z E;€> represents the inner

correction term which is required for uniform approximation of the
solution of (1.1) inside the initial layer but is negligible outside the
initial layer. We required for each j > 0 that

(2.3) zj(T)=o(T™") asT— 00

for all » > 0. The rapid decay in the initial layer is crucial for the
application of the method of additive decomposition because then
transcendentally small terms can be omitted from the asymptotic
expansions.

Since Theorem 2.1 from Skinner [32] is used later in this section, it
is stated here.

Lemma 2.1. Suppose that n(t,7;¢) is a C* function on [0,T] x
[0,00) % [0,1] and n(t,7;¢) = o(7™") as T — oo for all v > 0. Then

t Nt
n(ntie) =30 (L) + o,
=0

where n;(T) is a C*° function on [0,00) and is the coefficient of € in
the Taylor expansion of e — n(et,7,¢). Alson;(t) =o(t™") as T — o0
for allr > 0.

Another result which will be used later in this section and whose
proof is omitted is:

Lemma 2.2. For each integer j > 0, let p;(t) be a continuous
function on [0,T] and q;(T) a continuous function on [0,00) such that
g;(t) — 0 as T — oo. Suppose that, for every integer N > 1,

(2.0 3 {mo+a(L)}e =06,

Jj=0
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uniformly as € — 0. Then p; =0 and ¢; =0 for every j > 0.

We shall substitute (1.3) into (1.1). Therefore, for a fixed integer
N >0, we first consider the term

/0 g(t,s,Un(s5€)) ds.

We introduce

H(t,s;¢) = g(t, s, i::oejyj(s))

K(t.5.0:9) =15 S S us) + 400) - o s,i_vjosjms)),

J=0

By (2.3) and the mean value theorem, K (t,s,0;¢) = o(c™") as 0 — o0
for all » > 0. By applying Lemma 2.1 to (s,0;¢) — K(t,s,0;¢), we
deduce that

N
(2.6) K(t,eo,0¢) = Zajkj(t, o) 4+ O(eNTh),
=0

with k;(¢t,0) = o(c™") for all » > 0. Also straightforward Taylor
expansions yields

N
(2.7) H(t,s;¢) = Zsjhj(t, s) +O(eN T,
J;O
(2.8) K(et,e0,0;¢) = Z€jlj(7, o)+ 0N,
=0

The coefficients h;(t,s) in (2.7) are given by

ho(t, 3) = g(t7 5, yO(S))a hl(tv 5) = 83g(t, S, yo(s))yl(s)’

and in general for j > 1,

hj(t,s) = 0sg(t, s,y0(s))y; (s) + ;(t, ),
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where ®;(¢,s) is determined by y;(s) for 0 < ¢ < j — 1. The first two
terms of ®; are given by

1
(I)l(ta 3) = Oa (DQ(ta 3) = §8§g(t, S, yO(s))y%(s)
The coefficients k;(t, o) in (2.6) are given by

kO(t7 U) = g(t’ 0, yO(O) + ZO(G)) - g(ta 0, yO(O))a
ki(t, o) = 03g9(t,0,0(0) + 20(0))21(0) + V1 (L, 0),

and in general, for j > 1,

kj(t,0) = O39(t,0,50(0) + 20(0))z;(0) + ¥;(t, 0).

Here the function ¥,(t, o) is determined by y;(s) for 0 < ¢ < j and
zi(o) for 0 <i < j — 1. The first two ¥; are given by

Wy (t,0) = {029(t,0,90(0) + 20(0) — D29(t,0,90(0)) }o
+ {039(t,0,40(0)+20(c)) — D39(t,0,40(0)) } (o (0)o+41(0)),

Us(t,o) = {83g(t, 0,%0(0) 4+ 20(0))

- 0ug(1,0.10(0) b (12(0) + 1 0)0 + 535 0)0?)

+ {02059(t,0,90(0) + 20())

— D2039(t,0,0(0)) }(y(0)o” + y1(0)or)
+ 02039(t,0,90(0) + 20(0))21(0)0
+8§9(t 0,90(0) + 20(0))z1()y1(0)

+5 {33g(t 0,0(0) + z0(0))
(

— 939(£,0,90(0))}(y)(0)0™ + ¥ (0)
+ 240(0)y1(0)o)

+ 5089(4,0,30(0) + (7)) (2 (0) + 1 ()3 ()}

+ 5 {030(1,0,0(0) + 20()) ~ Bg(t,0, 4o (0))}o?
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The coefficients (7, o) in (2.8) are given by

lo(m,0) = g(0,0,40(0) + z0()) — g(0,0,y0(0)),
li(1,0) = 039(0,0,90(0) + 20(0))z1(0) + Z1(7, 0),

and in general, for j > 1,
l] (T7 U) = 839(07 07 yO(O) + 20 (U))ZJ (O-) + E] (T7 0)7

where =;(7,0) is determined by y; for ¢ < j and z for i < j —1. In
particular,

+ {829(07 07 yO(O) + 20 (U)) - 629(0’ 0; yO(O))}U
+{0939(0,0,90(0) + 20()) — 059(0,0,40(0)) }
x (40(0)o + y1(0)).
It follows from (2.5) that
(2.9)
t N t oo
/0 g(t,s,Un(s;¢€))ds = jzz:osj (/0 hj(t,s)ds + E/o ki(t,o) da)

N 0
Sy et / k(1 o) do+ O(NH).
=0 t
Since k;(t,0) = o(c™") for all r > 0,

/TOO k;(t, o) do = o(r™),

for all 7 > 0, and Lemma 2.1 implies that

o0 o J
/ k;i(t,o)do = / Zeikﬁ(g,a) do + 0N,
: im0

€

where ];Zjﬁi(T, o) is the coefficient of &' in the Taylor expansion of
e — kj(et,0). Of course, Lemma 2.1 also assures us that

/ kji(r,0)do=o(r™") asT — o0
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for all » > 0. Note also that if

oo

K(er,e0,0;¢) = Z elli(t,0),
=0

then
j ~
(2.10) ij—m'(ﬂ o) =l;(1,0).

=0
It follows that (2.9) becomes

N

Next we define the residual py(t;€) by

(2.11) eUn(t;¢€) :f(t;e)—i—/o g(t,s,Un(s;¢€))ds — pn(t;e).

Then, putting y_1(¢t) =0 and k_1(¢,0) = 0, we see that
(2.12)

pN(tie) = i€j</0t hj(t, s)ds + /OOO kj—1(t,o) do + f;(t) — yj—l(t))

N-1 ; /4
- gitt (zj (—) —|—/ Q(—,U)) +O(eN T,
. € t €
j=0 e

If Un(t;€) is a formal solution for all N > 0, then py(t;e) = O(eV+!)
ase — 0 for all N > 0, in which case the argument of Lemma 2.2 shows
that, for every j > 0, y;(t) and z;(7) satisfy

(2.13)

oo

yia(t) = £5(8) + / hy(t,s) ds+ / k1 (t0) do,

(2.14) ’



SINGULARLY PERTURBED NONLINEAR VIEs 129

There is also an initial condition for solutions of (2.14), obtained from
eu(0;e) = f(0;¢); namely, that for all j > 0,

(2.15) 2j(0) = £;+1(0) — y;(0).

Remark 2.3. There is considerable simplification in the case g(¢, s,u) =
a(t, s)u for which (1.1) is a linear equation. It is found that

J
h; (t,s) = a(t, S)yj(s)v k; (t,o) = Z ei(t, U)iji(g)a
=0
where 1
ei(t,o) = ﬁﬁéa(t,O)oi.

Remark 2.4. Equation (2.12) for the residual has been derived only
assuming that (2.3) is true. It follows that if (2.3) holds and (2.13) and
(2.14) hold for 0 < j < N, then |pn(t;e)| = O(eN*) as e — 0.

3. Properties of the formal solution. In this section it is shown
that there are unique solutions y;(¢) and z;(7) of (2.13) and (2.14), and
that they have the important properties assumed in their derivation.
It is convenient to rewrite these equations as

(3.1) O:fo(t)+/0 ot 5,90(5)) ds,

(3.2)
20(r) = / (9(0,0,50(0) + 20(0)) — 90,0, 4o(0))) do,
and j > 1,
(33) 0=t + / Bsg(t, 5,y0(5))w;(s) ds,
(3.4)

50 == [ 09(0.0,0(0) + 20(0))3(0) o+,
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Here we used the definitions
(3.5) t
¢;(t) = f;(t) +/O D;(t, s)ds + /OOO kj-1(t,0) do —y;-1(t),
(3.6) .
(1) = —/T Ej(r,0)do.
We see that the leading order solutions (outer and inner correction) are

given by nonlinear equations while the higher order terms are given by
linear equations.

We use the following hypotheses on the functions f(¢;¢) and the
kernel g(t, s,u). They are based on the assumptions used in O’Malley
[29, Chapter 4].

(Hy) The function f : [0,7] x [0,1] — R is C* and f(0;0) = 0. Also
g:Ar x R — R is a C* function where

Ar ={(t,s);0<s<t<T}
(H,,) A C* solutions yo : [0,7] — R exists on (3.1) which is unique
in the class of continuous functions on [0, 7.

(H,) There is a positive constant « such that

d3g(t, t,yo(t)) < —a <0 forall0 <t <T,
839(0707v) S — < 07

for all v between yo(0) and yo(0) + f1(0).

Remark 3.1. If (Hy) holds, f(¢;¢) has the asymptotic expansion

e}

f(t;e) ~ Zejfj(t), as e — 0,

=0

where each f;(t) is C* on [0,T].
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Remark 3.2. Equation (3.1) is a Volterra integral equation of the first
kind for yo(t). An existence and uniqueness theorem for this equation
is given in Linz [21, Ch. 5, Theorem 5.2]. It is obtained by applying
the method of successive approximations to the differentiated version
of (3.1).

Proposition 3.3. Suppose that (Hy), (Hy,) and (Hy) hold. Then
(3.2) and (2.15) have a C*° solution zy satisfying

(3.7) |20(7)| < coe™7, T =0,

for some positive constant cg.

Proof. The problem of solving (3.2) subject to (2.15) is equivalent to
the initial-value problem

Z(/J(T) = g(oa 07 yO(O) + ZO(T)) - 9(07 Oa yO(O))7

(38) 2(0) = £1(0) — 30(0).

By standard theory of ordinary differential equations, (see for example,
Hirsch and Smale [13], Ch. 8), (3.8) has a unique continuous solution
defined on a maximal interval [0,S) such that lim qg |20(7)| = oo if
S < 00. By the mean value theorem there is a function w(7) such that

2o(7) = 939(0,0, (1 — w(7))yo(0) + w(7)20(7))20(7)-

Assumption (H,) implies that zo(7) decreases if z9(0) > 0 and increases
if 29(0) < 0 and that zo(7) +y0(0) lies between yo(0) and yo(0) + f1(0).
Therefore,

26(T)20(1) < —azo(7)?,
and hence |zo(7)] < |20(0)]e=*7 for all 0 < 7 < S. Hence S = oo and
(3.7) holds. o

Proposition 3.4. Suppose that (Hy), (H,,) and (Hg) hold. Then
for every integer j > 1, (3.3) has a C*° solution y;(t) on [0,T], and
equations (3.4) and (2.15) have a C™ solution z; on [0,00) satisfying

(39) |ZJ (T)| < Cje_ﬂTv T2>0,
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for some positive constants c; and B < a.

Proof. Consider the hypothesis that there is an integer N > 0 such
that there are C'™ solutions y;(t) of (3.3) for 0 < j < N and C*
solutions z;(7) for 0 < j < N of (3.4) and (2.15) such that

3.10 2i(1)| < ecie T, T >0.
( j j

Due to Proposition 3.3 and (H,, ), this hypothesis is true for N = 0.

Suppose now this hypothesis is true for M > 0. Then @14 (¢, s) and
kn(t,0) are determined and, by (3.5), ¢ar41(t) is a well-defined C*°
function on [0,7]. Assumption (H,,) implies that 05g(t,t,yo(t)) # 0
for all 0 < ¢t < T. Then it makes sense to consider the differentiated
version of (3.3), namely,

_ Phria(t)
939(t,t, yo(t))

1 ¢
- M/O 93019(t, s,y0(s))ynr+1(s) ds.

ym+1(t) =
(3.11)

This is a linear Volterra integral equation of the second kind in yas41
and has a C* solution on [0, 7] which can be written in terms of the
resolvent kernel. The theory can be found for example in Gripenberg,
London and Staffan [12, Chapter 2] or Miller [26, Chapter 4]. It follows
from (3.11) that

t
(3.12) constant = ¢pry1(t) + / 039(t, 3,90(8))ynr+1(s) ds.
0

But since zp7(0) = far+1(0) — yar(0) and 1ps(0,0) = kp(0,0), (3.4)
implies that

0311(0) = Fra(0) = e 0)+ [ " kar(0.0)do
= ZM(O) +/Ooo kM(O,J) do = 0.

Thus the constant in (3.12) vanishes and (3.3) holds in the case
j=M+1.



SINGULARLY PERTURBED NONLINEAR VIEs 133

Now that yps4+1(¢) has been found, it follows from (3.6) that 1pr41(7)
is a well-defined C*° function. An argument like that of O’Malley [28,
pp. 84-85] shows that

(3.13) [, ()] < %67&7 >0,

can be deduced from (3.10) for 0 < j < M. The details are omitted.
Equation (3.4) is equivalent to the linear scalar equation

Zhr1(7) = 039(0,0,90(0) + 20(7)) 2041 (7) + Phrpa (1),
Zv+1(0) = far+1(0) — yar(0).

It easily follows from the exact solution, (H,) and (3.13) that (3.10)
holds for J = M 4+ 1. This completes our proof that the induction
hypothesis holds for M + 1. The proposition then follows. i

Lemma 3.5. Suppose that (Hy), (Hy,) and (Hy) hold. Then the
residual py given by (2.11) satisfies

(3.14) lpn(t;e)] = O(EN ) ase —0,
uniformly for all 0 <t <T. Moreover,

(3.15) It e)| = O(ENTY)  ase — 0,
uniformly for all 0 <t < T, and

(3.16) lon (0€)| = O(™F2).

Proof. Since Propositions 3.3 and 3.4 have established (2.3), the proof
of (3.14) follows from Remark 2.4. To prove (3.16)

0o N
pn(058) = f(0;) = eUn(058) = > &/ £5(0) = Y & (y;(0) + 2;(0)).
j=0 =0

Using the initial conditions in (2.15) and the fact that fy(0) = 0, we
have

N(O;E) = f: fj+1(0)5j+1 = O(€N+2).
J=N+1
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Differentiation of (2.11) gives

N _ N - .
pr(tie) = f(te) = 3 &y = Yo'z <E>
: 2

Introducing the new notations

N
H*(t,s;¢) = 8lg(t,s,z<€jyj(s)>,

3=0
N N
K*(t,s,0;¢) = alg(t, s,y el(yi(s) + zj(a))) - 8lg(t, S, Zejyj(s)>,
7=0 5=0
we have
N N Ny,
INCEES SEIAUED SERVUED SERT Y
3=0 3=0 7=0
t
(3.17) —|—H(t,t;5)+K(t,t,£;e)—|—/ H*(t,s;¢)ds
0

—l—s/g K*(t,e0,0;¢) do 4+ O(eNT1).
0

Two useful Taylor expansions are

N

H*(t,s;¢) = »_lh(t,s) + O(eN™)
7=0
N

K*(t,e0,072) = > ek} (t,0) + O(eN ™),
7=0
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where the coefficients satisfy
k;(t,a):f)‘lkj(t,a), h;(t,s):alhj(t,s).

Therefore (3.17) is equivalent to

e):jésjfj{ Ze”l ZE] ( )

N
. , t ‘
+§ ajhj(t,t)—i—g E”ﬂj(f,g)‘l-g 5]/0 hi(t, s)ds
= = =

N

—I—ZE]Jrl/ “(t,0)do — Zstrl/t kj(t,o)do

7=0 c
+O(eN T,

Then, substituting the differentiated version of (2.13), we get

pivtse) = ([T k(o) do - o)
0
al A t
- .
(318) —ZEJZ]-<E) +Zajkj <t;g>
Zaﬁ'l/ *(t,0)do 4+ O(eNTh).
By substituting the differentiated version of (2.14), one gets

') N
Peltse) =N ( | kst y3v<t>) I (u f)
0 =0 €

A AN t
_Zgjlj(g7g)+zogjé 81lj(g70'> dO’

—257“/ ki(t, o) do +O(NT).

|+

135
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Using Lemma 2.1,

Collecting terms together using (2.10) gives

pivtse) =5 ([T hto) do - (o)

0
“F;E]/L 81lj(g70'> dO’
N+1 0o J—1

|
)
<.
mh

8 ¢
Z ki i1 <;U> do +O(eN ).
i=0

.
Il
-

We also see that if
i .
K*(et,e0,0;¢) = Zejl;(ﬂ o),
j=0

then ‘
] ~
Z kij*»_m(T, o) = l;(T, o),
i=0
where the coefficients obey

[;_1(r0) = 0lj(r,0), j=>1

Therefore,

(3.19) oy (tse)] = O™,
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uniformly for all 0 <¢ < T. O

4. Existence of asymptotic solution. In this section we establish
that Uy (t;€) defined in (1.3) is an asymptotic solution. Our method is
to adapt the theory in Section 6.3 of Smith [33] for systems of singularly
perturbed ordinary differential equations. Skinner [32] employed a
similar method. The analysis here also has benefited from the general
discussion in Eckhaus [8, Section 6.1] on developing a rigorous theory
of singular perturbation. The main result in this paper is the following.

Theorem 4.1. Suppose that (Hy), (Hy,) and (Hy) hold. Then
(1.1) has a continuous solution u(t;e) with the property that there are
constants Cn and €}, such that

lu(t;e) — Un(t;e)| < Cne¥H

forall0 <t <T and 0 <e <¢jy.

It is natural to introduce ry(t;¢) = u(t;e) — Un(t;€) which satisfies
the equation
(4.1)

5TN(t; ‘S) = pN(t7 €)+/O [g(ta S, UN($7 €)+7AN(S; E))_g(ta S, UN(S7 6))} ds.

However, if the functions rn and py are scaled, a mapping considered
later becomes a wuniform contraction rather than just a contraction.
For this reason let

O(t;e) =e  NtVpn(tie), x(t;e) = Ny (t;e),

where, for simplicity, the dependence on the fixed integer N is omitted
from the notation. Then, for ¢ > 0, (4.1) is equivalent to
(4.2)

t t
ex(t;e) = 9(t;5)+/ 39(t, s, Un(s,€))x(s;€) d8+/ h(t,s,z(s;€);¢) ds,
0 0

where
— e N gt s, Un(s5¢))
- 839(t7 S UN(Sv E))I
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By Taylor’s theorem h(t, s, x;e) = e N+t Ry (¢, 5, 2;¢), where
1
hi(t,s,x;e) = xz/ (1 —0)d2g(t,s,Un(s;e) + eV z) do.
0

Hence, because |0(t;€)| = O(1) as ¢ — 0 uniformly by Lemma 3.5, we
expect the nonlinear term

t
/ h(t,s,z(s;€);€) ds
0

to be of higher order than other terms in (4.2). Therefore we first
consider the approximate equation

(4.3) ew(t;e) = E(t;e) + /0 O39(t, s, Un(s;€))w(s;e)ds,

where £(t;¢) = O(1) uniformly as ¢ — 0 and £(0;¢) = O(e).

Lemma 4.2. Suppose that (Hy), (H,,) and (H,) hold for each 0 <
e < gg. Also suppose that £(+;¢) : [0,T] — R is a continuously differen-
tiable function with ||€'(-,;¢)|| = O(1) and |£(0;¢€)| = O(g). Then (4.3)
has a unique continuous solution w(-;€) satisfying ||w(-;€)| = O(1) for
all € in some interval (0,e1] C (0, &0).

Proof. The standard theory of linear Volterra equations of the second
kind ensures that for each 0 < ¢ < gp (4.3) has a continuous solution
t — w(t;e) on [0,7] and that w(-;¢) is continuously differentiable
because £(-;¢) is. Let 0 < 8 < a. It follows from (Hjg)that there
is a number 0 < g1 < gg such that

p(t;e) = 03g(t,t,Un(t;e)) < —f

forall 0 <t < T and 0 < e < g7. Equation (4.3) can be differentiated
to get an equation of the form

(4.4) ew' (t;e) — p(t;e)w(t;e) = & (t;€),
where w(0;¢) = £(0;¢)/e and

t
&(te) =€ (te) +/0 10s59(t, s, Un(s;€))w(s;e)ds.
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Since the solution of (4.4) satisfies

¢ v v 1 ¢ ¢ U5 v
w(tse) = w(0;e)el/) Jo P v 4 E/ /) [ rwe dvg, (.0 ds
0

and

1/) [ ey dv < Pt 179 [ pwieydv < B9/

) b

we see that

lw(t; e

~—

Co M/t
<Ci+—=+ — w(s;e)|ds,
|<Ch 515 OI( )l
where

Cy = sup [£(0;¢)|/e,

0<e<eq

Co= sup [|€'(5e)|,

0<e<eq

M = sup [0:1039(t,s,Un(s;¢))l.
(t,s)EAT
0<e<eg

By Gronwall’s inequality
C ¢
w(t;e)| < (cl + —Qe%>,
B
and the lemma is proved. a

Equation (4.2) can be written as
(45) L(r,e) = 6(:) + Nz <),
where £, N : C[0,T] x [0,e1] — C[0,T] are defined by
t
Lz, 2)(t) = ex(t) — / Dsg(t, 5, Un (5:€))a(s) ds,
0

N(z,e)(t) = eN+D /t hi(t,s,z(s);¢e)ds.

0
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It is convenient to introduce the space X of functions (t,) — £(t;¢€)
on [0, T]x[0,e] with ¢t — £(¢; ) continuously differentiable and ||€'(-; €)||
and £(0;¢)/e are uniformly bounded on [0, eq] and (0, £], respectively.
X’ is given the norm

€l = sup [£(0se)/e[+ sup [I€'(;e)]l.

0<e<ey 0<e<ey

Then (t,&) — L(xz,e)(t), (t,€) — N(z,e)(t) and (¢,¢) — 0(t;¢) are in
X.

Lemma 4.2 can be reinterpreted as asserting that for & € X the
equation L(w,e) = &(;¢) is equivalent to w(;¢) = M(-,e)&(+;¢) for
some linear operator M(-,e) : X — C[0,T] and there is a constant u
such that [|[M(-,€)¢(:;¢)]] < pll€]lx uniformly for 0 < ¢ < ¢;. Hence
there is a number § > 0 such that

[M(- )0, e)l| < 6.
Also (4.5) is equivalent to
x=M(,e)[0(:;e) + N(z,¢e)].

Thus the problem of finding solutions of (4.5) is equivalent to finding
fixed points of a mapping. Let

B={xzeC0,T]: x| <26}
A simple calculation shows that if x is in B, then
IV (@, )||x < MMy,

where
M; = max |hi(t,s,z;¢)]
(t,s)EAT
2| <25
0<e<e;

Therefore, for each x in B,

IM(-,€)[0(:;€) + N(z,€)]|| <64 puT MVt < 26,
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if € is in some interval (0,e3]. It has been shown that the mapping
T. : B — B given by

,TE(SC) = M(-7£)[6‘(-;5) —I—N(.’L',E)]

is well defined.

Next it is shown that 7; is a contraction on B. Note that N'(z,€)(0) =
0. Let 1,22 be in B. Then

(N (z1,€) (t) — N(zg;¢) (t) =N TL {hl (t,t,xz1(t);€)
— h1(t,t,$2(t);€)
—|—/0 {01h1(t, s,21(8);€)

— O1h(t, s,22(8);€)} ds] ,

and, using the mean value theorem,
N (@1,8)(t) = N(a2,2)' (1)l
t
< €N+1{M2|x1(t) —za(t)] + M3/ |z1(8) — z2(s)] ds}
0

where

My = max |0shi(t,t,x;¢
0§t§T|3 (avv)‘,
|z|<246
0<e<eg

M3 = max |8361h1(t,8,l‘;5)|.
(t,s)eAr
|z|<26
0<e<ep

It follows that
[N (21,8) = N(2,) |2 < N (Mo + MT) |21 — 22,
and hence that 7, : B — B is a uniform contraction for ¢ in some

interval (0,e3] with 0 < e3 < &3. The Banach fixed point theorem
implies the following result.
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Lemma 4.3. Suppose that (Hy), (Hy,) and (Hg) hold. Then there
is a number €3 > 0 such that (4.2) has a unique solution x(e) in B for
all 0 < e <es.

It is easy to show that since x(e)(t) = z(t; ) satisfies (4.2)

u(t;e) := Un(t;e) + eNTla(t;e)
is a solution of (1.1). Moreover,
[u(t;e) = Un(tse)| = ¥ Ha(tie)] < 206V

for all 0 <t <T'. This completes the proof of Theorem 4.1.
5. Example.

5.1 Example one. Let us consider the following example from
Angell and Olmstead [2]

(5.1) cu(t) = /0 =) (42(s) — 1) ds.

The exact solution of this is determined by converting the integral
equation to a nonlinear first order differential equation subject to the
initial condition u(0) = 0 is

2 1—et

(5.2) u(t;e) = c(y—1ert+y+1

where
(53) V= 3\/4+—52.
Example (5.1) corresponds to
fltie)=1—¢", g(t,s,u) =2

which implies 03g(t,t,u) = 2u. It follows from (3.1) that the leading
order outer solution satisfies

¢
0= / e (y2(s) — 1) ds
0
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which has solutions yo(t) = £1. But only one of these can be
appropriate since (5.1) has a unique solution. (Hy) cannot be satisfied
with yo(t) = 1, but with yo(t) = —1 it holds with @ = 2, since
059(t,t,y0) = —2. Therefore

yo(t) = =1, >0.

The leading order inner correction solution is given by the nonlinear
ordinary differential equation

20(1) = 25(1) = 220(7),  20(0) =1,
which has a solution
zo(T) =1—tanh7, 7>0.
We see from this solution that zo(7) satisfies the requirement that

lim zo(7) = 0.

T—00

To the leading order, the asymptotic solution Uy(¢;€) of (5.1) is given
by

t
Uo(t;e) = —tanh o

In general, for j > 1, the outer solution satisfies

poalt) = =2 | Sty ds + /

where k;_1(t,0) and ®,(¢,s) are determined by y;(t) and z;(r) for
i < j—1. Since

t e}
q)j(t, 8) ds+/ kjfl(t,d) do,
0

®(t,s) =0, ko(t,0) = —e'sech?o,

it follows that the first order outer solution satisfies the equation

¢
2/ ey (s)ds =1 — €.
0
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Solving this by differentiating once gives

From (3.4), the inner correction solution in general satisfies
2;(1) = —2tanh 72;(7) 4+ (1),

where

== [ =)

is determined by y;(¢) and z;(7) for ¢ < j, respectively ¢ < j — 1. Then
since
Ei(r,0) = (¢ — T)sech 0 + tanh o — 1,

the first order inner correction solution z;(7) satisfies
, 1
z1(17) = =2tanh 72, (7), 21(0)= 3

Solving this gives

1
z1(7) = §sech27', T>0.

Then to the first order, the asymptotic solution Uy (¢;€) is given by
t ¢ 4
Uy(t;e) = —tanh — — = tanh? =,
e 2 €

To verify that Up(t;e) is a uniformly valid asymptotic solution, we
consider the difference

2/e(1—e) n €2t — 1
(y=Det+v+1 241
2/e(1 — ) (e2 + 1)
(v =D&t +7+1(e? +1)
(€ = D{(v—Der +~v+1}
(y—Dert +y+1(e** +1)

u(tie) — Up(tie) =

(5.4) =
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Simplifying (5.4) gives

t t
et 4625 —e1te?: — 1

Yert +ye?E 4 (v = D)erte?s £y +1

u(t;e) — Up(t;e) =
We have from (5.3) that

2
’y~—§+0(5), e — 0.

Therefore

t t
2ee?s —gets —¢

2ee2t 4 (2 —e)ett +2+¢

u(tye) — Uo(t;e) =

and . .
2ee 2 —ge 7t —¢

2ee 25 42—+ (24¢e)etE |

u(t;e) — Uo(t;e)| <
It therefore follows that, for 0 < ¢ < g¢, we have

[utse) = Uo(t: )| < 3,

for all 0 < ¢ <T'. Similar calculations show that there exists a positive
constant ¢; > 0 such that

lu(t;e) — Up(t;e)] < ci1e?,

uniformly for all 0 <t¢ < T.

5.2 Example two. Consider the following example which follows
from the population growth model. The unperturbed model is dis-
cussed by Brauner [6] and related models are found in Gripenberg et
al. [12]

(5.5) eu(t) =eS(t) + /0 S(t—s)u(s)(1 —u(s)/c)ds,

where ¢ > 0 is a constant. Problem (5.5) is a model for the population
growth. The function u(¢) is the population size at time ¢. The survival
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function S(t) is the fraction of the initial population which is still alive
at time ¢, so S(0) = 1. u(l — u/c) is the rate of reproduction. Since
e is small, (5.5) describes a rapidly growing population. A typical

survival function considered here will be nonnegative, nonincreasing

and differentiable such as e~t.

Problem (5.5) corresponds to

ft;e) =eS(t), g(t,s,u) =St —s)u(l —u/c).

The leading order outer solution, yo(t), is given by

5.6 0= [0 (o)1~ ol ) s
which implies

(5.7) Yo(t) =0 or yo(t) =c.

To satisfy (Hy), the correct leading order outer solution is

Yo (t) =¢

since then O5g(t,t,yo(t)) = —1. By (3.1) the leading order inner
correction solution z(7) is given by

(5.8) 20(7) = —20(7) (1 - %z0(7)>, 20(0)=1—c¢,

which has solution

(5.9) zo(7) = %

This implies that lim,_, 20(7) = 0 and thus to the leading order, the
asymptotic solution, Uy (¢;¢) of (5.5) is given by

c

(5.10) Up(t;e) = Py



SINGULARLY PERTURBED NONLINEAR VIEs 147

Thus on a time scale of order €, the population increases rapidly. Since
(5.5) and yo(t) satisfy the hypotheses imposed on this presentation.
The unknown exact solution satisfies

(5.11) u(t;e) —

uniformly for 0 <¢ < T.

The higher order outer solutions are given in general for j > 1 as
(5.12)

v () = £(0)— / S(t—s)y;(s) ds+ / B;(t,5) ds+ / "yt o) do,

where f;(t) = S(t), 7 =1 and f;(t) =0, j > 2. The functions ®; and
k;_1 are determined by y;(t) and z;(7) for i < j—1. Since ®4(¢,s) =0

and
c(c—1)e °
(I+(c—1e )2 )
it follows that the first order outer solution, y;(t) is given by

fo(t. ) = 5(0){

¢
(5.13) c(1-5(@)) = —/ S(t— s)yi(s)ds.

0
Equation (5.13) has the unique solution which depends on s(t).
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