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IDEALS IN CROSS SECTIONAL
C*-ALGEBRAS OF FELL BUNDLES

BEATRIZ ABADIE AND FERNANDO ABADIE

ABSTRACT. With each Fell bundle over a discrete
group G we associate a partial action of G on the spec-
trum of the unit fiber. We discuss the ideal structure of the
corresponding full and reduced cross-sectional C*-algebras in
terms of the dynamics of this partial action.

Introduction. The discussion of the ideal structure of crossed prod-
ucts by a discrete group by means of the dynamical properties of the
action goes far back (see, for instance, [9, 18, 22]).

Archbold and Spielberg discussed [8] the relation between the ideal
structure of the full crossed product and that of the base algebra, under
the assumption of topological freeness. More recently, the definitions
of topological freeness and several related results were extended to
different settings: by Exel, Laca and Quigg for partial actions on
commutative C*-algebras [12], by Lebedev [17] and later by Giordano
and Sierakowski [14], for partial actions on arbitrary C*-algebras, and
by Kwasniewski [16] for crossed products by Hilbert C*-bimodules.

We show in this article that a Fell bundle B over a discrete group
G gives rise to a partial action of G on the spectrum of the unit fiber.
This partial action agrees with those discussed in the above-mentioned
work, and we generalize some of those results to this context.

This work is organized as follows. After establishing some back-
ground and notation in Section 1, in Section 2 we introduce a partial
action @& on the spectrum of the unit fiber of a Fell bundle B over a
discrete group. When B is the Fell bundle corresponding to a partial
action ~, then a agrees with 7, as defined in [5, Section 7] or [17],
and when B is the Fell bundle associated [2] with the crossed-product
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by a Hilbert C*-bimodule, then & is the homeomorphism 1 discussed
in [16].

Following familiar lines, we establish in Section 3 a bijective corre-
spondence between the family of a-invariant open sets in the spectrum
of the unit fiber and the set of ideals in B (Proposition 3.8 and Propo-
sition 3.10) This enables us to show that, when & is topologically free,
its minimality is equivalent to the simplicity of C*(B) (Corollary 3.12).
We then proceed to generalize some of the results of Giordano and Sier-
akowski [14] to our setting (Theorem 3.19) which concern the connec-
tion among the exactness property, the residual intersection property,
the structure ideal of B, and that of C*(B).

Finally, Section 4 contains some applications to the theory of Fell
bundles with commutative unit fiber.

1. Preliminaries. In this section, we establish some notation and
recall some basic definitions and facts regarding the spectrum of a C*-
algebra and the Rieffel correspondence. We refer the reader to [19] for
further details.

If Ais a C*-algebra, we denote by Z(A) the lattice of ideals in A
and by Prim A the primitive space of A, that is, Prim A is the set
of primitive ideals with the hull-kernel topology. The spectrum of A,
which we denote by j, consists of the unitary equivalence classes of
irreducible representations of A with the initial topology for the map

(1.1)  k:A — Prim(A), given by k([x]) = ker 7 for all [x] € A,

that is, a subset S of A is open if and only if § = k=1(0), where O is
open in Prim A. We will usually drop the brackets and denote [7] € A
by 7.

Suppose now that A and B are C* -algebras and that X isan A— B
imprimitivity bimodule. We denote by (, ), and ( , )z the left and
right inner products on X, respectively.

An irreducible representation 7 : B — B(H,) induces an irreducible
representation Ind x 7w of A as follows. Let X®pgH . be the Hilbert space
obtained as the completion of the algebraic tensor product X ©p H,
with respect to the norm induced by the inner product determined by
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(1.2) (x @ h,y@k) = (r({y, x)r)h, k),
for x,y € X and h,k € H.
Then Indx 7 : A — B(X ®p H) is defined by

(1.3) Indx w(a)(x ® h) = ax ® h,
fora € A,z € X, and h € H,.

Since Indx 7 is irreducible as well, the imprimitivity bimodule X
yields a map

(1.4) Indx : B— A
that turns out to be a homeomorphism.

The imprimitivity bimodule X also yields the Rieffel correspondence

hx : Z(B) — Z(A),
which is a lattice isomorphism determined by the equation
(1.5) hx(I)X = XI, forallIeZI(B),
where
XI =span{zi:x € X,ie€l}
and
hx(I)X =span{jz:z € X,j € hx(I)}.

These constructions are connected by the relation ([19, subsec-
tion 3.24])
(1.6) kerIndx m = hx (ker ).

If J is an ideal in A, we denote the canonical projection on A/J by
Pjy. Let X be the set

(1.7) X;={reA:x|; #£0}

Then the map J — X is a bijection from Z(A) onto the topology on
A,
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In addition, the maps
ry: Xy — j
and
g7 A\ X, — A/,
determined, respectively, by
(1.8) ry(m) =mx|; and gy(7m)o Py =m,

are homeomorphisms.

If X is an A — B imprimitivity bimodule and J is an ideal in B,
then XJ = hx(J)X, and X/XJ is an A/hx(J) — B/J imprimitivity
bimodule. Furthermore, the diagram

Il’ldx/XJ

(1.9) BJT — A ()

QJT TQ}LX(J)

B\XJTJXA\th(J)

commutes.

2. The partial action associated with a Fell bundle.
Notation 2.1. Throughout this work, B = (B;);c¢ will denote a Fell
bundle over a discrete group G. We will make use of the usual notation:

X*={z":2z€ X} C By,
X1 Xy X, =8pan{z12o - Ty : ¥ € Xi} € Bpytyet,s
for X C B; and X; C By,, where t,t; € Gandi=1,--- ,n.

In this setting, B; is a Hilbert C'* -bimodule over B, for left and
right multiplication and inner products given by

(2.1) (b1,b2)r, = bib3, (b1,b2)r = bibo.

We denote by C*(B) the cross-sectional C*-algebra of B, and by
C.(B) the dense *-subalgebra of compactly supported cross sections.
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The map F : C.(B) — B, consisting of evaluation at e extends to a
conditional expectation E : C*(B) — B..

We next recall some definitions and results related to the reduced
cross-sectional C*-algebra of a Fell bundle. Further details and proofs
can be found in [10].

Let ¢?(B) denote the right Hilbert C*-module over B, consisting of
those sections £ such that

PRAGHG
teG
converges in B..

Thus, ¢%(B) is the direct sum of the right B.-Hilbert C*-modules
{Bt it e G} Let
jt : Bt — (2(8)

be the inclusion map, that is,
(2.2) Jt(b) =bdy, fort e G and b € By,

where b, (s) = 0s,b, 5 is the Kronecker delta. Then j; is adjointable,
and its adjoint is evaluation at t.

Each b; € B; defines an adjointable operator Ay, € L(¢?(B)), given
by
Ay, (€)(s) = bi&(t™1s), for all € € £2(B), s € G.

The reduced C*-algebra C(B) of the Fell bundle B is the C*-
subalgebra of £(¢%(B)) generated by {A; : b € B}. The correspondence

by — Ay,
extends to a *-homomorphism
A:C*"(B) — Cr(B)
verifying ([10, subsection 3.6])
(2.3) ker A = {c € C*(B) : E(c"c) = 0}.

We will often view B, as a C*-subalgebra of C*(B) by identifying
a € B, with A, € C}(B).
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We denote by D, the ideal in B, defined by D; = B, B;. Since the
structure described above makes B; into a Dy — D;-1 imprimitivity
bimodule, B; yields, as in equation (1.4), a homeomorphism

IIldBt : Z/jt—l — b\t

We will denote by X, r: and g, respectively, the set Xp, and the
maps rp, and ¢p, defined in equations (1.7) and (1.8). Notice that

X. = B.. Finally, we denote by &; the homeomorphism that causes
the diagram

&
X1 — X,

ol

D, 1 — =D,
Indp,

commute, that is,
(2.4) Q;: X;-1 — X, is given by @, = r; ' o Indp, ory-1,
for all t € G.

Remark 2.2. If 7 € X;-1 is a representation of D, on H, then ay ()
is the representation of D, on By ®p,_, Hz, given by

(2.5) (Qe(m)a)(b& h) = ab® h,
foralla € D,, b€ B, and h € H.
Proof. When a € Dy, the result follows straightforwardly from

the definition, and equation (2.5) clearly defines an extension of
Indg, (7|p, ,) to a representation of D.. O

Proposition 2.3. Given a Fell bundle B = (B;)icc over a discrete
group G, let a; be the homeomorphism defined in equation (2.4), for
te G. Then

a:= ({Xi}rea, {@t}iec)

is a partial action of G on B\p
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Proof. Clearly, a; is a homeomorphism between open subsets of X,
so it remains to show that a,; extends a,q;, for all s,t € G.

We first show that doma,a; C domay. Let m € doma,a;, and

assume that m ¢ domag, that is, 7T|D(S,,)—1 = 0. We will show

that this implies that a;(m)|p__, = 0, which contradicts the fact that
T € dom Q.

In fact, let d € Dy—1. Then, for b € By and h € H,, we have
@ (m)(d)(b® h)||* = (db® h,db® h) = (x(b*d*db)h,h) = 0,
because b*d*db € By Dy-1 By = B B;BsB; C B3 Bst = Dgy)-1.

We now show that ag; = aza; on dom aya;, namely, we will show
that, if 7 € dom @,q; is a representation on H,, then the map

U:Bs®p, _,Bi®p, Hr — Bt ®p_, H

(st)y—1 "5

defined by
U(bs®bt®h) :bsbt®ha

for by € B, by € By and h € H,, is a unitary operator intertwining
asai(m) and Qg ().
In order to check that the definition of U makes sense, first notice
that
By ®DS,1 Bt ®Dt71 Hﬂ' = Bs ®Dsf1 Dslet ®Dt,1 Hr
- Bs ®DS,1 Ds—1 (BtB:Bt) ®Dt,1 Hﬂ‘
= Bs®p__, B(B; Ds-1Bt) @p, , Hr.
This implies that the map

U: B, x By xH, — By ®p H

(st)y=1 "°T

defined by ﬁ(bs,bt,h) = bsb; ® bg is balanced: given by, € B,
b, € By, e € Bf/D,-1B;, ¢ € Dy-1 and h € H,, we have that
ec € By Dy-1ByDy—1 = BfDy-1B; C D(4)-1. Therefore,

U(bs,brec, h) = bsbiec @ h = bsby @ w(ec)h
=bsby @ m(e)m(c)h
= bshre @ T(c)h
= U(bs, by, m(c)h).
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Additionally, U is an isometry because, if bs,cs € By, by, c; € By, and
h,h' € H,, then

(bs @b @ h,cs @, @ ') = (A (m)(ckbs)) (b @ h), ¢ @ h')

(

= (cibsb @ h,c; @ h')

= (r(c;cibsby)h, h')

= (bsbs @ h,csce @ )

= (U(bs @by @ h),U(cs @ ¢ @ h')).

Furthermore, U is onto because its image is a non-zero a (7)-invariant
subspace of Bs; ® H. Finally, it is apparent that U intertwines qsau ()
and Qg (7). O

Definition 2.4. Let B be a Fell bundle over a discrete group G. The
partial action @ in Proposition 2.3 will be called the partial action
associated with B.

Example 2.5 (Crossed products by Hilbert C*-bimodules). When B
is the Fell bundle associated to a Hilbert C*-bimodule X over a C*-
algebra A as in [2, subsection 2.6], the associated partial action & is the
partial homeomorphism 1 discussed in [16]. When the C*-algebra A is
commutative, it also agrees with the partial homeomorphism induced
by the partial action 6 in [3, subsection 1.9].

Example 2.6 (Partial crossed products). If v = ({V: }teq, { Dt }eq) is
a partial action of a discrete group G on a C*-algebra A, then the Fell
bundle B, associated with v has fibers B; = {t} x D; with the obvious
structure of Banach space, and product and involution given by:
(T’ dT)(S’ dS) = (TS, 'Yr(’)“r*l (dr)ds))a
(ryde)* = (r~ Y i (dy)).
The unit fiber of B, is identified with A in the obvious way.

The partial action ~ induces a partial action 5 on A that was defined
in [5, Section 7] and [6] and further discussed in [17]. The partial
action 7 is given by

Fu(m) =moy-r forme A,
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and it agrees with the partial action associated with the Fell bundle
B, . In fact, it is easily checked that, if 7 € D;-1 is a representation on
a Hilbert space H,, then the map

U : Bt ®Dt—1 HT( — Hﬂ') given by U((t? dt) o2y h’) = ﬂ-(ryt*l(dt))(h%

for dy € Dy, t € G and h € H,, is a unitary operator intertwining
Indp, 7 and 7 o ;1.

Example 2.7 (Fell bundles with commutative unit fiber). We now
assume that the Fell bundle B has commutative unit fiber, that is,
B, = Cy(X) for a locally compact Hausdorff space X. We identify X
with B, in the usual way: z € X is viewed as [z] € B., where 7, is
evaluation at x.

If I, = ker m,, then « € X;-1 if and only if By B; € I, that is, ([19,
subsection 3.3]), € X;-1 if and only if BI, # B;. Therefore, if b;(z)
denotes the image of an element b; of B; under the quotient map on
Bt/Btlaf; then

Bo\ X;-1 = {2 € X : by(z) =0 for all b, € By}.
Additionally, if x € X;—1, we have, by equation (1.6),
I, (z)Bt = I4,(2) Dt By = ker(Indp, 7,) By = By ker m,, = Bil,.
Therefore,

a(@s(x))b(x) if z e Xy
0 otherwise,

(2.6) (aby) () = {

for a € B, and b; € B;.

3. Topological freeness and ideals in the cross-sectional C*-
algebras. In this section, we show that some well-known results re-
lating topological freeness and the ideal structure of crossed products
carry over to our setting.

Proposition 3.1. Let B = (Bi)iec be a Fell bundle over a discrete
group G, and let p be a representation of C*(B) on a Hilbert space K.
Suppose that o : B, — B(H) is an irreducible subrepresentation of
pl., and let Hy = span p(By)H, for each t € G. Then:
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(i) Hy is p(Be)-invariant for allt € G.
(ii) He ={0} if 0 ¢ Xy—1, and Hy L H if 0 ¢ X;.
(iii) If o € Xy N X1 and ay(o) # o, then Hy L H.

Proof. Statement (i) is apparent. As for (ii), consider the orthogonal
decompositions

K=HaoH,

BCZUEBO'L.

Notice that any element in B; can be written as xb;y, where x € Dy,
by € By, and y € Dy-1. Additionally, if o ¢ X;-1, then o|p,_, =0,
and, for any h € H,
p(abey)(h) = p(abe) (o (y)(h) + o™ (y)h) = 0,
which shows that H; = {0}.
If o ¢ X;, then, for z,b;,y as above, and h,h’ € H,

(p(xbiy)h, h') = (p(biy)h, p(x*)R')

= (p(bey)h,o(x*)W + o (z*)h')
= (p(byy)h,o(z*)h')

=0,

which completes the proof of (ii). In order to prove (iii), we now assume
that 0 € X;NX;-1. Let 0; denote the subrepresentation of p|g, on Hs,
that is,

ot(c)he = p(c)hy,
for all ¢ € B, and hy € H;. Then the map
U:B;®p, , H— H; given by U(by @ h) = p(bs)h

is a unitary operator intertwining o and a;(o). In fact, if b, ¢; € By,
and h,k € H, then

(b hyci @ k) = (o(cb)h, k) = (p(cib)h k) = (p(be)h, p(c)E).

Therefore, if 0 # a;(o), then o and oy are irreducible non-equivalent
subrepresentations of p|p,. It now follows from [7, subsection 12.15]
that H and H; are orthogonal. O

Definition 3.2. Recall from [12, subsection 2.2] that a partial action
0 of a discrete group G on a locally compact topological space X is
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topologically free if, for any finite subset S of G \ {e}, the set
U{x € dom@; : 0;(z) = z}
tes
has empty interior. Equivalently, 8 is topologically free if the set
F; = {x € dom¥; : O;(x) = x}

has empty interior for any ¢ in G \ {e}.

Theorem 3.3. Suppose that B = (Bi)ieq is a Fell bundle over a
discrete group G, A is a C*-algebra and

p:C*"(B)— A
is a *-homomorphism, and let J := ker ¢ N B,.

If the partial action @ associated with B is topologically free on
B.\ X, then

(3.1) ()l = o(E();  for all ¢ € C*(B).

Proof. Since it suffices to show that equation (3.1) holds when ¢
belongs to the dense x-subalgebra C.(B) of compactly supported cross
sections, we assume that

c= Z c(t)0y,

t € supp(c)

where supp(c) is a finite subset of G. In order to show the statement,
we will prove that

(3.2) ()| > [[o(E ()] — e
for all € > 0.
Fix € > 0. Note that
(3.3)
I6(E()| = | E(e) + Jl|p, /s = max{||r(E(c) + J)| : 7 € Be/J}
= max{||c(E(c))| : 0 € B. \ X}

In addition, since the map o +— ||o(E(c))]| is lower semicontinuous on
B. \ X ([19, A30]), we can choose a set V' that is open in B, \ X
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such that

(3.4) [o(E()|| = [|¢(E(c))| — e,
foralloc e V.

Now, since @ is topologically free on B\(, \ X, the set

(3.5) F= |J {oeXii:ao) =0}
t € supp(c)
t#e

does not contain V. Thus, we can choose a representation o € V on a
Hilbert space H such that o ¢ F.

Let ¢ : B./J — ¢(B.) be the canonical isomorphism induced by
o|B., and let 1y be a state of ¢(B.) associated with the irreducible
representation ¢ (c) o (¢)~!, where ¢y is as in equation (1.8). Extend
1o to a pure state ¢ on ¢(C *( )). The GNS construction for 1 yields a
representation m of ¢(C*(B)) on a Hilbert space K containing a closed
(

subspace H such that q;(o) o (¢)~! is the subrepresentation of Tlo(B.)
on H.

We now define p: C*(B) — B(K) by p=mo¢. If Q € B(K,H) is
the orthogonal projection on 4, then
(3.6)

Qp(0)Q* = Q(¢(1))Q" = Q(n(d(b+ J))Q* = qs(0)(b+ J) = a(b),

for all b € B,, which shows that ¢ is an irreducible subrepresentation

We now set H; = spanp(B;)(H). By Proposition 3.1, we have, since
o ¢ F, that H; 1L H for all ¢ € supp(c) such that ¢ # e. Therefore,

[¢(c)| = [lm o ¢(c)|| = [lp(c)]
> [Qp(0)Q"| = [|Qp(E(c) Q|
= llo(E(e)] = [l¢(E(c))|l
— €. U

Corollary 3.4. Suppose that B = (Bi)icc is a Fell bundle over a
discrete group G such that the partial action associated with B is
topologically free. Then:
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(i) if I is an ideal in C*(B) such that I N B, = {0}, then I C ker A,
where
A:C*(B) — C}(B)

is the canonical surjective map.

(ii) If I is an ideal in Cf(B) such that I N B, = {0}, then I = {0}.
Consequently, a representation of C¥(B) is faithful if and only if
its restriction to Be is faithful.

Proof.
(i) Since the restriction of the quotient map
Pr:C*(B)— C*(B)/I
to B, is injective, we have by Theorem 3.3 that
I1Pr(E)] < [Pr(e)]| for all c € C*(B).

Consequently, E(I) C IN B, = {0} and I C kerA, see equa-
tion (2.3).
(i) Let J = A=(I). Then J < C*(B) and A(JNB.) C INB, = {0}.

Therefore, J N B, C ker AN B, = {0}. It now follows from (i) that
J C ker A. Hence, I = A(J) = {0}. O

Definition 3.5 (cf., [5]). Let B be a Fell bundle over a discrete
group G. A subset J C B is an ideal of B if it is a Fell bundle over G
with the inherited structure, and if 7B = J = BJ. An ideal I in B,
is said to be B-invariant if B:IB; C I, for allt € G.

Proposition 3.6. Let B be a Fell bundle over a discrete group G, and
let I be an ideal in B.. Then the following statements are equivalent:
(i) I is a B-invariant ideal.

il) B IBf =IN BB} forallted.
(iii) Byl = 1By for allt € G.

(iv) T = (IB¢)teq 1s an ideal of B.

Proof. Suppose that I is B-invariant. Then B.IB; C I, and, since
B,IB} C B,B.B} = B, B}, we have that B,IB; C 1IN B;B].



364 BEATRIZ ABADIE AND FERNANDO ABADIE

On the other hand, since B} IB; C I, we have that
INBB; =1B,B; = BBIB,B; C B,IBj.

Thus, (i) implies (ii).
Now, if (ii) holds, then

By = B,B!B,I = BB B, = (I N B,B})B, = (IB,B})B, = I B,

which implies (iii). Clearly Z is a right ideal, and it is apparent that it
is also a left ideal if (iii) holds. Finally, suppose that Z is an ideal in
B. Then

B/IB; CINB.=1. |

Remark 3.7. If J < C*(B) or J < C}(B), then J N B, is a B-invariant
ideal.

Proof. In both cases, J.B; = J; = BiJe, where J; = J N B; for
all t € G. It is clear that J; D J.B; and J; DO BiJ.. On the
other hand, since J; is a Hilbert C* sub-bimodule of B;, we have that
Jiy = ST € J. By N Bide. |

Proposition 3.8. Let B be a Fell bundle over a discrete group G.
The map I — T = (Ii)ieq, where Iy = 1By is an isomorphism from
the lattice of B-invariant ideals of B. onto that of the ideals of B. Its
inverse is given by T — T N Be.

Proof. Assume that I is B-invariant. Then, by Proposition 3.6,
Z = (I;) is an ideal in B, and the correspondence I — Z is injective
because I, = I. Conversely, if Z is an ideal of B, let I; := Z N By, for
all t € G. Since 7 is a Fell bundle and a right ideal of B, we have:

L =1.1,CI.B, CINB =1.

Then I; = I. By, and, analogously, I; = B;I.. Thus, I, is a B-invariant
ideal of B., and T = (I, B;).

Finally, it is clear that both maps preserve inclusion, which implies
they are lattice isomorphisms. ]
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Definition 3.9. Recall that, if « is a partial action of G on a set X,
then a set S C X is said to be a-invariant if

ar(SNdomay) = SNdomay-1, forallt € G.

Proposition 3.10. Let B be a Fell bundle over a discrete group G,
and let & be the partial action on E\e associated with B. Then the map
J — X is an isomorphism from the lattice of B-invariant ideals in B,
to that of open a-invariant sets in E;

Proof. Since it is well known that the correspondence J — X is
a lattice isomorphism from Z(B.) to the topology of B; the proof
amounts to showing that an ideal J in B, is B-invariant if and only if
the open set X ; is a-invariant.

First, assume that J is B-invariant. If ¢ € X; N X;-1, then
<7|Jpr1 # 0. In addition, B;J = JB; is a D;J — JD,—1 imprimitivity
bimodule, and it follows that Indg,s(o|sp, ;) # 0.

On the other hand, if ¢ is a representation on a Hilbert space H,,
then the map
bij ®p, ygh—bj®p, , h

extends to a unitary operator from B;J ®p, 7 Ho onto By ®p, , He
that intertwines Indp,(o|p, ,)|p,s and Indg, j(o|p, ,s). This shows
that a:(o)|s # 0, that is, that a;(o) € X .

Assume now that X ; is a-invariant. Then
B,J = BiDy-1J = hp,(Dy-1J)By,

for all t € G.

Now, since the Rieffel correspondence is a lattice isomorphism,

hBt(Dt—IJ) = hB‘ (ﬂ{kerﬂDtl T E X; ﬁXt1}>

=({hp, (kerw|p,,) : 7€ X5N X,1}
= ({kerIndp, (n|p,_,) : 7 € X5 N X, }
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=Dy N[ kerdy(n) : m € X500 X1}
=Dy N[ {kerr: 7€ X5N X} = DyJ.
’:[‘hUS7 BtJ = JDtBt = JBt O

Definition 3.11. Recall that a partial action « on a topological space
X is said to be minimal if X does not have a-invariant open proper
subsets.

Corollary 3.12. Let B = (Bi)iec be a Fell bundle with associated
partial action a. Consider the following statements:

(i) C(B) is simple.

(ii) The Fell bundle B has no non-trivial ideals.
(iii) Be has no non-trivial B-invariant ideals.
(iv) The partial action & is minimal.

Then we have (1) = (ii) if and only if (iii) if and only if (iv) and, if &

is topologically free, then we also have (iv) = (i), so in this case all the
statements are equivalent.

Proof. Since all open proper subsets of E; can be written as X ; for
some non-trivial ideal J in B, Proposition 3.8 and Proposition 3.10
show that (ii), (iii) and (iv) are equivalent.

Assume now that C}(B) is simple, and let J < B. Then C}(J) <
Cr(B) by [5, subsection 3.2]. In addition, since J # B, we have that
E(C/(J)) =J N B # Be,
by Proposition 3.8. This implies that C(J) # C}(B). Therefore,

C*(J) = {0}. We now have that
0CJCCHT) = {0}
hence, J = {0}, and therefore, (i) implies (ii).

Suppose now that (iv) holds and that & is topologically free. Let
J 2 Cx(B), and set J. = J N B..

By Remark 3.7, J. is B-invariant. Now, by Proposition 3.10,
X, = 0, which implies that J, = {0}. It now follows from Corollary 3.4
that J = {0}, which implies that C(B) is simple. O
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Let A = (A¢)tec and B = (Bi)tec be Fell bundles over a discrete
group G. A map
p: A— B

is said to be a morphism if
¢|At : At — Bt

is linear for all ¢ € G, and ¢(ad’) = ¢(a)p(a’), ¢p(a*) = ¢(a)* for all
a,a’ € A, which implies that ¢ is norm decreasing. A morphism ¢
induces a homomorphism

¢c: Ce(A) — Co(B),

given by ¢.(f)(t) := ¢(f(t)). The map ¢. is a | ||1-continuous x-
homomorphism, so it extends to a homomorphism of Banach *x-algebras

¢1: L'(A) — L'(B),
and hence, to a C'*-algebra homomorphism
¢ : C*(A) — C*(B).
Thus, we have a functor
(A -2 B) s (C*(A) 25 C*(B)),
that turns out to be exact ([4, 3.1]).

If we now consider reduced C*-algebras instead of full C*-algebras,
we obtain another functor. In fact, suppose that

Ep:C*(A) — A
is the canonical conditional expectation and that
Ay :C*(A) — Cr(A)

is the canonical homomorphism. Since kerAy = {z € C*(A) :
E 4(z*z) = 0}, and the diagram
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is commutative, we have that ¢.(ker Ay) C ker Ag. It follows that
there exists a unique homomorphism ¢, : C}*(A) — C*(B) such that

commutes. Thus, we have another functor
(A5 B) = (G} (A) 25 C1(B)).

If ¢ is injective or surjective, then so is ¢, ([5, subsection 3.2]).
However, if we consider the exact sequence of Fell bundles

p

0 I—+B B/T 0,

where 7 is an ideal in B, then the induced sequence

iy

0——= C*(T) Cr(B) —~ C*(B/T) —=0

is not exact in general, because C*(Z) does not necessarily agree with
ker p;..

We remark that, since kerAgq = {z € C*(A) : E4(z*z) = 0}, we
can define a map

Cr(A) — A

such that
AA(iL') — EA(x),

for all As(x) € C:(A). This map is itself a faithful conditional
expectation ([10, subsection 2.12]) with range A., which we will also
denote by F 4.

Let Z(B) and Z(C;(B)) denote the lattice of ideals of the Fell bundle
B and in C* (B), respectively. Since, for every 7 € Z(B), we may identify
C}(Z) with the closure of C.(Z) in C}(B), there is an order-preserving
map

e I(B) — Z(C(B))
given by u(Z) := C}(T).
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We now consider the maps
v1,ve : L(CE(B)) — Z(B),

given as follows. vq(J) is the ideal of B corresponding to J N B, by
Proposition 3.6 (and Remark 3.7), that is, v1(J) = (Ji)ieq, where
Ji = J N B;. Also, define v5(J) to be the ideal of B generated by
Eg(J). Then, both 11 and vy are left inverses for p which implies
that p is injective. However, u is not surjective in general. Clearly,
a necessary condition for p to be onto is that v1 = s, that is, that
JN B, = Ep(J) for all J € Z(C}(B)).

Definition 3.13 (cf., [21]). Let B = (By)ieq be a Fell bundle over a
discrete group G. An ideal J of C(B) is said to be diagonal invariant
if Eg(J) C J, that is, Eg(J) = J N Be.

In [14], Giordano and Sierakowski thoroughly discussed the above
correspondence . In what follows, we generalize their methods and
results to the context of Fell bundles.

Given an ideal J of C*(B), let M) := v(J) and JO) = pvy(J),
for p and v as above. Then JO C J, as it is the closure of the subset
C.(TM) of J.

Similarly, we define
T = s(J)
and
J® = ().

Then J® is the ideal of B generated by Ep(J) and J®?) = C*(J®).
Note that the unit fiber of 7(® is the invariant ideal of B. generated
by the ideal Eg(J) of Be. Since Ep is the identity on J N B, it follows
that 7 C 7@, Therefore, J C JNJ3),

Definition 3.14 (cf., [14, Definition 3.1]). Let B = (B;)teq be a Fell
bundle over the discrete group G, and let Z = (I;)icq be an ideal of B.
Then:
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(i) B is said to have the exactness property at Z <1 B if the sequence

Pr

0— = C*(I) —2= C*(B) C*(B/T) —=0
is exact.

(ii) B is said to have the intersection property at Z if the intersection
of B./I. with any nonzero ideal in C*(B/Z) is also nonzero.

If B has the exactness property at every ideal Z € Z(B), we say that
B has the exactness property, and if it has the intersection property
at every ideal Z € Z(B), we say that B has the residual intersection
property.

In view of Definition 3.14, the second statement of Corollary 3.4
could be restated in the following way: B has the intersection property
whenever its associated partial action is topologically free. More
generally, we have:

Proposition 3.15. Let B = (Bi)ice be a Fell bundle over a discrete
group G. Suppose that J = (Ji)ieg is an ideal of B, and let X :=
Ee \ Xj.. If the partial action of B is topologically free on X, then B
has the intersection property at the ideal J .

Proof. The unit fiber of the quotient bundle B/J is B./J., whose
spectrum is homeomorphic to B\e \ X;. = X. On the other hand, it
is easily checked that the partial action associated to the Fell bundle
B/J agrees with that induced by the partial action of B. Now, by the
commutativity of diagram (1.9) and the fact that the partial action
associated with B is topologically free on X, we conclude that the
partial action associated to B/J is topologically free. Finally, we apply
part (i) in Corollary 3.4. O

Corollary 3.16. If the partial action of the Fell bundle B is topologi-
cally free on every invariant closed subset of B., then B has the residual
intersection property.

Proposition 3.17. Let B = (B)ieq be a Fell bundle over a discrete
group G, and let J € Z(C}(B)).
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(i) If B has the exactness property at J2), then J C J®). If, in
addition, J is diagonal invariant, then JU = J = J®),

(ii) If B has the exactness property and the intersection property at
TD then JV = J = g3,

Proof. Let

P

0 J? L B B/J® —=0

be the exact sequence associated with the ideal J(?) of B, and suppose
that B has the exactness property at 7). Then the diagram

0 —— C3(JT®) s 0 (B) — 2> C2(B/T®) ——0

\LEJ(Q) iEs iEB/J@)

0—=JdNB, - B, = B./(T® N B.) —=0

is commutative and has exact rows. If z € J*, then Ep(z) € 7@ NBF,
which implies that Ej, ;e pr(z) = 0. Since p,(x) € C;(B/J®)T and
Eg) 72 is faithful, then p,(z) = 0. Then z € C*(J@) because of the

exactness of the first row at C*(B). This shows that J C J(?). Since
the inclusion J() C J always holds, and the definition of diagonal
invariance requires precisely that J@® = 7®) which implies that
JO = J@) we conclude that JV = J = J@),

Suppose now that B has both the exactness and the residual inter-
section properties at J1). Let

q:B— B/JW

be the quotient map. In order to prove that J) = J = J®) it suffices
to show that J() = J, for, in this case, we have that E(J) C JM), and,
consequently, that J) = JU)_ In other words, we must show that
¢-(J) = {0}. Since B is exact at J), we have ker ¢, = JU). Let

0, : C;(B)/JV — Cr(B/TW)

be the isomorphism induced by ¢,.. Since B has the intersection
property at J), in order to prove that g.(J) = {0}, it suffices to
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show that ¢,.(J) N B./(J N B,) = {0}, or, equivalently, that
(3.7) J/ TV N (B, +JD)/ g0 = {0},
since
J)T 0 (B +TW) /T = g7 (g, (J) N Be/(J 0 Be)).

Let x € J and b € B, be such that

4+ JY =b+JD e g/ gV n (B, + IV g0,
Then z — b € JU C J, which implies that b € J N B, € J®) and
x € JW, so equation (3.7) holds, and (ii) follows. O
Lemma 3.18. If the map

p: I(B) — Z(CJ(B))

given by
Z+— Cr(2)

is a lattice isomorphism and B has the exactness property at J € IZ(B),
then

pg : L(B/T) — L(CL(B/T))

given by
I—CHZ/T)

is also a lattice isomorphism.

Proof. Let
I7:={Z€ZIB):JCTI}

and
Tz = {1 € Z(C3(B)) : u(T) € I}

Then the restriction of o to Z7 gives rise to an isomorphism between
Z7 and Z,,(7)- On the other hand, the map

m:Z—1Z/J
is an isomorphism from Z; onto Z(B/J), as is the map

ny: I — I/CH(T)
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from 7,7y onto Z(C;(B)/C;(J)). Moreover, since B is exact at 7,
the quotient map
p:B— B/J

induces an isomorphism
p,: CL(B)/CI(T) — Cr(B/T)
which, in turn, induces an obvious lattice isomorphism
ns : Z(CH(B)/Cr(T)) — Z(C(B/1)).

Then p 7 is an isomorphism because py = n3n20|7,, 771_1. O

Theorem 3.19. Let B = (Bi)iec be a Fell bundle over a discrete
group G. Let p: Z(B) — Z(C}(B)) be the lattice homomorphism given
by w(Z) = C*(Z). Then the following statements are equivalent:

(1) the map p is an isomorphism of lattices.
(ii) B has the exactness property and every J € Z(C*(B)) is diagonal
muariant.
(iii) B has the exactness and residual intersection properties.

Proof. Tt follows from Proposition 3.17 that either statement (ii)
or (iii) implies (i). Suppose that u is a lattice isomorphism. Then any
ideal of C}(B) is of the form C}(Z), and therefore, is diagonal invariant.
Recall from the comments preceding Definition 3.13 that the inverse of
w is given by J — J N B,. To show that (i) implies (ii), we must prove
that B has the exactness property at any ideal Z = (I;)ieq of B. The
quotient map

p:B— B/T

induces a surjective homomorphism
pr: Cr(B) — Cr(B/T),
whose kernel contains C(Z). Then
I = Ep(C7(1)) € Ep(ker(p)) = ker(p,) N Be,
the last equation following from the diagonal invariance of ker(p,.). But,
ker(pr) N Be = ker(p|p,) = Ie = C}(I) N Be.
Then ker(p,) = C(Z).
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To conclude that (i) also implies (iii) we must show that B has the
residual intersection property. So, pick an element J = (J;)teq € Z(B),
and suppose that I < C(B/Z) is such that

Be
In— ={0}.
%~ )
By Lemma 3.18, there is a unique Z = (I;)ieq < B such that J C T
and I = C*(Z/J). Then

B, I.NnB.
0}=IN—= ,
{0} 7 7
that is, J. = I.. Since, by Proposition 3.8, this implies that Z = 7, it
follows that I = {0}. O

Corollary 3.20. Let B = (Bi)ieg be a Fell bundle over a discrete
group G. Then the correspondences

J—C"(J) and J+— C:H(T)

are injective lattice homomorphisms from the lattice of ideals in B to
the lattices Z(C*(B)) and Z(C}(B)) of ideals in C*(B) and CX(B),
respectively. If B has the exactness property and its associated partial
action 1is topologically free on every a-invariant closed subset of B:,
then

1(B) — 1(C;(B))

18 a lattice isomorphism.

Proof. Let J = (J¢)tes be an ideal in B. By [4, subsection 3.1],
Ce(J) =C"(J) 2 C*(B),

where C.(J) is the closure of C.(J) in C*(B). It follows that B, N
C*(J) = J N B, which takes care of the injectivity, in view of
Proposition 3.8. The rest of the proof follows immediately from
Theorem 3.19 and Corollary 3.16. O

Example 3.21 (Ideal structure of quantum Heisenberg manifolds).
The family
{D{ , :c€Z, ¢>0, u, veT}

8%
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of quantum Heisenberg manifolds was constructed [20] as a deforma-
tion of the Heisenberg manifold M, for a positive integer ¢. The C*-
algebra D¢, was shown [2] to be the crossed product of C(T?) by a
Hilbert C*-bimodule X, , where T denotes the unit circle. Since X7, is
full in both the left and the right, @ turns out to be a homeomorphism,

which was shown in [3] (see also Example 2.5) to be given by
a(z,y) = (x4 2u,y +2v) for all (z,y) € T2
Let G, denote the abelian free group
G = Z+2uZ + 2V,

Rieffel showed [20, subsection 6.2] that Dy, is simple if and only if
rank G, = 3. On the other hand, when rank G/, = 1, the C*-algebra
Dy, is Morita equivalent to the commutative C*-algebra C(M.) ([1,
subsection 2.8]), and, consequently, has the same ideal structure. We
now discuss the case in which rank G, = 2. First note that the action
@ is free in that case. In fact, a,(z,y) = (z,y) if and only if 2npu and
2nv are integers, which implies that n = 0 or rank G, = 1.

Additionally, C(T?) x X¢, has the exactness property by [4, sub-
section 3.1] because it is the cross-sectional C*-algebra of a Fell bundle
B over the amenable group Z. Thus, we are under the assumptions of
Lemma 3.20, and there is a lattice isomorphism between Z(Dyj,,) and
the lattice of a-invariant open sets of the two-torus.

4. Fell bundles with commutative unit fiber. Throughout this
section, we will assume that the unit fiber of the Fell bundle B is
commutative, that is, B. = Cy(X), for some locally compact Hausdorff
space X. We will use the identifications and facts established in
Example 2.7. Let j; : By — (?(B) be the inclusion map described
in equation (2.2). Exel proved [10] that, for any ¢ € C*(B) and t € By,
there is a unique element ¢(t) € By, called the Fourier coefficient of ¢
corresponding to ¢, such that

jicje(a) =¢(t)a for all a € B,.
He also showed that ¢ = 0 if and ounly if ¢ = 0 ([10, subsections 2.6,
2.7, 2.12)).

Lemma 4.1. Let a € B, and ¢ € C}(B). Then ac = ac and éa = ca.
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Consequently, ¢ commutes with a if and only if ac(t) = ¢(t)a for all
tegG.

Proof. Note that Ayj.(a’) = je(aa’) for all «’ € B,. Then
)

ca(t)a' = jfcaje(a') = jfcje(aad’) = jfcje(a)a’ = ¢(t)ad,

~

and it follows that éa = ca.
On the other hand, as is easily checked, jyA.(§) = a&(t) for all
¢ € (?(B). Therefore, if a’ € Be:

ac(t)a' = jfacje(a’) = aj;cje(a’) = ac(t)d,

which shows that ac(t) = ac(t). The last statement follows from the
first one and from the fact that ac = ca if and only if ac—ca=0. O

Lemma 4.2. Let b, € B, and
Ft = {fE S Xt—l : at(x) = .’L'}
Then b; € B if and only if by(x) =0 for all ¢ F}.

Proof. Since ab; = bsa if and only if (ab; —bia)(x) = 0 for all x € X,
we have that b, € B. if and only if b;(z)a(@:(z)) = bi(x)a(z) for all
x € X;-1 and a € Be. Thus, b, € B, if b;(z) =0 for all = ¢ F}.

Conversely, if b; € B, and € X;-1 \ F;, we can pick an element
a € B, such that a(z) # 0 = a(@i(z)). Then bi(x)a(z) = 0, which
shows that bs(z) = 0. O

Zeller-Meier showed that, if « is an action of a discrete group G on
a commutative C*-algebra A, then A is a maximal commutative C*-
subalgebra of the reduced crossed product A %, G if and only if « is
topologically free on A ([22, Proposition 4.14]). The previous results
allow us to generalize that result in the following way.

Proposition 4.3. Let B, be the commutant of B, in C}(B). Then
B! = B, if and only if @ is topologically free.

Proof. Let ¢ € C¥(B). By Lemmas 4.1 and 4.2, we have ¢ € B/ if
and only if ¢(t) = 0 outside F; for all t € G. Then if, for all ¢ # e,
the interior of Fy is empty, we have ¢(t) = 0, so ¢ € B,, and therefore,
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B! = B.. On the other hand, if there exists t # e such that F; has
a non empty interior, then there exists a € D;-1, a # 0, such that
a(x) = 0 for all z ¢ F;. Since Bia # 0, there exists b, € B; such
that 0 # bia =: by € B;. Now by(x) = 0 for all = ¢ F;, and therefore,
b, € B.\ B.. O

Corollary 4.4. The partial action a is topologically free if and only
if Be is a mazimal commutative C*-subalgebra of C}(B), and conse-
quently, it is a Cartan subalgebra of C*(B).

4.1. The case of partial crossed products. We consider next a
partial action on a commutative C*-algebra A = Cy(X), where X a
locally compact Hausdorff space. It is clear from Example 2.6 that, in
this case, the partial action & associated to the Fell bundle agrees with
« when X is identified in the usual way with A. In what follows, we
will write o to denote either one.

Theorem 4.5. Suppose that a is a partial action of a discrete group
G on a commutative C*-algebra. Consider the following statements:

(i) A is a mazimal commutative C*-subalgebra of A X4, G.
(ii) « is a topologically free.
(iii) If I is an ideal in A xo G with ANI = {0}, then I C ker A, where

AiAxgG— Axg, G

is the canonical map.

(iv) If I is a non-zero ideal of A Xy, G, then ANI # {0}.

(v) If a representation ¢ : AXq G — B(H) is faithful when restricted
to A, then ¢ is faithful.

Then we have that (1) if and only if (ii) if and only if (iii) = (iv) if and
only if (v).

Proof. Corollary 4.4 shows that (i) and (ii) are equivalent. In
addition, Corollary 3.4 proves that (ii) implies (iii), and its proof shows
that (iii) implies (iv). Since (iv) and (v) are obviously equivalent, we
are left with the proof of the fact that (iii) implies (ii). We will adapt
the proof for global actions [8, Theorem 2], which in turn essentially
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follows [15], to our setting. Suppose (iii) holds. Let X be a locally
compact Hausdorff topological space such that A = Cy(X).

Given z € X, let o(z) denote the a-orbit of z:
o(x) := {az(x) : t such that x € X;-1}.

Let H* := (*(o(x)) with its canonical orthonormal basis {e, : y €
o(z)}. Consider
v*: G — B(H?)

defined by

= Cay(y) if RS thl
vi(e,) =
£ (ey) {0 otherwise.

Thus, v¥ is a partial isometry with initial space £?(o(x) N X;-1) and
final space £2(o(x) N X;).
We claim that v is a partial representation of G. Let us first note

that (vf)* = v, since

(w3 (ey), e2) 1 ifye X1 and z = au(y)
vi(e,), e,) =
LRyh e 0 otherwise
= (ey, vi-1(e2))-
We next show that

Tusvioi(ey) = vrvi_i(ey), forallrse G, yeo(x).

£ rSsYs

In fact, we have, on one hand, that

T (e,) = Car(y) ifye XsNX,—1
8 Y 0 otherwise.

On the other hand,

0 ify%Xsﬂas(Xsf1T71 NXe1)=X,-1NX;
€a,(y) Otherwise.

vfsv§*1 (ey) = {

We now define the representation 7% : A — B(H") by 7% (a)(e,) =
a(y)e, for all a € A and y € o(z).
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We claim that the pair (7%, v") is a covariant representation of the
system (A, a). In fact, if a € Cy(X;-1), y € o(z):

m*(ai(a))(ey) = ar(a)(y)ey

_ alag-1(y))e, ifye Xy
0 otherwise.

On the other hand, vf7®(a)vy . (e,) =0if y ¢ X, and if y € X;:
v (a)vi-a(ey) = vf (a(a-1(y))ea, ., )
= a(a-1(y))ey.

Let
p* Ax, G — B(H")

be the integrated form p* = 7% x v® of the covariant representation

(w®,0"). If
1= ﬂ ker p*,
reX

then I N A =0 since if a € A and p*(a) = 0 for all x € X, then
0=p%(a)(ey) =aly)ey, forallz e X,y e o(x),

which shows that ¢ = 0. Since we are assuming that (iii) holds,
I C ker A.

Let t # e and a € A be such that
supp (a) C{zr € X N X;-1 : oy(x) = z}.
Then we have, for z € X, y € o(x):
e if y € supp (a) then oy (y) =y, and
p7(ad. — ad)(e,) = aly)ey, — alar(y))ea,) = 0.
e if y ¢ supp (a) then a(y) ¢ supp (a), and therefore, we have
p*(ade — ady)(ey) = a(

From the computations above, we conclude that ad, — ad; € I. There-
fore, ad, — ad; € ker A. Then

= E(ade - (I(St) =

a(y)ey — a(ai(y))ea, ) = 0.
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from which it follows that the set
{reXNXi—1:oy(z) =2}

has empty interior.
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