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PROLONGATION OF SYMMETRIC KILLING
TENSORS AND COMMUTING SYMMETRIES
OF THE LAPLACE OPERATOR

JEAN-PHILIPPE MICHEL, PETR SOMBERG AND JOSEF SILHAN

ABSTRACT. We determine the space of commuting sym-
metries of the Laplace operator on pseudo-Riemannian man-
ifolds of constant curvature and derive its algebra structure.
Our construction is based on Riemannian tractor calculus,
allowing us to construct a prolongation of the differential
system for symmetric Killing tensors. We also discuss some
aspects of its relation to projective differential geometry.

1. Introduction. The Laplace operator is one of the cornerstones
of geometrical analysis on pseudo-Riemannian manifolds. There exists
a close relationship between spectral properties of the Laplace oper-
ator and local as well as global invariants of the underlying pseudo-
Riemannian manifold.

The question of conformal symmetries of the Yamabe-Laplace oper-
ator Ay on conformally flat spaces has been solved [8]. A differential
operator D is a conformal symmetry of Ay, provided [Ay, D] € (Ay),
where (Ay) is the left ideal generated by Ay in the algebra of differ-
ential operators. These D operators are called conformal symmetries
because they preserve the kernel of Ay. On a given flat conformal
manifold M, there is a bijection between the vector space of symmetric
conformal Killing tensors and the quotient of the space of conformal
symmetries by (Ay). Note that the space of symmetric conformal
Killing tensors is the solution space of a conformally invariant system
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of overdetermined partial differential equations, which is locally finite-
dimensional.

In the present paper, we classify the commuting symmetries of
the Laplace operator A on pseudo-Riemannian manifolds of constant
curvature, i.e., manifolds locally isometric to a space form. In fact,
the Laplace operator differs from the Yamabe-Laplace operator by a
multiple of the identity operator; therefore, both operators share the
same commuting symmetries. The eigenspaces of the Laplace operator
are preserved by commuting symmetries, i.e., by linear differential
operators D commuting with the Laplace operator:

[A, D] = 0.

The vector space of commuting symmetries is generated by Killing
vector fields and their far reaching generalization called symmetric
Killing tensors, or Killing tensors for short. Their composition as
differential operators provides an algebraic structure that we shall
determine.

Killing 2-tensors on pseudo-Riemannian manifolds are the most
studied among Killing tensors, and they play a key role in the sep-
aration of variables of the Laplace equation. The construction of com-
muting symmetries out of Killing 2-tensors is well known in a number
of geometrical situations [7], particularly on constant curvature man-
ifolds. Higher Killing tensors give integrals of motion for the geodesic
equation and contribute to its integrability. They can be regarded
as hidden symmetries of the underlying pseudo-Riemannian manifold.
Killing tensors themselves are solutions of an invariant system of PDEs,
and trace-free Killing tensors are special examples of conformal Killing
tensors.

As a technical tool, we introduce, and to a certain extent develop, the
Riemannian tractor calculus, focusing mainly on manifolds of constant
curvature. This allows a uniform description of the prolongation of the
invariant system of PDEs for Killing tensors and plays a key role in
our analysis of the correspondence between commuting symmetries of
the Laplace operator and Killing tensors. In particular, we obtain an
explicit version of the identification in [15], see also [17], of the space of
fixed valence Killing tensors with a representation of the general linear

group.
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The Riemannian tractor calculus can be interpreted as the tractor
calculus for projective parabolic geometry in a scale corresponding
to a metric connection in the projective class of affine connections.
Restricting to locally flat special affine connections, Einstein metric
connections in the projective class correspond to manifolds of constant
curvature [11]. Since the Killing equations on symmetric tensor fields
are projectively invariant [9], we may use invariant tractor calculus
in projective parabolic geometry to construct commuting symmetries.
Projective invariance explains that the space of Killing tensors carries
a representation of the general linear group.

As for the style of presentation and exposition, we have attempted
to make the paper accessible to a broad audience with basic knowledge
in Riemannian geometry. Following this perspective, the structure of
our paper follows. After setting the conventions in Section 2, we intro-
duce the rudiments of Riemannian tractor calculus in Section 3. The
core of the article is in Section 4, where we construct the prolonga-
tion of the differential system for Killing tensors and derive the space
of differential operators preserving the spectrum of the Laplace opera-
tor. Afterwards, we determine the underlying structure of associative
algebra on this space, induced by the composition of differential opera-
tors. We compute explicit formulas for commuting symmetries of order
at most 3. In special cases, we compare commuting symmetries with
conformal symmetries constructed in [8]. In Section 5, we interpret
our results in terms of the holonomy reduction of a Cartan connection
in projective parabolic geometry and its restriction on a curved orbit
equipped with an Einstein metric.

2. Notation and conventions. Let (M, g) be a smooth pseudo-
Riemannian manifold. Throughout the paper, we employ Penrose’s
abstract index notation and use £% to denote the space of smooth
sections of the tangent bundle TM on M, and &, for the space of
smooth sections of the cotangent bundle 7% M. We also use & for the
space of smooth functions. All tensors considered are assumed to be
smooth. With abuse of notation, we will often use the same symbols
for the bundles and their spaces of sections. The metric g,; will be
used to identify TM with T*M. We shall assume that the manifold M
has dimension n > 2.
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An index which appears twice, once raised and once lowered, in-
dicates the contraction. Square brackets [---] will denote skew-
symmetrization of enclosed indices, while round brackets (---) will in-
dicate symmetrization.

We set V for the Levi-Civita connection corresponding to gqp. Then,
the Laplacian A is given by

A = ¢®V,V, = V'V,.

Since the Levi-Civita connection is torsion-free, the Riemannian cur-
vature R, is given by

[Va, Vi = Rap“av ?,

where [-, ] indicates the commutator bracket. The Riemannian curva-
ture can be decomposed in terms of the totally trace-free Weyl curva-
ture Cypeq, and the symmetric Schouten tensor P,

(21) Raved = Cabed + 2gc[an]d + 29d[bPa]C'

We will refer to Py, as a Riemannian Schouten tensor to distinguish
from the projective Schouten tensor which will be introduced later in
this paper. We define J := P%,, such that

Sc

T = 5oy

with Sc the scalar curvature.

Throughout the paper, we work (if not stated otherwise) on mani-
folds of constant curvature, i.e., locally symmetric spaces with parallel
curvature

4
Raped = Ech[agb] d»

cf., [18]. Thus, the function J is constant. In signature (p, ¢), M is then
locally isomorphic to G/H, where G = SO(p+1,q) and H = SO(p, q) if
J>0,G=50(p,q+1), H=SO(p—1,q+1)if J <0, G = E(p,q) and
H = S0(p,q) if J = 0. Here, we denote the group of pseudo-Euclidean
motions on R”? by E(p,q).

3. Tractor calculus in Riemannian geometry. The notion of
associated tractor bundles is well known in the category of parabolic
geometries. We refer to [5] for a review with many applications. In
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this section, we introduce and develop rudiments of a class of tractor
bundles in the category of pseudo-Riemannian manifolds, in close
analogy with tractor calculi in parabolic geometries.

We assume M has constant curvature, i.e.,

4
Rapea = 7ch[agb]dv
n

with J constant. We define the Riemannian standard tractor bundle or
standard tractor bundle, for short,

T =LOTM

where £ denotes the trivial bundle over M.

The Levi-Civita connection V, induces a connection on 7, which is
trivial on £. The tractor connection is another connection on 7, also
denoted (with an abuse of notation) by V,, and defined by

/ _ Vaf = ta
(31) va </1*b - Vaub+%Jf5Z )
where f € &, u® € & In the first line, we use the isomorphism
TM =2 T*M. The dual connection on the dual bundle:

T =T"M & L,

also denoted by V,, is given by

Vp Vap + fgab
3.2 V - )
32 ()= (e 4
where v, € &, and f € £. Direct computation shows that the curvature
of the tractor connection V is trivial, i.e., the tractor connection V is

flat. Note that this connection differs from that induced by the Cartan
connection [5, subsection 1.5].

The bundle T is equipped with the symmetric bilinear form (, ),

! ) < ! ) T
3.3 < (! >:—J +
(3.3) ( pb 7t n Tr+uwm,
which is invariant with respect to the tractor connection V. For J # 0,

this form is non-degenerate and called the tractor metric. Then, it
yields an isomorphism 7 = T*.
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We define ) )
A= \NT=TMa \ TM

as the adjoint tractor bundle, and we extend the tractor connection
from 7 to A by the Leibniz rule. Similarly, we obtain an induced
tractor connection on

2
A = /\ T*M & T*M.

Explicitly, these connections are given by the formulas

b v b _ 2w b
() aP a
4 v =
(3.4) . (wbc> (va¢bc + 235 Lb<pc]>

and

v Hbe _ Va/ﬁbc + 2ga[bwc]
“ Wwh vaWb - %Jﬂab ’
where (¢%,9%) € T(A), ie., ¢* € £ and ¥ € £l and (upe,ws) €
F(.A*), i.e., Upe € g[bc] and wp € &.

We extend the tractor connection to the tensor product bundle

(®7)=(®7)

by the Leibniz rule. The resulting connection is again flat, denoted by
V and called the tractor connection. Further, the tractor and Levi-
Civita connections induce the connection

(35) Va:Epd ® F(W) — Eubd @ F(W)

for any tractor subbundle

we(®T)e(QT),

i.e., any subbundle preserved by the tractor connection. This coupled
Levi-Civita tractor connection allows for extending all natural opera-
tors, e.g., the Laplace operator A, to tensor-tractor bundles.
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The invariant pairing on A induced by equation (3.3) is given by the
formula

b —b 1 o
(36) < <,(fbc> ) (1}}01)6> > - EJSO(I@a + ¢ab¢ab'

For J # 0, this defines a metric on A4 and A = A*. Moreover, there is
a Lie algebra structure

[]: A®A— A,

given by

b —b hra = .ra
(37) |:(1fbc> ) (:;bc)] = (_21;pr7ilzliprc] _wgfio[b(pﬂ) ’

which is also invariant under the tractor connection.

Remark 3.1. Tractor connections can be defined on any Riemannian
manifold. For example, we can define V on A by

o (¢)  (_ Var' =20
a ’l/)bc Vawbc+%RbcasSﬁs

for ¥ € £% and ¢ € £, This definition originates in the work of
Kostant [14]. We observe that, for a Killing vector field k% € £%, its
prolongation

(3.8) K= (;vk[zkfﬂ) € T(A)

is parallel for the tractor connection. Hence, any isometry is locally
determined by its first jet.

We shall use abstract index notation for the adjoint tractor bundle
as follows: T'(7) will be denoted by £4 and I'(A) will be denoted by
EA where A = [A'A2?]. Similarly, £4 = I'(A*) and Ea = T'(A*), that
is, we use boldface capital indices for an adjoint tractor bundle and its
dual.

There is a convenient way to treat the bundles 7 and 7*, based
on the so-called injectors, or tensor-tractor frame, denoted by Y4, Zf
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for 7 and denoted by Y4, Z9 for 7*. These are defined by

(3.9) (Jb) =YAf+ 2z, (?) = Zhu + Yaf,
and their contractions are
YAY =1, Z2Z%=6% and YAZY =Z2Y,=0.

The covariant derivatives in equations (3.1) and (3.2) are then encoded
in covariant derivatives of these injectors:

2
VY4 =ZJz068,  Vez) =Yg,
(3.10) ”2
VeZi = ——JVadl,  VeVa =Zigea

We denote tractor pairing equation (3.3) by hap € Eap), which has
the explicit form:

2
(3.11) hap = ~IYaYp + 232

Injectors for the adjoint tractor bundle £ are
YA =y zA and zA = 214 240,

a?

injectors for the dual bundle €5 are
Y4 =Y 2% and Z3 = Zin 24,
that is,
° p
(3.12) <w) = 'Y + 73, (;) = pal} +wpY§,
b
where a = [a'a?]. The only nonzero contractions are

1
YAYY = 250 and ZAZE =600 65

=3 A
The covariant derivatives (3.4) are then equivalent to
A 2J A ca A A
vCYb = ;Zab(scv cha = _QY[azgal]c,

(3.13)
v.za = _Hyle*sa) g ybh _ ga
CZA— nYA 50 5 CY _ZAgCLL7
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and the pairing (3.6) on £A can be written:
(3.14) has = %J YA YBab + ZRZBGarv Gaz2 -
A crucial component of our construction is the differential operator
(3.15)  Da:Epp, @T(W) — Eyop, ®F(A* ®W)
for a tractor subbundle
v (®7)¢ (@)

This operator is closely related to the so-called fundamental deriva-
tive [5]. It is defined as follows: for f € I'(W), we set

0 *
(3.16) Daf= <2Vaf> el(A* @ W),
and, for ¢y € &, we set
_ 29b[a1<pa2] *
(3.17) Dayy = ( 2V 0 €& l(AY).

Then, we extend Da to all tensor-tractor bundles by the Leibniz rule.
Using injectors (3.12), formulas (3.16) and (3.17) are given by

(3.18) Daf=2YAV.f,
Daws = 2YAVapp + Z 3 2Gp[a0 Par)

where a = [a'a?).

Theorem 3.2. Let M be a manifold of constant curvature. The oper-
ator Do commutes with the coupled Levi-Civita tractor connection V.,

VDA =DAV,: gbl---bs & F(W) — gcbl-anA ® F(W)

Proof. Since the tractor connection is flat, it is sufficient to prove
the statement for W equal to the trivial line bundle. We present two
versions of the proof.

First, one can easily show by direct computation using equations
(3.13) and (3.18) that the explicit formulas for the compositions V.Da
and DA V. are the same when acting on f € £ and ¢, € &,. Hence, the
formulas agree on any tensor bundle.
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Alternatively, recall that, for a Killing vector field k* € £°¢, its
prolongation KA € T'(A) is parallel, see equation (3.8). We further
observe that L, = KDy is the Lie derivative along k* when acting on
tensor bundles. Since Lj commutes with the covariant derivative, and
the space of Killing vector fields on manifolds with constant curvature
has dimension equal to

dim(A) =n+ %n(n - 1),

the statement follows. O

As a consequence of Theorem 3.2, D also commutes with Laplace
operator A on functions, forms, etc. We will now make this result more
general and precise. Assume that

F:T(Uy) — T(Us)

is a Riemannian invariant linear differential operator, acting between
tensor bundles U; and Us. It can be written in terms of the metric,
the Levi-Civita connection V and the curvature J. Replacing V in the
formula for F' by the coupled Levi-Civita tractor connection, we obtain
the operator

FV.T(U,@W) —T(Uy @ W)

for any tractor subbundle

we(QT)e(QRT).

Note that, since the tractor connection is flat, the curvature of the
coupled Levi-Civita tractor connection agrees with the curvature of
the Levi-Civita connection. Using Theorem 3.2 and V,J = V,g = 0,
we obtain the following.

Corollary 3.3. Let
F:T(U;) — T(Us)

be a Riemannian invariant linear differential operator on the mani-
fold M. Then, Da commutes with FV, i.e.,

DaoFY =FYoDp :T({U,@W) —T(Uy® A* @ W).
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4. Commuting symmetries of the Laplace operator.

Definition 4.1. Let U be a tensor bundle, and let
F:T(U)—T()

be a linear differential operator on M. A commuting symmetry of
operator F' is a linear differential operator D fulfilling DF = FD.

We are interested in commuting symmetries of the Laplace operator
F = A on functions. They form a subalgebra of the associative algebra
of linear differential operators acting on £. The exposition in the rest of
this section closely follows that given in [8] for conformal symmetries.
For a comparison of both types of symmetries, see Remark 4.16.

Let ¢ be a non-negative integer. A linear fth order differential
operator acting on functions can be written:

(4.1) D=Varuy, ...V, +LOTS,

where LOTS stands for lower order terms in D, and its principal symbol
Va1 e is symmetric in its indices V1 = y(a1ae)

Definition 4.2. A Killing tensor on M is a symmetric tensor field
Ver-ae fylfilling the first order differential equation

(4.2) ylaoyaran —

The vector space of all Killing tensors of valence ¢ will be denoted
by IC@.

Since differential equation (4.2) is overdetermined, the space s is
finite-dimensional. Note that the symmetric product of two Killing
tensors is again a Killing tensor, such that @,., K, is a commutative
graded algebra. B

Theorem 4.3. Let D be an {th order commuting symmetry of the
Laplace operator. Then, the principal symbol V1% of D is a Killing
tensor of valence ¢.
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Proof. When D is of the form (4.1), we compute
(4.3) AD — DA = 2(VPV )Y, V,, ---V,, + LOTS,

and the claim follows. O
The converse of this statement is covered in the next theorem.

Theorem 4.4. There exists a linear map:
yaa_, pv

from symmetric tensor fields to differential operators, such that the
principal symbol of DV is V1% agnd DVA = ADY if V is a Killing
tensor.

The proof of Theorem 4.4 is postponed to the next section, where
the Riemannian prolongation connection for symmetric powers of the
adjoint tractor bundle is constructed. This allows explicit computation
of the symmetry operators DV.

Combining both theorems, we deduce a linear bijection between
the space of Killing tensors and the space of commuting symmetries
of A. More explicitly, the space of Oth order commuting symmetries is
the space of constants, the space of first order commuting symmetries
contains in addition the Killing vector fields, and by induction, the
space of £th order commuting symmetries contains the space of (£—1)th
order commuting symmetries together with a copy of the space Iy of
Killing tensors of valence ¢. In particular, the dimension of the vector
space of /th order symmetry operators is finite and equal to

dlmlCo -|—d1mlC1 ++dlm’Cg

4.1. Prolongation for Killing tensors. Let k% € £ be a Killing
vector field. In Remark 3.1, we observed that its prolongation

K= (k“, %v[%bl) e T(A)

is parallel for the tractor connection. Our aim is to construct analogous
prolongation for Killing tensors.
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Lemma 4.5. If k%% ¢ glarae) 45 o Killing tensor, then

44)  G@rglegdia-an — 2D 5 aepdionan)
n

where the notation |---| means that the enclosed indices ¢, d are
excluded from the symmetrization.

Proof. Straightforward computation. |

The prolongation of k%% is a section K € I'(®*A). First, we
observe the following:

Lemma 4.6. The differential operator
(4.5)  I0: glamad) _ glarmaea) @ P(4),

(Ha.)a1~-ae—1B _ gCa1ar—1 c 5(a1...a@_1) ® F(A)
- H%V[Co-d]al"'aé—l
satisfies, for all g@ % ¢ glar—ar)

(4.6) V(@0g0-00) — ( e V(0 ([[g)2 018 = )
Proof. Using equation (3.4), we compute

b, cai--ap_ 2 b clay---ap_1
vb(HO.)al"'ae—lB _ < Vlgcer -1 _ mv[ O'] 1 ¢ > .

HLlvbv[coaz]al...w,l’ + %ng[cad]alma,z,l
Observe the “top slot” on the right side is equal to
14

1
Vb cay--ap—1 \v& bal-uag,l,
t+1° 7 v

which, after symmetrization (ba; - - - ag_1 ), yields exactly V(¢gbarae—1),
This proves implication < of equation (4.6), and also that if

v(a0ga1ae) — 0,

then the “top slot” of V(@ (IIg)%1%-1) vanishes. Since the bottom
slot vanishes by Lemma 4.5, implication = in equation (4.6) follows as
well. O



600 J.-P. MICHEL, P. SOMBERG AND J. SILHAN

Considering V in formula (4.5) as the coupled Levi-Civita tractor
connection, we obtain the operator

I g(m“-atz) ® F(W) N g(ay»-az—l) ® ]_"(_A@ W)’

we(®T7)e(QRT)

is a tractor subbundle. Its iteration

where

(4.7) 1 ; glar-a) _, p(efA),

yields the prolongation for Killing tensors.

Proposition 4.7. Let 0% % ¢ £@1%)  The operator 1Y) satisfies
(4.8) viwgaad) — ) = V(1) = 0.
Proof. Since the tractor connection is flat, we have the analogue of
equation (4.6):
v(a Ual"-az)‘ =) <— v(ao (Hg)al"'ae—1)° =0,

for all
ghue ¢ glaran) o D),

where e denotes an unspecified tractor index. By iteration, we obtain

equation (4.8). O

The symmetries of tractor I o are best understood in the language
of Young diagrams. Setting 7 =[], we have A = H and we set

L
——

(4.9) XA = L C SYA,

where S‘A C ®£ A is the subspace of symmetric tensors. For instance,

we have
SMH}@E,
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or in other words,
1
(4.10) §(V®W+W®V):V&W+V/\W,

for any V,W € A, with A the wedge product in A 7.

Proposition 4.8. The map 1Y), defined in equation (4.7), is valued
in T(RCA).

Proof. Let o® o ¢ £(a1ae)  Using abstract indices B; = [B} B,
we have
(IO 5)BiBIBi B} ¢ ¢B1Be — (gt 4).

First, we prove that (II(Y)g)B1 B¢ is symmetric in indices By, ...,
By, i.e, I¥g € T'(SYA). In fact, it is sufficient to show the symmetry
in two neighboring indices B; and B,;11. To do this, we show that, for
all graes ¢ glarane with ¢ > 2, (M) g)arae-2BiB2e i gymmetric
in By and By . This follows from the explicit formula

(4.11)

(H(Q)O_)alwag,gBCo — YbBYcO_almal,gbco
c

1 1 2 1 2
T [Y}?ZSVC giae2bee L IRYEVP girae2b }
1 B~ C 1 blvet _aq--ap_sb%ce z ble! _aq--ap_sb%ce
+ gaZc 7£+1V Veo + nJg o ,

obtained from equation (4.5) after short computation. Here,
B = [BlBQ], C = [0102]7
b=['"?] and c=[c'¢?.

It suffices to prove that

(H(z)a)B}Bf.--B}Bg c £B1By

vanishes after skew-symmetrization over any triple of indices Bg . Since
(T1) g)BrBe is symmetric in tractor form indices By, it is sufficient
to consider only two triples of indices: either B}, B}, B3 or B}, Bi,
B1. Elementary representation theory shows that the third symmetric
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power of A has the decomposition

(4.12) S3 <H> = @2?@5}}.

Hence, if we skew over three factors of the standard tractor bundle in
S3EA | the result will in fact be skew symmetric in at least four factors
of the standard tractor bundle. As a result, it is sufficient to consider
only skew symmetrization over indices Bi, B?, Ba of

(110 B3 BB B

Using equation (4.11) with ¢ = 2, straightforward computation shows

that 1p2 Rl p2 12
(H(Z)O—)[BIBIB2]B2'”BZBZ =0. O

The proposition can also be proved using invariant techniques in
parabolic geometries, known as “BGG machinery,” applied to the case
of projective parabolic geometry. We refer to the next section for
further discussion on this relation.

Next, we obtain the main result of this section.

Theorem 4.9. The map 1Y) induces a bijective correspondence be-
tween the space ICy of Killing £-tensors and the space of parallel sections
of the tractor bundle R¢A.

Proof. If oy is a Killing /-tensor, then IIY g, is a parallel section of
X‘A, by Propositions 4.7 and 4.8. It remains to prove that, if F' is a
non-vanishing parallel section of X! A, then F = 1Y) g, for some Killing
{-tensor oy.

As a section of T'(S*A), F has the form

Ci+1

Y4
(4.13) FAL-AL _ ZY(&’TI .. .Yﬁ:ZAHl .. .ZIC*;)(gi)al"'aiciﬂ“'ce’
i=0

where (Aj---Ay) denotes the symmetrization over the form tractor
indices, and not over the standard tractor indices. Here,

(a.i)al"‘aiCiJrl"'CZ c ((/‘al"'aici+1"'ce,
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where a; are indices of the tangent bundle whereas ¢; = [c}c?] are form

indices. Since F' € I'(K*A), the skew symmetrization over any triple of
indices of

1 2 1.2
(O-Z.)al"'ai[ci+1cz‘+1]"‘[cece]
vanishes.

First, we show that o, = 0 implies F' = 0. To do this, we assume
that

O'i()-‘rl:"':(f@:ov

and prove that o;, = 0, with 0 < i < £. The tractor form V?FA1As
can be written as in equation (4.13), and it follows from equation (3.13)
that

_ N N
VERAr AL — o0 — i) YA Yo T2 A
. (o’io)(a1~-aigaio+1)bci0+2.._%
+ terms with at most iy of Y’s.

Thus,

(O-ig)(al"'aioai0+1)bci0+2'”ce = 0.

On the other hand, symmetries of F imply that symmetries of
(04,)1 %0 %0+17¢ correspond to the Young diagram:

io Zfil)

Hence
)
(o_io)(almaio aig+1)bcig 2o 0

means
a1 a;yc; e
(Uio) igCig+1 — 0’

as intended.
Next, we show that the tensor field (o,)* ¢ is Killing. Similarly
as above, computing the Y(a‘?l o -Yﬁf)-summand of VO FArAc (which

is 0), one easily concludes that V(g,)%1%) = 0. Details are left to
the reader. Finally, since the difference F —I1¥)g, € T(X*A) is parallel
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and the Y(a‘?l .- -Y‘g,f)-summand of F —1IWg, vanishes, it follows from
the first part of the proof that F — I g, = 0. (]

4.2. Construction of commuting symmetries. Let
Val"'aé c 5(“1""11’.)

be a symmetric tensor and let II¥) be the map defined in equation (4.7).
We define the differential operator DV of order ¢ by

(4.14) DV .= (Yv, DY) . T(U) — I(U),
where ,
DO T(U) — QT (A") @T(U)

is the ¢th iteration of operator (3.15).
Lemma 4.10. Differential operator DV has principal symbol V%,

Proof. Extending vertical notation for elements in

& Elap)
'A)= €@ and T'(A)= P
g[ab] 5@

to sections in the tensor products S¢A and S*A*, we obtain

Val...a( 50.1...(1@
nmoy— & ¢ &

and

Du= @ € ®
val ...Vaéu gal.“ag ®F(U)

Thus, the contraction (ITIV, D)) has the leading term
varraey - Ve, u. O
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We consider a Riemannian invariant linear differential operator
F:T(U) —TU),

acting on a tensor bundle U.

Theorem 4.11. Let k%% ¢ £a17%) pe g Killing tensor. Then, the
differential operator D* is a commuting symmetry of F with principal
symbol k¢,

Proof. By Lemma 4.10, D* has principal symbol k1%,
Let u € T'(U), and let

K =Tk e F(é)A)

be the prolongation of the Killing ¢-tensor k. Then, we obtain
FD*u=F(K DY) = (K, FVDYWu) = (K, DY Fu) = D*Fu,

where we have used Proposition 4.7 (which implies VK = 0) in the
second equality and Corollary 3.3 in the third equality. Recall that the
operator FV is given by the same formula as F, but V is interpreted
as the coupled Levi-Civita tractor connection in FV. O

Corollary 4.12. Assume that k® % ¢ £(@17%) js q Killing tensor.
Then, D* is a commuting symmetry of the Laplacian A : € — £ with
principal symbol k%,

4.3. Algebraic structure on the space of commuting symme-
tries of the Laplace operator A : £ — £. Let B be the algebra of
commuting symmetries of A. Theorems 4.3 and 4.4 allow us to identify
the vector space of commuting symmetries of A,

(4.15) B~PK,.
=0

In order to study the algebra structure on B, some basic notation
is needed. Depending on the curvature, the Lie group of isometries
is G = SO(p+1,9), G = SO(p,q +1) or G = E(p,q). For all
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possibilities, the Lie algebra of isometries is denoted by g = Lie(G),
and the identifications

so(p+1,q) = A’RPHLA,
s0(p,q + 1) ~ AZRPIHL

and

Lie(E(p, q)) ~ N*(RP & R)

are used. In the last case, the identification is deduced from the
representation of E(p,q) on RP? @ R, induced by the standard group
morphism

GL(n,R) x R" — GL(n + 1, R).

The space of parallel sections of A is isomorphic to g, and it is easy
to verify that the Lie bracket on g is isomorphic to bracket (3.7). Via
the induced identification of the symmetric product S¢g with parallel
sections of S¢A, we define the subspace Rfg C S’g as follows:

Xfg = { parallel sections of X° A},

where K‘A is defined in equation (4.9). According to equation (4.10),
we have

V&W:%(V@)W—FW@V)—V/\W,

for any V, W € g. From Theorem 4.9, we deduce that X’g is isomorphic,
as a g-module, to the space Ky of Killing ¢-tensors. Hence, we have the

g-module isomorphism
B~ @ Xg.
£=0

Theorem 4.13. The symmetry algebra B is isomorphic to the tensor
algebra

(4.16) P 'y
i=0
modulo the two-sided ideal T, generated by

1
(4.17) VoW -VRW - [V,W], V.Weg.
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Proof. First we compute the compositions Dka7 where vk“,l?:a €
I(TM) are Killing vector fields. Set K = IIk* and K = IIk* where
K,K € g. Since VK = 0, definition (3.18) of Dy acting on functions
yields

DFDF — KBDgKCD¢

1 § . 1 § .
= 5(KBKC + KCKB) + 5(KBKC — K°K®B)|DgD¢

. 1 .
= (K X K)B°DgDc + SIS K|BDg.

In the last equality, to deal with the symmetrized term, we use de-
composition (4.10) and the identity Dig1g2De1c2) = 0, which can be
easily verified. To deal with the skew-symmetrized term, we use equa-
tion (3.7).

The computation of D*DF shows that all elements of the form (4.17)
are in the ideal. Since there is a vector space isomorphism

(EB ®Zg> /T = PR,
£=0 £=0

it remains to show that elements in Xfg = Ky indeed give rise to non-
zero {th order symmetries. This follows from Corollary 4.12. The proof
is complete. O

Passage from tensor algebra to the universal enveloping algebra U(g)
means to substitute

1
~s(vew-wev)
and quotient through the two-sided ideal generated by

VoW -WeV=[V,W], V,Weg.

V®W:%(V®W+W®V>

Accordingly, we obtain the following.

Corollary 4.14. The symmetry algebra B is isomorphic to the uni-
versal enveloping algebra U(g) modulo the two-sided ideal generated by
VAW for V,W € g, or equivalently, by

(4.18) VeW+WaeV-—2VEW, V,Weaq.
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4.4. Examples of commuting symmetries. The recursion tractor
formula (4.14) for commuting symmetries D* can be transformed into
an explicit formula for D*, expressed in terms of the Levi-Civita
connection V and the curvature J, by equations (3.18) and (4.6). In
what follows, we compute the explicit commuting symmetries up to
order 3 acting on &.

We use tractor form indices
A=[A'A%, B=[B'B?, C=[Cc'c?,
and form indices
a=[a'a?], b = [b'v?], c=[c'c?).
For a Killing vector field k% € £%, we have
1 1
(419) K& = (ITk)* = Y2R" 4 JZ4V 1 Daf =2Y4V.f.

Hence, the symmetry DF f = KAD, f = k%V, f coincides with the Lie
derivative along the Killing vector field k®.

For a Killing 2-tensor k% € £(9) we obtain from equation (4.11),
1
(4.20) KAB = (I®k)BC = yByCrbe + 5 (VP28 + YSZB) Ve ke
+ EZBbZS lvblvclkb2c2 + ngblclkbgc2 )
2 3 n
Since
]D)B]D)Cf = 4Y%Zégbcovclf +4Yl])3 %vbvcfa
by equation (3.18), we obtain
DF = KBCDgDf = K"V V. f + (V,k")V..f.

Note that KBChpc is a constant, and, using V¢k", = —2V,.k%", which
follows from
395V kY = VO, + 2V, kY = 0,

a short computation reveals its value

1 2 1
KBChpo == [ —V, Vo' + %

; Jk} .
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Thus, the modification of D* by any multiple of

2(n+1)

V,Vk™ — JE",,

is again a symmetry of A. This means that there is no unique formula,
written in terms of k, for a symmetry. This is in contrast with the
case of conformal symmetries [8].

Now, we consider Killing 3-tensors k¢ € £(a¢) Then,
9eaV KD = 3V, 4+ 3V, = 0,

and, applying V,, we obtain V, V k"% + Ak%",. = 0. Summarizing, we
obtain

VrkTab = —vakbrr7 vTvskrsa == _Akarr a’nd kaTSS = 07

where the last equality is the trace of V,k"® + Vekb", = 0. Now,
computing II® k, which requires the application of II in equation (4.5)
to equation (4.11), results in

KABC = (II®F) AP = yAyByTgate
]. 1 2
+ 4 (YOYPZS + YOYPZE + Yo YT ZE) Ve ke
1
+ 5 (YOZRZS + YTZRZE + YFZRZ?)

1 2
> valvclk_bzcza + ngblclk_bzcza + Z;;Z%Zgwabc

for some ¥apc, which we do not need to compute. Furthermore,

DADB]D)Cf - 8YGAZ]§Zégablgbzcl vc2f
(4.21) +16Y4 YRZEG (o Vi) Ver f
+ 8YRZBY G Garr Ve Vi f

. 4
+ 8YAYRYE [VaVeVef — ~dgaVaf|,
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by equation (3.18). Combining the previous two displays yields

(4.22) Dk = KABCDADDc f = k*°V,V, V. f

3
+ i(VTk”’C)VbVC f

n—1

2n
By construction, the vector field (II?k)*BChpe is Killing. Using
equations (3.14), (4.11) and (4.21), one easily computes

4(n+2)

1
+ Z(Vrvsk’”sc)vcf — JET N f.

(H(?)k)aBCth — 7% |:vrvskrsa . Jkarr:| )

Thus, symmetry D* can be modified by a multiple of the operator

A(n +2
[VTVSkrsa _ (n,rj— )

JEY |\ Vo f.

Remark 4.15. Let ¢ € N and k € Ky. If the curvature of metric g
vanishes, i.e., M is locally isomorphic to the pseudo-Euclidean space
RP9, straightforward computation shows that

I

Dt = Z % (f> (Va, -+ Vg, k") Vo, - Vo,

i=0

is a commuting symmetry of A. This can also be deduced from
properties of the Weyl quantization of 7*RP:9, namely, D* coincides
with the Weyl quantization of k, and the symplectic equivariance of
the Weyl quantization, see, e.g., [10], yields the equalities [A, D] =
l[9,k]s = 0. Here, [-,-]s denotes the Schouten bracket of symmetric
tensors and D-*ls = 0 is equivalent to the Killing equation.

Remark 4.16. Let £ € N and k € K,. If k is trace-free, then
straightforward computation shows that

Dk = kal“-azval .. .VM

is a commuting symmetry of A. The trace-free Killing tensors are
those which are also conformal, and this allows for comparison of
our results with the work of Eastwood [8]. Out of conformal Killing
tensors V, he explicitly built conformal symmetries of the Laplacian,
i.e., differential operators D} and DY with principal symbol V such
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that DY A = ADY. The lower order terms involve divergences and
contractions of V with the trace-free Ricci tensor. On a space of
constant curvature, with V. = k a trace-free Killing tensor, both
divergences and contractions vanish, see, e.g., equation (4.21), and we
obtain D¥ = D = DF. In [8], the symmetries built out of trace-
free Killing tensors are commuting symmetries of the Laplacian and
coincide with the symmetries constructed in our article. Note that
trace components correspond to trivial conformal symmetries in the
sense of [8]. This prevents comparison of our results with those of [8]
for general Killing tensors.

5. Riemannian geometry via projective geometry. Overdeter-
mined equations for Killing tensors are projectively invariant [9], so it
is natural to consider their prolongation within the framework of pro-
jective geometry. As this is an example of parabolic geometry, we can
employ the general invariant theory for this class of structures, [5]. We
shall observe that several results obtained in the previous section then
follow immediately.

Recall that we are interested in manifolds of constant curvature.
These are conformally flat, and thus, projectively flat as well, see
equation (5.1), that is, we will consider locally flat projective structures.

5.1. Tractor calculus in projective geometry. We shall briefly
recall invariant calculus on projective manifolds, see [1] for more
details. A projective structure on a manifold M is given by a class [V] of
special affine connections with the same geodesics as unparametrized
curves, where special indicates that there is a parallel volume form
for every connection in [V]. These connections are parametrized by
nowhere vanishing sections of projective density bundles £(1). We shall
also assume orientability, characterized by a compatible volume form

€ql..qn € 5[a1...an](n +1) =€,

parallel for every affine connection in [V]. The decomposition of the
curvature of V is

(5.1) Rap®a = Cap®a + 20§, Pyq,

where P, is the projective Schouten tensor and Cyp¢q = Cop©q, that
is, conformal and projective Weyl tensors coincide. Note that, for the
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Levi-Civita connection V of an Einstein metric g, the curvature is also
of the form (2.1), and the relation between projective and Riemannian

Schouten tensors is P, = 2P, see [11].

We define the standard tractor bundle and its dual by their spaces
—_A —_
of sections & and & 4, respectively, as

e e
E = P and Ea= P,
&(-1) Ea(1)

see [1] for the meaning of the semi-direct product “. The choice of
a connection in the class [V] turns the previous display into the direct
sum decomposition. These bundles are equipped with the projectively
invariant tractor connection which we denote by V. Choosing V in the
projective class, V is explicitly given by the formulas

(5.2)
= (v V'’ +6%p = (0 Va0 — g
Ve <p) - <Vap - Pabvb) and Ve <Mb) - (Vaﬂb +Pabff) ’

see [1] for details. Here, v* € £%(—1), p € £(-1), 0 € &(1) and
ta € Ea(1). We extend the connection V to the tensor products of o

by the Leibniz rule. Also note that the structure of the tractor bundle
=lAB]

& and of its dual is given by
7[AB] g[ab] (_2) _ ga (2)
(5.3) E =% and  Epp = P
£4(-2) Ean)(2)-

In what follows, we shall use the tractor bundle

ga

q_\
(5.4) gl =tuec’=¢ctwe,

q_\

&a

=B . . . . . ..
where the trace-free part of £, is isomorphic to the projective adjoint
tractor bundle. Analogously to equation (3.15), we define the projec-
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tively invariant differential operator

(5:5)

DAB : gbl"‘bs (w) ®EC~.DE"'F — 5b1~~bs(w) ®EAB ®?C<~DE”'F,

as follows. Acting on f € &(w) and ¢, € &,, D4® is given by

0 0
(56) DaPf=(0]wf]|, DaPp, = | 650, —¢c |,
Vaf Vape

for an affine connection V in the projective class. The formula for
DABf, f € Ec..pP T, is formally the same as for f € £(0), where we
interpret V as the coupled affine-tractor connection. Then, we extend
D AP to the general case by the Leibniz rule.

Henceforth, we assume the manifold M is projectively flat, i.e., the
projective Weyl tensor vanishes. In particular, this means that the
tractor connection V is flat.

Let F : T'(Uy) — I'(Uz) be a projectively invariant linear differential
operator, acting between tensor bundles U; and U;. Then, F' can be
written in terms of an affine connection V. Regarding V in the formula
for F' as the coupled affine tractor connection, we obtain the operator

FY :T(A* @ Uy) — T(A* @ Us).
Adapting the proof of Theorem 3.2 to the projective setting, we obtain

the analogue of Corollary 3.3.

Theorem 5.1. Let F' : I'(U1) — T'(Uz) be a projectively invariant
linear differential operator over a projectively flat manifold. Then, D48
commutes with F, i.e.,

DoF=FYoD:T(U;) — EA% @ T(Us).

As an example, consider the projectively invariant differential oper-
ator

(5.7) ViV + Pap : E(1) — Eapy (1),
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see e.g., [4]. Projective invariance and Theorem 5.1 imply
— B — B —
(5.8) D4, D, (VaVe) + Pab)
— =B — B
= (V(avb) + Pab)DAll .- ~DA;,

where V on the right side denotes the coupled affine tractor connection.

5.2. Killing tensors in projective geometry. Let £ € N. We shall
focus on the PDE

(59) v(aokalmaz) =0, kar“atg € g(al---ag)(Qg)a
which is projectively invariant [9].
Setting £ 4 =[], we have ?[AB] = H, and we set

J4
—_—

R‘Eap) = 1 5°Can)-

There exists a linear map

T 60,0, (20) — B Epup),

characterized by curved Casimir operators, see [6], which takes the
form

Kayvay,  Eayoay (20)

—(¢ —
(5.10) H( ) tkayoa, — K[A1B1]“-[AzBe] = ® € ®

and such that kg, ..q, is a solution of equation (5.9) if and only if
F[Algl]..‘[AeB[] is V-parallel. Note that the unspecified terms (indi-
cated by vertical dots) of ?[AIBI]'“[A/.BIZ} are differential in kg, ...q,, i-€.,
the map ﬁ(z) is given by a differential operator. In fact, this is an

example of a splitting operator, see e.g., [6] for details. It yields an
analog of Theorem 4.9.
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Proposition 5.2. [2]. Let (M,[V]) be a projectively flat manifold.

The map II' " induces a bijective correspondence

(5.11) {solutions kq,...a, of equation (5.9)}

Pl {V — parallel sections of X" Eany}-

If the Levi-Civita connection of a metric g pertains to the projective
class [V], the latter proposition gives a description of Killing tensors
for the metric g via the map

(512) V(al-nag) — Garby " ga1b1v(a1ma%) € 5(1)11)2)(26)

Indeed, this map gives a bijection between Killing /-tensors and solu-
tions of equation (5.9).

5.3. Construction of symmetries. Now, assume that there is a
Levi-Civita connection V in the projective class [V], such that the
associated metric g, has constant curvature, i.e.,

4
Raped = Ech[agb]d

with J parallel. Then, a short computation based on equations (3.4)

=3 =lAB . = .
and (5.2) shows that V on gl ], respectively, 45, agrees with the
Riemannian tractor connection V on 2, respectively, £a. Moreover,
the tractor section

ab o
(5.13) pAB= |0 | e = ga(—2) = g
2] P @
g-2) €

~

is parallel, cf., [11]. The isomorphism 2 corresponds to the choice
of connection V € [V], and in particular, trivializes density bundles.
Here, g% is the inverse of gq, and

1 _
J= gabPab = igabpab

Summarizing, we shall consider the Riemannian manifold (M, g) as the
corresponding locally flat projective manifold (M, [V]) with the distin-
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guished parallel section A4Z. This is an example of holonomy reduction
of Cartan connections [3] for the projective Cartan connection associ-
ated to (M, [V]).

For J # 0, note that A% is non-degenerate, hence, a tractor metric.
A direct computation gives the next display and Lemma 5.3:

(5.14) KPADRBlgab = pPIAD LB, = 0.

Lemma 5.3. The explicit formula for the differential operator
RPADRBL & (w) — EXBl(w),

written in terms of the Levi-Civita connection V, does not depend on
w € R.

We are now ready to construct the commuting symmetries of the
Laplace operator. The metric g allows for identification of a tensor
yarae ¢ glarar) with an element in E(ay-ar)(20), see equation (5.12),
and we denote by V € K¢ ?[ AB) the corresponding tractor, obtained via
the map I1¢, see equation (5.10). We consider the operators

(5.15) 5‘/ = phCr . -hAZCZVAIBI...AEBZﬁCIBI .- ~ECZBZ7

acting on any tensor-tractor bundle U.

Lemma 5.4. The principal symbol of the differential operator fv 18
the symmetric £-tensor V.

Proof. The proof is analogous to the proof of Theorem 4.11. Writing
tractor sections in vertical notation, see equation (5.3), we can refer
to their “top” or “bottom” parts. The “top” part of VAI By--A,B, 1S
Garby * Gy, V4% cf. equations (5.10) and (5.12). On the other
hand, elementary computation using equations (5.6) and (5.13) shows
that the bottom part (and the leading term) of h¢“D¢P! f is equal to
gV, f for any section f of a tensor bundle. Therefore, the bottom

part of the composition
RhC1 [AlﬁclBl] ... hCe[AtzﬁceBe]f

is equal to
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g1V, gV, f.

This completes the proof of Lemma 5.4. (]

Theorem 5.5. Let (M,g) be a pseudo-Riemannian manifold of con-
stant curvature, with Levi-Civita connection V, and let (M, [V]) be the
corresponding locally flat projective manifold. Then, if k is a Killing
{-tensor, the operator

e e,

defined by equation (5.15), is a commuting symmetry of the Laplace
operator A = g*®V,V,.

Proof. Let K € @ég[AB] be the parallel tractor associated to k via
the composition of maps (5.11) and (5.12). Since the tractor metric h
is also parallel with respect to the projective tractor connection V, it
follows from equations (5.8) and (5.14) that

=k a D a D =k
D" (9°(Vu Vi) + Pab)) = (9" (V(a Vi) + Pap)) D 1 E(+1) — E(-1),

where we consider g2 € £(2)(—2). The operator

D" E(w) — E(w),
expressed in terms of V, does not depend on w € R by Lemma 5.3.
Observing that g**P,y, is parallel for V, the theorem follows. O

Remark 5.6. Projectively invariant overdetermined operators, as the
operator defined in equation (5.7), are discussed in [9]. They allow
for analogous construction of symmetries for other Riemannian linear
differential operators

F:T(U) — T(U).
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