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ROUGH SINGULAR INTEGRALS
ASSOCIATED TO SURFACES OF REVOLUTION
ON TRIEBEL-LIZORKIN SPACES

FENG LIU

ABSTRACT. In this paper, we establish the boundedness
of rough singular integrals associated to surfaces of revolu-
tion generated by two polynomial mappings on the Triebel-
Lizorkin spaces and Besov spaces.

1. Introduction. Throughout this paper, let n > 2 and A,, denote
the class of polynomials of n variables with real coefficients. For N > 1,
let A, n be the collection of polynomials in 4,, which have degrees not
exceeding N, and let V,, xy be the collection of polynomials in A,
which are homogeneous of degree N.

Let R™ be the n-dimensional Euclidean space, and let $"~! denote
the unit sphere in R™ equipped with the induced Lebesgue measure do.
For any nonzero vector y € R™, we shall let

Y _
lyl

/

Y Wi Yn)-

Let d, m > 1 and I's o = {(®(y), ¥(ly])) : y € R"} be surfaces gener-
ated by two suitable mappings

®:R" —RY and V:[0,00) — R™.
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Let K be a kernel of Calderén-Zygmund type on R™, given by

Q(y)n(lyl)

(L.1) K(y) = PE

b

where 2 is homogeneous of degree zero, integrable over S"~! and
satisfies

(1.2) / Qu)do(u) =0
Sﬂ,*l

and h € A;(R"). Define the singular integral operator T o ¢ v in
R4*™ along 'y ¢ by

(13)  Thowwf(uv) = pv. / F(u— B(y), v — T(|y) K (y) dy.
RTI

where (u,v) € RIxR™ = R¥*™ and f € S(R¥™™) (the Schwartz class).
Here, A,(R"), v > 0, denotes the set of all measurable functions h
defined on RT := (0, 00), satisfying

B 1/
[Alla, ®+) = sup <R_1 / |h(t)|”dt) < 0.
R>0 J

Clearly, L*(R") = Acc(RT) € A, (RT) C A, (RT) for 0 < v < 72
< 00.

In this paper, we aim to establish some new results concerning rough
singular integral operators T} o ¢ v associated to certain surfaces of
revolution on the Triebel-Lizorkin and Besov spaces. As is well known,
the Triebel-Lizorkin and Besov spaces contain many important function
spaces, such as Lebesgue, Hardy, Sobolev and Lipschitz spaces.

Here, we recall some definitions. For a € R, 0 <p, ¢ < oo, p #+ 00,
the homogeneous Triebel-Lizorkin spaces FP9(R™) and homogeneous
Besov spaces B22(R™) are defined, respectively, by

(1.4) EPY(R") := {f € S'(R™) + | fll o (emy

‘ 1/q
_ H (Zamqm . f|q>
1EZL

<oo)
Lr(R™)
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and

(15) B = { £ € SR 51l

_ 1/q
(S ) <o)

i€z
where §'(R™) denotes the tempered distribution class on R, \/IJ\Z(g) =
#(21¢) for i € Z, and ¢ € C2°(R™) satisfies the conditions:
0 <o) <1
supp (¢) C {z: 1/2 <[] < 2}
¢(z) >c>0 if3/5<|x| <5/3.

Clearly, FPP(R™) = BPP(R") for any o € Rand 1 < p < co. Moreover,
it is well known that

(1.6) BT (R") = D/(R")
fpr any 1 < p < oo, see [16, 17, 28], etc., for additional properties of
FP4(R™) and BE2(R™).

The nonhomogeneous versions of Triebel-Lizorkin and Besov spaces,
denoted by FP4(R™) and BZ%(R™), respectively, are obtained by
adding the term [|© * f||z»®n) to the right hand side of (1.4) or (1.5)
with >, replaced by > -, where © € S(R") and

~

supp (©) C {£ € R™: |¢| <2}, O(z) >c¢>0

if || < 5/3. The following properties are well known, see [16, 17], for
example, for any 1 < p, g < oc:

(1.7) FPAI(R™) ~ F29(R™) N LP(R™)
and

”f”Ff{’q(]R") ~ ||f\|pgv'I(Rn) + ||f||LP(R”)a a > 0;
(1.8) BRA(R™) ~ BLY(R") N LP(R")

and
I za@ny ~ £l gpoagny + 1 flr ey, > 0.
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When ¥(t) = (0,...,0) € R™, the operator T} o.¢,v essentially
reduces to the lower-dimensional singular integral

n@@ﬂ@x=pw/f®—¢@DK@M% e RY,

Rn

where K(-) is as in (1.1). When n = d, h = 1 and ®(y) = v,
the operator T} o ¢ reduces to the classical singular integral operator
denoted by Tq,. The boundedness of T on the Triebel-Lizorkin spaces
has been extensively investigated by many authors. For example,
see [8] for the case Q € L"(S"~!) with some r > 1, [2, 9] for the
case ) € Fp(S"~!) with some 3 > 1, [5] for the case Q € H*(S" 1),
[20] for the case Q € Llog™ L(S™ ') and [21] for the case Q €
L(log® L)*(S™~') with some 0 < o < 1. Here, H'(S"!) denotes the
Hardy space on the unit sphere S”~! which contains Llog™ L(S™ 1Y)
as a proper space, see [11, 26]. First introduced by Grafakos and
Stefanov [18], F5(S™~!), B > 0, denotes the set of all L'(S"71)
functions Q2 satisfying

B
sup / |Q(y (log > do(y') < oco.
fES" 1 K ‘f ‘

Note that
U s ¢ () Falsm™)
q>1 B>0

and
() Fs(S"~") ¢ Llog® L(S™ ).
B>1

Moreover,

() Fs(s™ ) ¢ HY(S" ) ¢ | Fa(S" )

B>1 B>1

L(log™ L)P1(S™™ 1) € L(log™ L)P2(S™7 1), for all B; > By > 0;

L(log™ L)?(S"™Y) ¢ H*(S"™') ¢ L(log™ L) (S™71),
forall0 < 5 < 1.
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When n =d, m =1, h = 1 and ®(y) = y, the operator T}, 0 .¢,v
reduces to the classical singular integral operator associated to surfaces
of revolution denoted by T w. The LP mapping properties of T v were
first given by Kim, et al. [19] under the stronger assumption that ¥
is a convex increasing function with ¥(0) = 0 and Q € C®°(S"~1). It
should be pointed out that the above result can be extended to the
case Q € L(S"71) for some ¢ > 1 by modifying the proof of [19,
Theorem 1], see [27, pages 372, 373], as well as [7]. Later on, the
result of [19] was extended to the case Q € Llog®™ L(S""') by Al-
Salman and Pan [3]. In 2001, Lu, Pan and Yang [24] extended the
above results to the case 2 € H'(S™ 1), see [24, Theorem 1] for a more
general result. Moreover, it follows from [24, Theorem 1] that Tq v is
bounded on LP(R"*1) for 1 < p < oo, provided that Q € H'(S"1)
and ¥ € A;. In 2002, Cheng and Pan [10] studied the L? bounds
for the operator T ¢ with Q € Fg(S"~!) and ¥ € A;. Recently, Al-
Balushi and Al-Salman [1] generalized the result of [10] and proved
the following result.

Theorem A ([1]). Letn=d, m=1, h=1,

®(y) = (Pu(lyN)yis-- - PullyDyr)
with P = (Py,...,Py) € (A;)"

and ¥ € A;. Suppose that Q satisfies (1.2) and Q € Fsz(S"1)
for some B > 1. Then, Thaow is bounded on LP(R™') for p €
(28/(28 —1),28).

A question which naturally arises is whether the condition Q €
L(log® L)*(S™1) is also sufficient for the LP boundedness of Tj 0 o v
with &, ¥ as in Theorem A. An affirmative answer is given by proving
a more general result. More precisely, we shall establish the following
result.

Theorem 1.1. Let n =d,

(y) = (PL(lyDus, -, Pullyl)y,)  with (Py, ..., Pg) € (Ay)?

and

U= (Q17 ey Qm) S (Al)’m~
Suppose that one of the following conditions holds:
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(a) h € A, (RY) for some v > 1 and Q € Llogt L(S™™1) satisfy-
ing (1.2);

(b) h € H,(RY) for some v > 1 and Q € L(log™ L)/7"(S"~1)
satisfying (1.2), where JE,(R"), v > 0 is the set of all measurable
functions h : Rt — C satisfying

3 dt 1/~
Il ey = ([ 101G ) < .
0

Then,

(i) Tha.ow is bounded on EP9(R¥™) for a € R and (1/p,1/q) €
K-, where X~ is the set of all interiors of the convex hull of three

squares
L1, 1 2 1 1 1)\’
2’2 max{2,7'})’ 2 max{2,7y'} 2

(513

—1- ).

2y 2y

(ii) Th.o.0.w is bounded on B24(R“™) for a € R, 1 < q < oo and

L1 f1d
- — = minq -, — r.
p 2 27 o

See Figures 1-3 for Z%.,.

Here,

and

b (1 1 1 1
T2 max{2,9} 2 max{2,7})’

F
I

11 1
22 max{2,7y})’

3
[

&
I
7~ N7 N -7 N

1 1 1
2" max{2,~'}’ 2)’
1

2

1 1 1
T max(zy] 2 max{w})’



ROUGH SINGULAR INTEGRALS

Ya 0,1

1,1y

FiGUure 1. (1<~ <2).

Ya on P

(0,0) P,

FIGURE 2. (2 <7v < c0).

(1.0)

1623

1ip

.1)

(1.0

1p

b (L1, 1 b (1 11
P72 2 max{2,v} )’ 07 2 max{2,¢} 2)

and Q4= (0,1)



1624 FENG LIU
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FIGURE 3. (y = ).

Remark 1.2. Note that 4, (RT) C A, (RT) for 0 < v < oo and
Hoo(RT) = L>®(RT). From Figures 1-3, we see that Zx, C %, for
Ao > A1 >1and Z :(071)2

When ¥(t) = (0,...,0) € R™ and ®(y) = P(y) € (A,)¢, the
operator Ty o o,w essentially reduces to the class of singular radon
transforms T} o p, defined by

Thapf(z) == pv. / f(& - P(y)K (y) dy,
R’n

where x € R? and K(-) is as in (1.1).

The investigation of boundedness of 7} o p on Triebel-Lizorkin
spaces has attracted the attention of many authors. For relevant re-
sults, one may consult [6, 22, 23].

We now give the results of [6, 22] as follows:

Theorem B. Let P = (Py,...,P;) € (A,)?% and Q satisfy (1.2).
Suppose that one of the following conditions holds:

(i) h € A,(RT) for some v > 1 and Q € H'(S™ ) [6];
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(ii) h € H,(R") for some v > 1 and € L(log™ L)Y/ (S"~1) [22].

Then, Th,qp is bounded on FP9(R?) for o € R and max{|1/p —
1/2[,11/q¢ = 1/2|} < min{1/2,1/7'}.

Remark 1.3. There is a gap in Theorem B, see [29, Remark 1]. That
proof works in the same region as in our main theorems below.

The remainder of the results of this paper may be stated as follows.

Theorem 1.4. Let ® = (Py,..., Py) € (A4,)% and ¥ = (Q1,...,Qm)
(A1)™. Suppose that h € A, (RT) for some v > 1 and Q € H* (5"~
satisfying (1.2). Then,

(i) Tho.ew is bounded on EP9(R™™) for a € R and (1/p,1/q) €
K-, where %~ is as in Theorem 1.1.

(i) Th.a.e.w is bounded on BRI(R™™) for a € R, 1 < ¢ < oo, and
1/p—1/2] < minf1/2,1/7'}.

€
Y

Theorem 1.5. Let ®, ¥ and %, be as in Theorem 1.4. Suppose that
h € #,(R*) for some v > 1 and Q € L(log" LYY (S satisfy-
ing (1.2). Then,

(i) Th.o.ew is bounded on EP9(R¥™) for a € R and (1/p,1/q) €
7

(ii) Th.a.e.w is bounded on BPI(R™™) for a € R, 1 < ¢ < oo, and
[1/p—1/2| <min{1/2,1/7'}.

Remark 1.6.

(i) It should be pointed out that the range of (p, ¢) in our main
results was first given by Yabuta [29];

(ii) It follows from our main results and (1.6) that, under the as-
sumptions on h, 2, ® and ¥ in Theorems 1.1 and 1.4-1.5, the operators
Th.0.ew are bounded on LP(R™) for [1/p — 1/2| < min{1/2,1/4'},
which are new;

(iii) Theorems 1.1 and 1.3 do not hold when replacing h € 7, (R™)
by h € A, (RT) for v > 1 due to L°(R*) € A, (RY), Llog™ L(S™" 1) C
L(logt L)*(8™ 1) for any 0 < a < 1, and Calderén and Zygmund’s
well-known result [4];
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(iv) Our main results are new, even in the special cases n = d,
O(y) =y or m=1and ¥(|y[) = [y|-

Corollary 1.7 immediately follows from (1.6)—(1.8) and Theorems 1.1
and 1.4-1.5.

Corollary 1.7. Under the same conditions as Theorems 1.1 and 1.4-
1.5 with a > 0, these operators are bounded on FP1(R¥*™) and
Bg,q(Rd+m)_

The paper is organized as follows. Section 2 is devoted to presenting
some auxiliary lemmas. In Section 3, we shall prove Theorems 1.1
and 1.5. The proof of Theorem 1.4 will be given in Section 4. Finally,
we shall give some further results in Section 5. We remark that the
main method employed in this paper is a combination of ideas and
arguments from [6, 13, 14, 23] (although we use the standard methods
of Fourier transform and Littlewood-Paley theory, they are non-trivial).
We would like to point out that our proofs have two main ingredients:

(i) a criterion of boundedness for the operators of convolution type
on Triebel-Lizorkin spaces, see Lemma 2.5;

(ii) a refined estimate of vector-valued inequality, see Lemma 2.4,
which is a major factor in obtaining our main results.

Throughout the paper, we denote p’ by the conjugate index of p, which
satisfies 1/p + 1/p’ = 1. The letters C or ¢, sometimes with certain
parameters, will stand for positive constants, not necessarily the same
at each occurrence, but independent of the essential variables. We shall
use 0g» to denote the Dirac delta function on R™; J~! denotes the
inverse transform of linear transformation J; D! denotes the transpose
of the linear transformation D and 7 denotes a projection operator
from R to R™ when n < d. In what follows, we set

Zaj =0 and Haj =1.

Jj€eb jEeD

2. Preliminary lemmas. We begin with the following lemma of
van der Corput type, which was proven by Ricci and Stein [25].
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Lemma 2.1. ([25, page 186, Corollary]). Let ! € N\ {0}, p1,...,m
€ R, dy,...,d;, be distinct positive real numbers. Let ¢ € C1([0,1]).
Then there exists a C > 0 independent of {u;}._, such that

‘/ei(““dl+---+‘“tdl)w<t) dt‘ < C|M1|_E<|¢(T>| +/|1//(t)|dt)
4 1

holds for 0 <6 <7 <1 and e = min{1/d;y,1/1}.
Next, we recall two important vector-valued norm inequalities.

Lemma 2.2. ([22, Proposition 2.3]). Let {aj}rez be a lacunary se-
quence of positive numbers with the property

Qi1 >

inf a>1.

keZ ay
Let 0 < M < N and
H:RY —RM gnd G:RY — RY
be two nonsingular linear transformations. Let Y(£) € S(RM) with
Y(0) = 0 and Y1(€) = a, MY (¢/a). Define the transformations J
and X by
J(f)(@) = (G (H @ idgn-w)a)

and

Xi(f) (@) = T Tk ® pav—ar) + J(£))(2)-

Then, for 1 < p,q < oo, {gj}jez € LP(RN,09) and {gk ;}r jez €
LP (RN 04(¢0?)), there exists a Carq > 0 such that

H(J% <Z|Xk(9j)|2>q/2>l/q (ij'q)l/q

keZ JEL

S CM,CL

)

L»(RN)

Lr(RN)
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H (Z (Z IXk(gkyj)P)q/Z)l/q

JEZ “k€EL

Lr(RN)

(2 (5e)")"

JEZ “K€EZ

< CM,a

Lr @)

Lemma 2.3. ([6, Theorem 1.4]). Let P = (Pi,...,P;) € (An)?.
Then, for 1 < p, ¢ < oo, the operator Mp given by

1
M f(z)=swp = [ |f(e—P)]dy
r>0T
ly|<r
satisfies the following LP(RY, %) inequality

H (Z |Mpfj|Q)1/q (Z |fj|Q)1/q

jez JET

< Cp,q
Lr(R4)

)

Lr(R%)

where Cp, 4 is independent of the coefficients of P; for all 1 < j < d.

In what follows, for any p € N, we set

o(nt1)(k+1)

dt 1/'7
pyy = SUp / ln®—) ., v>1L
kEZ t

2(n+1)k

(2.1) 7]

For a suitable mapping I' : R» — R¢, define the sequence of measures
{okuratrez by

(2.2) /fdak,#_,pyg = / f(@(z))K(x) dz,
R4 Dk
where K(-) is as in (1.1) and
D, = {z e R": 200Dk < | < gt D41

Next is a crucial lemma, which will play a key role in the proofs of
the main results.
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Lemma 2.4. Let

) = (Aluan (2 ). Patlboa( ) )

where (Pi,...,Py) € (A% and ay,...,a, are arbitrary functions
defined on S™~'. Suppose that Q@ € L'(S"™1) and |||h||| < 0o for
some u € N and v > 1. If (1/p,1/q) belongs to the interior of the
convez hull of three squares

11 1 N 1 1\? 1 1\
777+7 ) a o N0 o and 77177 )
272 max{2,7'} 2 max{2,7'} 2 2~ 27

then, for arbitrary functions {gi ;}r jez € LP(R,£9(£?)), there exists
a C > 0 independent of p and v such that

09 (S (greenn))”

JEZ “keZ

Lr(R4)

(5 (g

JEZ NkeZ

LP(]Rd)’

< CAuy

where Ayury = (4 DY 1] 1920 2151

Proof. We shall prove the lemma by considering the following two
cases.

Case 1. 1 < v < 2. We begin by proving (2.3) for 2 <p, ¢ <
2v/(2 — 7). By duality, there exists an {f;};cz satisfying

I{fiH Lwroy ma parary <1

such that

00 (S (greenni))”

JEZ NkeZ

2

Lr(R4)

- [ S lonnra o @l s d.

pa JELKEL
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By a similar argument as in [14, (7.7)], we have

(2.5) / 0k o0 * gy (2) 25 () d
Rd

< Clursn A, [ lows@) PHe(f)e) d
R4

where

9(u+1) (k+1)
()@ =swp [ [ e DI e o T

2(u+1)k Sn—1

By Holder’s inequality, we have

He(f;)(x)
o(u+1) (k+1) a2
< [ (s [ 15+ ranr 2 Y ) 06l w)
g1 S
o(ut1)k+it+1 ,
. 2 dt “ / /
S=y) (Zi‘”z / Ifj(x+F(ty’))l”/2t) () ldo(y)
gn—1 =0 62(u+1)k+i
< (ut DR / )
Sn—l

1 Y /2 g ’
| sup [file+ Tty 2dt ) do(y').
[t|<r

Invoking Lemma 2.3 and Minkowski’s inequality, we have, for 4'/2 <
u, v < 00,

(2.6)
(= |Hr(fj)|”)1/v

JEZ

< (u+ DX [RIZ
Lu(Rd)

12| L1 (gn-1)

(Zw)l/v

JEZL

Lu(Rd)
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It follows from (2.4)—(2.6) that

q/2\ 1/q
(S ()
JEZ NkeZ Lr(R?)
< 9 s IHI] / S5 lg (@) PHR () (@) de

2

pa JELKEL
1/v
< s 1AL, <Z|Hr(fj)|”)
JEZ Lu(R4)
q/2\ 1/q)2
55"
JEZ NkeZ Lp(R9)
< Clut 11902 g A2,
q/2\ 1/q)2
S
JEZ NkeZ Lr(R?)

where we take u = (p/2) and v = (¢/2)’. Thus, (2.3) holds for
2 < p,q<2y/(2—7). We also obtain (2.3) for 2v/(3y—2) < p,
q < 2, by the duality. Interpolating these two cases, we obtain (2.3) for
(1/p,1/q) belonging to the interior of the convex hull of two squares
(1/2 —1/4',1/2) and (1/2,1/2 + 1/9")%. Note that, in this case, the
interior of the square (1/27v,1 — 1/2v)? is contained in the interior of
the convex hull of two squares (1/2—1/4/,1/2)? and (1/2,1/2+1/7")?.

Case 2. v > 2. Since |||2||| .2 < (u+ 1)Y2 VY| |h|||45 for v > 2, we
can get (2.3) for (1/p,1/q) belonging to the interior of the convex hull
of two squares (0,1/2)? and (1/2,1)2.

Below, we shall prove (2.3) for (1/p,1/q) belonging to the interior of
the square (1/27v,1— (1/27))2. For convenience, we define the measure
|0k 10 0] in the same way as oy, 1o, but with  and h replaced by ||
and |h|, respectively, for any arbitrary functions {g;};ez € LP(RY,¢9)
with p, ¢ > +'. By a change of variables, and Holder’s inequality,

ok .0l *gi](2)
o(H+1)(k+1)

< [ [ lae-remiew)lawino

2(u+1)k  Sn—1
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ot 1) (k+1)

<l [ | [ lwte - T nliowlds)

2(u+)k  gn-—1

'Y,dt 1/4'
')

1
< Al 1204 g

o(p+1)(k+1) 1/~
Ny dt / / &
X l95(z = Tty))I" 12y do(y')
Sn—1  9(p+1)k

4 1
< (o DY [l A g

(Jome ] 'W—F<ty'>>|v’dt|ﬂ<y'>|da(y’>)1/y,

r>0 T
Sn—1 ‘tlgr

which, combining Minkowski’s inequality with Lemma 2.3, implies that,

for any p,q >+,
a\ 1/q
*|9j|> )

o1 (3 Gugiovars

jEZ Lr(R4)
1/q
< CpaAuny (Z |gj|q) .
jEZ Lr(R?)
It follows that
a\ 1/a
(2.8) H (Z <Sup |k 0,0 * gk7j|> >
jez keZ LP(R4)
a\ 1/q
< H (Z (SUP |0k .00 * sup ng,jl> >
jez keZ kEZ Lr(R4)

< CP,QAHKY

(% (o))

JEZ

Lp(R4)

for any p,q > 7. On the other hand, for any 1 < p, ¢ < 7, then
P, ¢ > ~. By the dual argument, there exists {h;}jcz € L” (R?, ()
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with [[{%;}| 0 (ga ey = 1 such that

q\ 1/q
H (z (z Ok urq * gm) )
JEZ

keZ Lr(R9)
= / S ok * g1 (@) |y () da
JEL gy kel
<Y [ Tlos@lionural s l(-a) o
JEL fa KEL
q\ 1/q
(X (Zw))
JEZ NkeZ Lr(RY)

N\
X Sup |ok,u.1,0| * h») )
(X (suplonral «15

JEZ

)

Lr' (R4)

where li;(x) = hj(—x). Combining this with (2.7) implies that

o (B (gereni))”

JEZ “keZ

Lr(R?)

(5 (zm))”

JEZ Nkez

< CP#IAHKY

Lr(R4)

for any {gr,;}tr, jez € LP(R™,£9(£>°)) with 1 < p, ¢ < 7. Interpolation
between (2.8) and (2.9) yields (2.3) for (1/p,1/q) belonging to the
interior of the square (1/2v,1 — (1/27))%. Again, by interpolation, we
obtain (2.3) for the case v > 2 and complete the proof of Lemma 2.4.

O

A criterion on the bounds of the convolution operators in Triebel-
Lizorkin spaces is now given, which is the heart of our proofs.

Lemma 2.5. Let A, v € N\ {0}. For 1 <s <A, let {ak,s}rez be a
lacunary sequence of positive numbers with the property:

o (kt1,s
inf —HLSY > v for some > 1.
k€Z Ak sv
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For1 < s <A, let s >0,¢; € N\ {0} and Ly : R? — R’ be linear
transformations. Let {os) : 0 < s < A and k € Z} be a family of
measures on R? with ook = 0 for every k € Z. Suppose that some
Do, qo > 1 exist satisfying (po, qo) # (2,2) and ¢, B > 0 independent of
v and {Ls}>, such that the following conditions are satisfied for any
1<s<A keZ, &€ R and {gy ;} € LPo(RY, (%0 (£2)):

() |65k < eBminl, |y, Ls(€)[ 72/}
(i1) 75 1(6) = Fa 1 4(€)] < eBlak,s.0Ls(€)|M;

(iii)
q0/2\ 1/q0
(S(greent)™)
JETZ NkEZ LPo (R4)
qo/2\ 1/q0
ool (5 () ) o
JEZ NkeZ Lro(R?)

Then, for a € R and (1/p,1/q) € A1As\{(1/po,1/a0), (1/2,1/2)},
there exists a constant C > 0 independent of v and {Ls}._; such that

(2.10)

E:Umk*f

kEZ

. < CB”JIHF‘(Q’*"(W)v
FEI(RY)

where Ay = (1/2,1/2), A2 = (1/po,1/qo) and A1 As is the line segment
from Aq to As.

Proof. For any 1 < s < A, let ry = rank(Ls). By [14, Lemma 6.1],
there exist two nonsingular linear transformations H : R™ — R"s and
G, : RY — R? guch that

(2.11) |Horl Go€| < |Ls(&)] < €| Homl G|

Let ¢ € C3°(R) be such that ¢(t) = 1 for |¢t|] < 1/2 and ¢((t) = 0 for
[t| > 1. Let 9(t) = ¢(t?). For k € Z and 1 < s < A, define the family
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of measures {1} by

A
(€)= aan(©) TT 9lan; oty Gi€))
j=s+1
A
= Fori(©) [ 0w Himt! G-
Jj=s
It can easily be verified that
A
(2.12) TAk= D s ks
s=1
(2.13) ok (€)] < CBmin{1, [ag .0 Ls (€)'},

(2.14) ‘:Es\k(gﬂ < CB|ak,S,vLs(f)|755/vv if |ak,v,sHs7T;~isGsf| > 1.
From (2.12), we can write

A
(2.15) Soakxf=Y> perrf

keZ k€Z s=1

A
=2 D nenxf

s=1k€eZ

A
=Y AJf).
s=1
Thus, to prove Lemma 2.5, it suffices to prove that, for 1 < s < A,

there exists a C' > 0 independent of v and {L,}2_, such that
(2.16) [As (Nl pro ey < CBIIf | oo gay

for @ € R and p, g satisfying the conditions in Lemma 2.5.
Let ¢ € S(RT) be such that

s(0)=0, 0<¢(t) <1,
supp (s) C [n5 7,7 ];

Do) =1,

kEZ
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where ¢, (t) = ¢(ak,s,ot). Define the family of operators {Sk. s }rez by

(2.17) Senf () = (| Homl GLENT(©).
We can write
(2.18) As(f) = pop * (Z Sj+k,sSj+k,sf>
kEZ JEZ
= Z Z Sj+k,s(,us,k * Sj-‘rk,sf)
JEZ keZ
= Z As,j (f)
JEZ

By the Littlewood-Paley theory, Plancherel’s theorem and (2.13)-
(2.14),

(2.19)

[As,5 ()l 2@y

1/2
<on(y / P e
kEZ
(eerdiap | ng VY < Hen Gsgl<ap L n870)

< CBn; | fll 2 ray,
where ¢ > 0 is independent of v. In view of (1.6) and (2.19), we have
(2.20) e ()l 22 sy < CARZ £ g2 g

Now, we estimate || As;(f)|| zro-10 gay for any a € R. Let § = (€1,€2)
with &t = (&1,...,&.,) and €2 = (&, 41, .., &4). We set

FR(€) = T (answt) = Gl D),

where ¢ is as in (2.17). It may be easily verified that F € S(R") and
F(0) = 0. Define the nonsingular linear transformation J on R¢ by
J=G;Y(H;' ® 6ga—r,). It is easy to see that
(2.21) Sk,s([)(@) = |T|F i @ dga—rs * fJ(Jt.T),

where f7(x) = |J|71f((J*)"'z). By a change of variables, (2.21) and
Lemma 2.2, we have that, for any 1 < p, ¢ < oo and {g;}iez €
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LP(R%, £7), there exists a C' > 0 such that

(2.22)
a/2\ 1/q 1/q
H (Z (Z |Sk,s(gi)|2) ) < CH (Z |giq)
i€Z N keZ Lr(RY) i€Z

On the other hand, by assumption (iii), Lemma 2.2 and similar argu-
ments as in [6, Proposition 2.3], we can obtain

q0/2\ /a0
(2.23) H (Z (Z |1ts,k * gi7k|2> )
icZ “NkeZ LPo (R4)

q0/2\ 1/q0
<os|(Z(gsr) )
keZ

It follows from (2.22)—(2.23) that there exists a C' > 0 such that
(2.24)

H(ZMW(%”%)U%

€L

Lpr(R4)

1EZL LPo(R4)

= sup
Lro®Y) LS}l 4 , <1

LPo (rd,290)

|kt S o) 10

wa 1ELKET
a0/2\ 1/4)
< e (S(Siswamr)) )
IR by ga pap <P Niez N kez LPo (R?)
qo0/2\ 1/q0
X (Z(Zlus,k*sﬁk,s(gin?) )
i€Z “NkeZ Lro (R4)
1/Qo
SCBH(ZIM"O) :
i€Z LPo (R4)
which leads to
(2.25)
. 1/90
[ As 5 (Pl 2090 (ay = H <Z2_mqo|‘1’i *As,j(f)lqc’)
i€Z LPo (R%)
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. 1/490
(v
IE€EL

= CB| £l gro-a0 gy

LPo(R4)

for any o € R. Then, interpolation [15, 17] between (2.20) and (2.25)
implies that, for a € R, p, ¢ satisfying

(o) e {Go) (33}

and 1 < s < A, there exists an € > 0 such that

(2.26) [As; ()l 0 ey < C By, £l -9 (mays
which, together with (2.18), yields (2.16) and completes the proof of
Lemma 2.5. O

3. Proofs of Theorems 1.1 and 1.5. Let Q € L(log™ L)*(S™ 1)
for ae > 0 satisfy (1.2). Employing the notation in [3], let

Ey={y' € S" " :|y)| <2}
and
E,={y es" 2 < Q) <2¢t'}

for p € N\ {0}. Let Ao = {p € N\ {0} : o(E,) > 27%} and
Qo = Q_ZMEAQ Q,, where

0, = Qxg, —o(5" ) / ) doly), p> 1.

EH
It is easy to verify that
(3.1) / Qu(y)do(y') =0,
gn—1
(3.2) 192ull 1 (sm-1) < Ol L1 (8,

(3.3) 1ullz2(sn-1) < C22[1Q 115,
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for p € A, U{0}, and

(3.4) >+ D5, < Cl pgogt yese—:
nEAQU{0}
Clearly,
(3.5) Thoew(f) = Z Tha,ow(f)
pnehquU{0}

In what follows, we let %, be as in Theorem 1.1 and o, o as
in (2.2). For v > 1, we denote ¥ = max{2,7'} and A = (u + 1)1/
HQ||L1(E“)|||h\||um where |||h]]|,~ is as in (2.1).

Proof of Theorem 1.1. We first prove part (i). Let N7 = maxj<;<n
deg(P;). There exist N' € N, some integers 0 = dy < d; < dp < -+ <
dy =Ny and {a;;:1<i<mn,0<j <N} such that

(a,l,j,CLQ,j,...,an,j)75(0,...,0) fOI‘lSjSN,

and

N N N
(Pl(t)7p2(t)7 CERE Pn(t)) = <Z avljjtdj,z ag,jtdj, ceey Zamjtdj) .
7=0 7=0 7=0

For 0 < s < N and (z,y) € R® x R™, the linear transformation
Ls:R™ x R™ — R"™ is defined by
ﬁs(xa y) = (al,sxl, a2,s$2, ey an,sxn)a

where x = (z1,...,%,). For any 0 < s < N/ let

s s s
d; d; d;
Ps(t,x) = < E al,]‘t Txq, E agyjt TX2y e, E an’jt J.’En).
Jj=0 Jj=0 Jj=0

For k € Z, p € Aq U {0} and 0 < s < N, we denote o}, by o .10
with © replaced by €, and I'(y) = (Ps(|y|, "), ¥(|]y|)). Obviously,
(3.6) oty =0,

(3.7) Tha,ev(f)= ZUI’:N * (f).

kEZ
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By a change of variables and Holder’s inequality,

(3.8)
(k1) (u+1)
heml=| [ [erneansrong, g
2k(p+1) Sn—1
(k1) (1) .
—2mi(PL (6 )10 (a9
<o [ e .o
ok(u+1)  gn—1
ok (1) +j+1 -
S —omi(Pu(tyy)-E4 T (8)n) / NS
<ol (3o [ | [fermmeanesena, )| )

I=0 ok(utny+;  gn-1

m

max{0,y —2

< bl Y N0
j=0

ok (n+1)+5+1

2 min{2,v'} 1
—2mi(P. (ty)) €+ (1) m) ary =y
e : Qu(y)do(y) ;

ok(p+1)+5 Gn—1

H 1/
max{0,1—(2/~’ min !
< Al 1S ) (S0t i)
i=0

where

ok (ut1)+i+1

T, ,(E) = / \/e—m‘“’s“ﬂ”f”““)'")wy')da(y’)

ok(pt1)+j  Sn-1

2 dt

Invoking Lemma 2.1 and Hélder’s inequality, we have

(3.9)
Is,j(gan)
ok (1) +5+1
—2mi - : a0 dt
= / // e 2mi(Ps (ty") Ps(tﬂ))£Qu<y/)QM<9)dg(y/)dg(g)7

ok(u+1)+j (Sn—1)2



ROUGH SINGULAR INTEGRALS 1641

ok (ut1)+5+1

o 672772'(735(t,y’)fPs(tﬁ))-E ﬁ
< t

(Sm=1)2  gk(p+1)+j

192:(y)0u(0)] do (y) do(6)
= // min{1, [2FEEDHID DL (¢ ) - (y - 0)]7H %}

(Sn71)2

192,(y)u(0) do(y) do(6)

-

; 3
= ||Q#||2L2(Sn—l)<//mil’l{1,|2(k("+1)+.7+1)dsﬁs(£7n)(y/_0)|_d2$}d0_(y/)do(0)>
(Sn—l)Q
< CHQMH%Z(Snﬂ) |2(k(u+1)+j+1) dsﬁs(g, n)|—1/4ds7

where the last inequality of (3.9) is obtained by the inequality

/ Y- (6 — w)|~do(8) do(w) < oo,
(S'nfl)2
for y’ € S"7! and 0 < a < 1. Then, by (3.3), (3.8) and (3.9), we have
ot (&, m)| < C2/T AR e g (¢ =1/ (7))

which, combined with the trivial estimate \(;,‘;\S(f )| < CA, yields

(3.10) |of ,(¢,m)| < CAmin{L, [2800D £ (¢ )|~/ (A4 D)y

On the other hand, by a change of variables, (3.2) and Holder’s
inequality, we have

(3.11)

ot (&m) — ot 1 (&m)]

- (e 2 (Ps (00 E1U (8) ) _-2mi(Pan (6:y) £ (2) ) Qu(i/;‘fjl(\yl> dy
2k (p+1) |y <2(k+1) (1+1)
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o(k+1)(n+1)
: d / / ! dt
<C min{1, [t% £s(§,n) -y [} (y) do(y) [A(0)]
2k(p+1) §n—1

< C'A|2fis(k+1)(u+1)£5(§7 77)|1/#+1-

Invoking Lemma 2.4, we obtain from (3.2) that

q/2\ 1/q
(S (gt
JEZL

kEZ

Lp (Rn+m)

(5 (gmr))”

JEZ “k€EZ

Lp(Rn+m)

for {grjtrjez € LP(R™™ ¢4(¢%)) with (1/p,1/q) € %,. Then, by
(3.6), (3.7), (3.10)—(3.12) and Lemma 2.5, we have
(3.12) 1Th.0,..9 |l gpo@nimy < CAlfll gpa@nsm)

for any @ € R and (1/p,1/q) € %, (the point (1/2,1/2) may be
obtained by interpolation). Theorem 1.1 (i) follows from (3.4), (3.5),
(3.13) and the inequality

1Al < Cmin{(u+ D)2 a, @), 12llg @)} O
Now, we prove Theorem 1.1 (ii). The proof is similar to the argu-
ments in the proof of [6, Theorem 1.2]. By Remark 1.3 (ii), we have
(3.13)

1/q
1Th,.09 ()l gra@nsm) = (ZTWZH‘I&‘ * Th,Q,q>,\p(f)||%p(Rn+m))
iez

1/a
= (Z | Th,0,0,0(27" W, f)||%p(Rn+m)>

iE€Z
] 1/q
<o T2l o))
€L
= C||f||Bg"1(Rn+M)

fora € R, |1/p—1/2| < min{1/2,1/7'} and 1 < ¢ < oo. This completes
the proof of Theorem 1.1.
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Proof of Theorem 1.5. We only prove part (i), since part (ii) may
be obtained from Remark 1.6 (ii) and the same arguments as in the
proof of Theorem 1.1 (ii). Following [14], we first recall some notation.
Let Ny = maxlgjgd deg(P;). Then, there are N' € N, integers 0 <
lh <lp <+ <ly < Ny and polynomials P} € V,,;,, R; € A1 with
deg(R)<N1 for1 <s<WN, 1<j<d, such that

ZPS ) 4+ R(|z]),

where P* = (P?,...,P5) and R = (Ri,...,Ry). For each s €
{1,...,N'}, there is at least one j € {1,...,d} such that Py # 0.
For j=1,...,dand 1 < s < N, write

= Z bsjﬂx Zb.s]z

1Bl=ls

where d(s) = dim(V,,;,). For 1 < s < N, we define the linear
transformations L, : R? — R4 ) by

<Zb ]15]’ stjd(s >
For 0 < s < N, we define P, by
Po(z) = R(|z|) + > P*(x)
u=1

For k € Z, up € Aq U {0} and 0 < s < N, we denote UZ,S by ok,
with Q replaced by Q, and I'(y) = (Ps(y), ¥(|y|)). Obviously,

(3.14) oy = 0;
(3.15) Tha,eu(f)= Z fropa
keZ

By a change of variables, Holder’s inequality and (3.2),
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(3.16)
|O'Z’S (57 77) - 05,571(5? 77)|
ot 1) (k+1)
= / / Qu(y’)(e*2ﬂi(7’s(ty’)f+‘1’(t)<n)
2(n+1)k Sn—1 4 dt
— e 2P ()RR DN o () h(t) -
ot 1) (k+1)
dt
< C’|2(“+1)(k+1)lSL5(§)|||Qu||L1(Sn—l) / |h(t)] -
2(p+1)k
< C’A|2(M+1)(k+1)lsLs(£)|.
It is easily verified that
(3.17) |05 (&:m)| < CA.
Combining this with (3.16) yields
(3.18)  of (&m) — ok o1 (& m) < CARWTIMEL (&) /(D)

On the other hand, by a change of variables, (3.2) and Hoélder’s
inequality,

(3.19)

| o(§,m)]
ot 1) (k+1)

. ! dt

_ QO 1, —2mi(Ps(ty’)-E+¥(t)n) ! —

‘ / / u(y)e do(y')h(t)~
2(u+1)k gn—1

o(n+1) (k+1)

< 1Al

/ 0, (o Yo P RO g )

2(u+)k  gn-—1

ot k+j+1

w
M77<Z / ‘ /Qu(y/)@_%z(ﬂ(w ).§+\P(t)'n)d0(y/)

j=0 .
J 2(u+1)kyj Gn—1

V/dt 1/5'
')

“y'dlw
t

< [lIAll




ROUGH SINGULAR INTEGRALS 1645

< 1Al

o

max{y’—2,0

(Ll 2
§=0

(p+1)k+5+1
2 ! Zdt 'Y//:Y %
X — .

Applying [14, Corollary 4.3] with e = 1/(8ls) and p = 2, we have that,
for any r > 0,

/ Q, ()~ 2P ) EHT ) i (1)

2(}A,+1)k+j Sn—1

2r
(320) (/‘ / Qu(y/)ef%'ri(Ps(ty’)4§+‘ll(t)-n)do_(y/)

r Sn—l

2 g\ /2
t

< CllQullz2(snn ' Lo(€)| /).
Combining (3.3) with (3.19)—(3.20) implies
(3.21) |‘;1I:\,s(5777)| < C24N/’3’A|2(M+1)klsLS(§)|_1/(415’7).
It follows from (3.17) and (3.21) that
(322) g, (€ m] < CAmin{L, 20 DM L, (g) [}~/ 1),
Invoking Lemma 2.5, we have

2 | (Z (Tt gk,j|2)q/2) v

kEZ

Lp (Rd+m)

(5 (gm)")”

jez Nkez

Lp (Rd+m)

for (1/p,1/q) € Z,.

For 1 < s < Ny, define the linear transformation L : RA+m _y RA(S)
by Ls(&,n) = Ls(&) for any (£,1) € R¥™. It follows from (3.14)-
(3.16), (3.22), (3.23) and Lemma 2.5 that

(3.24) 1Th,0,,0.9 ()l ppagarmy < CAlf || ppoagasm

for any o € R and (1/p,1/q) € %., (the point (1/2,1/2) is obtained by
interpolation). Inequality (3.24), together with equations (3.4), (3.5)
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and the fact that
Al < N7l 52, ) for any v >0,
yields Theorem 1.5 (i). O
4. Proof of Theorem 1.4. Recall the Hardy space on S"~! and

its atomic decomposition. The Hardy space H'(S"~!) is the set of all
L'(S"~1) functions Q satisfying ||| g1 (gn-1) < 00, where

12 1 (gn-1) = / sup
0<r<1
Sn—l Sn71

1—r?
/ Q) ———— do(0)| do(w).

|rw — O™

We say that a function a(-) on S"~! is a regular atom if there exist
g€ 5" ! and g € (0,2] such that

(4.1) supp (@) € S"1 11 B(z, o),
where B(e, ) = {y € R" : [y — ¢] < o};
(4.2) lall Lo (sn-1y < 07"
(43) | atwdotn) =o.
Sn—1

Below is the well-known atomic decomposition of the Hardy space.

Lemma 4.1. ([11, 12]). IfQ € H'(S"™!) satisfies (1.2), then there
exist {c;} C C and H' regular atoms {Q;} such that

Q:ZCij and Z|Cj| ~ ||Q||H1(Sn—1).
J -

J

Proof of Theorem 1.4. We only prove part (i), since part (ii) may be
obtained from Remark 1.6 (ii) and similar arguments as in Theorem
1.1 (ii). Without loss of generality, we may assume that € is a regular
atom satisfying (4.1)—(4.3) with0 < p<1/4and e =e = (0,...,0,1).

Next, we give some notation, which is identical to that in [14]. In
what follows, we denote © = (Z,x,) with & = (z1,...,2,-1). Let
N3 = maxj<;<qdeg(P;). Then there are N' € N, integers 0 < I <
la < -+ < Iy < Np and polynomials P} € Vi, R; € A; with
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deg(R;) < Ny for 1 <u <N, 1< j<d, such that

ZP“ + R(|z]),
where P* = (P, P§,...,P}) and R = (Ri1,Rs,...,Rq). For j =

., d, denote
= Z bujgm’ﬁ.
1Bl=lu

For [ € N and a € N with |a| = I, we choose 1, o(-) € A,—1 such that
2% — o)) < Co*™ Y for z € S"1 N B(e, o).

For each v € {1,..., N}, j € {1,...,d}, we define ¢} € A,_1 by

= > bujsm,s(@),

and set ¢“(Z) = (¢(2), ¢%(), ..., q4(¥)). Fixing each u € {1,...,N},
there are positive integers v(u), 0 < hy 1 < -+ < hy () and polyno-

mials
(Wi i=1,....d; n=1,...,0(u)} C A,

such that

(a) for j € {1,...,d}, n € {1,...,v(u)}, W}, (-) is homogeneous of
degree h, q;

(b) for each n € {1,...,v(u)}, there exists at least one j € {1,...,d}
such that Wj, # 0;

(c) for each j € {1,...,d}, there is a v} € R such that ¢j(z) =

S W (&) + vl

Forue {1,...,N}andn € {1,...,v(u)}, we define R*(x) and W*""(Z)
by
RUz) =R(z)+ > |af*@f.... .05+ Y Q)

u<k<N 1<k<u—1

and
wWeh(z) = (Wlu,](%), ce W;‘n(i))
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Let M(0) =0,
M(u)zzu:[v(k)—i—l] for 1 <u <N,
k=1

and define ', I'y, ..., Tarnv) by

T
Caru—1)to(z) = R*(z) + |2|™ Z Wk (|x>
1<k<0
for 1 <u <N, 0<6<M(u)—M(u—1) and Tpyn)(2) = (). Let
d(u) = dim(V;,;, ). For each u € {1,..., N}, write

{BeN":|B] =lu}:={B(u,1),..., B(u,d(u))}.

Hence, we can write
d(u)
P = 3ty 0,
s=1
where by, = byjp(u,s)- Denote by d(u,n) the number of distinct ele-
ments in {w € N""!: || = hy . For 1 <u <N, 1<n<uv(u) and
1 <5 <d, write

{w: @] = hunt = {@(u,n,1), ..., @(u,n,du,n))}

and
d(u,n)

u (=) —  w(ums)
an(x) = Z Wy, j,m,sT 27070

s=1
For 1 <u <N, we define Ay,..., Ay n) €N by

A ~)d(u,0) if1<0< M(u)— M(u—1);
M(u—1)+6 = d(u) if = M(u) — M(u—1).

Also, we define linear transformations L; : R? — R for 1 <4 < M(N)
by

d d
(ijl Wa,j,0,5855 -+ D j=1 Wy j.0,d(u,0)E5)
if 1 <0< M(u)— M(u-—1);

L u— 9(&) =
Mlumt (Z;‘I:1 b;jlfja [ERE 2?21 b;jd(u)fj)
if 0 =M(u)— M(u-1).
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For s=1,...,M(N), we set
1(s) =1y, 0(8)=hug, ~(s)=1/(4hyeluy)
if ne[Mu-—1), M(u));
U(s) =1lu, 6(s)=4lu(n—1), ~(s)=1/(8l.7)
if n=M(u).

For each k € Z and 0 < s < M(N), we denote oy s by ok 1,0 with
I'(y) = (Us(y), ¥(ly[)) and p = 0. Obviously,

(4'4) Th,Q,<I>,\I/(f) = Z Ok, M(N) * f
keZ

It is easily verified that
(45) Uk,O = 07 |0/-I.CTS(€a 77)| S C
By a change of variables and Holder’s inequality,

(4.6)

2k+1

< ’6—2mf~rs(ty’) _ e 2migTsa(ty")

dt
90| daty)h(0)] 5
ok gn-—1
< O2kl(s)96(s)|L5(f)|.

On the other hand, by [14, Propositions 5.1, 5.3, Remark 5.2], we
get

(4.7) Ghs (&) < CERMOPE L (€))7,
Invoking Lemma 2.4 with p = 0, we obtain

5 (S (gen))”

jez Nkez

Lp (Rd+m)

(s (gmr))"

jez Nkez

Lr (Rd+m)
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fors € {1,...,M(N)} and (1/p,1/q) € Z.. For 1 < s < M(N), define
the linear transformation £, : R4T™ — R by L£,(€,1) = 0% L,(€).
It follows from (4.4)—(4.8) and Lemma 2.5 that

1Th.0.0,9 ()l fragarmy < Clf| froagarm)

for any @ € R and (1/p,1/q) € %, (the point (1/2,1/2) may be
obtained by interpolation). Thus, we can prove Theorem 1.4 (i) for
an H' atom on S"~! satisfying (4.1)—(4.3). The above result, together
with Lemma 4.1, yields Theorem 1.4 (i). O

5. Additional results. In this section, we highlight more general
results than those previously shown. Let G be the set of all nonnegative
(or non-positive) and monotonic C* (R™) functions ¢ such that Yy (t) :=
o(t)/(te'(t)) with |Ty(t)] < Cy, where Cy is a positive constant which
depends only upon ¢. Let &, ¥ and K be as in (1.3), and let ¢ € G.
Define the singular integral operators T}, o v, by

(5.1)

Thoowo(f)() = pov. / () - B(p(ly)y), v — (o) K (v) dy,
J

(u,v) € R x R™.

In what follows, let % be as in Theorem 1.1. We have the following
general results.

Theorem 5.1. Let n = d, ®(y) = (Pi(|y))yi,---, Pullyl)yl,) with
(Pp,....,Py) € (A%, ¥ = (Q1,...,Qm) € (A1)™ and ¢ € G. Suppose
that one of the following conditions holds:

(a) h € A, (R*) for some v > 1 and Q € Llog"™ L(S™1) satisfy-
ing (1.2);

(b) h € AR for some v > 1 and Q € L(log* L)'/7'(S*~1) satisfy-
ing (1.2).

Then,

(i) Thoe v, is bounded on FPI(R™™) for a € R and (1/p,1/q) €

-
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i) Th.o.ew., is bounded on BP4(R&™) for o € R and p, q satisfying
e, PV, a
1<g<ooand|l/p—1/2| <min{1/2,1/9'}.

Theorem 5.2. Let ® = (Py,...,P;) € (A% ¥ = (Q1,...,Qm) €
(A1)™ and p € G. Suppose that one of the following conditions holds:

(a) h € Ay(RT) for somey > 1 and 2 € H (S 1) satisfying (1.2);
(b) h € H,(R") for some v > 1 and Q € L(log™ L)/ (87 1)
satisfying (1.2).

Then,

(i) Thaow, is bounded on FP9(RT™) for a € R and (1/p,1/q) €
-
(ii) Th.0,0,0,, is bounded on BE4(RYT™) for o € R and p, q satisfying
1<g<ooand|l/p—1/2] <min{1/2,1/9'}.

The proofs of Theorems 5.1 and 5.2 are based on combining similar
arguments as in the proofs of [13, Theorem 1.1] and [22, Theorem 1.4]
with Theorems 1.1 and 1.4-1.5. We omit the details.

It follows immediately from (1.6)—(1.8) and Theorems 5.1 and 5.2
that

Corollary 5.3. Under the same conditions as Theorems 5.1 and 5.2
with a > 0, the operator Th.0.¢,w,, s also bounded on FP9(RT™) and
BPA(RT™) | respectively.

Acknowledgments. The author would like to express my deep grat-
itude to the referee for his/her invaluable comments and suggestions.
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