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CHERN-DIRAC BUNDLES ON
NON-KAHLER HERMITIAN MANIFOLDS

FRANCESCO PEDICONI

ABSTRACT. We introduce the notions of Chern-Dirac
bundles and Chern-Dirac operators on Hermitian manifolds.
They are analogues of classical Dirac bundles and Dirac
operators, with the Levi-Civita connection replaced by the
Chern connection. We then show that the tensor product
of the canonical and the anticanonical spinor bundles, called
the V-spinor bundle, is a bigraded Chern-Dirac bundle with
spaces of harmonic sections isomorphic to the full Dolbeault
cohomology class. A similar construction establishes isomor-
phisms among other types of harmonic sections of the V-
spinor bundle and twisted cohomology.

1. Introduction. A Dirac bundle over a Riemannian manifold
(M, g) is a real or complex vector bundle

m:E—M

endowed with a Riemannian or Hermitian metric s, a metric connection
D and a Clifford multiplication

c¢:ClM — End(E),

i.e., a structure of the left C¢ M-module with respect to which the multi-
plication by tangent vectors is fiber wise, skew-adjoint and covariantly
constant. For every such bundle, there is a distinguished operator,
called the Dirac operator, which plays a central role in many areas of
differential geometry and theoretical physics (see, e.g., [5, 8] for an in-
troduction to this topic). The most notable examples of Dirac bundles
are spinor bundles on the so-called spin or spin® manifolds.

One of the most important properties of Dirac operators is the fact
that they are first order, elliptic and formally self-adjoint operators,
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whose squares have the same principal symbol of the rough Lapla-
cian. On the basis of such properties, one may expect the existence
of Hodge-type theorems for Dirac operators, relating the null spaces of
these operators with appropriate cohomology groups of the manifold.
This expectation is, however, contradicted by Hitchin’s results in [7],
where it was shown that the dimensions of the null spaces of Dirac
operators cannot be expressed in purely topological terms. However,
in the special case of Kahler geometry, there exist such strong inter-
actions between Clifford multiplications and complex structures that
give rise to some notable isomorphisms between the null space of the
Dirac operators and certain cohomology groups of the manifold. More
precisely, given a compact Kahler 2n-manifold (M, g, J), the following
facts hold.

(i) M admits a canonical spin(C spinor bundle which is isomorphic to
A% (T* M) and whose Dirac operator coincides with v2(9+9 ). From
this, one obtains that the space of harmonic spinors is isomorphic to
the Dolbeault cohomology class Hg"(M) (see, e.g., [5, subsection 3.4],
or [8, Appendix D]).

(ii) The complex Clifford bundle C£€ M := C¢ M@gC of M always
carries a very rich algebraic structure, which has been systematically
studied by Michelsohn [10]. There, the author determined a natural
bigradation on C¢ Cpm and, using Dirac operators, constructed a natural
elliptic cochain complex which defines the so-called Clifford cohomology
of the Kahler manifold.

The aim of this paper is to determine analogues of (i) and (ii)
in the more general setting of Hermitian geometry. This is indeed
achieved by making use of the Chern connection, instead of the Levi-
Civita connection. Following this idea, we first define the Chern-
Dirac bundles on an Hermitian (possibly non-K&hler) manifold and the
associated Chern-Dirac operators. They carry all the nice properties of
the usual Dirac bundle and Dirac operators, respectively, and they
are equal to them in the case where M is Kahler. Then, on any
Hermitian manifold (M, g,J), we explicitly construct a distinguished
Chern-Dirac bundle VM, naturally isomorphic to C/¢ €M, called the
V-spinor bundle. Further, in the same spirit of [10], we show that
VM is naturally bigraded and that the kernels of the Chern-Dirac
operators on V-spinors are naturally isomorphic to the De Rham and
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Dolbeault cohomology classes of M. Finally, using these new tools,
we obtain a spinorial characterization for the Bott-Chern, Aeppli and
twisted cohomologies. We also determine explicit expressions for the
squares of Chern-Dirac operators, which might be used to determine
useful Bochner-type theorems on non-Kéhler Hermitian manifolds with
appropriate conditions on curvature and torsion. Although we proceed
in a similar way, our construction is very different from that given in
[10]. For the sake of clarity, we will often point out differences and
similarities with Michelsohn’s framework.

The paper is structured as follows. After the first two sections, where
some basic properties of Hermitian manifolds, spin groups and spin®
structures are recalled, in Section 4, we define Chern-Dirac bundles and
Chern-Dirac operators and prove their main properties. In Section 5,
we introduce the Chern-Dirac bundle of V-spinors and prove the main
results of this paper. In Section 6, applications of V-spinors in twisted
cohomology are given.

2. Preliminaries and notation. In this section, we briefly summa-
rize some basic notation and properties of spin® structures and spinors
over Hermitian manifolds. We refer to [5, subsection 3.4], for a more
detailed treatment of these tools. However, we stress the fact that we
are using the definition of Clifford algebra of [8], based on formula
(2.5). The sign convention used in [5] is opposite to ours, and this
causes differences in some formulas of this paper from those found in
that book.

2.1. Hermitian manifolds and Chern connections. Let (M, g, J)
be a 2n-dimensional Hermitian manifold, with the fundamental form
w := g(J+,-). The J-holomorphic and J-antiholomorphic subbundles of
TCM are denoted by T'°M and T°' M, respectively. Analogously, the
corresponding dual subbundles of T*CM, determined by the J-action
on covectors (JA)(-) := —\(J-), are denoted by T*1M and T*°*M,
respectively. The bundle of (p,q)-forms is indicated by AP4(T*M)
and the space of its global sections by QP%(M). The decomposition
d = 0+ 0 is the usual expression of the exterior differential d as sum
of the classical @ and 9 operators.
We denote by
m:804(M) — M

the SOg,-bundle of oriented g-orthonormal frames, and by
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Uy, (M) C SOy4(M)

the U,-subbundle of (g, J)-unitary frames, that is, of the frames (e;)
satisfying the conditions g(ej,es) = 0, and Jey;_1 = eg;. Further, for
each unitary frame (e;) C T, M, x € M, we denote by

€25—1 — €25 _ €2s—1 + i€2s
(2.1) <es = = 2 8
1<s<n

V2 V2

the complex frame given by the normalized holomorphic and anti-
holomorphic parts of the vectors es. We call it the associated normalized
complez frame.

Note that, given a unitary frame (e;) for T, M, the Kéhler form
Wy = Wy, 1| is equal to

wp=e'Ne*+ -+ TINE =i(e' NE -+ A,

The Levi-Civita connection of (M, g) is the torsion-free sos,-valued
1-form wl® on SO, (M), and its corresponding covariant derivative on
vector fields of M is denoted by D¢ . Similarly, the Chern connection
of (M,g,J) is the u,-valued connection form w® on U, ;(M), whose
associated covariant derivative D€ on vector fields of M possesses
torsion satisfying T'(J-,-) = T'(-,J-). The covariant derivatives of the
Levi-Civita and Chern connections are related by

(2.2) DExY = DI9yY + S(X,Y),

where S is the uniquely determined contorsion tensor of the Chern
connection. It is well known that the contorsion and the torsion of the
Chern connection are given by

1
S(X,Y.2) = —3 dw(JX.Y, 2),
(2.3)

T(X,Y,Z) = —=(dw(JX,Y,Z) + dw(X, JY, Z)),

1

2
and they are related by

T(X,Y) = S(X,Y) — 5(Y, X),

24) 25(X,Y,2) =T(X,Y,Z) - T(Y, Z,X) + T(Z,X,Y),

where S(X,Y,Z) :=¢g(S(X,Y),Z) and T(X,Y, Z) := g(T(X,Y), Z).
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Finally, we recall that the Lee form of (M, g,J) is the 1-form

0X) = THT(X, ) = Y T(X.ej0e))

where (e;) is an arbitrary choice of a (local) unitary frame field on M.
It can easily be verified that the fundamental form w and the Lee form
¥ are related by

Y =—Jd*w,

where d* is the adjoint of d with respect to g.
2.2. Complex spin representations and Sping. We recall that the

Clifford algebra C/,, is the real associative algebra with unit generated
by n elements (e;) satisfying

(2.5) ej-epter-e; =—20, 1<j4 k<n.
As a vector space, C¢,, can be identified with A"(R™) in such a way that
(2.6) v-w=vAw—viw foreveryveR" weA(R").
The spin group is the subset
Spin,, :={v1 - ... vy 1 v; € R, |Ju,|| =1},

equipped with the multiplication of C¢,,. If n > 3, it is simply connec-
ted, and it is the universal covering of SO,, by means of the map

Tn t Spin,, — SO,
Tn(vy - ... vgp) i=refly, o ... orefl,, |

where refl, is the reflection of R” with respect to v*. We denote by 8,
the space of complex n-spinors, by

1l ®8, — Sy,
the standard Clifford multiplication, and by
Kn @ Spin,, — SU(8,)

the spin representation of Spin,, where we consider §,, endowed with
a positive definite Hermitian scalar product which is invariant under
Clifford multiplication by vectors v € R™ C C¥,.
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Now, let C’éf = Cl, ®rC be the complex Clifford algebra. In the
even-dimensional case, Cﬁécm is generated by complex vectors (e;,€;),
related with the generators (e;) by the formula (2.1), which verify

(2.7) € €5+ €5 € =€ €5+ €€ =0, € €5+ Es-€p = —20,.

Finally, we recall that the Spinc-gmup is the Lie group SpinS
:= Spin,, xz,S8. Tt is a 2-fold covering of SO, xS! by means of the
map

(Tny 0n) : Sping — SO, xS*,

where

7+ Spin€ — SO,,, n([9: 2]) = Tn(9),
On : Sping — St on([g, 2]) = 27,

and admits a representation on §,, again denoted by k,,, defined by

(2.8) Fon = Spins — SU(S,,), kn([g, 2]) = 26n(9).

2.3. spin® structures on Hermitian manifolds. Let (M, g) be an
oriented Riemannian manifold with oriented orthonormal frame bundle

7m:S804(M) — M.

A spin® structure on (M, g) is a Sping—bundle 7 : P — M together with
an equivariant bundle morphism @ : P — SOy (M) such that 7 = mow.
Given a spin® structure P, the corresponding spinor bundle is the

associated bundle 8M = Px,_8,. The space of its global sections is
indicated with &(M).

Most, but not all, orientable Riemannian manifolds admit a spin®
structure, see [8, page 393]. A crucial property of the subclass of
Hermitian manifolds is that all of them have two very natural spin®
structures. In fact, the homomorphisms

(2.9)  fr:U, —S09, xSY,  fi(A):= (1, (A), det(A)*)

where 1y, : U,, = SOg,, is the canonical immersion of U,, into SOy, and

can be uniquely lifted to two group homomorphisms Fy : U,, — Spingn
in such a way that the diagram
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Sping,,
F.
* l(ﬁn’@n)
Uy, ————— S09, x51

f+

commutes.

Definition 2.1. Let (M,g,J) be an Hermitian 2n-manifold. Its
canonical spin® structure is the bundle

PT(M) := Uy ;(M) x g, Sping, .
Similarly, its anticanonical spin® structure is

PHM) := U, (M) xp_ Sping,, .

If SM is a spinor bundle on (M,g,J) associated with a spin®
structure, it is known that the Kéhler form w = wg ; acts on M
by Clifford multiplication as a bundle endomorphism. Its eigenvalues
are the imaginary numbers (2k —n)i, 0 < k < n, and, in each fibre, the
corresponding eigenspaces

SEM = {¢p € 8, M :w, + 1 = (2k —n)iv},
0<k<n, xz€eM,

have dimension (Z) It may also be directly verified that

8OM = {p € 8§, M :T -1 = 0 for every v € TO' M},

(2.10) . 10
SEM ={ype8;M:v-¢=0for every v € T;°M}.
Furthermore, it is known that there exist Hermitian metrics on SM in-
variant under Clifford multiplication by tangent vectors. With respect
to one such metric, for every 0 < k < n, the maps

(2.11)

1
P AT M) @ 8°M — 8FM,  oFEe):

2k/2ﬁ‘7/}a

) 1
BE AMT M) @ 8"M — 8" M, B @y) = s vy
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are C-linear isometries, and their sums give rise to global isometries
a: A (T M) 2 8°M =5 SM
B AT M) 28" M — SM.

3. Chern-Dirac bundles.

3.1. Chern-Dirac bundles and partial Chern-Dirac operators.
Given an Hermitian 2n-manifold (M, g, J), we can always consider the
complez Clifford bundle over M, defined by C¢® M := U, ;(M) xy,
Cl5,, where the group U, acts on C{5 in the standard way. It is
the complex analogue of the (real) Clifford bundles considered in [8,
subsection 1.3]. In full analogy with the notion of the (real) Dirac
bundle, see e.g., [8, subsection 1.5]), it is convenient to introduce the
following

Definition 3.1. A Chern-Dirac bundle over (M,g,J) is a complex
vector bundle 7 : E — M endowed with an Hermitian metric A, a
covariant derivative D which preserves the metric and a structure of
complex left C¢€ M-modules

c:CLCM — gl(E),
satisfying the conditions:

(i) for every v € T°M, 01,09 € E,

(3.1) h(c(v)or,02) + h(o1,c(T)og) = 0;
(i) for every X € X(M), for sections w of C£® M and o of E,
(3.2) Dx(c(w)o) = c(Dggw)U + c(w)Dxo.

Note that, if M is Kéhler, then D¢ = DXC and, consequently, any
Chern-Dirac bundle over M is a Dirac bundle in the usual sense.

The main results of this paper are based upon the following differ-
ential operators on Chern-Dirac bundles, which are natural analogues
of Dirac operators.

Definition 3.2. Let E be a Chern-Dirac bundle over (M, g,J). The
partial Chern-Dirac operators on section E are the maps é?l and (3”
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that transform any section ¢ of E into the sections defined for every
x € M by

n

1
§ ol = Zc(éj)Deja ~3 Zc(a <€ Trs)ou,

(33) jzl r<s
1
"
@ ol = Zlc(ej)ngcr ~3 ;c(er €5 Trg)og,
1= rs

where (¢;,€;) is the normalized complex basis (2.1) associated with a
unitary basis (e;) C Tz M, T is the torsion of D€ and Ty := T(e,, €5),
Trs := T(€,,€s). The sum of these operators gives what we call the
Chern-Dirac operator

(3.4) =3¢ +a"

It can be directly verified that the formulas (3.3) define two global
operators on the entire manifold, i.e., they are coordinate invariant.
Indeed, if (e}) and (ex) are unitary frames at = € M with e} = ekA;?,
then the associated normalized complex frames are related by
(35) 62- = Gkaf, Elj = Eka§

k

with af = A%f:ll - iAg?il. Since the complex coefficients a7

k=m _ skm
dojajalt =0"", then

verify

n

j=1 r<s
n
= afa?c(ék)Deho
j=1
1 — p—=m_q -
— 52 EGalEtag c(€ - &m - T(ep,€q))0x
r<s
- 1
= Z C(ek)Deka 2 Z C(Gg €m T(Gg,ém))dx,
k=1 <m

and analogously for a//.

It follows from the definition that the Chern-Dirac operator I is a
first-order elliptic operator. Moreover, it turns out that the operators



1264 FRANCESCO PEDICONI

(3.3) are formal adjoints of one another and, consequently, I is formal
self-adjoint. In fact:

Proposition 3.3. Let E be a Chern-Dirac bundle over M and o1, o2
two sections of E. Then:

/

(3.6) W@ o1, 00) — h(o1,d" 0o

where V71292 s the unique complex vector field which satisfies

) = Div(Vore2),

g(Voro2 X)) = —h(oy, c(X'ay)  for every X € X(M).

Consequently, if o1 and oo are compactly supported, then
/ W@ o1, 09) dvol, =/ ho1,@" o5) dvol, .
M M

Proof. Let (e;) be a unitary frame field defined on some open subset
U C M and ¢j, € the associated normalized complex vector fields
defined in (2.1). It may be directly verified that the vector field V7192
takes values in 70' M. By the properties of Levi-Civita connection, this
implies that
(3.7)
Div(V772)

— Z (9(DECVILT %) + g(DECVTH22, ¢5))
_ Z g(V7 o, DECE)) + 25 (g(V1 72, ¢;)) — g(VTH72, DEC;))
= Z (=& (h(o1,c(€))02)) — Div(E;)h(on, c(€j)o2)).

j

On the other hand, we also have that
(3.8) Z Dfe;j =Y (—Div(g) +9(E))e;
J
Using (3.7) and (3.8), we obtain that
h(a/O—hJQ Zh Ej D6J01702 Zh ET 65 Trs)01702)

'f<6

= th(Dejal, clej)oa) Zh o1,¢( (es)c(er)or1,02)
J

r<s
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= 2 (=& (h(01,¢(€)02)) + 101, D (e(€5)72)

+ - Zh o1,¢ (€s)e(er)or, 02)

T<S

= Z —€j(h(o1,c(ej)o2)) + h(al, C(D%fj)a'g)
—+ h(O’l,C(Gj)Dg].O'Q))

+ % Z h(oy, c(Trs)c(es)c(er)o1, 02)
U (o, eleg)o)) — Div(e o, cle)o)
+ 9(€;)h (Ul,c(éj)@)

+ h(o1, c(€j)De; Zh o1,c¢ (es)c(er)o1,09)

7‘<s

L Div (V7o) + 3 bl ele) De, )

J

+Zq9 (€)h(o1,clej)o2)

T3 ;h("l, o(Trs)c(es)c(er)or, 02)
= Div(V7072) + Z h(o1,e(¢j) De;02)
— % Zh(al, c(er)c(es)c(Trs)o2)

r<s

= Div(V7072) + hioy, # o),
so that (3.6) holds. The last assertion follows from Stokes’ theorem. [J

3.2. Bochner-type formulas for Chern-Dirac operators. Let F
be a Chern-Dirac bundle over an Hermitian 2n-manifold (M, g, J). We
now determine Bochner-type formulas for the squares of (?/7 (?” and of
the Chern-Dirac operator I). For this, we must introduce a few opera-
tors on sections of F, determined by the curvature and the torsion of
Chern connection.
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First, we consider the action of the curvature R of D on sections o
of B

Rxyo:=DxDyoc— DyDxo — D[X,Y]U
for every X,Y € X(M).

Second, for each section o, we define

(3.9)
R*%o|, == Zc(Ej-Ek)Rqeka, R0, = Zc(ej-ek)R@-zka,
i<k i<k
1
RYMo|, = 3 Z (C(Ej “€r)Re;e,0 + (e 'Ek)joekO'),
Jk
Ro := R*%5 + Rbo 4+ R%?0,
(3.10)
Tiols = Zc(ej e €€ T Trs + € €665 T -ng)a
jék
Taole =Y c(e; - (D¢, 1) + & - (DE.T) )0,
7k

where (¢;,€;) is the usual normalized complex frame (2.1) determined
by a unitary frame (e;) for T,, M. Third, we define as Q the first order
differential operator on sections of E by

(3.11) Qoo =Y (c(ex - Tjp) De,0 + c(&k - Tj) De, o).
Jj#k

A first Bochner-type formula is the following.

Theorem 3.4. On each Chern-Dirac bundle E over M, we have

(3.12) @2 =R>, (") =R"2

Proof. Consider the decompositions of partial Chern-Dirac operators
into sums of differential operators of order 1 and 0, namely,
1

(3.13) §=Aa— %B’, P =A"— 38"
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where

A= ZC(Ek)DEk7 B = ZC(ET " €s 'TTS)’
k

r<s

A = Zc(ej)ng, B" .= ZC(GT €5 Trs).
J

r<s

Using (2.7) and standard properties of metric connections, with some
tedious but straightforward computations, we obtain that, for each
section o of E:

(1) (A/)2U - _ Z C(Ej . gk)DTij 4 R2,00;
i<k
(ii)
A'Bo=— ZC(E]- €k Em - T([E%EkL Em))U
i<k

— Z C(Ej c €k Em - T(Tjk, Em))O'
+Y (& & DE, Tix)o

+Y (& & - &m - Tjr)De,, 0

(iii) B'A'g =Y c(& & Tjp &m)De,0 ;

j<k
m

(iv) (B')?0 = —QZC(Ej €k Em T (Tjk, €m))o .

j<k
m
With similar computations, we may also obtain:

(3.14) Z (€ - € - &m - Tjr)De, 0 + Z (€ € - Ty, - €m)De,, 0
i<k i<k

= —QZC(E]' 'Ek)DTij-
i<k
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From (i)—(iv) and (3.14), it easily follows that
1 1
(@)20=(A) 0 - 5(A'B' + B'A)o + £(B)o

_ 1 o
:R2’OU—ZC(€j : ek)DTjka—|—§ Zc(ej € Em- T([€).€], €m )0

i<k j<k
1
+ 3 ZC(E]- € Em T(Tjk, €m)) Zc (€ & - Em- DECmTjk)U
j7<nk ]<k
1
~3 ZC(E]- € €m  Tjg)De,,0—= Zc & - Tji - €m)De,, 0
i<k ]<k
m m
1 _
~3 ZC(EJ' € Em T (Tjg,€m))o
j<k

=R+ 23 (@@ o - (T4l em) = DE, Ty))or
]<k

1
:R2700+§ D> (6 (T el em) + T(lens €m), €5)
j<k<m

+ T (lem, €3], k) = D&, Ty = D, Tiom — DE,Tnj) )0
Here, the second term vanishes due to the first Bianchi identity. Indeed,

DE T + DS, Tji, + DE Ty = (DE,T) €1y €m) + (DET) (€ €;)
+ (DSMT)(ej, €x) + T(ngek, em) + T(ek, ngem) + T(kaem, €;)
+ T(em, D ¢;) + T(DE €j,ex) +T(ej, D ex)
= —T(Tiksém) — T(Thm, €;) — T(Tpnj, ) + T(DE ey — DE, €5, €m)
+ T(DE, €, — DS, ex, ;) + T(DE, ¢,

= T([ej, €k, €m) + T([ex, €m], €5) + T([€m, €], €x).-

ij €m, €k)
This proves that (@)% = R2°. The identity (#")% = R%2 is similarly
proven. O

A formula for the square of the Chern-Dirac operator is given as
follows.
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Theorem 3.5. The Chern-Dirac operator of E verifies

1 1
(3.15) ¢22A+Q+R+i7—l_§7-27
where A is the rough Laplacian of D defined locally by
2n
Ao = — z:l(DejDeja - Dnge]-U),
=

and Q, R, T1 and Tz are the operators defined in (3.9)—(3.11).

Proof. As in the previous proof, (e;) is a locally defined unitary
frame field and (¢;,€;) the corresponding normalized complex frame
field. Consider the decompositions of I) into a sum of differential
operators of order 1 and 0, respectively, namely,

(3.16) D=A- %B7

where

A= Zc(ek)Deka
k
B = Zc(er es Tee.)

r<s

Then, with computations very similar to those of the previous proof,
we obtain

(i) A%0 = Ao + Ro — Z c(ej - ex)Dr,

e, 05
,]Ck
i<k

(ii) (AB+ BA)o
= — Z clej-er-em-T(lej, e, em))o

j<k
m
- Zc(ej ek em T (Tee,,em))o
i<k
m
+ Zc(em cej e ngTejek)an Zc(ej . ek)DTejﬂka
J<k i<k
m

+ Z c(es . T(Dgem es))a -2 Z c(es Te,e.)De, 03
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(ii) )
B%o = Zc(ej ceper-s Teep  Tepe,)o
j<k
r<s

- QZC(Q € €m - T (Tjk, €m))o.

i<k
m

Combining (i), (ii) and (iii), we have

Do =A% — %(AB + BA)o + 3320
1
=Ac+Ro+ 3 ;c(ej cex-em - T([ej, ex),em))o
j

1
— 5 Zc(em c€j € 'ngTejek)U
i<k

_ % Z c(es . T(Dg,eh es))a + Z cles Te,e.)De, o

TS

1
+ 1 E clej-er-er-es-Tejep Tee,)o
j<k
r<s

1
=Ac+Ro+ 5 TZSC(GS . (DSTTETGS + T([€r7€s]7€'r)

_ T(DSTe,.7 es)))a + Qo + 27‘10

1 1
=Aoc+Ro+ Qo+ -Tioc+ = ZC(es : (Dg-T)eres)U

4 2 —
1 1
ZAO'—FRO'—FQO'—FiﬂU—i,TQU. O

Formula (3.15) contains the first-order term O, and hence, is difficult
to handle. For this reason, it is convenient to define a new covariant
derivative D on E by

~ 1
Dxo:=Dxo — 3 Zc(ej -T(X,ej))o.
J

With straightforward computation, it can be directly verified that the
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rough Laplacian A of IA), defined locally by

2n
~ ~

Ao = — Z (ZA)ejDeja - Dngeja),

=1
satisfies
~ 1 1
A=A + Q - 57—2 + 1 Z C(ej c €k - Tem,ej . Tem,ek)v
7,k,m

and thus, we obtain the following.

Theorem 3.6. The Chern-Dirac operator of E verifies
~ 1 1

(3.17) ID2:A+R—§P—§|T|2,

where P is defined by

P = Z (g(Te]',ekaTer,es) +g(Tej,es7Tek,er)

j<k<r<s
+ g(T€j767‘7 Tek7es))c(ej "€k er es)

and
T2 = 3 T(ej,enen)?
gk,
Moreover, if the complex dimension of M is n = 2, then P = 0 and
|T|? = 2]9|?. Thus, we obtain the following.

Corollary 3.7. The Chern-Dirac operator over a complex surface veri-

fies
(3.18) P —RA+R- i|19|2.

Following the same arguments of classical Bochner type theorems,
Theorems 3.4 and 3.6 can be used to determine vanishing properties for
solutions of equations of the form @la = 0 or [po = 0, provided that
appropriate conditions on curvature and torsion are imposed. Here, we
do not investigate such possibilities.

In the following sections, we prove the existence of some important
Chern-Dirac bundles, canonically associated with any Hermitian man-
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ifold (not necessarily Kahler), to which all results determined so far
immediately apply.

4. V-spinors and cohomology of Hermitian manifolds.

4.1. Canonical and anticanonical spinor bundle on Hermitian
manifolds. Let (M, g, J) be an Hermitian 2n-manifold. We indicate
with 8T and 8$'M the spinor bundles on M associated with the
canonical and anticanonical spin® structures, respectively. In these
cases, it can be directly verified that the eigen-subbundles $T°M and
8" M are trivial line bundles. Hence, we may fix:

(a) two nowhere vanishing global sections
(4.1) YO M — 81M, @0 M — 8" M;

(b) two Hermitian metrics h', b+ on 8T M, 8+ M, respectively, which
are invariant under the Clifford multiplication by tangent vectors
and such that

(4.2) W (0, 4°%) = 1= h¥ (g%, ¢°).

Tensoring with sections 1° and ¢°, we may identify A%4(T*M) ~
A%9(T* M) @ STOM and APO(T*M) ~ APO(T*M)® 8" M, so that the
maps (2.11) determine isometries
at®  AOR (T M) ~ ACK(T* M) @ 8TOM — 8TE M,
(4.3) k. Ak k k
YR ARO(TH M) ~ ARO(T* M) @ 8" M — 8§ F M.

Moreover, from (2.5), (2.6) and (2.10), the following useful lemma can
be immediately proven.

Lemma 4.1. Let A be a 1-form. Then, for every v € QP°(M) and i €
Q%9(M), we have

» A y? =AM AE) -0 —2((A) M E) -y,
44 )\~1/-g00:()\10/\1/)%0072(()\”)1041/)-gpo.

Considering the action of the Ké&hler form w on the dual bundle
8™ M given by
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we obtain a corresponding split
SHM =8"'Mea .- & 8"M.
Note that the C-linear maps
oF 8HTEM — 8TFM, 6% () = W1 (™ ()TN (@)). )

are actually isometries. Moreover, if ¢ = v - " € §" k)M and ) =
7i -0 € 8" M, then we have that

(4.5) e(y) = 8" () () = 1T (7 4°, 1 - ¥°) = g(v, i)
From now on, we tacitly use such maps to identify §*M ~ 8™ M.

Denote by &' (M) and &*(M) the spaces of global sections of 8T M
and 8TM, respectively. Since the unitary frame bundle U, , (M) is a
U,,-reduction of both P¥(M) and PT(M) (see Definition 2.1), we obtain
the following.

Proposition 4.2. The Hermitian bundles (8TM,h1), (8$M,h) are
Chern-Dirac bundles with respect to the action of the Chern connection
of M and the standard Clifford multiplication, which are isometric to
A% (T*M) and A~°(T*M), respectively, by the maps (4.3).

Proof. From the very definition of PT(M), it follows that
STM = Uq7J(M) X(K2n0F+) S?na

and thus, the Chern connection w® on U, (M) defines a covariant
derivative of the sections of 8TM by

(4.6) DSt = dep(X) = dyp(X) + (ko 0 Fy )i (we (X)),
where:

(a) ¢ € &N(M) is identified with a function 1 : Uy (M )—82, such
that
Y(uA) = Kon (Fr (A7) 9(u) for every A € Uy;

(b) X is the horizontal lift of X on TUg (M) determined by the
connection form w€:

(c) d€ is the exterior covariant derivative on U, ;(M) determined
by wC.
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Using (4.6) and the fact that the differential of F; is merely
1
() ttty — 500 1R, (F4)a(4) = ()7 (4) + 3 Tr(4),
we get that
DS (Y -¢) = (DKY) -9 +Y - DS
for every X, Y € X(M), v € &T(M).

Since the representation kg, of Spiny, is unitary, it follows that D€ b =
0 and, furthermore, it may be verified that (3.1) holds. The same ar-
guments, mutatis mutandis, determine a covariant derivative D€ on
spinors ¢ € G M) which fulfill the necessary conditions. ]

4.2. A fundamental example of Chern-Dirac bundle: The V-
spinors. Given an Hermitian 2n-manifold (M, g, J), with canonical
and anticanonical spinor bundles 8TM, $¥M, we define as the V-spinor
bundle of M the vector bundle

VM = 8*M @ ™.

Note that VM is equipped with the Hermitian metric h := ht @ AT,
where ht* and h' are defined in (4.2), and with the bigradation given
by the subbundles

VPAM =8V PM @ 8TIM ~ STPM @ 8TYM, 0<p, q<n.

In addition, note that, since $T°M and §+" M are trivial, the subbundles
V-OM and V9 M are isomorphic to 8¥M and §'M , respectively, so that
VM can be considered as a bundle which naturally includes both the

canonical and anticanonical spinor bundle. Let us denote the space of
global sections of VM by U (M).

From the proof of Proposition 4.2, we obtain that the Chern connec-
tion defines a covariant derivative along the vector fields of M of the
sections of VM:

DC: X(M) @ B(M) — B(M).

Let ©° and 4° be the global sections in (4.1), satisfying (4.2), and
€% the distinguished section £° := ¢% @ ¢° € Y(M). Clearly, £ is
a nowhere vanishing global section of V%M such that A(¢°,£0) = 1.
Note that the action of D¢ on G™(M) ~ C>(M;C) coincides with
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the Chern covariant derivative of the trivial holomorphic Hermitian
line bundle (STOM, Rl s100r@8m0 00 1/)0) and therefore corresponds to the
trivial covariant derivative on this bundle. The same holds on &+ (M)
~ C®(M;C). Thus, it follows that the action of D¢ on sections of
VOO0 is trivial as well.

Interest in the bundle of V-spinors comes from the fact that there
are two structures of complex left CLC M-modules on VM which makes
it a Chern-Dirac bundle isomorphic with the bundle of complex forms
of M. In order to see this, let

(4.7) Lor:CLEM@VM — VM

be the unique C-linear operations which transform each pair, given by
an element w € Cﬁf M and a homogeneous decomposable V-spinor
Y € VPAIM at some x € M, into the V-spinors

wep (V) =(w-9) @Y,  w-r(e®Y):=(-1)e (w-).
As mentioned above, the following properties hold.
Proposition 4.3.

(i) The bundle VM is a Chern-Dirac bundle with respect to (4.7).
(ii) There exists an isometry ¢ : A" (T*M)—VM such that D% o
s =¢o D& for every X € X(M).

Proof. The first claim follows directly from Proposition 4.2. For the
second one, let

9P (APO(T* M) @ 8" M) @ (A>Y(T*M) @ 8T M)
— APYT*M) @ VOM

be the vector bundle isomorphism which transforms decomposable ele-
ments into

PN (ve ) ® (EeY) = VAR ®&, =M.
Also, let
(4.8) P APYT*M) ~ APYT*M) @ VOOM — VPIM,

P .= (ﬁip ® aTq) o (Jp’q)*l’
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where a7 and B+ are the isometries defined in (4.3). By construction,
each isomorphism ¢?¢ is actually an isometry of Hermitian bundles,
and they all combine into a global isometry

A (T"°M) ~ A(T"°M) @ VoM — VM.
The fact that D$ o = ¢ o D% follows from the previously mentioned
property D¢y = D¢p° = 0 yields that, for every n = v AL € QP9(M)
and X € X(M), we have
D& (n) = s D (v ) @ (- 49))
= s (DS ) @ (1 0%) + v+ ) & (D= 0°)
= (87 2a")(Dsve ) @Eev’) + (v o ¢’)
® (D57 ® "))
= (B @ a™) (471 (D% v A R) @ £+ (v A D&R) ® £°))
= ¢P4(D%n),
and this completes the proof. O

The components ¢P9 of the isometry ¢ defined in (4.8) play an
important role in the following discussion. It is therefore convenient
to introduce the notation

S laraaangvoon == ((+ lavoranesie )

® (* |ava(ran@stonr)) © (974) 7!

which allows setting the map ¢?¢ as
1

(4.9) <p’q(77):an§0 for every n € QP9(M).

4.3. The algebraic structure of V-spinors. Let (M,g,J) be an
Hermitian 2n-manifold and C¢CM its complex Clifford bundle. Since
Cls ~ gl(83,) = Man(C), there exists a C-linear isomorphism

(4.10) X : VM — CeCM ~ gl(STM),

which maps each decomposable V-spinor ¢ ® ¢ € VM into the unique
element w := y(¢®1) € CLC M, defined by the condition

w1 =) for every ¢ € 8TM.
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This gives rise to the following C-linear isomorphism between A" (7€ M)
and CL€ M:

(4.11) xos: A (T*°M) — Ct® M.

The reader should nonetheless be aware that such a map is in gen-

eral different from the canonical isomorphism CL€ M ~ A (TCM) L
A (T*CM) described in (2.6). Furthermore, the isomorphism (4.11)
induces a bigradation on C£€ M, defined by

(4.12) CLPIM = x(VPIM) = (xoq)(API(T*M)),
which is different from that considered by Michelsohn in [10, Sec-
tion 2.B].

We can finally define a structure of bundles of algebras on VM by
setting

&1-& = x""(x(&) - x(&)) for every &,& € VM.

Note that, if & = 1 ®1 and & = @2 R are homogeneous decompos-
able V-spinors, with p; = v; + ¥ € §7Pi M and ¢); = IE Y0 € 8T M,
from (4.5) and (4.8) it follows that such a product is merely

§1-&a = (01 @ Y1) - (P2 @ Ya) = p1(Y2)(p2 ® Y1)
=222y Ty 6(v2 ATy ).

4.4. Partial Chern-Dirac operators on V-spinors. Let (M, g, J)
be an Hermitian 2n-manifold. The main result of this section consists
in the proof that the partial Chern-Dirac operators on VM correspond
to the standard operators 0, 0* and 5*, 9 on differential forms.

We indicate by @'(X) @"(L) and @’'(F) | @”"(R) the partial Chern-Dirac
operators on sections of VM determined in (3.3) using the Clifford

multiplications ¢ = -7, and ¢ = -p, respectively. In full analogy with
[10, Theorem 4.1], we prove the following.

Theorem 4.4. The operators @'Y) and @ F) (respectively, ') and
@) are formal adjoints of each other and squares satisfy

(413 @R =0=@" "R, @7 =0= ("0
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Moreover, the cochain complexes

/(L) a/(L) a/(L)
T4I(M) ——— THI(M) a (M),

(414) au(R) a//(R) a//(R)
B0(M) ——— (M) - v (M),

are elliptic.

Proof. The first claim follows directly from Proposition 3.3, while
(4.13) follows from (3.12) and properties of the curvature of the Chern
connection. In order to prove that @'(E)(YP9(M)) C PP+ha(M),
consider a unitary frame field defined in an open subset Y C M and
the associated normalized complex frame (e;,€;) defined in (2.1). It
may be directly verified that

() Zw-ej => (F-w—2ig),

J

() Y w & Tre=) (& Tre-w— 2% & Tps).

r<s r<s

Now, set a homogeneous section ¢ € UP4(M). Since Dw = 0, from

(i) and (ii), we obtain:

1

wep §' D = Z(w.gj) . ngg _ 52@ e € Ths) L €
J

r<s

=(n—2p—2)iy &- DL

J
1 . _
—~ 5(n—2p—2)z§(er'es Tps) €
= (n—20p-+ 1)V
and then it is immediate to verify that w.r @' X¢ = (=1)PT1(2q
—n)i@'P¢. The inclusion @”F (Wra(M)) C VP+1(M) can be
similarly shown. It remains to prove that equations (4.14) are elliptic.

In order to see this, consider a real covector A € T'M, and observe that
the principal symbols of the four partial Chern-Dirac operators are

@ )N = )0, (@) = ()L,
(@ )N = (g, o)) = ()
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Ellipticity now follows from the relation
OB E) 4 )1 ()1 = —g(3, ),
and this completes the proof. O

The next theorem establishes a crucial relation between the partial
Chern-Dirac operators on V-spinors and the standard operators 0, 0*
and 5*, 0 on differential forms. It can immediately be seen that this
relation is much simpler than the analogous result on the operators D,
D, considered by Michelsohn for Clifford bundles on Kihler manifolds
(see [10, Proposition 5.1]).

Theorem 4.5. Let ¢ : A(T*CM)—=VM be the isometry defined in
Proposition 4.3. Then, the partial Chern-Dirac operators verify

o' og = /20, cTlo@" ™ o =20,
clod'® o =20, cTlod"® o =20

For the proof, we need a preparatory lemma.

Lemma 4.6. Let x € M and n € QP9(M). Then:
oml, = Z (/. ADS,;n+ € (T) A (ejm)),
J
s = Z (@ ADSn+&(T) A (5-m)),

8*77|m:*Z€JJD N — ZET_IESJ /\?7)

r<s

5*77|m:—Z€JJD 1 — ZET_IESJ /\?7)

r<s

where (€;,€;) is the standard normalized complex frame (2.1) deter-
mined by a unitary basis for T, M.

Proof. Since S = D¢ — DX the contorsion tensor acts in a natural
manner on forms. In addition, it can be proven by induction that its
action is such that

Sx (M) c QP Y(M) & QPI(M) & QP HITL (M),
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0 <p, qg<n, for every X € X(M). From standard properties of the
Levi-Civita connection and (2.2), given a unitary basis (e;) C T, M, we
obtain

2n
dnl, = Z (es A DI;SCn)

s=1
=> (€ ADEn+@ ADEn—€ ASen—& ASen),
j

and thus,

877|x = (d"]|z)p+17q
- Z (€ ADGn— e A (Se;n)™ = A (ngn)p-i-l,q—l),

J

577|z = (d77|x)p’q+1

= Z (@ A chjr] —€e A (561,77)1771’(]+1 —@ A (ngr])p’q).
J

Furthermore, it can be directly checked that

Z (=€ A (Sejn)p’q —& A (ngn)pﬂ’qil) = Zej(T) A (ej-m),

J J
Z (—€ A (,5'61,77)’771"”+1 —@A (ngn)p’q) = Zéj(T) A (€-m).
J J
The remaining identities can be proven in a similar manner. (]

We may now proceed with the proof of Theorem 4.5.

Proof of Theorem 4.5. Consider a unitary frame field (e;) : U C
M— U, ;(M), the normalized complex vectors €;, €; defined in (2.1)
and a form n = v A € QP9(M). Then, using notation (4.9), from
(4.4) and Lemma 4.6, it follows that

(?'(L)(ﬂ?ﬁo) = Zgj'L ng(n?fo) - ;;(GT € Trs) L (77/'\50)
J r<s
=Y (6L (DELvAm =€) +5 1 (v ADE ) = €0))

J
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*72 €p - €5' rs ‘L (77/'\50)

r<s

=Y (¢ DEv- ) @ ()
+ (€ v ® (D%ﬁ 7))
1

B 52 T’“Sm(gr “€stEm 'V'@O)®(ﬁ'7f}0)
r<s

=2 (@ ADGv) %) & (- )
+ (¢ Av) - %) @ (DG 4)
£ T (€ A€ A (emw) - ) © (7 0°)

r<s
m
=Y (ADE) TE Y T (€7 A A () = €0
7 rés

Thus, we obtain:

. oL 1 . ~ 0 9(p+q+1)/2 /3
(g oiﬁ og)(n):Wg (87’.5):W8’0: 20m.

Proceeding in a similar manner, we obtain

a//(L) ZGJ LDe] n- fo)_fz(er'es'ng) L (n~ &%)

r<s

=3 (B Am ) e (0 ADED €

_*Zer €s - T Ts L (77750)
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- izTﬁEm (Er ‘€5 €m VU 500) ® (,LL 7/)0)
r<s
=> ((—2(¢2D%v) - ¢°) @ (7 - 4°)
j=1

) Trsm (= 2(ersean(€™ Av)) - ") @ (- ¥°)

r<s
= Z (—2(¢;uD%,n) = &°)
+ Z TFEm ( - 2(67'—‘68—‘(€m A 7])) ’:&-O)

r<s

m
= 2( - Zej_nDngn - Z ETJESJ((ng)b A 77)) g0
J r<s

= 20"~ ¢°,

and thus,
1 9(p+q—1)/2
-1 n(L) _ -1 N AN * o *

(ctod Og)(n)_Q(ZH’Q)/Qg (207~ ¢ )_272(]“(1)/2 o*n=v20"n.
The remaining two cases are perfectly analogous. O

4.5. Harmonic V-spinors. Now, assume that (M, g, J) is a compact
Hermitian 2n-manifold, and consider the Chern-Dirac operators on
VM determined by (3.4) using the Clifford multiplications ¢ = +;, and
c= ‘R, ie.,

(4.15) PP =g g Pl = gy g,

called left Chern-Dirac operator and right Chern-Dirac operator on V-
spinors, respectively. As we pointed out in Section 4, they are both
first order elliptic operators and, since M is compact, they are also
self-adjoint. We denote by total-harmonic V-spinors the sections of

VM which are in the kernel of B + B and right- (respectively,
left-)harmonic V-spinors the sections of VM which are in the kernel of
ZD(R) (respectively, E(L)). From Theorem 4.5, we obtain the following
isomorphism between spaces of harmonic V-spinors and cohomology
groups.
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Theorem 4.7. Let (M,g,J) be a compact Hermitian 2n-manifold.
Then:

2n n
ker (E(L) —l—lD(R)) ~ @H};(M;(C), kerlﬁ(R) ~ @ HEY(M),
k=0

p,q=0

where Hj(M;C) and HE*(M) are the usual De Rham and Dolbeault
cohomology groups of M.

Proof. Since, for every 0 < k < 2n, the spaces d(Q2"~*(M;C)) and
d* (Q2*+1(M; C)) are orthogonal, from Theorem 4.5 and standard Hodge
theory, it follows that

ker (B + PU) & {n € ' (M;C) : dyp+ d™y = 0}
2n
= @{n IS Qk(M;(C) cdnp=d'n= O}

k=0
2n
o~ @ HY(M;C).
k=0
The proof of the second isomorphism is similar. O

Remark 4.8. We recall that the canonical spinor bundle of M is
naturally included in VM (see subsection 4.2). Due to this, Theorem
4.7 can be considered as a generalization of the well-known isomorphism
between harmonic spinors and cohomology classes H g" (M) on compact
Kéhler manifolds [7, Theorem 2.1].

We conclude this section by showing how the partial Chern-Dirac op-
erators on V-spinors can be used to provide a spinorial characterization
for the Bott-Chern and Aeppli cohomologies

. ker & N ker 0 . ker 90
4.16 Hy (M) = ————, H;(M):=——.
(4.16) so(M) Im 99 A= D

We recall that both cohomologies coincide with the usual Dolbeault
cohomology in the Kahler case, and they are an important tool in
studies of non-Kéhler Hermitian manifolds. For an introduction, see
e.g., [2, 3].
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There is a Hodge theory for these two cohomologies. In fact, they
satisfy

(4.17) Hpo (M) ~ ker Apc, H; (M) ~ker Ay,

where Agc and Ay are the fourth order elliptic self-adjoint operators,
defined by

Apc = (99) (90)" + (90)" (99) + (370)(7°9)"
+(9°9)"(9°0) +9 9+ 00,
Au = (307)(30")" + (90%)"(90") + (69) (9D)"
+(00)"(09) + 08" + 90"
Due to the fact that, for every complex form 7, we have
(118) Agcn =0 ifand onlyif 0n= 517*: 5*8i77 =0,
Aun=0 ifand onlyif 9*n=0 n=099n=0,

it is natural to consider the operators
Dpo, Da: V(M) — B(M),
Pc o= 35 43700 4 31 6 g7
Dai=3" " +§" " 4§ o g,
which we call the Bott-Chern-Dirac operator and the Aeppli-Dirac op-

erator on V-spinors, respectively. From (4.17), (4.18) and Theorem 4.5,
the following becomes obvious.

Proposition 4.9. Let (M, g,J) be a compact Hermitian 2n-manifold.
Then, for every 0 < p, q < n, the kernels of Dge and ID 4 satisfy

H%’gj(M) ~ ker wBC N ‘Z]’”q(M),
HEY(M) ~ ker Ip , N TP (M),

and thus, there exist injective homomorphisms
n
@ HEL(M) < ker Dpe,

p,q=0
n

@ HEY(M) < ker D 4.

p,q=0
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5. Twisted cohomology of Hermitian manifolds andV-spinors.

5.1. Twisted V-spinor bundle with respect to an Hermitian
bundle. Let (M,g,J) be an Hermitian 2n-manifold, and let E be a
Chern-Dirac bundle over M with Clifford multiplication

c:CIE M — gl(E),

Hermitian metric h and covariant derivative D. Also, let (W, h") be an
Hermitian bundle over M, endowed with a metric covariant derivative
DW. We can trivially extend ¢ to the tensor product bundle E® W by

(5.1) c(w)(c®s) = (c(w)o)® s
and define
(5.2) h:=h®hV, D:=Dgldy+IdgeD".

With straightforward computation, the following can immediately be
verified.

Proposition 5.1. The tensor product bundle (F ® W,E, 5) is a Chern-
Dirac bundle with respect to the Clifford multiplication (5.1).

We now focus on the case in which £ = VM. We call VM @ W
the W -twisted V-spinor bundle. It is naturally endowed with the four
twisted partial Chern-Dirac operators

—_—~ —~

(5.3) KON KACN KICLON KN

defined in (3.3). On the other hand, we recall that the covariant deriva-
tive DY defines the exterior derivative dV: QF(M; W) — QFF1(M; W)
on W-valued differential forms

(5.4)
(@) (X1, Xpgr) o= 3 (=)D (C(X, -, XS, X))
J
+ Z(_l)r+s<([XT7Xs]aXla B X\T, .. '7*%\& . '7X]€+1)'

r<s

=W
This exterior derivative splits into the sum dW= 0"+ 9, with

OV QP UMW) — QPFLI(M W),
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3" Qra(M; W) — QP W),

Finally, consider the extension of the isometry ¢ : A (T*CM) — VM
defined in Proposition 4.3 to

(5.5) TIN(TEMY W — VMR W,
qW =¢® Idy .

In order to have simple notation for ¢", for each decomposable element
n®s e A(T*°M)® W, it is convenient to define

(n©®s) =€ = (n7e)®s
so that we can simply write
1
\1% —_ ¢0 D,q .
¢(¢Q) = 2(p+q)/2§ & for every ¢ € QPY(M;W).

In analogy with Theorem 4.5, we have the following important
identities for the W-twisted Chern-Dirac operators.

Theorem 5.2. Let W : A(T*CM)@W — VM @ W be the isometry
(5.5). Then, the partial Chern-Dirac operators (5.3) verify

(CW)_l ° 5_/\_/([,) ° gW — \/iaW7 (§W)—1 o 5;/\(_[,/)0 <W — \/§8W*,

(gW)_l o WR) oW = \/§5W*7 (gW)_l o Jr(R) o = \/§5W

Proof. Consider a unitary frame field (e;) : Y C M — U, ;(M),
the associated normalized complex vectors ¢;, €; and a decomposable
element ( = n® s € QP1(M;W). Following the same arguments of the
proof of Theorem 4.5, we have

PO (07 ) 08) =351 Dey((n7 ) 5)
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+> E L (7)) @DYs

=@ @s+> (¢ An) =~ aDls

J

= (8n®s+2(ej An)@D?ﬁs) Tl

J

= 0"(nws)* e
Hence,
— % - 72(p+q+1)/2aw _ /3w
(7)o 0 ®s) = —oram 0 (®s) = (n®s).

Proceeding in a similar manner, we obtain

P"E(n7€) @) = 3 e o1 De, ((7€°) @ 5)

J

B % Z(Er t€s TFE) °L ((77/'\50) ® 5)

r<s

= Z (¢ -1 (DEN-E")) @5

B %Z((er ce - Trs) oL (7€) s

r<s

+ Z (6]‘ ‘L (77/'\50)) ®D‘é‘;s

J

=200 ") @s+ Z (—2(ejm) = €%) @ D¥s
J

= 2(8*77® 5 — Z(EjJ’l?) ®D?js) T g0
J
=20"*(n@s) ¢
and thus,

3 — 2(p+q—1)/2 .
((§W> 1, a//(L) o CW)(?7®S) :2W8W (7’]@8)

=20 (n®s).



1288 FRANCESCO PEDICONI

The remaining two cases are perfectly analogous. O

Finally, if we consider the twisted left Chern-Dirac operator and the
twisted right Chern-Dirac operator, namely, the operators

—

56) PP =D +grm,  pP = jiE 4 g,

by the same line of arguments in Theorem 4.7, we obtain

Theorem 5.3. Let (M, g, J) be a compact Hermitian 2n-manifold and
W an Hermitian bundle over M endowed with a fized metric covariant
derivative DW. Then:

2n

ker (lﬁ( ) @ H

kerE( EB HEL(M; W),
p,q=0

where HYy(M; W) and HEl(M; W) are the W-valued De Rham and
Dolbeault cohomology groups.

5.2. O-twisted V-spinor bundles. The results of the previous sec-
tion have immediate applications to the case of twisted cohomology
groups H (M;C) and Hy (M) of Hermitian manifolds [4].

Let (M, g, J) be an Hermitian 2n-manifold with a fixed closed 1-form
#. Consider the trivial complex line bundle £y on M endowed with the
flat covariant derivative D?, defined for every global section s of Ly by

Dls:=ds+60 ® s.

Fixing an open covering {U/;} of M such that 6y, = df;, we obtain a
holomorphic trivialization {(U;,e~/7)} of Ly, with transition functions
efi=Ix on U; N Uy, with respect to which s® = (U;,el7) is a parallel
nowhere vanishing section. This gives rise to an Hermitian metric h?
on Lg with h?(s%,s°) = 1 so that D? is metric with respect to h?.

Definition 5.4. The 0-twisted V-spinor bundle is the tensor product
bundle
VQM =VM ® L_g
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endowed with the Hermitian metric h? := h ® h? and the covariant
derivative D := D¢ ® Idg, +1Idvas ® D? (see subsection 5.1 for the
definitions of h and D).

From Proposition 5.1, VoM is a Chern-Dirac bundle. The corre—
sponding twisted partial Chern-Dirac operators (%(L)7 "(L) @e ,

&é'(R) are called 0-twisted partial Chern-Dirac operators. Thelr sums

vy =aP + 3, B =9+ g

are called the 0-twisted left Chern-Dirac operator and the 0-twisted
right Chern-Dirac operator. By means of the isomorphism between
the De Rham complex of differential forms with values in £_4 and the
Lichnerowicz-Novikov complex

doy k=1 (M C) 2% QFL(M;C) 2
dg :=d — 0N,

from Theorems 5.2 and 5.3, we immediately obtain the following.

Theorem 5.5. Let (M,g,J) be an Hermitian 2n-manifold and
C N (T M) R L_g — VoM

the isometry defined in (5.5) with W = Lg. Then, the 0-twisted partial
Chern-Dirac operators satisfy

(¢F)7t o Gy o ¢For = /20y,

(%)™ o @y o ¢t =205,

()7 o @ o F-0 =27,

(c“)7 o @3 o Foo = /23y
In particular, if M is compact, then

2n
L R
ker (57 + pyY) ~ @B HY, (M;C),
k=0

ker ID((;R) @ Hp’q

p,q=0
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where H (M;C) and Hg{;q(M) are the O-twisted De Rham and Dol-
beault cohomology groups of M.
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