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DETERMINANTAL AND PERMANENTAL
REPRESENTATIONS OF FIBONACCI TYPE
NUMBERS AND POLYNOMIALS

KENAN KAYGISIZ AND ADEM SAHIN

ABSTRACT. In this paper, we compute terms of the ma-
trix AE’E), which contains Fibonacci type numbers and poly-
nomials, with the help of determinants and permanents of
various Hessenberg matrices. In addition, we show that de-
terminants of these Hessenberg matrices can be obtained by
using combinations. The results that we obtain are impor-
tant, since the matrix A‘EZ’) is a general form of Fibonacci
type numbers and polynomials, such as k sequences of the
generalized order-k Fibonacci and Pell numbers, generalized
bivariate Fibonacci p-polynomials, bivariate Fibonacci and
Pell p-polynomials, second kind Chebyshev polynomials and
bivariate Jacobsthal polynomials, etc.

1. Background and notation. In modern science, there is quite an
interest in the theory and applications of Fibonacci numbers, Fibonacci
polynomials and their generalizations. Since finding a requested term of
these sequences and polynomials by recurrence relation is very difficult,
there is a need to find other methods. For this reason, in the past
few decades, researchers have done many studies on determinantal
and permanental representations of these polynomials and sequences
1, 6, 8,9, 11, 12, 13, 24, 27].

Miles [22] defined generalized order-k Fibonacci numbers (GOEF)
as:

k
(11> fk,n = ka:,nfj
=1
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for n > k > 2, with boundary conditions: fy1 = fr2 = fez = =
frek—2 =0 and frr—1 = frr = 1. Er [2] defined k sequences of the
generalized order-k Fibonacci numbers ( fkfn). Kilig and Tasa [10]
defined k& sequences of the generalized order-k£ Pell numbers (pk’;n).
Kaygisiz and Sahin [4] defined k& sequences of the generalized order-
k Van der Laan numbers (v}, ).

The Fibonacci [14], Pell [3], second kind Chebysev [26] and Jacob-
sthal [25] polynomials are defined as:

for1(@) =z fo(z )+fn 1(), n =2 with fo(z) =0, fi(z) =1,
Py1(z) =22P, () + Pp—1(x), n > 2 with Py(x) =0, Pi(z) =z,
Upi1(z) = 2Up(z) — Un,l(m), n > 2 with Up(z) = 1, Uy(x) = 2z,
Jnt1(z) = Jp(2) + 2 Jph—1(x), n > 2 with Jo(z) =0, Ji(z) =1,
respectively.

The generalized bivariate Fibonacci p-polynomials [25] are, for
n>p,

(12) Fp,n(xv y) = pr’n,1($7 y) + pr,nfpfl(xa y)v

with boundary conditions F,o(z,y) = 0, Fpn(z,y) = 2" ! for n =
1,2,....p

MacHenry [15] defined generalized Fibonacci polynomials (Fy, (),
where t; (1 <4 < k) are constant coefficients of the core polynomial:

P(.’E;tl,tg,...,tk) :xk—tlxk_l _"'_tlﬁ

which is denoted by the vector ¢ = (t1,%2,...,tk). Fkn(t) is defined
inductively by

(1.3) Fin(t)=0, n <0
Fro(t)=1
Fin(t) = t1Fxn1(t) + -+ tp Frn—i (1)

In addition, in [21], authors obtained Fj ,(t) (n,k € N, n > 1) as

a a a
(14) Font) =3 <a1| lak)tll s

abn
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Throughout this paper, the notations a - n and |a| are used instead

of
k

k
Zjaj =n and Zai7

=1 =1
respectively.

In [20], matrices A}y are defined by using the following matrix:

0 1 0 ... 0
0 0 1 ... 0
A(k) = : : : P
0 0 0 o1
te tpe1 tp_a ... t1

They also record the orbit of the k-th row vector of A(;) under the
action of Ay, below Ay, and the orbit of the first row of A(;) under
the action of A(_kl) on the first row of A, is recorded above A, and
consider the co x k matrix whose row vectors are the elements of the
doubly infinite orbit of Ay acting on any one of them. For k = 3, A‘Elj)
looks like this:

S(—n12)  —=S=n1)  S-n)

S—aa2)  —S=31)  S(-3)
1

0 0
o 0 1 0
@ = 0 0 1

t3 to tq

Stn-1,12) —Sm-1,1) Sn-1)
Sma2)y  —Swmy Sm)

(71)’6715(77,7]@4»1,1"7*1) (71)k7js(n7k+1,1k*j) 0 Stn—kt1)

DM Sy e (DRSS ey Sy
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where
(1.5) Stnerary = (=1)" Y t;Sm_j), 0<r<n.
Jj=r+1

The right hand column of A‘E,‘;) contains the generalized Fibonacci
polynomials Fy, ,,(t), that is, Fy ,(t) = S(,). Also in [16, 17, 18, 19],
the authors studied generalized Fibonacci and Lucas polynomials and
obtained very useful properties of them.

Lemma 1.1. Let (—=1)"S(, 17y be the (k —r)-th column of the matriz
Al)- Then:

(16) (—1)TS(n+1,1r) - tl(_l)rS(n’lr) + “ee —|— tk(—l)r”S(n,kH,l’lr)
form>k>2and 0 <r < k—1, with initial conditions

g [ L m=-r
(=1)"S(n.ar) —{ 0, otherwise.

Many researchers studied determinantal and permanental represen-
tations of k sequences of the generalized order-k£ Fibonacci and Lu-
cas numbers. For example, Minc [23] defined an n x n (0,1)-matrix
F(n,k) and showed that the permanents of F(n,k) are equal to the
generalized order-k Fibonacci numbers (1.1). The authors [12, 13]
defined two (0,1)-matrices and showed that the permanents of these
matrices are the generalized Fibonacci (1.1) and Lucas numbers. Ocal
et al. [24] gave some determinantal and permanental representations
of k-generalized Fibonacci and Lucas numbers and obtained Binet’s
formula for these sequences. Kilig and Stakhov [9] gave permanent
representation of Fibonacci and Lucas p-numbers. Kili¢ and Tagc [11]
studied permanents and determinants of Hessenberg matrices. Yilmaz
and Bozkurt [27] derived some relationships between Pell sequences, as
well as permanents and determinants of a type of Hessenberg matrices.
Kaygisiz and Sahin [5, 7] gave some determinantal and permanental
representations of generalized bivariate Lucas p-polynomials and Fi-
bonacci type numbers.

The main purpose of this paper is to compute terms of the matrix
A‘E,j), by using determinant and permanent of some Hessenberg matri-
ces. These results are a general form of determinantal and permanental
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representations of many types of polynomials and sequences having lin-
ear recursions.

2. The determinantal representations. An n x n matrix A4, =
(ai;) is called a lower Hessenberg matriz if a;; = 0 when j —i > 1, i.e.,

ail a2 0 cee 0
az1 a2 asz - 0
asy asz asz - 0
A, =
ap—1,1 Ap-1,2 An-13 **° G(p—1n
Gn,1 Gp,2 Gn,3 e Qp.n

Lemma 2.1. [1] Let A, be the n x n lower Hessenberg matrix for all
n > 1, and define det(Ag) = 1. Then, det(A41) = a11 and, for n > 2,
(2.1)

det(An) = ann det(An,1)+nf [(—1)n—’“an,r (ﬁ aj,ﬂl) det(ATl)} .

r=1 j=r

Theorem 2.2. Let k > 2, n > 1 and 0 < r < k — 1 be integers,
(=1)"S(n,1r) the (k —r)-th column of matriz A% and Q} ,, = (quv) an
n x n Hessenberg matriz, given by:

it ST, if —1<u—v<kandv#1,

Quo = & i ot teTh fo<u<k—r+1andv=1,
0, otherwise,
i.e.,
i trg1 ito 0 s 0 i
71(1::;2) t1 ito
2%«;53 i t
2
T _ .k,r;l e—r—2, h—r—3,
= t i T i (tp—r—2)
Qk’n ’Ltkf‘l'flk tkﬂ-kfzr 1 tk*'rkaT 2 e 0
2 2 2
R ) T e )
0 tk—rfl tk7r72 0
2 2
. ito
| o 0 0 t1
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where to =1 and i = /—1. Then,
(2.2) det(Q};’n) = (—I)TS(H’V).

Proof. To prove (2.2), we use mathematical induction on n. The
result is true for n = 1 by hypothesis.

Assume that it is true for all positive integers less than or equal to
n, namely, det( kn) = (=1)"S(n,1ry- Then, by using Lemma 2.1, we
have

det(Qz,n+1) = qn+1,n+1 det(QZ,n)

+ Z |:(_1)n+1SQn+1,s H Qu,v+1 det(Q7];7s_1):|
s=1 v=s

= tl det(QZ n)
n—k+1
+ Z |: n+l sqn—i-l s H Qv ,u+1 det(Qk s— 1):|
v=s
n r _
+ Z ( 1)n+1 SQ7L+1 s H Qu,v+1 det(Qk s— 1)
s=n—k+2 - v=s
= tl det(QZ)n)
n r n .
+ Z (_1)n+1_SQn+1,s H qv,v+1 det(QZ,sq)
s=n—k+2 - v=s -
=t det(@z,n)
n _
+1— 41— tn s+2
+ 72 _(71)71 s . 4m Stn — H ity det Qk s— 1):|
s=n—k+2 v=s
= tl det(QQ,n)
n -
tp—
+1-—s m+l—s‘n—s+2 .ni1— —s+1
+_Z -(_1)71 s gn SW.ZW, Q.t;L s
s=n—k+2
Q)
=1t det(Qz,n)

+ Z [(_1)n+1s .Z-n+1fstn_s+2 .Z-nJrlfs 'det(Q?];7s_1):|

s=n—k+2
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n

= tl det(Qk,n) + Z t’ﬂ78+2 det(QZ,sﬂ)

s=n—k+2
=l det(Qz,n) +t2 det(@;,n—l) +o Aty det(QLn—(k—l))'

Thus, from the hypothesis and Lemma 1.1, we obtain
det(Qr,ni1) =t1(=1)"Sn,1my+ - AHte(=1)"S(n—t1,1m) = (—=1)"Stng1,17).-

Therefore, the result is true for all positive integers. O

Example 2.3. We calculate S(4 12y for k =5, using Theorem 2.2 as

t3 ito 0 0
(itg)/ta  t1 ity 0O
—t5/t3 i ty ito

0 —t3/t3 it

= t5ts + 13 + 2t1tats + tits + tots + tits.

5(4712) = det

Corollary 2.4. [24]. Let k > 2 be an integer and Cin = (crs) an
n X n Hessenberg matriz, where

_{ ilr=sl, if —1<r—s<k,
C’I”S_

0, otherwise.
Then,
det(Cr.n) = fektn—1
where 1 = v/ —1.
Proof. 1t is direct from Theorem 2.2 for t; = 1. O

Theorem 2.5. Let k > 2, n > 1 and 0 < r < k — 1 be integers,
(=1)"S@n1r) the (k —1)-th column of the matriz AZ) and By, ,, = (bi;)
an n x n Hessenberg matriz, given by

—t2, ifj=1+1,
Loitl if0<i—j<koandj#1,
b,; = 2
N Li ifo<i<k—r+1landj=1,
2
0, otherwise,
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i.e.,
[ ey —tg 0 0 0 ]
t,
';;2 t1 —t2 0
trys
7;% 1 t1 —t2
. . . .
Bk n = ty tg—r—1 th—r—2 th—r—3 0
) k=r=1 F—r—2 k—r—3 fk—r—4
2 2 2
0 th_r te—r—1 th—r—2 0
tkfr—l tk—r—? tk*T*B
2 2 2
. —to
0 0 0 t1

where tg = 1. Then,
(2.3) det(B,’;n) = (—1)TS(n’1r).

Proof. To prove (2.3), we use mathematical induction on m. The
result is true for m = 1 by hypothesis. Assume that it is true for

all positive integers less than or equal to m, namely, det( km) =
(=1)"S(m,17y. Then, by using Lemma 2.1, we have

det( m+1, k) = bm+1 m+1 det(Bk m)

+Z[ D™ [[ by det(BL, )

j=s
m—k-+1
+ Z [ DL S H bjj+1 det(B o 1)}
j=s
D SN SISy § T )
s=m—k+2 - j=s
= tl det(B;Z’m)
G [ —s tm—s 1 ld
+ Z (_1)m+1 s tm_si? (—tz)det(Bk’sl)]
s=m—k+2 - 2 j=s
= tl det(BZﬁm)

m
_s tm—st2 sym—s
D DR (Ce V=== A i
s=m—k+2 - 2
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~ det(B,:,s_n]

=ty det(By ,,,) + Z [tms+2 : det(B;Z,s_l)}
s=m—k+2

= t1det(By, ,,) +tadet(By 1)+ -+ -+t det(By ,_(x_1))-
Thus, from the hypothesis and Lemma 1.1, we obtain
det(BIZ’m_,'_l) :tl(_l)rs(m’lT)‘i_ . +tk;(_1)rS(m7k+1’1r): (_1)TS(m+1’17‘)

Therefore, the result is true for all positive integers. ([l

Example 2.6. We calculate —S(5 1) for k = 4, using Theorem 2.5 as

ta  —ta 0 0 0

t3/ta —ty 0 0

—Si1y =det | tg/t3 1 tt  —ta 0
0 313 1 ty  —ty

0 t/t5 t3/t2 1 1

= tits + 36315 + t5 + tits + 15 + dtitats + tita + 2taty.
Corollary 2.7. [24]. Let k > 2 be an integer, fin the generalized

order-k Fibonacci numbers (1.1) and My, = (m;;) an n x n lower
Hessenberg matrix such that

-1, ifj=i+1,
m;; = 1, if0<i—j<k,
0, otherwise.
Then,
det(My. ) = frktn—1-
Proof. Tt is direct from Theorem 2.5 for t; = 1. O

3. The permanent representations. Let A = (a; ;) be a square
matrix of order n over a ring R. The permanent of A is defined by

per (4) = Z l_Iai,,,(i)7

oeS, i=1

where S,, denotes the symmetric group on n letters.
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Lemma 3.1. [24]. Let A,, be an n x n lower Hessenberg matrix for all
n > 1, and define per (Ag) = 1. Then, per (A1) = a11 and, for n > 2,

n—1 n—1
per (A,) = annper (Ap—1) + Z(anﬂ- H ajj+1per (Ay_1)).
r=1 j=r

Theorem 3.2. Let k > 2, n > 1 and 0 < r < k — 1 be integers,
(=1)"S(n1r) the (k—r)-th column of the matriz A% and Hy , = (huv)
an n X n Hessenberg matriz, given by

Pt i 1 <u—v<kandv# L,

2
Ry = z“1~t;f1{, f0<u<k—r+1landv=1,
2
0, otherwise,
i.e.,
i tri1 —1ito cee 0 T
-t .
1%2 t1 —ito
¢
2 753 ) t1
2
- : : : :
= . . to—pr— . the—pr—
Hy. =1 tkf;ﬁA R —2 tZ,Lé -3 tZ*:*E . 0 )
? k 1tk k 2 th 1
0 (A tk—:7—1 A == S 0
12
. . . —1ita
i 0 0 0 e

where to =1 and i = «/—1. Then

(3.1) per(H,’;’n) = (—1)’“5(”’”).

Proof. Since the proof is similar to the proof of Theorem 2.2, by
using Lemma 3.1, we omit the details. O

Corollary 3.3. [24]. Let k > 2 be an integer, fin the generalized
order-k Fibonacci numbers and Hy ,, = (hys) an nxn lower Hessenberg
matriz, given by

b — 78 if —1<r—s<k,
00, otherwise.
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Then
per (Hin) = fiktn—1-

Proof. 1t is direct from Theorem 3.2 for t; = 1. O

Theorem 3.4. Let k > 2, n > 1 and 0 < r < k — 1 be integers,
(=1)"S@n1ry the (k —1)-th column of the matriz A%y and L, , = (lij)
an n X n Hessenberg matriz, given by

—ta, ifj=i+1andj#1,
Ll f0<i—j<kandj#1,

i—j
l‘ i = tt2 . . . 3
Y e if0<i<k—r+landj=1,
2
0, otherwise,
i.e.,
[ trta to 0 0 0
Lot t1 to 0
tr
t;s 1 t1 to
2
T _ :
Lion = ko Germp Ger= dersd o |
2 2 2 2
te—r te—r—1 tk—r—2
0 tl;*rfl t)2€77‘72 tlchrf?x 0
: to
| o 0 0 t |
where to = 1. Then
T _ i
(3.2) per (Lk,n) =(-1) Sn,1r)-

Proof. This is similar to the proof of Theorem 2.5 by using Lemma 3.1.
O

Corollary 3.5. [23]. Let k > 2 be an integer, fin the generalized
order-k Fibonacci numbers and Dy, = (d;j) an n xn lower Hessenberg
matriz such that

L —1<ioj<k
Y1 0, otherwise.
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Then
per (Din) = fiktn—1-

Proof. 1t is direct from Theorem 3.4 for t; = 1. ]

The next two lemmas show that the matrices A((’,j) are general forms
of many types of sequences and polynomials having linear recursions.
Some of these have a very wide range of application areas, see papers
[2, 3, 4,5, 7,9, 10, 11, 12, 13, 14, 22, 23, 24, 25, 26, 27].
Lemma 3.6. The matriz A‘E,j) inwvolves many types of sequences and

polynomials having linear recursions. We obtain some of them from
A‘(’,j) as follows.

(i) (=1)"Sen1ry = f,:fll fJorci=t; (1<i<k)and0<r<k-1,
(il) (=1)"Sn1ry =Phly fort1 =2 andt; =1 (2<i < k),
(iil) (=1)"Sgu,1ry = v forty =0 and t; =1 (2<i < k),
(iv) Sms1) = Fpn(x,y) forti =z, ty =y, t; =0 (2<i <k —1) and

k=(p+1).

Lemma 3.7. [25]. F,,(z,y) is a general form of many popular
sequences and polynomials, such as:

FP»"(‘rv y)

bivariate Fibonacci polynomials Fn(x,y)
Fibonacci p—polynomials Fp n(x)
Fibonacci polynomials fr(x)

Fibonacci p—numbers Fp(n)

Fibonacci numbers Fy,

bivariate Pell p-polynomials Fp »(2z,y)
bivariate Pell polynomials Fy (2z,y)

Pell p-polynomials Pp n(x)

Pell polynomials P, (x)

Pell numbers Py,

second kind Chebysev polynomials Unp—1(x)
bivariate Jacobsthal p-polynomials F (x,2y)
bivariate Jacobsthal polynomials F,(z,2y)
Jacobsthal polynomials Jn(y)

Jacobsthal numbers J,

<

lé.‘) &M'—"—‘&&H&
| PR PR R =R e
—_

N DD
NI

et~ A e s B B e B S I -

=8 8
NN
<
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The following corollaries follow from the preceding two lemmas and
theorems concerning determinants and permanents.

Corollary 3.8. By using Lemma 3.6, we rewrite equations (2.2), (2.3),
(3.1) and (3.2):

(i) for0<r<k—1andt;=c¢; (1 <i<k), we obtain
det(Qj, ,) = det(Bj ,,) = per (Hj ) = per (L}, ,) = fit!,

(ii) for0<r<k—1,t1 =2 and t; =1 for 2 <i <k, we obtain
det(Qy,,) = det(Bj ,,) = per (Hjf,,,) = per (Lf, ,,) = pi 5,

(iii) for0<r<k—1,t; =0 andt; =1 for 2 <i <k, we obtain
det(Qf, ,,) = det(By,,,) = per (Hj,,,) = per (Lj, ,) = v,

(iv) forty =z, t, =y, t; =0 for2<i<k—1and k= (p+1), we

obtain

det(Qg,n) = det(Bg,n) = per (Qg,n) = per (Bl(ﬁ),n) = Fp’nfl(m7 y)

Corollary 3.9. By using Lemma 3.7, we rewrite equations (2.2), (2.3),
(3.1) and (3.2) forty =z, t, =y, t;, =0 (2<i<k-1) and k =p+1.
We obtain the following table:

e [y [p det(Q),) =det(B] ) = per (Hy ,) = per (L} ) = Fp,n—1(x,y),
T y 1 det(QY )—det(Bk ) 7per(Hk ) —per(L,c n) = Fn_1(z,y),

z 1 p dct(Qk n) _dct(Bgﬂ) _pcr(Hkn) _pcr(L,C n) = Fpn_1(x),

x 1 1 det(Q,C n) = det(Bk ») = per (Hk ») = per (Lk n) = fn-1(x),

1 1 p det(Qk 7L)fde‘c(Bk ) 7per(Hk n) 7per(L,C n) = Fp(n —1),

1 1 1 det(QY n)—det(Bg n)fper(Hk n)—per(Lk n) = Fn_1,

2z |y p det(Qk,n) _det(Bk 71) —per(Hk ‘n) —Per(Lk n) = Fpn-1(22,9),
2z |y 1 det(Q,C n) = det(Bg n) = per (Hk n) = per (Lk n) = F,-1(2z,9),
2z |1 |p det(Qk n) = det(By ) = Per(Hk n) = per (Lk n) = Ppn-1(2),
2z | 1 1 det(Q,C n) = det(Bg ) = per (Hk ) = per (Lk n) = Pn_ 1(9:),

2 1 det(Qkyn) = det(B? n) = per (H} n) _per(Lk n) = Pn_

20 | —1| 1 deu(@]) = dew(Bf ) = per (HP) = per (L] ) = Un(a).

z |2y |p det(Qk n) = det(Bk n) = Per(Hk n) = per (Lk n) = Fpn1(z,2y),
T 2y |1 det(Q )7det(Bk ) 7per(Hk n) 7per(Lk ) :F,L 1(z, 2y),
1|2y |1 det(Q),) = det(BY ) = per (HY ) = per (L} ,,) = Ju_1(y),

1 2 1 det(an)_det(Bk n) = per (Hy ) = per (L} n): n—1-

Now we show that determinants of Hessenberg matrices can be
obtained by using combinations.
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Corollary 3.10. Let k > 2, n > 1 and 0 < r < k — 1 be integers,
(=1)"S(n,17y the (k —7)-th column of the matriz ATy Then,

det(Qy,,) = det(Bj ,,) = per (Hy,,,) = per (Lj )

k
e Al N o
= (1) Sy = > tj[ > (k Bt

j=r+1 akFn—j+r

Proof. Tt is direct from equations (2.2), (2.3), (3.1) and (3.2) by
using equations (1.4) and (1.5). O

4. Conclusions. In this paper, we showed how extensive are the
generalized Fibonacci polynomials defined by MacHenry, and the re-
sults obtained by many researchers before are, in fact, special cases
of generalized Fibonacci polynomials. In addition, we obtained any
term of Fibonacci polynomials by using determinants and permanents
of matrices, which are easier to calculate. Moreover, we showed how to
calculate any term of the matrices A(()Z)v and consequently any term of
sequences and polynomials mentioned above.
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