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POSITIVE GROUND STATE SOLUTIONS FOR SOME
NON-AUTONOMOUS KIRCHHOFF TYPE PROBLEMS

QILIN XIE AND SHIWANG MA

ABSTRACT. In this paper, we study the existence of
positive ground state solutions for non-autonomous Kirchhoff
type problems:

7(1+b/ \Vu|2)Au+u:a(a:)|u|p_1u in R3,
R3

where b > 0,3 < p <5 and a : R® — R is such that

lim a(z) =ac >0,
|| —o0

but no symmetry property on a(z) is required.

1. Introduction and main results. In the present paper, we
consider the existence of positive ground state solutions for non-
autonomous Kirchhoff type problems:

(SK) —(1+0 3 Vul) A+ u = a(@)lul? " in B,

where b > 0 is a real parameter, 3 < p < 5 and a(z) satisfies conditions
which will be stated later, but with no symmetry property on a(x).

Kirchhoff type problems in the bounded domain Q C R3 are often
referred to as being nonlocal because of the presence of the integral
over the entire domain 2. This is analogous to the stationary case of
equations that arise in the study of string or membrane vibrations, i.e.,

Ugy — (aer/Q \VUP)AUZ f(z,u),
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where Q is a bounded domain in RY, u denotes displacement, f(x,u)
is external force and a is initial tension, while b is related to intrinsic
properties of the string. This type of equation was first proposed by
Kirchhoff in 1883 to describe the transversal oscillations of a stretched
string by taking into account the subsequent change in string length
caused by oscillations.

Kirchhoff type problems in the bounded domain have been studied
by many authors. Alves et al. [1], Ma-Rivera [18] and Yang-Zhang [25]
obtained the existence of positive solutions via variational methods,
while Mao-Zhang [19] and Zhang-Perera [26] obtained sign changing
solutions via invariant sets of descent flow. Recently, many authors,
such as Chen [7], Jin-Wu [12], Li-Wu [15], Li et al. [16], Nie-Wu [20],
and Wu [24], have been more interested in Kirchhoff type problems
in the unbounded domain or in RY. The concentration behavior of
positive solutions has been studied by He-Zou [9], He et al. [11] and
Wang et al. [21]. A result with Hartree-type nonlinearities may be
found in Lii [17]. Ground state solutions for Kirchhoff type problems
with critical nonlinearities is considered in He-Zou [10].

We now consider non-autonomous Kirchhoff type problems (SK)
and obtain a representation of Palais-Smale sequences for this problem.
Similar results may be found in [3, 23]. In this paper, we make the
following assumption on a(z):

(a1) lim a(z) =ax >0, a(z) := a(z) — as € LY C7P)(RY),

|| —+o0
and consider the functional

(1.1)

1 2, o, b / AN pi1
I(u)fz/Rs(|Vu| +u )+4( RS|Vu| S Rga(m)|u|

on H'(R3). This functional is well defined under assumption (aj).
Since a symmetry assumption is not available, we carefully investigate
the behavior of Palais-Smale sequences and obtain a representation of
Palais-Smale sequences for the functional I. However, this is quite
different from the work of Benci and Cerami [3]. Direct calculation for

the nonlocal term
[ 1
R‘J
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does not show that I’ is weakly, sequentially continuous in H*(R?). For
any Palais-Smale sequences {u,} with u,, — u in H'(R?), we do not

know whether
/ Vun|? — / Vu?
R3 R3

holds. In fact, this is the case if u # 0 and 3 < p < 5 in equation (SK),
see Lemma 3.1 herein and [14, Lemma 3.2], where this idea was intro-
duced by Li and Ye. In this case, the representation of Palais-Smale
sequences is quite normal and is similar to that of the Schrodinger-
Poisson systems obtained by Cerami and Vaira [6]. However, when
u = 0, the situation is quite different and

/ |Vu,|? — 0
R3

may be invalid. A new representation for the Palais-Smale sequences
must be described in another form, which is presented in Lemma 3.2.

Palais-Smale sequences for the functional I are closely related to the
solution of the problem at infinity:

(NSx) —Au+u = as|ulP'u in R3.

Thus, we denote the unique radial solution of equation (NSs) by w

and set
1 1
Mo i= (5= =5 ) Il
2 p+1

Additionally, if we make the assumption:

(ag) a(r) > as for any x € R,

and a(z) > as holds on a positive measure set, then the next problem:
(NS) ~Au+u = a(z)|ulP "'y in R3,

admits a ground state solution. The ground state solution of (NS) with
assumption (az) is denoted by w, and

= (2 Y <
My = 5 Pl We Moo

Now, we state the result on the existence of ground state solutions
for problem (SK).
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Theorem 1.1. Let (a;) and (ag) hold, and assume that

Moo ¥ — Mk
(1.2) 0<b< s

where p = (p—3)/(p+1) and v = 2(p+1)/(p—1). Then, prob-
lem (SK) has a positive ground state solution.

We remark that a similar result has been obtained by Cerami and
Vaira [6] for some non-automous Schrodinger-Poisson systems.

This paper is organized as follows. In Section 2, we will introduce
the variational setting and some basic lemmas. In Section 3, we obtain
a representation of Palais-Smale sequences for the functional I and
establish the compactness conditions. Finally, the proof of Theorem 1.1
is presented in Section 4.

2. Notation and variational setting. In this section, we give the
variational setting for problem (SK) and use the following notation:
H'(R3) is the usual Sobolev space endowed with the standard scalar
product and norm

(u,v) = /R (VuVo +uv), |lu| = (u,u)'/2,

The dual space of H'(R?) is denoted by H~!. A Lebesgue space is
denoted by L4(R3), 1 < ¢ < 400, and the norm in L4(R?) is denoted
by |uls. C and C; are various positive constants. Moreover, in what
follows, we always assume that a., = 1, without any loss of generality.

To prove the existence of a ground state solution, we set
N = {u e H'(R*)\{0} : G(u) = 0},

where

Gtu) = (1'w.0) = ul? + o [ |Vu|2)2 - [t
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We remark that

1 11 ?
21) I = 2+(>b</ v 2)
@) 1w = (5 -l + (5= 557 )o( [ vl

L (Lo p1

= Ll + (4 ) [ et

The next lemma contains some properties of A.

Lemma 2.1. The following statements hold:
(i) N is a C reqular manifold diffeomorphic to the sphere of H'(R3);

(i) I is bounded from below on N by a positive constant;
(iii) w is a critical point of I if and only if u is a critical point of I
constrained on N .
Proof.

(i) Let u € H'(R?)\{0} be such that |lu| = 1. Then there exists a
unique ¢t € RT\{0} for which tu € N. Indeed, considering that ¢ must
satisfy ¢ > 0 such that

2
0 = (I'(tu), tu) = t*||ul|® + bt4</ |Vu2) - tpH/ a(x)|uPT,
RS R3

set )
m:zb(/ VuZ) , n ::/ a(x)|uPT.
R3 R3

We must find a positive solution of t2(1+mt? —ntP~!) = 0 with m > 0
and n > 0. In fact, since p > 3, the equation

L+mt* —ntr~ 1 =0

has a unique solution ¢ = t¢(u) > 0, and the corresponding point
t(u)u € N, which is called the projection of v on N, is such that

I(t(uw)u) = max I(tuw).
Let u € N. Then,

2
0= lulP o [ 19a?) = [ at@l >l - o,
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which implies that
(2.2) Jull > ¢y > 0.

As is well-known, I € C*(H'(R?),R) and

(I'" (u)v,w) = / (VoVw + vw) + 2b Vqu VuVu
R3

+b/ |Vu|2/ VoVw — p/ a(x)|uP~tow.

Therefore, G becomes a C! functional, and we have

(2.3) (G'(u),u) = (I"(w)u, u)

—2pul+ o [ |Vu|2)2 1) [ ateu
— =)l + G- | |vu|2)2

<A -pul* <1 -pCF <0

(ii) Let w € N. Using equations (2.1) and (2.2), we obtain

)= (5= ol (5= o7 ol |Vu|2>2

1 1
>z —— > (Cy>0.
> (5537 Il > €2 >

(iii) On one hand, if u # 0 is a critical point of I, I'(u) = 0, then
u € N. On the other hand, let u be a critical point of I constrained
on N. Then there exists A € R such that I'(u) = AG’(u). Hence, from

0=G(u) = (I'(u), u) = AG'(u)
and equation (2.3), A = 0 is implied and then I’(u) = 0 follows. O
Setting
=inf{I(u) : u € N},

as a consequence of Lemma 2.1 (ii), m turns out to be a positive
number.
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We consider problem (NS), i.e

(NS) —Au +u = a(x)ulPu,
setting
1
Lo(u) = *|| 12 - el A _a(@)[uf
1
= *|| I? - el A (A+a(@)ulr,

where a(2) = a(x) — aw — a(z) — 1, and
Moo= {ue HENO): JulP = [ ool }
—{ue HENO}: ol = [ (1+a@)up
When a(z) = as — 1, equation (NS) becomes

(NSs) —Au+u = |ulf .

In this case, we use the notation I,, and N, respectively, for the
functional and natural constraints, namely,

1
o) = gl = [l

N = {ue HUENO}: Jul? = [+t

and

The following well-known propositions, which provide results regarding
the existence of positive solutions of (NS ) and (NS), are useful in
obtaining our theorem.

Proposition 2.2. Problem (NS) has a positive, ground state solu-
tion w € HY(R®), radially symmetric about the origin, unique up to
translations, decaying exponentially, together with its derivatives, as
|z] — 4o0.

Proposition 2.3. Let (ag) hold. Then, equation (NS) has a positive,
ground state solution w, € H'(R3).
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Proposition 2.2 can be found in [4, 8, 13]. Proposition 2.3 can
be proved using a minimization argument and the concentration-
compactness principle.

Since w and w, are ground state solutions, setting

sinf{loo(u),u € No '}y
mg =: Inf{I,(u),u € Ny},

Moo

we obtain I, (u) > I (w) = my, for all u solutions of equation (NS, )
and also I,(ug) > I,(w,) = m, for all u, solutions of equation (NS).
Under condition (ag), we also have that my, > m,, where

1 1
ow = o) = (5 = o7 ) IulP

and

1 1
Mg = Ia(wa) = (2 — ]H»]_) ||’l,UaH2.

Similar to Lemma 2.1 (i), it is possible to show that, for any function
u € HY(R3)\{0}, there exists a unique function 7u € N, such that

I, (tu) = t;xg([a(tu).

Lemma 2.4. Let v € HY(R*\{0} and tu, Tu, (t,7 > 0) are its
projections on N', N, respectively. Then,

(2.4) T <t

Proof. Let u € H*(R?)\{0}. Since 7u € N, and tu € N, we have

Pl =4 [ aa)fup
R3

2
t2||ul® = —t4b</ |Vu|2> —l—tp'H/ a(x)|ulPT
R3 R3
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It follows from (a1) that

el
[ a(z)lufptt
R3
2
—t2b(f |Vu|2) + P71 [ a(z)|uPtt
R3 R3 -1
= <=t
J a(z)|u/p+? -
R3
which implies that 7 < t. O

3. Representation of Palais-Smale sequences. In this section,
we investigate the behavior of Palais-Smale sequences of I.

Lemma 3.1. Let {u,} be a (PS). sequence of I. Then there exists
u € HY(R3) such that u, — u. Moreover, if u # 0 where ¢ < m, then

/|Vun|2—>/ V2.
R3 R3

Proof. Let u, € H*(R?) be a (PS). sequence of I, that is,
I(up) — ¢ and I'(u,) — 0 in H '

Thus, for n large enough,

+1

1 1
> (5= — |lual®
2 p+1

c+wnmw21wm—;i4fwmﬂm

Then, {u,} is bounded in H'(IR?); hence, passing to a subsequence, we
may assume that u, — u in H!(R3).
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Without loss of generality, we assume that
/ Vun|? — A2,
R3

for some A € R. If u # 0, we see that

/ |Vu|? < A%
R3

/ |Vu|? < A%
R3

Suppose that

By I'(uy) — 0, we have
VuVe +up +bA% [ VuVep — / a(x)ulP~ up = 0,
RS RS RS

for any ¢ € C§°(R3). Take ¢ = u. Then (I'(u),u) < 0. The term
p > 3 implies that (I'(tu),tu) > 0 for small ¢ > 0. Hence, there
exists a to € (0,1) satisfying (I'(tou),tou) = 0. We can see that
I(tou) = maxyc(o,1) I (tu). Therefore,

¢ < I(tou) — 7<I’(t0u) tou)

t% 2 1 p+1 +1
=2 [ (Vu +u?) + | = to |ul?
4 Jgs 4

1 2 z p+1
< [LO0vue )+ <4 — ) o)l
< lim inf 1/ (|Vun? +u?) L ( )|t [P
T n—oo 4 R3 " 4 p—|—1
= lim inf (I(un) — —{I'(un), un >
n—oo

which is impossible. Therefore,

/ |Vu|? = A2
R3

and the proof is complete. O
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Lemma 3.2. Let {u,} be a (PS). sequence of I constrained on N,
i.e., up, €N, and

I(u,) — c, I'|n(uy) — 0 strongly in H 1.

Then, passing to a subsequence, one of the following two cases hold.

Case 1. There exists a solution w # 0 of problem (SK), a number
k € NU{0}, k function ut, u?, ..., u* of H'(R3) and k sequences of
points {yl} CR3, 1 < j <k, such that

(a) |yhl — oo, |yh — yh| — oo if i # j, n — +o0;

k
(b) un— > W (-—yh) —»u in H'(R®);
j=1

k
(€) I(un) = I(@) + > Tno(u);
(d) w? are nontrivial weak solutions of equation (NSs).

Case 2. There existu’ € H'(R?), {32} C R3, a number k € NU{0},
k function u', u?, ..., uF of H'(R®) and k sequences of points {yl} C
R3, 1 < j <k, such that

(a) [7n] = oo, |yd| — oo, [75 —yh| — oo and |y} —yi| = oo if i # j,

n— +oo
Up — Zu] — ) —a°(-—7°) = 0 in H'(R?);
k .
(c) I(uy) — J@®) + Zloo(uj), where
j=1
1 2 ooy b 2 +1,
Ju)i=g | (Vul+uf)+ () 1Vl M
2 Jgs 4
(d) v/ are nontrivial weak solutions of equation (NS ), u® is a non-

trivial weak solution of the next problem:
(SK) —(1+b/ |vu\2)Au+u: lulP~ 'y in R3.
R3

Moreover, in both cases we admit k = 0, and the cases hold without u’.
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Proof. By equation (2.1), we obtain

1 1
I(up) > (2 - p+1> llwnl?;

hence, {u,} is bounded, and we can prove that

(3.1) I'(up,) — 0 in HY(R?).

In fact, we have

(3.2) o(1) =TIy (un) = I'(un) = AnG'(un),

for some A, € R. Thus, taking the scalar product with u,, we obtain

(3:3)  o(1) = {I'w (un),un) = I'(un), un) = An(G' (un), ttn).

Since u,, € N, i.e., {I'(uy),u,) = 0, and, by equation (2.3),
(G'(un),un) < —a <0,

for some constant o > 0. Thus, it follows from equation (3.3) that
An = 0 for n — +00. Moreover, by the boundedness of {u, }, G'(uy) is
bounded, and this implies that A, G'(u,) — 0, so equation (3.1) follows
from equation (3.2).

Since u, is bounded in H*(R3), there exists u € H'(R3) such that,
up to a subsequence u,, — @ in H*(R?®) and in LPT1(R?), u,,(z) — u(z)
almost everywhere on R3. It follows from Lemma 3.1 that I’(u) = 0,
and hence, @ is a weak solution of equation (SK).

Case 1. W # 0. If u,, — u in H'(R?), then the proof is complete.
Thus, we can assume that u,, does not converge strongly to % in H!(R?).
We set

1

2, (%) = un(z) — ().

! —~0in H'(R?), but not strongly. We claim that

n

Clearly, z

(%) I(up) = I(@) + Iso(2,) + 0 (1),
(Io(zp),2n) =0 (1) and I (z,) = 0(1).

In fact, we have

(3-4) lunll® = Nz +@|* = llznll* + @] + 0 (1).
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It follows from [5] that
(3.5) Junlpiy = 1T + l2nlpi +o (1),

and, using [2, Lemma A.2] and [22, Lemma 8.1], respectively, we
obtain

(3.6) al@)|zl Ptz — 0 in H,

(3.7 [ [Py = P T+ |2 P 2 40 (1) in HL

It follows from equations (3.4), (3.5), (3.6), (3.7) and Lemma 3.1 that
(3.8)

1 b S
rwn) = gl + 5 ([ 9uP) = 5 [ o

p+1

1 1, o b L\ 1
=2||z;||2+|u||2+4(/ vap) - [ a@ap

)4 I () 4 o 1),

For all h € H(R3), we have

o (VIR = (I’ (wn), hY = {tn, b + b / |V / VU, Vh

- / a(x)|un [P u, b
R3

:<H,h>+b/ |Vﬂ|2/ VuVh
R3 R3

- / a(x)[@P~ uh
R3

= [z ol
= (1'(3), )+ T (), 3) + o (V)]

(3.9) I' (2))=0(1) in H '
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Moreover, by I’(@) = 0, we obtain

(3.10) 0= (I'(upn),un)
= (I'(@), 1) + (L% (23), ) + 0 (1)
= (I (2p), 2n) + 0 (1)

Now, claim (x) holds.

Letting
6 := lim sup (Sup/ |Z’}L|p+1>’
n—s+oo yER3

we have § > 0. In fact, if 6 = 0 holds, then by [22, Lemma 1.21],
zl — 0 in LP*1(R?) would hold, contradicting the fact that wu, does
not converge strongly to % in LPT'(R3). Then, we may assume the
existence of {yl} C R3, such that

/ A s O
Bi(y}) 2

Then, we consider z1(- + yl), and, letting 2} (- +y1) — u! in H'(R3),
2z (x4 yL) — ul(x) almost everywhere on R3. Since

o
[t >3,
B1(0) 2

the Rellich theorem implies
)
/ (@) P > 2
B1(0) 2

Thus, u! # 0. It follows from 2z} — 0 in H'(R3) that {yl} must be
unbounded and, up to a subsequence, we can assume that |y 1| — +oc.
Moreover, by equation (3.9), we have I’_(u') = 0. Finally, let

(@) = 2 (@) —ul (@ — yp).

Then, by equations (3.4), (3.5) and the Brezis-Lieb lemma, we obtain
lznll* = llunll* = l[@l* = flu* [ + o (1),
1 1 p+l 1
|Z721|£il = ‘“n|§11 - |U|§I1 - ‘Ul iil +o(1),

which implies
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Hence, by claim (*), we obtain
I(up) = I(@) + Io(2L) + 0 (1) = I(@) + To(u') + Ino(22) + 0 (1).
It is easy to prove that
I' (22)=o0(1) in H '
Now, if 22 — 0 in H'(R?), we are done. Otherwise, 22 — 0 not
strongly, so we repeat the argument. By iterating this procedure, we
obtain sequences of points y/ € R? such that
lyol — oo, |yl —ynl — +oo,
if ¢ # j and a sequence of
2 () =2
with j > 2 such that
Z(x+yl) = (x) in HY(R?), I'(w) = 0.

Thus

)

Since Io(u?) > my for all j and I(u,,) is bounded, the iteration must
stop at some finite index k.

Case 2. U =0, i.e., u, — 0 in H'(R?) not strongly ({u,} C N and

I(u,) — ¢, so ¢ > 0). We claim that
(%) I(un)
(I (un)s tn)

J(u) + 0 (1),
o(1)

and

J (u,) =0(1) in H™ %
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In fact, it follows from equation (3.6) that
(3.11)

I(un) = |un||2 (/ IVun|2) erl (m)|un|1’+1

= Jlluall* + (/ v ) p+1/ a0 (1)

= J(un) +0(1)

For all h € H'(R3), we have

o (DIIA]] = {T'(tn), h) = {um, B} + b /R3|Vunl2 /RSVuth

/a Y|P~ g

R3
:<un,h>+b/ \Vun|2/ Vu,Vh
R3 R3

| Junl” k0 (D)5

= (J'(un), h) + o (V)|2]],

which implies

(3.12) J (up) =0(1) in H™ '
Moreover,
(3.13) 0= (I"(un),un) = (J (upn), un) + o (1).

Then, claim (*x) holds.

6 := lim inf ( sup / |Un|p+1)7
nFoe \ yeRrs J By (y)

we have 6 > 0. In fact, if § = 0 holds, then, by [22, Lemma 1.21],
up — 0 in LPT1(R3) would hold, contradicting the fact that u, does
not converge strongly to 0 in LPT!(R3). We may assume the existence
of {79} C R?, such that

Letting

/ |un|p+1 > é
B1(g9) 2
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Next, we consider u, (- +73°), and let u, (- +7°) — a° in H'(R3). Then
U (2 +72) — (),

almost everywhere on R3. Since

the Rellich theorem implies

1)
/ w0t > 2.
B1(0) 2

Thus, u" # 0. It follows from u, — 0 in H'(R?®) that {g%} must be
unbounded and, up to a subsequence, we can assume that |79 | — +oc.

Moreover, similar to Lemma 3.1, by u, (- +79) — u°% # 0 in H(R?)
and equation (3.12), we can obtain that J'(z®) = 0 and

/IVunF /mn L — [ e

Finally, let
() = up(2) =%z = 73).

Then, by the Brezis-Lieb lemma, we obtain

lzall = llunll® = | w°) +0( ),
+1 10—
|Zn|§+1 = |Un|§+1 —| op p+1 +0( ),

which implies that

1 2 b 2 2 p+1
J(un) = §Hun|| +* Ivun| p+1 |un‘
1 _
:fuz;n? gloie ([ 1w )
/ | |p+1 7/ |70|p+1
ES “n p+1

= J(@°) + Lo (2,) +0(1).
For all h € H(R3), we have
o (DAl = (J"(un (), h()) = (un(-), h(-))
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+b/ |Vun(~)|2/ Vg (-)Vh(-)
/ [ ()t ()

= 7n),h())

—0 —0\(2 —0 =0
b/ Va( g%k [ Vil -vhe)
= [ 1m0 =gt~ gR0)

RS
/ 2L OF LA (RC) + o (U)A]

= (J'(@’(- - () + (I (z), h) + o (1)]A]),

from which it follows that
I' (z2Y=0(1) in H
Moreover, by J'(@°) = 0, we obtain
0= (J' (un), un) = (I (2n), 2n) + 0 (1),
which yields
(I5(23)s 20) = 0 (1).

Now, if z1 — 0 in H!(R3), then we are done. Otherwise, 2. — 0,
not strongly, and we repeat the argument. By iterating this procedure
in a manner similar to that of Case 1, we obtain sequences of points
y) € R3 such that

lyhl — +oo, |yl —ynl — +oo
if i # j and a sequence of
#(@) =27 @) —w Tz -y
with j > 2 such that
e +yl) = (z) in H'(R?),
I'_(u?) = 0. Thus,
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Since I (u?) > mq for all j and I(u,) is bounded, the iteration must
stop at some finite index k. O

Remark 3.3. Problem (SK) has nontrivial solutions for 3 < p < 5,
see [9]. To our knowledge, if @ is a nontrivial solution of this problem,
J(@°) > mgr_, where msx__ is the ground state solution energy. We
obtain

J(u) = ;/ (IVul? +u? >+i(/Rs'V“'2)2
p+1/ > 5 [OVal ) = = [

= Io(u)

which implies that mgx, > Meo.

Remark 3.4. We have given a nontrivial solution @ of problem (SK)
in Case 1. If Case 2 occurs, the smallest level ¢ must be

C=MSK_;

Case 2 holds for k£ = 0. Alternatively, if u (v = u* — ™) is a solution
of (SK«), then any of u™ or v~ are not. Because of this, and the fact
that we know little about the bounded state solution of this problem,
the next level ¢ which satisfies Case 2 is unknown.

Corollary 3.5. Assume that {uy} is a (PS). sequence. Then {uy} is
relatively compact for all ¢ € (0, moo].

Proof. Let us consider a (PS). sequence {u,} and apply Lemma 3.2
to it, assuming that I, (u?) > me for all j and I(w) > 0. Thus,

li 1 =c< .
n—l>51-100 <un) €= Moo

Case 1 (c) gives k = 0, and Case 2 cannot hold for me, < mgsk_.
Therefore, u,, — % in H'(R3) follows. |

4. The proof of Theorem 1.1. Now, we are in a position to show
our main result.
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Proof of Theorem 1.1. To prove the existence of a ground state
solution of (SK), we need to make sure that

(4.1) m < Meo.

If equation (4.1) holds, then by Corollary 3.5, it is easy to see that
m is achieved by a function u (passing to |u|) that is positive and
solves (SK). To obtain equation (4.1), we test I with the projection
on N, tw, of the minimizer w, of I, on N,. By virtue of Lemma 2.4,
we get ¢ > 1, which, together with equation (2.1), implies that

1
(4.2) m < I(twg) = 5||twa|\2
L W) - [ e
4\ Jgs ¢ p+1 Jps “

1 1 1
= Jtwa|? + (5 — — twg|PH
el + (3= 57 [ a@lew

1 1 1
< Pt a2 - / ap-i-l
<ot + (- o47) [ e

1 1

ot (Gl - 5 [ at@te )
1 1

=41 (5 = 2 el =

For w, € N, and t > 1, we obtain

2
0 = t2||wg ||? +t4b(/ |Vwa|2) - tp“/ a(x)|we [P
R3 R3

2
< P+ 0 [ 19uP) = ot P
R3
< tfwa | + bl wal|* — 7F wal|?,
which implies
1/(p—3) 2(p + 1 1/(p=3)
(4.3) t<(1+ b||wa\|2) = (1 + (er)bma)

p—1
= (14 vbmg )/ P=3),
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Using equations (1.2), (4.2) and (4.3), we obtain
m < I(twg) < P m, < (1 + mea)(p+1)/(p_3) < Meo-

The proof is complete. O

REFERENCES

1. C.O. Alves, F.J.S.A. Correa and T.F. Ma, Positive solutions for a quasilinear
elliptic equation of Kirchhoff type, Comp. Math. Appl. 49 (2005), 85-93.

2. A. Bahri and P.L. Lions, On the existence of a positive solution of semilinear
elliptic equations in unbounded domains, Ann. Inst. Poincare 14 (1997), 365-413.

3. V. Benci and G. Cerami, Positive solutions of semilinear elliptic problems in
exterior domains, Arch. Rat. Mech. Anal. 99 (1987), 283-300.

4. H. Berestycki and P.L. Lions, Nonlinear scalar field equations, 11, Existence
of infinitely many solutions, Arch. Rat. Mech. Anal. 82 (1983), 347-375.

5. H. Brezis and E. Lieb, A relation between pointwise convergence of functions
and convergence of functionals, Proc. Amer. Math. Soc. 88 (1983), 486-490.

6. G. Cerami and G. Vaira, Positive solutions for some non-autonomous Schré-
dinger-Poisson systems, J. Diff. Eq. 248 (2010), 521-543.

7. J.Q. Chen, Multiple positive solutions to a class of Kirchhoff equation on R3
with indefinite nonlinearity, Nonlin. Anal. 96 (2014), 134-145.

8. B. Gidas, Wei Ming Ni and L. Nirenberg, Symmetry and related properties
via the mazimum principle, Comm. Math. Phys. 68 (1979), 209-243.

9. X.M. He and W.M. Zou, Ezxistence and concentration behavior of positive
solutions for a Kirchhoff equation in R3, J. Diff. Eq. 252 (2012), 1813-1834.

10. , Ground states for nonlinear Kirchhoff equations with critical
growth, Ann. Mat. Pur. Appl. 193 (2014), 473-500.

11. Y. He, G.B. Li and S.J. Peng, Concentration bound states for Kirchhoff tpye
problem in R3 involving critical Sobolev exponents, Adv. Nonlin. Stud. 14 (2014),
483-510.

12. J.H. Jin and X. Wu, Infinitely many radial solutions for Kirchhoff-type
problems in R3, J. Math. Anal. Appl. 369 (2010), 564-574.

13. M.K. Kwong, Uniqueness of positive solutions of Au —u 4+ uP =0 in RN,
Arch. Rat. Mech. Anal. 105 (1989), 243-266.

14. G.B. Li and H.Y. Ye, Ezistence of positive solutions for nonlinear Kirchhoff
type problems in R3 with critical Sobolev exponent, Math. Meth. Appl. Sci. 37
(2014), 2570-2584.

15. Q.Q. Li and X. Wu, A new result on high energy solutions for Schrédinger
Kirchhoff type equations in R3, Appl. Math. Lett. 30 (2014), 24-27.

16. Y.H. Li, F.Y. Li and J.P. Shi, Ezistence of a positive solution to Kirchhoff
type problems without compactness conditions, J. Diff. Eq. 253 (2012), 2285-2294.




350 QILIN XIE AND SHIWANG MA

17. D.F. Li, A note on Kirchhoff-type equations with Hartree-type nonlinear-
ities, Nonlin. Anal. 99 (2014), 35-48.

18. T.F. Ma and J.E.M. Rivera, Positive solutions for a nonlinear nonlocal
elliptic transmission problem, Appl. Math. Lett. 16 (2003), 243-248.

19. A.M. Mao and Z.T. Zhang, Sign-changing and multiple solutions of Kirch-
hoff type problems without the P.S. condition, Nonlin. Anal. 70 (2009), 1275-1287.

20. J.J. Nie and X. Wu, Ezistence and multiplicity of non-trivial solutions for
Schrédinger-Kirchhoff-type equations with radial potential, Nonlin. Anal. 75 (2012),
3470-3479.

21. J. Wang, L.X. Tian, J.X. Xu and F.B. Zhang, Multiplicity and concentration
of positive solutions for a Kirchhoff type problem with critical growth, J. Diff. Eq.
253 (2012), 2314-2351.

22. M. Willem, Analyse Harmonique Réelle, Hermann, Paris, 1995.

23.

24. X. Wu, Euzistence of nontrivial solutions and high energy solutions for
Schrédinger-Kirchhoff-type equations in R3, Nonlin. Anal. Real World Appl. 12
(2011), 1278-1287.

25. Y. Yang and J.H. Zhang, Positive and negative solutions of a class of
nonlocal problems, Nonlin. Anal. 73 (2010), 25-30.

26. Z.T. Zhang and K. Perera, Sign-changing solutions of Kirchhoff type prob-
lems via invariant sets of descent flow, J. Math. Anal. Appl. 317 (2006), 456—-463.

, Minimax theorems, Birkh&user, Berlin, 1996.

NANKAI UNIVERSITY, SCHOOL OF MATHEMATICS SCIENCES AND LPMC, TIANJING
300071, CHINA
Email address: xieqilinsxdt@163.com

NANKAI UNIVERSITY, SCHOOL OF MATHEMATICS SCIENCES AND LPMC, TIANJING
300071, CHINA
Email address: shiwangm@163.net



