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REMARKS ON REGULARITY CRITERIA FOR 2D
GENERALIZED MHD EQUATIONS

ZHUAN YE

ABSTRACT. In this paper, we establish two regularity
criteria for the two-dimensional (2D) incompressible general-
ized magnetohydrodynamic (GMHD) equations in terms of
only one quantity, namely, the current density j = V x b or
the vorticity w = V X u. More precisely, it is proved that, if
one of the following holds true:

T
[ 10Ny gyt < o,

T
/0 lo®lgo e dt < o,

then the solution (u, b) actually remains regular on [0, T].

1. Introduction. In this paper, we are interested in studying the
following 2D incompressible GMHD equations in the entire space R2:

O+ (u- V)u+ vA?*u = —Vp+ (b- V)b,
b+ (u- V)b +nA%b= (b-V)u,
Vou=0, V.b=0,

u(z,0) = ug(x), b(x,0) = bo(x),

(1.1)

where u = u(z,t) = (ui(z, t), us(z, t)), b = b(x,t) = (bi(x, t), ba(z, t))
and p = p(z,t) denote the velocity vector, magnetic vector and pressure
scalar fields respectively. Here, o € [0, 2] and 8 € [0, 2] are real pa-
rameters, while v > 0, > 0 are the kinematic viscosity and magnetic
diffusivity, respectively; for simplicity, we set v = n = 1. The frac-
tional Laplacian operator A2* £ (—A)® is defined through the Fourier
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transform, namely, . N
A2 f(€) = [ f(€)

fthe Fourier transform of f given by

~

fie) = [ et

We recall the convention that, by a = 0, it is meant that there is no
dissipation in (1.1);, and similarly, 8 = 0 represents that there is no
diffusion in (1.1)s.

When o = 8 =1, system (1.1) reduces to the standard magnetohy-
drodynamic (MHD) equations which govern the dynamics of the veloc-
ity and magnetic fields in electrically conducting fluids such as plasmas
and reflect basic physics conservation laws. Due to their physical ap-
plications and mathematical significance, GMHD and MHD equations
have been extensively studied, and important progress has been made.

Let us first briefly review some existence theories of the 2D case.
Global regularity of system (1.1) with both Laplacian dissipation and
magnetic diffusion, namely, « = § = 1, was proven, see, e.g., [9, 26,
30], while the question of whether a solution to completely inviscid
MHD equations (o« = 8 = 0) can develop a finite-time singularity
from smooth initial data with finite energy remains a challenging open
problem. Thus, examination of the intermediate cases has been an
attractive direction of research. Recently, Cao and Wu [3] showed that
smooth solutions are global for 2D MHD equations with mixed partial
and magnetic diffusion, see [8] for more general cases. Very recently,
Wu [33] proved global-in-time regularity as long as the powers a and
[ satisfy

1 n

n
> -+ — 0 >1+ —
a_2—|—4, 8 >0, a+ 8> +2,

where n is the spatial dimension. It is a remarkable fact that, when
spatial dimension n = 2, the above conditions can be greatly weakened.
Actually, recent efforts have been devoted to the global regularity
of (1.1) with the smallest possible @ € [0,2] and 8 € [0, 2] (see
[5, 13, 20, 21, 27, 30, 35, 36, 41, 42] for more details). To the
best of our knowledge, global regularity or finite time singularity for
system (1.1) with (a, ) € 9 currently is also an unsettled issue, where

(12)  M2{(a, B)|a>0,0<B<1, a+B<2}U{0, 1)}
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Considerable work has been devoted to studying regularity criteria for
the case (a, 8) € M. When a = 1, 8 = 0, we refer to [14, 19, 40, 48]
for some interesting regularity criteria results. In addition, several
regularity criteria for o > 1, # = 0 may be found in [39].

Now, we mention some results concerning the 3D case. Similarly
to generalized Navier-Stokes equations, when « and [ belong to a
suitable range, system (1.1) with large initial data clearly admits a
unique global smooth solution, see, e.g., [28, 30, 33, 37, 38]). Due
to the presence of the Navier-Stokes equations in (1.1), it remains
unknown whether or not 3D MHD equations with large initial data
have a unique globally smooth solution. For this reason, a large amount
of literature is devoted to addressing sufficient conditions with which
to guarantee global regularity of the weak solution. Various regularity
criteria in terms of the velocity and magnetic fields, pressure and their
derivatives have been proposed. We list only a few, with no intention
of comprehensiveness, see 1, 2, 4, 6, 7, 11, 12, 16, 17, 18, 23, 24,
29, 31, 32, 34, 43, 45, 46, 47, 49] and the references therein. It is
noteworthy to point out that both velocity vector field and magnetic
field conditions are needed to characterize the regularity criterion to
completely inviscid MHD equations. In particular, the following are
results from [1, 2, 44], respectively:

T
/0 (o(®) | o=y + 10| e (o) it < 00,
T
/0 ol g,y + 13Ol _ )t < o0,

T
i sup [ (184 s + IARTO =) =5 < M,
Eﬁokez T—e

for some positive constant M, and Ay is a frequency localization on
€] = 2%. Of course, these results hold true for system (1.1) with v,
n > 0.

Since there is no global well-posedness result for system (1.1) with
(o, B) € M, it is natural to examine regularity criteria. In this pa-
per, we establish the regularity criteria in terms of only one quantity,
namely, the velocity or magnetic vector field, when the fractional pow-
ers of the Laplacian for system (1.1) belong to some certain range.
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These results will be useful for further investigations on the global
regularity problem of 2D MHD equations.

We now state our main results as follows. The first result concerns
the Bgo o Dorm of current density j.
Theorem 1.1. Suppose that o+ 8 > 1 with o > 1/2, (o, 8) € M
and (ug,by) € H*(R?) x H*(R?) for any s > 2. Let (u,b) be a locally
smooth solution to system (1.1). Then, (u,b) can be extended beyond
time T, provided that

T
(13) | 1Ol eyt < .

The last regularity criterion is expressed in terms of the Bgo) o0 NOTM
of vorticity w. More precisely, we have the next theorem.

Theorem 1.2. Suppose that a+ > 1 with («, §) € M and (uo,by) €
H*(R?) x H*(R?) for any s > 2. Let (u,b) be a locally smooth solution
to system (1.1). Then, (u,b) can be extended beyond time T, provided
that

T
(1.4 | 1Ol ooyt < .

Remark 1.3. In this paper, for simplicity of presentation, we merely
prove Theorems 1.1 and 1.2 for « < 1 and 8 < 1. When a > 1
or 8 > 1, the proofs are much easier. Moreover, the global-in-time
regularity solution in cases = 0, # > 1 and @ > 0, § = 1 has been
proved by [5, 13, 21], respectively.

Remark 1.4. At present, we are not able to show that Theorem 1.1
holds true under the condition o + 8 > 1 for o < 1/2. The estimation
of (3.10) in Section 3 prevents this possibility.

The general outline of the paper is as follows. In the next section, we
first present some notation we shall use throughout this study, as well as
preliminary inequalities. Section 3 is devoted to proving Theorem 1.1.
In Section 4, we aim at the proof of Theorem 1.2 by using the same
arguments adopted in proving Theorem 1.1.
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2. Preliminaries. In this section, before we state the main results,
we shall present some notation used throughout this study, as well as
preliminary inequalities. Throughout the paper, C' stands for some
real positive constants which may differ in each occurrence. We shall
sometimes use the notation A < B, which stands for A < CB. For
brevity, we 0, by 0; for i =1, 2.

Now, we briefly recall the Calderén-Zygmund estimate which will be
frequently used throughout this paper.

Lemma 2.1. For any smooth divergence-free vector field u with vortic-
ityw € LP and p € (1, 00), an absolute constant C > 0 exists satisfying
the following property:

p2
[Vulzr < CEHWHM-

Next, we present the following well-known fractional version of the
Gagliardo-Nirenberg inequality, see [15].

Lemma 2.2 (Gagliardo-Nirenberg inequality). Let 1 < p, ¢, r < oo,
0<60<1 ands,s1,sy € R. Assume that u € C°(R?). Then,
(2.1) IA%ullze < ClIA" ]l 72 1A% ]| 2,

where

1 s 1 5 1 s
- == — - — — - — — < — .
b2 (1 0)((] 2)+0<r 2), s < (1—0)s1+0sy

In particular, we have the following lemma, see [10, 25].

Lemma 2.3. If the spatial dimension is 2, then an absolute positive
constant C exists such that the following interpolation inequalities hold
true:

1/2 1/2
ull e < Cllully2 1V 2ull},

L2

IVullzs < Cllull 219 %ul 2,
20—-1)/(2 1/(2 1
lullze < Cllul 2~ Au] 52, 0> 3,
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IV fllze < CIACFI DA f 572074, 0 <o <1,

2~v—1)/4 5—2 4
1V2g]| 24 < ClIAY g5~/ ATV 2 5 W,

Now, we introduce the differential form Gronwall-type inequality to
conclude this section. The proof is quite straightforward and is omitted.

Lemma 2.4. Let f(t) be a nonnegative, absolutely continuous function
on [0, T] which satisfies, for almost every t the differential inequality,

f1(t) < g(OF(f(1),

where g(t) is a nonnegative, integrable function on [0,T] and nonneg-
ative function F(s) satisfies the following conditions, for any 0 < a <
b < o0,

b1 > 1
— _ds< ——ds = .
/a F(S)ds_0<oo and /a Fs) ds = 00

Then, f(t) is bounded for any t € [0,T].

3. Proof of Theorem 1.1. The existence of locally smooth solu-
tions can easily be obtained, see, for example, [26]. Thus, in order to
complete the proof of Theorem 1.1, it is sufficient to establish a priori
uniformly strong estimates in ¢ € [0, T'). Therefore, in the following,
we assumme that solution (u, b) is sufficiently smooth on [0, T"). Keep in
mind that we only consider a < 1 and g < 1.

Proof of Theorem 1.1. The following logarithmic-type Sobolev in-
equality is needed before beginning the proof of Theorem 1.1, see, for
example, [22].

(3.1) NV fllpee ®n)
< C(1+ 1 2@ + 19 % Fllgn, _n) 1080+ I liroany)):

with s > 1 +n/p, f € L2(R*) N W*P(R") and V - f = 0.

In order to prove Theorem 1.1, we begin with the following basic
energy estimate.
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Lemma 3.1. Let a > 0 and 8 > 0. For any corresponding solution
(u,b) of (1.1), some constants C exist such that, for any t € [0,T],

T
(32) fu®lZ> + ()72 +/O (IA“u(®)1 22 + [1A7B(1)]Z2) dt < C.

In order to obtain the H' estimate on (u,b), we first take curls on
the GMHD equation (1.1) to obtain the equation of vorticity w and the
current density j:

(3.3) Ow + (u-V)w+ A0 —(b-V)j =0,
(34) B+ (u-V)j+APj—(b- VIw—T(Vu,Vb) =0,
where T(VU, Vb) = 281()1(82114 + 81712) — 281u1(8261 + 81b2).

Taking the inner product of equations (3.3) and (3.4) with w and j,
respectively, and adding, we deduce:

(35) 5o (lw@llis + 1 @)1Z2) + [A%w® 122 + 1A% @)

< / T(Va, Vb)||j] da
RZ
< C||Vbl|p~ [Vl 2]l < CIVbll L= (]2 + [17]22)-

We denote

M(t) £ max ([Vi%w(u)Z: + V2 (1)ll72)-
HE([To, t]
It is an obvious observation that M(t) is a monotonically increasing
function. This observation will be useful later. Let Ty € (0, T'), which
is to be fixed hereafter such that

T-Ty<1 and log(l+ M(t))>1 for all t € [Ty, T].

The goal of this section is to show that, if assumption (1.3) holds, then
the following holds:

lim M(t) < C < oo,

t—T—
for some positive constant C' that depends only upon wug, by, T and
M (Tp,). The above estimate is enough to extend the smooth solution
(u, b) beyond T.
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The logarithmic Sobolev (3.1) and Gronwall inequalities enable us
to deduce that

(36) Iz + 152
+ /T (1A ()22 + [A%5(5)[12:) ds
< C(lw(T) 2 + 13 (To)|[2) exp [ / IVb(s)]| ds]
< C(l(To)|22 + 15(T)[12)

o [0 (1 Il + g0+ 1) o)
< Cexp [/T: cl+ bO”LZ)dS]

oo [ 1l _as) s+ 2100

< com o [ 1ol _as) toatr + 310

for all Ty <t < T. Due to

T
[ 15y _ds <.
i |

we can choose Ty close enough to 7" such that
T
C [ gy, _ds <
To :

for a sufficiently small € > 0, to be chosen hereafter. Therefore, it is
easy to conclude that, for any Ty <t < T,

t
(B.7) Mw®lz2 + 150172 +/T (IA%w(s)[172 + 1475 (5)72) ds
0
<O+ M(t))“.
Next, we prove a global a priori bound for H2-estimates on (w, j).

Applying V2 to equations (3.3) and (3.4), taking the L? inner product
of the so-obtained equations with V2w and V?j, respectively, and
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adding, we arrive at:

(3 8)

5 dt(l\V(Z w(t)llZ2 + V2 @)172) + [A*V2w() |72 + 1AV (272
= /R [u- VV2w = V(u- Vw)|Vwdx

[V2(b-Vj) — b VV?j]|Viwdz

[u-VV?j = V3(u- Vj)|V?jde

[V2(b- Vw) — b- VV?w]|V?jdz

V2T (Vu, Vb)V?j dx

+ o+ o+ o+

V2] Vo] [V d + / IV |V20|? da

R2

_|_

+/\ 2b| V4| |V2w| dx

[ 1V 19 9% d + / V24| V5] V5] da

-/ |v2u|v2b|v2j|dx)
R2
+ (/ |Vb||v2j\|v2w|da:+/ |V3u||Vb||V2j|d:r>
R2 R2
+ (/ |Vu||V2j\2dx+/ |Vu||V3b||V2j|dx>
R2 R2

Eh+J4+ Je,
where we used the facts
/ u-VV2w~V2wdx:/ uw-VV%-V2%dx =0
R2 R2
and

b-VV% - Viwdr+ [ b-VVw-V%idr=0.
R2 R2
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Now, we estimate the terms on the right-hand side of (3.8) one-by-
one as follows. We begin with an estimate of the term J;. Applying
the Holder and Gagliardo-Nirenberg inequalities to J; yields:

(3.9) Ji SVl pal [ V|| pa [ Vw]| 2

S V|24l V20| 2
||Aa |72 Ao w2 )| G2 2 w2

N

w||L2

< ||AaV2WHL2 + O A%w| 12, ||V 2w][ 757D,

Note that here and in what follows the Gagliardo-Nirenberg inequality
holds true for a < 1. However, if @ > 1, the case can be handled easily
by a similar argument.

By the Holder and Gagliardo-Nirenberg inequalities, we estimate Js
as:
(3.10) Jo S IV 12| V20| 74
o 1(2a=1)/2) r 5—2a)/2
S lwll el Aw] 2 2 AV 2w) 72

~

1 4/(2a—1
< 751A"VPullze + Cllwll 22> A% 7,

where we need the restriction o > 1/2. According to the Holder and
Gagliardo-Nirenberg inequalities, J3 can be bounded as follows:

(B3.11) 5 S IV 14| Vil e 1Vl 2 S V]3] V0] 2
Sl e V2511221 V2wl 22 S IV Lo |V 25 22 | V200 | 2.
Due to Lemma 2.1 and o 4+ 8 > 1, the following is obtained for Jy:
(3.12)  Ju SVl e[Vl el V2l 22 S IVl pe Vel pa V2] 2
< A8 FHDA AT 52 A Gt/
AV 20|52 2
1
< AT VRwllzz + —||A5v2j||%z
+C(IAw]|22 + ||A%||L2>||v2yu4/ trots),
For J5, we obtain

J5 < ClIVb| o [[V2 ]| 2| V20| 2.
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For Jg, we directly achieve, for a + 8 > 1,

(3.13)
Jo S IVullp2/a-a)IV?5 V2| 2rater + VU]l p2/1-a V2OV 27140
S 1AWl 9252 195 e
S ||Aaw||L2HV2J||L2||Aﬁ]||1 R VG ] [

~

| /\

4/(x 1
HAﬁv%np + C(IA w22 + [|A%5]122) V2] 7P,

Combining all of the estimates Ji, Jo, ..., Js, we get:

d . o .
ZUVl7: + IV2501172) + 1AV (Oll72 + [A7V5(0)]7.
«a 4/(2a+1) 4/(2a—1 o
< C|A%W|| 22| V2w 5522 4 Ol 52| A% 2.
+ C([A%w|22 + [|A%]22) | V25 3 et
+ OVl 1= V%] 22 V2] 2.

Using the logarithmic Sobolev inequality (3.1) and ignoring the dissi-
pative term, we can thus deduce from the above inequality that

(314) 5 (VWO + IV 0)132)
<O+l go, _log( +[V31132)) V2] 2 V2w 2
+C||A%||L2||v2w||4/ Bt 4 0wl 753V [ Aw] 2
+ (AWl + IAP32) V24 o,

Integrating over interval (Tp,t) and observing that M (t) is a monoton-
ically increasing function, it follows that

(3.15)
1+ M(t) — M(Tp)

<Cm) [ (141l 1081+ M(s)) (1 + M () ds

t
+C(To) | M(s)*/ DA% 2. ds

To
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t
C(Ty) / [l A2, ds
To
t
+C(Ty) / (14 M(s)/ Ao (| A%w]22 + AP ]22) ds

To

t

<C(ty) [ (U lgy, _log(1+ M() (1 + M () ds
To ’

t
+ C(Ty) M (£)2 20+D) / 1A% 22 ds + C(Th)
To
t
4/(2a—-1) | r a
/ ol 722V [ A%w]22 ds
To

t
+C(T0)M(t)2/(1+“+’3)/ (IA“wlfF> + [1A75]1Z2) ds

<om) [ (1+ il _toa(1 +M(s)(1 + M () ds
(To)(l+M(i))2/(2a+l)+€—|—C(T0)(1+M(t))[2€/(2a71)]+6
C(T) (1 + M(0) T (14 M (1)) + C(T).

We remark that estimate (3.7) has been used several times.

Taking

1 . 200—1 200 —1 a+p—-1
€ = —min , , > 0,
2 200+1" 4a-1" a+pB+1

a simple calculation shows that

(3.16)
1 M) < ) [ (1 )y, Mo (1 + M () (1+ M) s

+ C(To)(1+ M(t) + C(Tp)

<cm) [ (14 1)y, a1 + M) (1 + M () ds

+ (14 M(¢)) + C(Tv),

N
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with some v € (0, 1). Thus, we have
t
L M) < C+C [ (14 (6], low (14 M) (1+ M(5)) ds.
. % e

For simplicity of exposition, we denote

ViyECc+C | (1+ 17(s)l o, _ log(1+ M(s))) (14 M(s)) ds.

To
Thus, we have
14+ M(t) <V(t).
Therefore,
d .
(3.17) VO =CO O g, log(l+M(£)(1+ M(1))

<L+ 150l z _lor V)V (D)

Applying the standard Log-Gronwall type inequality, see Lemma 2.4,
now tells us that M (t) remains bounded for any ¢t € [0, T], which
implies that

2 2 2, 2 <
max (V23 + V% (0)]3) < C.

Thus, we have completed the proof of Theorem 1.1. O

4. Proof of Theorem 1.2. This section aims at proving Theo-
rem 1.2 which follows the approach used in the proof of Theorem 1.1.
For the sake of completeness, detailed proofs are given as follows.

Proof of Theorem 1.2. To begin, we obtain the following L? bounds
for (w, j)

d . o .
(4.1) S lw®Iz + 15 ON72) + 1AW + [1A°5]172

1
2
S/ |T(Vu, Vb)||j| dx
R2
< ClIVullz= Vbl z2lljll 2 < CIVul elljll7
< ClIVullze (lwliZ2 + l171Z2)-
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The definition of

M(t) = ax, (IIv2 ()72 + 1V25 ()1I72)

remains the same. We deduce from the logarithmic Sobolev (3.1) and
Gronwall inequalities that

(4.2)

O + 15013 + [ (A + A% )]E=) ds
< Cl(To) 22 + 15(T) )
19u(s)]| ds]

To

< C(l(To)l22 + 15(T0) 2

t
coxp O [ (Ul + el Tou(1 + ful ) s
0

-exp[

< Cexp Ut o+ ||u0||L2)ds}

e [ ([ el as) ostt + 3100
[ (/ lwll g ds) log(1 + M(t))}, for all Ty <t < T.

Due to
T
| 1elg, _ds <.
0 oo, o0

we can choose Ty close enough to 7" such that
T
C | lws)llgy, _ds<e
7 &, oo

for sufficiently small number € > 0 to be chosen later. Thus, we get

(4.3) [w®l7 + 1717 +/T (A% (s)[172 + 1A7(s)]172) ds
< C(1+ M)~
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Noting (3.8), it is sufficient to estimate the terms J; — Jgs. The
Gagliardo-Nirenberg inequality tells us that

(4.4) J1 S VPl e [ Vewl| 4 [ Vw] 2
S Vol Za [ V2wl 2
S (@l IV2wll2) V2]l 2
< IVull e [ V2wl |22,

and

(4.5) Jo < ||Vl e V2w 2.

Due to a+ 8 > 1, we may choose p; satisfying

2 22+ a—f) . 2
(4.6) max{l, T o (2a+1)(2_5)}<p1<m1n{2, 2_6},

therefore, by using the Gagliardo-Nirenberg and the Young inequalities,
we obtain:

(4.7)
I3 SNVl 201 IV 201 V20| 1 00 -0
5 ||vj||%2171 HVQWHLIH/(M*I)

2(1=X . _
A8 120202523 | V2w |h2 22 AV 2w] 3

A

IN

1 - —A1 —A2 . 1 - —
g A VRwllZa +-CYA s VB TR V] ) )

IN

1 a : ; 1 —A2 -
T A" V2wl 7a+ COHAZG L) IV | VEwl 7))

IN

1, . . v
eI VEwllZ: +COA+A%5]72) (1V25]72 + [V2w]Z2)"

where

1 2—m 1—X 2
>\ :1—7 )\ = - )\ .
! 2-8)p’ 2T g (1+ 2 )2—/\2

It should be noted that, when p satisfies (4.10) it is then easy to check
(48) v < 1.

By the Holder, Gagliardo-Nirenberg and Young inequalities, we obtain
(4.9) J1 S|V p2cerm || Vwl| pecranars | V25| L2
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S IVillzeers [Vl pieerayais V2] L2
1/(2+5)]”Al3v2 Hl/ 2+8)

AN

S il
(A% S @A)/ (2ma) (28]

. ||V2 H[(1*0‘)(2+B)+1]/[(2*a)(2+5)]||v2j||L2

||Aﬂv23||Lz + O || PPV EE2E)) o)1)
[(1—a)(2 1]/[(2—a)(2 [2(2+8)]/(3+2B)
) (”vz ” [(1—a)(2+8)+1]/[(2—a)( +5)]”v2 ” )

IN

. [2(1 3+2 a
APV + GV 4 aw)a)

S(IVPwliZe + 1V%51122) ™,
where v5 is given by
(3—2a)2+p8)+1
(2-a)(3+2P)

due to o+ 8 > 1. Once again, due to a + 8 > 1, we can take py
satisfying

(4.10) max{() ﬂ}<< {1 83-5 a},

2 Po 22 2

<1

Vo =

which, by making use of the Gagliardo-Nirenberg and Young inequali-
ties, allows us to deduce:

(4.11)
Js SV L2 | V25 2 | V2w L2pa) /pa—2)

Sl z2lIV25 ) 2oz V20| Lpay /a2
. 3— 2]/(2 [(3— 2]/(2
< HJHHHABJHLZ [(3—8)p2—2]/( Pz)”Aszju (3—B)p2—2]/(2p2)

||V2(AJH1 [2/(@;02)]||Aocv2 ||2/(aP2)

. - 4(2a-1)]/(2
fHA‘aVQJIIiH 5 1A V2wl 32 + ol ey

3—2« 2 1
-||Vb||L< - IA%5)12

IN

FIAPT23 + ATl + e ot pazad
. ||A6jH[LQ;JL[Q*(lfﬁ)PzH/[a(1+ﬁ)p2+2a*4}
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||V2 [ [2a2—(1-F)pl]/[a(1+B)p2+2a—4]
TIPSR + AVl + O e
W Il
where v3 is given by

2a2 - (1 - B)p]
a(l+B)pe+2a—4 7

V3 =

due to a + B > 1. For Jg, we directly obtain
(4.12) Js < ClIVul = [ V257

Plugging estimates (4.4)—(4.12) into (3.8) and absorbing the dissipative
terms, we have:

(4.13)
%(Hv%(wuiz +IV2i(0)132) + [A*V2w]3: + AP V212,
< O||Vull = (V%[22 + [ V2)]132)
+ CO+ IAP1122) (IV2]1132 + [V2w]|22)"
+CJl I EHVEED (1t A0 ]3) (1V2w]13: + [V24113:)"
+ O j|srel/ e Artaal g A8G12,)|19 %]

Making use of the logarithmic Sobolev inequality (3.1), we thus get

(@19) 5 LUVl + 192 013)
< C(To)(1+ |lwllpo,_log(1+ M(1)) M(®)
+ C(1+ [|AGI[Z2) M ()"
+ O(1+ M(t) 202 (1 4 [[A%w]|2,)
+ C(1 + M{(t))2or20)/le(+Bpat2a—dtws] (] 4 IABf)12,),

Integrating over interval (Tp, t) and using the monotonicity of M (t), we
thus have



1350 ZHUAN YE

(4.15)
1+ M(t) — M(Tp)

<) [ (14 llos)l gy, Tom(1+ M(s)) 1+ M(5)) ds
O M) /T (1+[1A]2.) ds
+cgmu+wﬂwﬂH@N”wﬂ%/ta+wA%m§)@
To

+ C(Ty) (1 4 M(t))Gorza)/letBpzt2a—dtvs] [ (1 4 ||AFf]12,) ds
To

<O [ (14 llos)l g, Tom(1+ M(s)) (1 + M(5)) ds

+C(Ty)(1 + M(t))"ﬁ'e +C(Ty)(1 _|_M(t))[(1+ﬁ)/(3+25)]+'/2+6
+ C(Tp)(1 + M(t))2ar20)/[e(+B)pat2a—d+vste

Taking
1o (1-1)B+28) (1 —ws)la(d+ B)ps +2a — 4]
6—2m1n{1 Vi, 115 , o3+ Bps + 20— 4 }>0,

we can thus obtain:

(4.16) 1+ M(t) — M(Tp)

<Ct) [ (14 lo)llsg_ loB(1+ M(s)) 1+ M(5)ds
£ C(Ty)(1+ M) +C(Ty),

with some vy € (0, 1). Therefore, taking advantage of the same
arguments as used in the proof of Theorem 1.1, it is easy to show
that the desired conclusion holds true. Thus, the proof of Theorem 1.2
is complete. O

Acknowledgments. The author gratefully thanks the referee for
carefully reading this article and making valuable comments and sug-
gestions for improving this work.



2D GENERALIZED MHD EQUATIONS 1351

REFERENCES

1. R.E. Caflisch, I. Klapper and G. Steele, Remarks on singularities, dimension
and energy dissipation for ideal hydrodynamics and MHD, Comm. Math. Phys. 184
(1997), 443-455.

2. M. Cannone, Q.L. Chen and C.X. Miao, A losing estimate for the ideal MHD
equations with application to blow-up criterion, STAM J. Math. Anal. 38 (2007),
1847-1859.

3. C.S. Cao and J.H. Wu, Global regularity for the 2D MHD equations with
mized partial dissipation and magnetic diffusion, Adv. Math. 226 (2011), 1803—
1822.

4. , Two regularity criteria for the 3D MHD equations, J. Differ. Equat.
248 (2010), 2263—-2274.

5. C.S. Cao, J.H. Wu and B.Q. Yuan, The 2D incompressible magnetohydrody-
namics equations with only magnetic diffusion, SIAM J. Math. Anal. 46 (2014),
588-602.

6. Q.L. Chen, C.X. Miao and Z.F. Zhang, On the regularity criterion of weak
solution for the 3D viscous magneto-hydrodynamics equations, Comm. Math. Phys.
284 (2008), 919-930.

7. , The Beale-Kato-Majda criterion for the 3D magneto-hydrodynamics
equations, Comm. Math. Phys. 275 (2007), 861-872.

8. L.L. Du and D.Q. Zhou, Global well-posedness of two-dimensional magneto-
hydrodynamic flows with partial dissipation and magnetic diffusion, SIAM J. Math.
Anal. 47 (2015), 1562-1589.

9. G. Duvaut and J.L. Lions, Inéquations en thermoélasticité et magnéto-
hydrodynamique, Arch. Rat. Mech. Anal. 46 (1972), 241-279.

10. E. Gagliardo, Proprieta di alcune classi di funzioni in pia variabili, Ricer.
Mat. 7 (1958), 102-137; 9 (1959), 24-51.

11. J.S. Fan, A. Alsaedi, T. Hayat, G. Nakamura and Y. Zhou, A regularity
criterion for the 3D generalized MHD equations, Math. Phys. Anal. Geom. 17
(2014), 333-340.

12. J.S. Fan, S. Jiang, G. Nakamura and Y. Zhou, Logarithmically improved
regularity criteria for the Navier-Stokes and MHD equations, J. Math. Fluid Mech.
13 (2011), 557-571.

13. J.S. Fan, H. Malaikah, S. Monaquel, G. Nakamura and Y. Zhou, Global
Cauchy problem of 2D generalized MHD equations, Monatsh. Math. 175 (2014),
127-131.

14. J.S. Fan and T. Ozawa, Regularity criteria for the magnetohydrodynamic
equations with partial viscous terms and the Leray-a-MHD model, Kinet. Rel. Mod.
2 (2009), 293-305.

15. H. Hajaiej, L. Molinet, T. Ozawa and B.X. Wang, Sufficient and necessary
conditions for the fractional Gagliardo-Nirenberg inequalities and applications to
Navier-Stokes and generalized Boson equations, in Harmonic analysis and non-




1352 ZHUAN YE

linear partial differential equations, T. Ozawa and M. Sugimoto, eds., 5 (2011),
159-175.

16. C. He and Z.P. Xin, Partial regularity of suitable weak solutions to the
incompressible magnetohydrodynamics equations, J. Funct. Anal. 227 (2005), 113—
152.

17. , On the regularity of weak solutions to the magnetohydrodynamic
equations, J. Differ. Equat. 213 (2005), 235-254.

18. X.J. Jia and Y. Zhou, Regularity criteria for the 3D MHD equations
tnvolving partial components, Nonlin. Anal. 13 (2012), 410-418.

19. Q.S. Jiu and D.J. Niu, Mathematical results related to a two-dimensional
magneto-hydrodynamic equations, Acta Math. Sci. 26 (2006), 744-756.

20. Q.S. Jiu and J.F. Zhao, A remark on global reqularity of 2D generalized
magnetohydrodynamic equations, J. Math. Anal. Appl. 412 (2014), 478-484.

21. , Global regularity of 2D generalized MHD equations with magnetic
diffusion, Z. Angew. Math. Phys. 66 (2015), 677—-687.

22. H. Kozono and Y. Taniuchi, Bilinear estimates in BMO and the Navier-
Stokes equations, Math. Z. 235 (2000), 173-194.

23. Z. Lei and Y. Zhou, BKM’s criterion and global weak solutions for magneto-
hydrodynamics with zero viscosity, Discr. Cont. Dynam. Syst. 25 (2009), 575-583.

24. H.X. Lin and L.L. Du, Regularity criteria for incompressible magnetohydro-
dynamics equations in three dimensions, Nonlinearity 26 (2013), 219-239.

25. L. Nirenberg, On elliptic partial differential equations, Ann. Scuola Norm.
13 (1959), 115-162.

26. M. Sermange and R. Temam, Some mathematical questions related to the
MHD equations, Comm. Pure Appl. Math. 36 (1983), 635-664.

27. C.V. Tran, X.W. Yu and Z.C. Zhai, On global regularity of 2D generalized
magnetodydrodynamics equations, J. Differ. Equat. 254 (2013), 4194-4216.

28. , Note on solution reqularity of the generalized magnetohydrodynamic
equations with partial dissipation, Nonlin. Anal. 85 (2013), 43-51.

29. Y. Wang, BMO and the regularity criterion for weak solutions to the
magnetohydrodynamic equations, J. Math. Anal. Appl. 328 (2007), 1082-1086.

30. J.H. Wu, Generalized MHD equations, J. Differ. Equat. 195 (2003), 284—
312.

31. , Regularity results for weak solutions of the 3D MHD equations,
Discr. Contin. Dynam. Syst. 10 (2004), 543-556.

32. , Regularity criteria for the generalized MHD equations, Comm. Part.
Diff. Equat. 33 (2008), 285-306.

33. , Global regularity for a class of generalized magnetohydrodynamic
equations, J. Math. Fluid Mech. 13 (2011), 295-305.

34. K. Yamazaki, Remarks on the regularity criteria of generalized MHD and
Navier-Stokes systems, J. Math. Phys. 54 (2013), 011502.




2D GENERALIZED MHD EQUATIONS 1353

35. K. Yamazaki, Remarks on the global reqularity of two-dimensional magne-
tohydrodynamics system with zero dissipation, Nonlin. Anal. 94 (2014), 194-205.

36. , On the global regularity of two-dimensional generalized magneto-
hydrodynamics system, J. Math. Anal. Appl. 416 (2014), 99-111.

37. ., Global regularity of the logarithmically supercritical MHD system
with zero diffusivity, Appl. Math. Lett. 29 (2014), 46-51.
38. , Global regularity of N-dimensional generalized MHD system with

anisotropic dissipation and diffusion, Nonlin. Anal. 122 (2015), 176-191.

39. Z. Ye, Two regularity criteria to the 2D generalized MHD equations with
zero magnetic diffusivity, J. Math. Anal. Appl. 420 (2014), 954-971.

40. , A regularity criterion for the 2D MHD and viscoelastic fluid
equations, Ann. Polon. Math. 114 (2015), 123-131.

41. Z. Ye and X.J. Xu, Global regularity of the two-dimensional incompressible
generalized magnetohydrodynamics system, Nonlin. Anal. 100 (2014), 86-96.

42. B.Q. Yuan and L.N. Bai, Remarks on global regularity of 2D generalized
MHD equations, J. Math. Anal. Appl. 413 (2014), 633—640.

43. 7Z.J. Zhang, Regularity criteria for the 3D MHD equations involving one
current density and the gradient of one wvelocity component, Nonlin. Anal. 115
(2015), 41-49.

44. 7.J. Zhang and X. Liu, On the blow-up criterion of smooth solutions to the
3D ideal MHD equations, Acta Math. Appl. Sinica 20 (2004), 695-700.

45. Y. Zhou, Remarks on regularities for the 3D MHD equations, Discr. Cont.
Dynam. Syst. 12 (2005), 881-886.

46. , Regularity criteria for the 3D MHD equations in terms of the
pressure, Inter. J. Non-Lin. Mech. 41 (2006), 1174-1180.

47. , Regularity criteria for the generalized viscous MHD equations, Ann.
Inst. H. Poincare 24 (2007), 491-505.

48. Y. Zhou and J. Fan, A regularity criterion for the 2D MHD system wity
zeao magnetic diffusivity, J. Math. Anal. Appl. 378 (2011), 169-172.

49. Y. Zhou and S. Gala, A new regularity criterion for weak solutions to the
viscous MHD equations in terms of the vorticity field, Nonlin. Anal. 72 (2010),
3643-3648.

JIANGSU NORMAL UNIVERSITY, DEPARTMENT OF MATHEMATICS AND STATISTICS, 101
SHANGHAI RoAD, XUzHOU, JIANGSU, 221116 P.R. CHINA
Email address: yezhuan815@126.com



