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PRECOVERS AND PREENVELOPES
UNDER CHANGE OF RINGS

LIXIN MAO

ABSTRACT. Let R → S be a ring homomorphism.
We analyze the relationship between the precovers (preen-
velopes) in the category of right R-modules and the counter-
parts in the category of right S-modules. Some applications
are also given.

1. Introduction. (Pre)covers and (pre)envelopes were introduced
in the early 1980s by Enochs [4] and, independently, by Auslander and
Smalø [2]. Let C be a class of right R-modules andM a right R-module.
A homomorphism ϕ : C →M is called a C-precover of M if C ∈ C and
the abelian group homomorphism ϕ∗ : HomR(C

′, C) → HomR(C
′,M)

is surjective for each C ′ ∈ C. A C-precover ϕ : C → M is said to
be a C-cover if every endomorphism g : C → C such that ϕg = ϕ
is an isomorphism. Dually, we have the notions of a C-preenvelope
and a C-envelope. In the representation theory of artin algebras, the
usual terminology for a precover (respectively, a preenvelope) is a right
(respectively, a left) approximation. Accordingly, the usual terminology
for a cover (respectively, an envelope) is a minimal right (respectively,
a minimal left) approximation. C-covers and C-envelopes may not exist
in general, but, if they exist, they are unique up to isomorphism.
(Pre)covers and (pre)envelopes provide a common framework for a
number of classical notions such as projective covers and injective
envelopes and turn out to be extremely fruitful for general module
theory as well as for representation theory (see, e.g., [2, 4, 5, 6, 13]).

2010 AMS Mathematics subject classification. Primary 16D90, 16E30, 18G25.
Keywords and phrases. (Pre)cover, (pre)envelope, ring homomorphism, homo-

morphism of modules, tensor product of modules.
This research was supported by NSFC (Nos. 11171149 and 11371187), NSF of

Jiangsu Province of China (No. BK2011068), Jiangsu 333 Project and Jiangsu Six
Major Talents Peak Project.

Received by the editors on April 28, 2013, and in revised form on August 12,
2013.
DOI:10.1216/RMJ-2015-45-5-1527 Copyright c⃝2015 Rocky Mountain Mathematics Consortium

1527



1528 LIXIN MAO

Let R → S be a ring homomorphism. Then S becomes a canoni-
cal R-bimodule. Thus any right (respectively, left) S-module can be
regarded as a right (respectively, left) R-module, and so a homomor-
phism of right (respectively, left) S-modules can also be regarded as
a homomorphism of right (respectively, left) R-modules. Many results
on the relationship between the (pre)covers ((pre)envelopes) in the cat-
egory of R-modules and the counterparts in the category of S-modules
have been obtained. For example, Würfel gave a characterization of
those rings R such that, for any ring homomorphism R→ S, the func-
tor HomR(S,−) preserves injective envelopes [12]. Dempsey, Oyonarte
and Song furthermore studied those rings R such that for any ring ho-
momorphism R → S, the functor HomR(S,−) preserves injective en-
velopes or injective covers [3]. Zhou investigated relative preenvelopes
under almost excellent extensions of rings [15]. In the present paper,
we will consider more general settings, i.e., we will study the properties
of relative (pre)covers and (pre)envelopes under change of rings using
the functors HomR(S,−),HomR(−, S) and −⊗R S.

Throughout this paper, all rings are associative with identity and
all modules are unitary. MR (respectively, RM) denotes a right (re-
spectively, left) R-module. R → S always means a ring homomor-
phism. For a right R-module M , we write M∗ = HomR(M,S),
M∗∗ = HomS(HomR(M,S), S). There exists a canonical evaluation
map δM : M → M∗∗ defined by δM (x)(f) = f(x) for x ∈ M and
f ∈M∗. M is called S-reflexive if δM is an isomorphism. All classes of
modules are assumed to be closed under isomorphisms. For a class CR
of right R-modules, we write HomR(S, CR) = {HomR(S,L) : L ∈ CR},
CR ⊗R S = {L ⊗R S : L ∈ CR}, (CR)∗ = {M∗ : M ∈ CR} and
(CR)∗∗ = {M∗∗ :M ∈ CR}.

Let R→ S be a ring homomorphism, MR a right R-module and NS
a right S-module.

There are a natural R-homomorphism εM : HomR(S,M) → MR

defined by εM (f) = f(1) for f ∈ HomR(S,M) and a natural S-
homomorphism ηN : NS → HomR(S,N) defined by ηN (y)(t) = yt
for y ∈ N and t ∈ S. It is not hard to verify that the compo-

sition of R-homomorphisms NS
ηN→ HomR(S,N)

εN→ NR is an iden-

tity and the composition of S-homomorphisms HomR(S,M)
ηHomR(S,M)→

HomR(S,HomR(S,M))
(εM )∗→ HomR(S,M) is also an identity.
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On the other hand, there are a natural S-homomorphism µN : N⊗R
S → NS defined by µN (x⊗ t) = xt for x ∈ N and t ∈ S and a natural
R-homomorphism νM : MR → M ⊗R S defined by νM (y) = y ⊗ 1 for
y ∈ M . It is easy to check that the composition of R-homomorphisms

NR
νN→ N ⊗R S

µN→ NS is an identity and the composition of S-

homomorphisms M ⊗R S
νM⊗R1→ (M ⊗R S) ⊗R S

µM⊗RS→ M ⊗R S is
also an identity.

For unexplained concepts and notations, we refer the reader to
[1, 5, 6, 7, 10, 13].

Let us describe the contents of the article in more detail.

In Section 2, we investigate the (pre)covers and (pre)envelopes
under the covariant functor HomR(S,−) and the contravariant functor
HomR(−, S). For example, let R → S be a ring homomorphism,
CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (HomR(S, CR))S ⊆ DS . We prove that:

(i) Assume that φ : MR → NR is a right R-homomorphism with
MR ∈ CR. Then φ∗ : HomR(S,M) → HomR(S,N) is a
(HomR(S, CR))S-precover if and only if φεM : HomR(S,M) →
NR is a (HomR(S, CR))R-precover.

(ii) Assume that φ :MS → NS is a right S-homomorphism withNS ∈
DS . Then φ∗ηM : MS → HomR(S,N) is a (HomR(S, CR))S-
preenvelope if and only if φ :MR → NR is a CR-preenvelope.

As a consequence, we obtain the behavior of cotorsion (injective)
precovers and preenvelopes under change of rings.

In the case of the functor HomR(−, S), let CR be a class of right R-
modules, SD a class of left S-modules with (CR)∗ ⊆ SD and (SD)∗ ⊆
CR, φ :MR → NR a right R-homomorphism with NR ∈ CR. We obtain
that φ∗ : N∗ →M∗ is a (CR)∗-precover if and only if δNφ :MR → N∗∗

is a (CR)∗∗-preenvelope.
Section 3 is devoted to the (pre)covers and (pre)envelopes under the

covariant functor − ⊗R S. For example, let φ : R → S be a ring
homomorphism, CR a class of right R-modules, DS a class of right
S-modules with (DS)R ⊆ CR and (CR ⊗R S)S ⊆ DS . We prove that:

(i) Suppose that φ : MR → NR is a right R-homomorphism with
NR ∈ CR. Then φ ⊗R 1 : M ⊗R S → N ⊗R S is a (CR ⊗R S)S-
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preenvelope if and only if νNφ :MR → N ⊗R S is a (CR ⊗R S)R-
preenvelope.

(ii) Suppose that φ : MS → NS is a right S-homomorphism with
MS ∈ DS . Then µN (φ ⊗R 1) : M ⊗R S → NS is a (CR ⊗R S)S-
precover if and only if φ :MR → NR is a CR-precover.

As a consequence, we get the properties of flat (FP -injective)
(pre)covers and (pre)envelopes under localization of rings.

In Section 4, we deal with the (pre)covers and (pre)envelopes un-
der some kinds of special ring homomorphisms such as surjective ring
homomorphisms and (almost) excellent extensions of rings. For ex-
ample, let R → S be a surjective ring homomorphism, CR a class of
right R-modules, DS a class of right S-modules with (DS)R ⊆ CR and
φ :MS → NS a right S-homomorphism. We prove that:

(i) If (HomR(S, CR))S ⊆ DS , then φ :MS → NS is a DS-preenvelope
(respectively, DS-envelope) if and only if φ : MR → NR is a
CR-preenvelope (respectively, CR-envelope).

(ii) If (CR ⊗R S)S ⊆ DS , then φ : MS → NS is a DS-precover
(respectively, DS-cover) if and only if φ : MR → NR is a CR-
precover (respectively, CR-cover).

On the other hand, let S be an excellent extension of a subring
R, CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and φ : MS → NS a right S-homomorphism. We show
that:

(a) If (HomR(S, CR))S ⊆ DS and NS ∈ DS , then φ∗ : HomR(S,M)
→ HomR(S,N) is a (respectively, special) DS-preenvelope if
and only if φ : MR → NR is a (respectively, special) CR-
preenvelope.

(b) If (CR ⊗R S)S ⊆ DS and MS ∈ DS , then φ ⊗R 1 : M ⊗R S →
N ⊗R S is a (respectively, special) DS-precover if and only if
φ :MR → NR is a (respectively, special) CR-precover.

2. How do the functors HomR(S,−) and HomR(−, S) behave?
We start with the following result.

Theorem 2.1. Let R → S be a ring homomorphism, CR a class of
right R-modules, DS a class of right S-modules with (DS)R ⊆ CR and
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(HomR(S, CR))S ⊆ DS, φ : MR → NR a right R-homomorphism with
MR ∈ CR. Consider the following conditions:

(i) φ :MR → NR is a CR-precover.
(ii) φ∗ : HomR(S,M) → HomR(S,N) is a DS-precover.
(iii) φ∗ : HomR(S,M) → HomR(S,N) is a (HomR(S, CR))S-precover.
(iv) φεM : HomR(S,M) → NR is a (HomR(S, CR))R-precover.

Then (i) ⇒ (ii) ⇒ (iii) ⇔ (iv).

Proof.

(i) ⇒ (ii). For any AS ∈ DS , we have AR ∈ CR. So we get the exact
sequence

HomR(A⊗S S,M) −→ HomR(A⊗S S,N) −→ 0.

Consider the following commutative diagram:

HomR(A⊗S S,M) //

ψ1

��

HomR(A⊗S S,N)

ψ2

��

// 0

HomS(A,HomR(S,M)) // HomS(A,HomR(S,N)).

Since ψ1 and ψ2 are standard isomorphisms, we have the exact sequence

HomS(A,HomR(S,M)) −→ HomS(A,HomR(S,N)) −→ 0.

Thus, φ∗ : HomR(S,M) → HomR(S,N) is a DS-precover since
HomR(S,M) ∈ DS .

(ii) ⇒ (iii) is obvious since (HomR(S, CR))S ⊆ DS .

(iii) ⇒ (iv). Let GR ∈ CR and ζ : HomR(S,G) → NR be
any R-homomorphism. Since (HomR(S,G))R ∈ CR, there exists
σ : HomR(S,HomR(S,G)) → HomR(S,M) such that the following



1532 LIXIN MAO

diagram is commutative:

HomR(S,HomR(S,G))
εHomR(S,G)

))SSS
SSSS

SSSS
SSS

ζ∗

��

σ

uu
HomR(S,M)

φ∗ //

εM

��

HomR(S,N)

εN

��

HomR(S,G).

ζ

uukkkk
kkkk

kkkk
kkkk

k

MR φ
// NR

So we have

(φεM )(σηHomR(S,G)) = εN (φ∗σ)ηHomR(S,G) = εNζ∗ηHomR(S,G)

= ζεHomR(S,G)ηHomR(S,G) = ζ.

Thus, φεM : HomR(S,M) → NR is a (HomR(S, CR))R-precover.
(iv) ⇒ (iii). For any FR ∈ CR, by (iv), we get the exact sequence

HomR(HomR(S, F ),HomR(S,M)) −→ HomR(HomR(S, F ), N) −→ 0.

Observe the following commutative diagram:

HomR(HomR(S, F ),HomR(S,M)) //

��

HomR(HomR(S, F ), N).

HomR(HomR(S, F ),M)

33gggggggggggggggggggg

Then we obtain the exact sequence

HomR(HomR(S, F ),M) −→ HomR(HomR(S, F ), N) −→ 0.

Consider the following commutative diagram:

HomR(HomR(S, F ) ⊗S S,M) //

∼=

��

HomR(HomR(S, F ) ⊗S S,N)

∼=

��

// 0

HomS(HomR(S, F ),HomR(S,M)) // HomS(HomR(S, F ),HomR(S,N)).

Then we get the exact sequence

HomS(HomR(S, F ),HomR(S,M))→HomS(HomR(S, F ),HomR(S,N))→0.

So HomR(S,M) → HomR(S,N) is a (HomR(S, CR))S-precover. �
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Corollary 2.2. Let R → S be a ring homomorphism, CR a class of
right R-modules, DS a class of right S-modules with (DS)R ⊆ CR and
(HomR(S, CR))S ⊆ DS, φ : MR → NR a right R-homomorphism with
MR ∈ CR and εM an isomorphism. Consider the following conditions:

(i) φ :MR → NR is a CR-cover.
(ii) φ∗ : HomR(S,M) → HomR(S,N) is a DS-cover.
(iii) φ∗ : HomR(S,M) → HomR(S,N) is a (HomR(S, CR))S-cover.
(iv) φεM : HomR(S,M) → NR is a (HomR(S, CR))R-cover.

Then (i) ⇒ (ii) ⇒ (iii) ⇔ (iv).

Proof.

(i) ⇒ (ii). If the S-homomorphism χ : HomR(S,M) → HomR(S,M)
satisfies φ∗χ = φ∗, then φ(εMχε

−1
M ) = εNφ∗χε

−1
M = εNφ∗ε

−1
M =

φεMε
−1
M = φ. Thus, εMχε

−1
M is an isomorphism, and so is χ. Therefore,

φ∗ : HomR(S,M) → HomR(S,N) is a DS-cover since φ∗ is a DS-
precover by Theorem 2.1.

(ii) ⇒ (iii) is evident.

(iii)⇒ (iv). If theR-homomorphism ω : HomR(S,M) → HomR(S,M)
satisfies φεMω = φ, then φ∗(εM )∗ω∗ = φ∗. Thus, (εM )∗ω∗ is an
isomorphism by (iii). So ω = εMω∗ε

−1
M is an isomorphism. We see

that φεM : MR → NR is a (HomR(S, CR))R-cover since φεM is a
(HomR(S, CR))R-precover by Theorem 2.1.

(iv) ⇒ (iii). Let the S-homomorphism ξ : HomR(S,M) →
HomR(S,M) satisfy φ∗ξ = φ∗. Then φεMξ = εNφ∗ξ = εNφ∗ = φεM .
Thus, ξ is an isomorphism, and so φ∗ : HomR(S,M) → HomR(S,N) is
a (HomR(S, CR))S-cover by Theorem 2.1. �

Theorem 2.3. Let R → S be a ring homomorphism, CR a class of
right R-modules, DS a class of right S-modules with (DS)R ⊆ CR and
(HomR(S, CR))S ⊆ DS, φ : MS → NS a right S-homomorphism with
NS ∈ DS. Consider the following conditions:

(i) φ∗ : HomR(S,M) → HomR(S,N) is a DS-preenvelope.
(ii) φ∗ηM :MS → HomR(S,N) is a (HomR(S, CR))S-preenvelope.
(iii) φ :MR → NR is a CR-preenvelope.

Then (i) ⇒ (ii) ⇔ (iii).
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Proof.

(i) ⇒ (ii). For any HR ∈ CR, HomR(S,HomR(S,H)) ∈ DS by
hypothesis. So, for any S-homomorphism θ :MS → HomR(S,H), there
is an S-homomorphism ξ : HomR(S,N) → HomR(S,HomR(S,H)) such
that the following diagram commutes.

HomR(S,H)
ηHomR(S,H) // HomR(S,HomR(S,H))

MS

θ

OO

ηM // HomR(S,M)

θ∗

55kkkkkkkkkkkkkk
φ∗ // HomR(S,N).

ξ

OO

Hence, we obtain (εH)∗ξ(φ∗ηM ) = (εH)∗θ∗ηM = (εH)∗ηHomR(S,H)θ =
θ. Thus, φ∗ηM :MS → HomR(S,N) is a (HomR(S, CR))S-preenvelope.

(ii) ⇒ (iii). For any GR ∈ CR and any R-homomorphism f :MR →
GR, by (ii), there exists an S-homomorphism γ : HomR(S,N) →
HomR(S,G) such that the following diagram commutes.

MR
f // GR

MS
ηM// HomR(S,M)

εM

OO

f∗ // HomR(S,G)

εG

OO

MS

φ
&&LL

LLL
LLL

LLL
ηM// HomR(S,M)

φ∗ // HomR(S,N)

γ

OO

NS

ηN

66nnnnnnnnnnnnn

So we have

(εGγηN )φ = εGγφ∗ηM = εGf∗ηM = fεMηM = f.

Thus, φ :MR → NR is a CR-preenvelope.

(iii) ⇒ (ii). For any HR ∈ CR and any S-homomorphism θ : MS →
HomR(S,H), by (3), there exists an R-homomorphism ψ : NR →
HomR(S,H) such that ψφ = θ.
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Consider the following commutative diagram:

HomR(S,H)
ηHomR(S,H) // HomR(S,HomR(S,H))

MS

θ

OO

ηM // HomR(S,M)

θ∗

55kkkkkkkkkkkkkk
φ∗ // HomR(S,N).

ψ∗

OO

It follows that ((εH)∗ψ∗)(φ∗ηM ) = (εH)∗θ∗ηM = (εH)∗ηHomR(S,H)θ =
θ. Therefore, φ∗ηM : MS → HomR(S,N) is a (HomR(S, CR))S-
preenvelope. �

Corollary 2.4. Let R → S be a ring homomorphism, CR a class of
right R-modules, DS a class of right S-modules with (DS)R ⊆ CR and
(HomR(S, CR))S ⊆ DS, φ : MS → NS a right S-homomorphism with
NS ∈ DS and εN an isomorphism. Consider the following conditions:

(i) φ∗ : HomR(S,M) → HomR(S,N) is a DS-envelope.
(ii) φ∗ηM :MS → HomR(S,N) is a (HomR(S, CR))S-envelope.
(iii) φ :MR → NR is a CR-envelope.

Then (i) ⇒ (ii) ⇔ (iii).

Proof. Since εN is an R-isomorphism and εNηN = 1, we have ηN
is an S-isomorphism, and so εN = η−1

N is also an S-isomorphism.
We claim that any R-homomorphism from N to N is also an S-
homomorphism. In fact, let α : N → N be any R-homomorphism
and α∗ : HomR(S,N) → HomR(S,N) the induced S-homomorphism.
Then α = εNα∗ε

−1
N is an S-homomorphism. Thus, the result can be

easily deduced from Theorem 2.3. �

Corollary 2.5. Let R→ S be a ring homomorphism with RS flat.

(i) [5, page 125, Exercise 5.4.4]. If φ : MR → NR is an injective
precover of R-modules, then φ∗ : HomR(S,M) → HomR(S,N) is
an injective precover of S-modules.

(ii) If φ : MS → NS a right S-homomorphism such that NS is
injective and φ∗ : HomR(S,M) → HomR(S,N) is an injective
preenvelope of S-modules, then φ : MR → NR is an injective
preenvelope of R-modules.
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Proof. Since any injective right S-module is an injective right R-
module by [7, Corollary 3.6A] and HomR(S,E) is an injective right
S-module for any injective right R-module E by [7, Corollary 3.6B],
the result holds by Theorems 2.1 and 2.3. �

Recall that a right R-module M is cotorsion [5, Definition 5.3.22]
if Ext1R(F,M) = 0 for any flat right R-module F . It is known that
every right R-module over any ring R has a cotorsion envelope by [5,
Theorem 7.4.4] and [13, Theorem 3.4.6].

Lemma 2.6. Let R→ S be a ring homomorphism.

(i) If RS is flat, then any cotorsion right S-module is a cotorsion
right R-module.

(ii) If SR is flat, then HomR(S,A) is a cotorsion right S-module for
any cotorsion right R-module AR.

Proof.

(i) Let NS be a cotorsion right S-module and AR a flat right R-
module. Then A ⊗R S is a flat right S-module. From [10, Theorem
11.65], we have Ext1R(A,N) ∼= Ext1S(A ⊗R S,N) = 0. So NR is a
cotorsion right R-module.

(ii) If BS is a flat right S-module, then BR is a flat right R-module.
There is an exact sequence 0 → KS → PS → BS → 0 of right
S-modules with PS projective. Consider the following commutative
diagram with exact rows:

HomS(P,HomR(S,A)) //

∼=

��

HomS(K,HomR(S,A))

∼=

��

// Ext1S(B,HomR(S,A)) // 0

HomR(P ⊗S S,A) // HomR(K ⊗S S,A) // Ext1R(B ⊗S S,A)=0.

So Ext1S(B,HomR(S,A)) = 0. Hence, HomR(S,A) is a cotorsion right
S-module. �

Proposition 2.7. Let R → S be a ring homomorphism with RS and
SR flat.
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(i) If φ : MR → NR is a cotorsion precover of R-modules, then
φ∗ : HomR(S,M) → HomR(S,N) is a cotorsion precover of S-
modules.

(ii) If φ : MS → NS is a right S-homomorphism such that NS is
cotorsion and φ∗ : HomR(S,M) → HomR(S,N) is a cotorsion
preenvelope of S-modules, then φ : MR → NR is a cotorsion
preenvelope of R-modules.

Proof. It follows from Theorems 2.1, 2.3 and Lemma 2.6. �

We next turn to the special precovers and preenvelopes under the
change of rings.

Let C be a class of right R-modules. According to [5, Definition
7.1.6] or [6, Definition 2.1.12], a C-precover f : M → N is called
special if f is an epimorphism and ker(f) ∈ C⊥ = {X : Ext1R(C,X) =
0 for all C ∈ C}. Dually, a C-preenvelope g : M → N is called special
if g is a monomorphism and coker(g) ∈ ⊥C = {X : Ext1R(X,C) =
0 for all C ∈ C}.

Proposition 2.8. Let R → S be a ring homomorphism with SR
projective, CR a class of right R-modules, DS a class of right S-modules
with (DS)R ⊆ CR and (HomR(S, CR))S ⊆ DS, φ : MS → NS a right
S-homomorphism.

(i) If φ :MR → NR is a special CR-precover, then φ∗ : HomR(S,M) →
HomR(S,N) is a special DS-precover.

(ii) If φ : MS → NS is a special DS-preenvelope, then φ : MR → NR
is a special CR-preenvelope.

Proof.

(i) By hypothesis, φ is epic. Thus, there is an exact sequence
0 → KS → MS → NS → 0 of right S-modules, which induces the
exact sequence 0 → KR → MR → NR → 0 of right R-modules with
MR ∈ CR and KR ∈ C⊥

R .

Since SR is projective, we get the exact sequence

0 −→ HomR(S,K) −→ HomR(S,M) −→ HomR(S,N) −→ 0

of right S-modules with HomR(S,M) ∈ DS .
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For any BS ∈ DS , we have BR ∈ CR. Thus, Ext1S(B,HomR(S,K)) ∼=
Ext1R(B,K) = 0 by [10, Theorem 11.66]. Hence, HomR(S,K) ∈ D⊥

S ,
and so φ∗ : HomR(S,M) → HomR(S,N) is a special DS-precover.

(ii) There is an exact sequence 0 → MS → NS → LS → 0 of right
S-modules with NS ∈ DS and LS ∈ ⊥DS . So we get the exact sequence
0 →MR → NR → LR → 0 of right R-modules with NR ∈ CR.

For any AR ∈ CR, HomR(S,AR) ∈ DS . Utilizing [10, Theorem
11.66], we get Ext1R(L,A)

∼= Ext1S(L,HomR(S,A)) = 0. Thus, LR ∈
⊥CR, and so φ :MR → NR is a special CR-preenvelope. �

At the end of this section, we point out that the functor HomR(−, S)
converts a (pre)envelope into a (pre)cover under some conditions. The
proofs of the next results are essentially dual to those of Theorem 2.1
and Corollary 2.2, and so we leave the proofs to the reader.

Theorem 2.9. Let R → S be a ring homomorphism, CR a class of
right R-modules, SD a class of left S-modules with (CR)∗ ⊆ SD and
(SD)∗ ⊆ CR, φ : MR → NR a right R-homomorphism with NR ∈ CR.
Consider the following conditions:

(i) φ :MR → NR is a CR-preenvelope.
(ii) φ∗ : N∗ →M∗ is a SD-precover.
(iii) φ∗ : N∗ →M∗ is a (CR)∗-precover.
(iv) δNφ :MR → N∗∗ is a (CR)∗∗-preenvelope.

Then (i) ⇒ (ii) ⇒ (iii) ⇔ (iv).

Corollary 2.10. Let R → S be a ring homomorphism, CR a class
of right R-modules, SD a class of left S-modules with (CR)∗ ⊆ SD
and (SD)∗ ⊆ CR, φ : MR → NR a right R-homomorphism with NR
S-reflexive. Consider the following conditions:

(i) φ :MR → NR is a CR-envelope.
(ii) φ∗ : N∗ →M∗ is a SD-cover.
(iii) φ∗ : N∗ →M∗ is a (CR)∗-cover.
(iv) δNφ :MR → N∗∗ is a (CR)∗∗-envelope.

Then (i) ⇒ (ii) ⇒ (iii) ⇔ (iv).
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3. How does the functor −⊗R S behave? By proofs analogous
to the proofs of Theorem 2.1 and Corollary 2.2, one can prove that
the functor −⊗R S preserves (pre)envelopes under some conditions as
follows.

Theorem 3.1. Let φ : R → S be a ring homomorphism, CR a class
of right R-modules, DS a class of right S-modules with (DS)R ⊆ CR
and (CR ⊗R S)S ⊆ DS, φ : MR → NR a right R-homomorphism with
NR ∈ CR. Consider the following conditions:

(i) φ :MR → NR is a CR-preenvelope.
(ii) φ⊗R 1 :M ⊗R S → N ⊗R S is a DS-preenvelope.
(iii) φ⊗R 1 :M ⊗R S → N ⊗R S is a (CR ⊗R S)S-preenvelope.
(iv) νNφ :MR → N ⊗R S is a (CR ⊗R S)R-preenvelope.

Then (i) ⇒ (ii) ⇒ (iii) ⇔ (iv).

Corollary 3.2. Let φ : R → S be a ring homomorphism, CR a class
of right R-modules, DS a class of right S-modules with (DS)R ⊆ CR
and (CR ⊗R S)S ⊆ DS, φ : MR → NR a right R-homomorphism with
NR ∈ CR and νN an isomorphism. Consider the following conditions:

(i) φ :MR → NR is a CR-envelope.
(ii) φ⊗R 1 :M ⊗R S → N ⊗R S is a DS-envelope.
(iii) φ⊗R 1 :M ⊗R S → N ⊗R S is a (CR ⊗R S)S-envelope.
(iv) φ :MR → NR is a (CR ⊗R S)R-envelope.

Then (i) ⇒ (ii) ⇒ (iii) ⇔ (iv).

Let S be a multiplicative subset of a commutative ring R. We
can form the ring of fractions S−1R. There is a canonical ring
homomorphism R→ S−1R. For an R-moduleM , we also can construct
the localization of M with respect to S, denoted by S−1M , which is
an S−1R-module, and hence an R-module.

Corollary 3.3. Let S be a multiplicative subset of a commutative ring
R and φ :MR → NR an R-homomorphism.

(i) If φ : MR → NR is a flat preenvelope of R-modules, then
S−1φ : S−1M → S−1N is a flat preenvelope of S−1R-modules.
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(ii) If S−1φ : S−1M → S−1N is a flat envelope of R-modules, then
S−1φ : S−1M → S−1N is a flat envelope of S−1R-modules.

Proof.

(i) Note that any flat S−1R-module is a flat R-module and A ⊗R
S−1R ∼= S−1A is a flat S−1R-module for any flat R-module A. Then
Theorem 3.1 applies.

(ii) Since νS−1N : S−1N → S−1N ⊗R S−1R is an isomorphism by
[10, Lemma 3.75], the conclusion follows from Corollary 3.2. �

Recall that a rightR-moduleM is FP -injective [11] if Ext1R(N,M) =
0 for all finitely presented right R-modules N .

Lemma 3.4. Let R→ S be a ring homomorphism with RS flat. Then
any FP -injective right S-module is an FP -injective right R-module.

Proof. Let NS be an FP -injective right S-module and AR a finitely
presented right R-module. Then A⊗R S is a finitely presented right S-
module. From [10, Theorem 11.65], Ext1R(A,N) ∼= Ext1S(A⊗RS,N) =
0. So NR is an FP -injective right R-module. �

It is known that every right R-module has an FP -injective preen-
velope over any ring R by [5, Proposition 6.2.4], but not every right
R-module has an FP -injective envelope by [6, Corollary 6.3.19].

Recall that R is a right coherent ring if every finitely generated right
ideal is finitely presented.

Proposition 3.5. Let S be a multiplicative subset of a commutative
coherent ring R and φ :MR → NR an R-homomorphism.

(i) If φ : MR → NR is an FP -injective preenvelope of R-modules,
then S−1φ : S−1M → S−1N is an FP -injective preenvelope of
S−1R-modules.

(ii) If S−1φ : S−1M → S−1N is an FP -injective envelope of R-
modules, then S−1φ : S−1M → S−1N is an FP -injective enve-
lope of S−1R-modules.
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Proof. By Lemma 3.4, any FP -injective S−1R-module is an FP -
injective R-module. By [9, Theorem 3.21], B ⊗ S−1R ∼= S−1B is an
FP -injective S−1R-module for any FP -injective R-module B since R
is a coherent ring. So (i) holds by Theorem 3.1 and (ii) follows from
Corollary 3.2. �

Theorem 3.6. Let φ : R → S be a ring homomorphism, CR a class
of right R-modules, DS a class of right S-modules with (DS)R ⊆ CR
and (CR ⊗R S)S ⊆ DS, φ : MS → NS a right S-homomorphism with
MS ∈ DS. Consider the following conditions:

(i) φ :MS → NS is a DS-precover.
(ii) µN (φ⊗R 1) :M ⊗R S → NS is a (CR ⊗R S)S-precover.
(iii) φ :MR → NR is a CR-precover.

Then (i) ⇒ (ii) ⇔ (iii).

Proof.

(i)⇒ (ii). For any QR ∈ CR and any S-homomorphism α : Q⊗RS →
NS , by (i), there exists β : Q ⊗R S → MS such that the following
diagram is commutative.

(Q⊗R S)⊗R S
β⊗R1

wwnnn
nnn

nnn
nn

α⊗R1

��

µQ⊗RS // Q⊗R S

α

��

β

$$
M ⊗R S

φ⊗R1
// N ⊗R S µN

// NS MS .φ
o o

Thus, we obtain µN (φ⊗R1)(β⊗R1)(νQ⊗R1) = µN (α⊗R1)(νQ⊗R1) =
αµQ⊗RS(νQ⊗R1) = α. So µN (φ⊗R1) :M⊗RS → NS is a (CR⊗RS)S-
precover.

(ii) ⇒ (iii). For any GR ∈ CR and any R-homomorphism f : GR →
NR, there is an S-homomorphism g : G⊗R S →M ⊗R S such that the
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following diagram commutes.

GR

ν
G

��

f // NR

ν
N

��
G⊗R S

g

��

f⊗R1 // N ⊗R S
µN

$$I
II

II
II

II

M ⊗R S

µM
&&LL

LLL
LLL

LL
φ⊗R1 // N ⊗R S

µ
N // NS .

MS

φ

::uuuuuuuuu

This implies that φ(µMgνG) = µN (φ ⊗R 1)gνG = µN (f ⊗R 1)νG =
µNνNf = f. So φ :MR → NR is a CR-precover.

The proof of (iii) ⇒ (ii) is similar to that of (i) ⇒ (ii). �

Corollary 3.7. Let φ : R → S be a ring homomorphism, CR a class
of right R-modules, DS a class of right S-modules with (DS)R ⊆ CR
and (CR ⊗R S)S ⊆ DS, φ : MS → NS a right S-homomorphism with
MS ∈ DS and νM an isomorphism. Consider the following conditions:

(i) φ :MS → NS is a DS-cover.
(ii) µN (φ⊗R 1) :M ⊗R S → NS is a (CR ⊗R S)S-cover.
(iii) φ :MR → NR is a CR-cover.

Then (i) ⇒ (ii) ⇔ (iii).

Proof. Since νM is an isomorphism and µMνM = 1, we have νM is
an S-isomorphism. It is easy to see that any R-homomorphism fromM
to M is also an S-homomorphism, and so the result is a consequence
of Theorem 3.6. �

It is known that every right R-module over any ring R has a flat
cover by [5, Theorem 7.4.4] and every right R-module over a right
coherent ring R has an FP -injective cover by [9, Theorem 4.9] and the
remark following it.
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Corollary 3.8. Let S be a multiplicative subset of a commutative ring
R and φ :MR → NR an R-homomorphism.

(i) S−1φ : S−1M → S−1N is a flat precover (respectively, flat cover)
of R-modules if and only if S−1φ : S−1M → S−1N is a flat
precover (respectively, flat cover) of S−1R-modules.

(ii) If R is coherent, then S−1φ : S−1M → S−1N is an FP -injective
precover (respectively, FP -injective cover) of R-modules if and
only if S−1φ : S−1M → S−1N is an FP -injective precover
(respectively, FP -injective cover) of S−1R-modules.

Proof. This is a direct consequence of Theorem 3.6 together with
Corollary 3.7. �

Proposition 3.9. Let R → S be a ring homomorphism with RS flat,
CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (CR ⊗R S)S ⊆ DS, φ : MS → NS a right S-
homomorphism.

(i) If φ : MS → NS is a special DS-precover, then φ : MR → NR is
a special CR-precover.

(ii) If φ : MR → NR is a special CR-preenvelope, then φ ⊗R 1 :
M ⊗R S → N ⊗R S is a special DS-preenvelope.

Proof.

(i) There is an exact sequence 0 → KS → MS → NS → 0 of
right S-modules with MS ∈ DS and KS ∈ D⊥

S . Hence, we get the
exact sequence 0 → KR → MR → NR → 0 of right R-modules with
MR ∈ CR.

For any AR ∈ CR, A ⊗R S ∈ DS . By [10, Theorem 11.65], we have
Ext1R(A,K) ∼= Ext1S(A⊗RS,K) = 0. SoKR ∈ C⊥

R . Thus φ :MR → NR
is a special CR-precover.

(ii) By hypothesis, φ is monic. Thus, there is an exact sequence
0 → MS → NS → LS → 0 of right S-modules, which gives rise to
the exactness of the sequence 0 → MR → NR → LR → 0 of right
R-modules with NR ∈ CR and LR ∈ ⊥CR.

Since RS is flat, we obtain the exact sequence 0 → M ⊗R S →
N ⊗R S → L ⊗R S → 0 of right S-modules with N ⊗R S ∈ DS .
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For any BS ∈ DS , BR ∈ CR. By [10, Theorem 11.65], we have
Ext1S(L ⊗R S,B) ∼= Ext1R(L,B) = 0. Hence, L ⊗R S ∈ ⊥DS , and
so φ⊗R 1 :M ⊗R S → N ⊗R S is a special DS-preenvelope. �

4. Special ring homomorphisms. In this section, we apply the
results of the previous sections to study the properties of (pre)covers
and (pre)envelopes under some special ring homomorphisms.

We first discuss the (pre)covers and (pre)envelopes under surjective
ring homomorphisms. The following lemma is needed.

Lemma 4.1. Let R → S be a surjective ring homomorphism and MS

a right S-module. Then HomR(S,M) ∼=MS
∼=M ⊗R S.

Proof. It is routine. �

Theorem 4.2. Let R → S be a surjective ring homomorphism,
CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (HomR(S, CR))S ⊆ DS, φ : MS → NS a right S-
homomorphism.

(i) φ : MS → NS is a DS-preenvelope (respectively, DS-envelope)
if and only if φ : MR → NR is a CR-preenvelope (respectively,
CR-envelope).

(ii) If φ : MR → NR is a CR-precover (respectively, CR-cover), then
φ :MS → NS is a DS-precover (respectively, DS-cover).

Proof.

(i) follows from Theorem 2.3, Corollary 2.4 and Lemma 4.1.

(ii) holds by Theorem 2.1, Corollary 2.2 and Lemma 4.1. �

Immediately, we have

Corollary 4.3. Let R → S be a surjective ring homomorphism with

RS flat, φ :MS → NS a right S-homomorphism.

(i) φ : MS → NS is an injective preenvelope (respectively, injective
envelope) of S-modules if and only if φ :MR → NR is an injective
preenvelope (respectively, injective envelope) of R-modules.
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(ii) If φ : MR → NR is an injective precover (respectively, injective
cover) of R-modules, then φ : MS → NS is an injective precover
(respectively, injective cover) of S-modules.

Corollary 4.4. Let R → S be a surjective ring homomorphism with

RS flat and SR projective, φ :MS → NS a right S-homomorphism.

(i) φ : MS → NS is an FP -injective preenvelope (respectively, FP -
injective envelope) of S-modules if and only if φ : MR → NR is
an FP -injective preenvelope (respectively, FP -injective envelope)
of R-modules.

(ii) If φ : MR → NR is an FP -injective precover (respectively, FP -
injective cover) of R-modules, then φ : MS → NS is an FP -
injective precover (respectively, FP -injective cover) of S-modules.

Proof. We first claim that HomR(S,A) is an FP -injective right S-
module for any FP -injective right R-module AR. Indeed, if BS is a
finitely presented right S-module, then BR is a finitely presented right
R-module. Thus, Ext1S(B,HomR(S,A)) ∼= Ext1R(B,A) = 0 by [10,
Theorem 11.66]. So HomR(S,A) is an FP -injective right S-module.

In addition, any FP -injective right S-module is an FP -injective
right R-module by Lemma 3.4. So the result is a direct consequence of
Theorem 4.2. �

Corollary 4.5. Let R → S be a surjective ring homomorphism with
SR flat, φ :MS → NS a right S-homomorphism.

(i) φ : MS → NS is a cotorsion preenvelope (respectively, cotorsion
envelope) of S-modules if and only if φ :MR → NR is a cotorsion
preenvelope (respectively, cotorsion envelope) of R-modules.

(ii) If φ : MR → NR is a cotorsion precover (respectively, cotorsion
cover) of R-modules, then φ : MS → NS is a cotorsion precover
(respectively, cotorsion cover) of S-modules.

Proof. By Lemma 2.6, HomR(S,A) is a cotorsion right S-module
for any cotorsion right R-module AR. In addition, any cotorsion right
S-module is a cotorsion right R-module by [13, Proposition 3.3.3]. So
the result follows from Theorem 4.2. �
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Theorem 4.6. Let R → S be a surjective ring homomorphism, CR a
class of right R-modules, DS a class of right S-modules with (DS)R ⊆
CR and (CR ⊗R S)S ⊆ DS, φ :MS → NS a right S-homomorphism.

(i) φ : MS → NS is a DS-precover (respectively, DS-cover) if and
only if φ :MR → NR is a CR-precover (respectively, CR-cover).

(ii) If φ : MR → NR is a CR-preenvelope (respectively, CR-envelope),
then φ : MS → NS is a DS-preenvelope (respectively, DS-
envelope).

Proof.

(i) follows from Theorem 3.6, Corollary 3.7 and Lemma 4.1.

(ii) holds by Theorem 3.1, Corollary 3.2 and Lemma 4.1. �

Following Theorem 4.6, we have

Corollary 4.7. Let R → S be a surjective ring homomorphism with
SR flat, φ :MS → NS a right S-homomorphism.

(i) φ : MS → NS is a flat precover (respectively, flat cover) of
S-modules if and only if φ : MR → NR is a flat precover
(respectively, flat cover) of R-modules.

(ii) If φ :MR → NR is a flat preenvelope (respectively, flat envelope)
of R-modules, then φ :MS → NS is a flat preenvelope (respectively,
flat envelope) of S-modules.

Corollary 4.8. Let R → S be a surjective ring homomorphism with
SR projective, φ :MS → NS a right S-homomorphism.

(i) φ : MS → NS is a projective precover (respectively, projective
cover) of S-modules if and only if φ : MR → NR is a projective
precover (respectively, projective cover) of R-modules.

(ii) If φ : MR → NR is a projective preenvelope (respectively, projec-
tive envelope) of R-modules, then φ : MS → NS is a projective
preenvelope (respectively, projective envelope) of S-modules.

Next, we consider the (pre)covers and (pre)envelopes under (almost)
excellent extensions of rings. Recall that a ring S is said to be an almost
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excellent extension of a subring R [14] if the following conditions are
satisfied:

(i) S is a finite normalizing extension of R, namely, R and S have
the same identity and there are elements s1, . . . , sn ∈ S such that
S = Rs1 + · · ·+Rsn and Rsi = siR for all i = 1, . . . , n.

(ii) RS is flat and SR is projective.
(iii) S is right R-projective, namely, if MS is a submodule of NS and

MR is a direct summand of NR, then MS is a direct summand of
NS .

Further, S is called an excellent extension of R [8] if S is an almost
excellent extension of R and S is free with basis s1, . . . , sn as both a
right and a left R-module with s1 = 1R.

Theorem 4.9. Let S be an almost excellent extension of a subring
R, CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (HomR(S, CR))S ⊆ DS, φ : MR → NR a right R-
homomorphism with MR ∈ CR. Then the following are equivalent :

(i) φ :MR → NR is a CR-precover.
(ii) φ∗ : HomR(S,M) → HomR(S,N) is a DS-precover.
(iii) φ∗ : HomR(S,M) → HomR(S,N) is a (HomR(S, CR))S-precover.
(iv) φεM : HomR(S,M) → NR is a (HomR(S, CR))R-precover.

Proof. By Theorem 2.1, it is enough to show that (iv) ⇒ (i).

Let GR ∈ CR. By [15, Lemma 2.6], there exists a positive integer t
such that GR is isomorphic to a direct summand of (HomR(S,G))

t.

By (iv), we get the exact sequence

HomR(HomR(S,G),HomR(S,M)) −→ HomR(HomR(S,G), N) −→ 0,

which induces the exact sequence

HomR(HomR(S,G)
t,HomR(S,M)) −→ HomR(HomR(S,G)

t, N) −→ 0.

So we obtain the exact sequence

HomR(G,HomR(S,M) −→ HomR(G,N) −→ 0,

which gives the exactness of the sequence HomR(G,M) → HomR(G,N)
→ 0. Thus, φ :MR → NR is a CR-precover. �
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Theorem 4.10. Let S be an excellent extension of a subring R,
CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (HomR(S, CR))S ⊆ DS, φ : MS → NS a right S-
homomorphism with NS ∈ DS. Then the following are equivalent :

(i) φ∗ : HomR(S,M) → HomR(S,N) is a DS-preenvelope.
(ii) φ∗ηM :MS → HomR(S,N) is a (HomR(S, CR))S-preenvelope.
(iii) φ :MR → NR is a CR-preenvelope.
(iv) φ :MS → NS is a DS-preenvelope.

Proof. (i) ⇒ (ii) ⇔ (iii) follow from Theorem 2.3.

(iii) ⇒ (i). For any AS ∈ DS , AR ∈ CR. Thus, we get the exact
sequence HomR(N,A) → HomR(M,A) → 0. Since S is an excellent
extension of R, we have RSR ∼= RR

n
R. Thus HomR(S,N) ∼= Nn

R and
HomR(S,M) ∼=Mn

R. So we get the exact sequence

HomR(HomR(S,N)⊗S S,A) −→ HomR(HomR(S,M)⊗S S,A) −→ 0,

which induces the exact sequence

HomS(HomR(S,N),HomR(S,A))

−→ HomS(HomR(S,M),HomR(S,A)) −→ 0.

Since AS is isomorphic to a direct summand of HomR(S,A) by [14,
Lemma 1.1], we have the exact sequence

HomS(HomR(S,N), AS) −→ HomS(HomR(S,M), AS) −→ 0.

So φ∗ : HomR(S,M) → HomR(S,N) is a DS-preenvelope.
(i) ⇒ (iv) ⇒ (ii) are straightforward by [14, Lemma 1.1]. �

Theorem 4.11. Let S be an excellent extension of a subring R,
CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (CR ⊗R S)S ⊆ DS, φ : MS → NS a right S-
homomorphism with MS ∈ DS. Then the following are equivalent :

(i) φ⊗R 1 :M ⊗R S → N ⊗R S is a DS-precover.
(ii) µN (φ⊗R 1) :M ⊗R S → NS is a (CR ⊗R S)S-precover.
(iii) φ :MR → NR is a CR-precover.
(iv) φ :MS → NS is a DS-precover.
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Proof. (i) ⇒ (iv) is easy by [14, Lemma 1.1]. (iv) ⇒ (ii) ⇔ (iii)
hold by Theorem 3.6.

(iii) ⇒ (i). For any AS ∈ DS , AR ∈ CR. Therefore, we get the exact
sequence HomR(A,M) → HomR(A,N) → 0. Since RSR ∼= RR

n
R, we

have M ⊗R S ∼=Mn
R and N ⊗R S ∼= Nn

R. So we get the exact sequence

HomR(A,HomS(S,M ⊗R S)) → HomR(A,HomS(S,N ⊗R S)) → 0,

which induces the exact sequence

HomS(A⊗R S,M ⊗R S) −→ HomS(A⊗R S,N ⊗R S) −→ 0.

Since AS is isomorphic to a direct summand of A ⊗R S, by [14,
Lemma 1.1], we have the exact sequence HomS(AS ,M ⊗R S) →
HomS(AS , N ⊗R S) → 0. Thus, φ ⊗R 1 : M ⊗R S → N ⊗R S is a
DS-precover. �

Theorem 4.12. Let S be an excellent extension of a subring R,
CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (CR ⊗R S)S ⊆ DS, φ : MR → NR a right R-
homomorphism with NR ∈ CR. Then the following are equivalent :

(i) φ :MR → NR is a CR-preenvelope.
(ii) φ⊗R 1 :M ⊗R S → N ⊗R S is a DS-preenvelope.
(iii) φ⊗R 1 :M ⊗R S → N ⊗R S is a (CR ⊗R S)S-preenvelope.
(iv) νNφ :MR → N ⊗R S is a (CR ⊗R S)R-preenvelope.

Proof. By Theorem 3.1, it is enough to show that (iv) ⇒ (i).

Let GR ∈ CR. Since RSR ∼= RR
n
R, G ⊗R S ∼= GnR. By (iv), we get

the exact sequence

HomR(N ⊗R S,G⊗R S) −→ HomR(M,G⊗R S) −→ 0,

which induces the exact sequence

HomR(N ⊗R S,G)n −→ HomR(M,G)n −→ 0.

Thus, we obtain the exact sequence

HomR(N ⊗R S,G) −→ HomR(M,G) → 0,

which yields the exactness of the sequence HomR(N,G) → HomR(M,G)
→ 0. So φ :MR → NR is a CR-preenvelope. �
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Finally, we investigate the special preenvelopes and precovers under
(almost) excellent extensions.

Theorem 4.13. Let S be an almost excellent extension of a subring
R, CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (HomR(S, CR))S ⊆ DS, φ : MS → NS a right S-
homomorphism with NS ∈ DS. Consider the following conditions:

(i) φ∗ : HomR(S,M) → HomR(S,N) is a special DS-preenvelope.
(ii) φ :MS → NS is a special DS-preenvelope.
(iii) φ :MR → NR is a special CR-preenvelope.

Then (i) ⇒ (ii) ⇔ (iii). Moreover, if S is an excellent extension of R,
then (ii) ⇒ (i).

Proof.

(i) ⇒ (ii). Since φ∗ : HomR(S,M) → HomR(S,N) is monic,
φ is monic by [14, Lemma 1.1]. So there is an exact sequence
0 → MS → NS → LS → 0 of right S-modules. Applying the functor
HomR(S,−) to it, we get the exact sequence

0 → HomR(S,M) −→ HomR(S,N) −→ HomR(S,L) −→ 0

of right S-modules with HomR(S,L) ∈ ⊥DS . Since LS is isomorphic
to a direct summand of HomR(S,L). LS ∈ ⊥DS . So φ : MS → NS is
a special DS-preenvelope.

(ii) ⇒ (iii) follows from Proposition 2.8 (ii).

(iii) ⇒ (ii). By (iii), there is an exact sequence 0 → MS →
NS → LS → 0 of right S-modules with LR ∈ ⊥CR. For any
BS ∈ DS , BR ∈ CR. Thus, by [10, Theorem 11.66], we have
Ext1S(L,HomR(S,B)) ∼= Ext1R(L,B) = 0. But, BS is isomorphic to
a direct summand of HomR(S,B). Hence, Ext1S(L,B) = 0, and so
LS ∈ ⊥DS . Thus φ :MS → NS is a special DS-preenvelope.

(ii) ⇒ (i). There is an exact sequence 0 → MS → NS →
LS → 0 of right S-modules with LS ∈ ⊥DS , which induces the
right S-module exact sequence 0 → HomR(S,M) → HomR(S,N) →
HomR(S,L) → 0. Since RSR ∼= RR

n
R, HomR(S,L) ∼= LnR. Let AS ∈

DS . Then HomR(S,A) ∈ DS . So Ext1S(HomR(S,L), HomR(S,A)) ∼=
Ext1R(L

n, A) ∼= Ext1R(L,A)
n ∼= Ext1S(L,HomR(S,A))

n = 0. Since AS
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is isomorphic to a direct summand of HomR(S,A), HomR(S,L) ∈ ⊥DS .
It follows that φ∗ : HomR(S,M) → HomR(S,N) is a special DS-
preenvelope since HomR(S,N) ∈ DS . �

Theorem 4.14. Let S be an almost excellent extension of a subring
R, CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (HomR(S, CR))S ⊆ DS, φ : MS → NS a right S-
homomorphism with MS ∈ DS. Consider the following conditions:

(i) φ :MR → NR is a special CR-precover.
(ii) φ∗ : HomR(S,M) → HomR(S,N) is a special DS-precover.
(iii) φ :MS → NS is a special DS-precover.

Then (i) ⇒ (ii) ⇒ (iii). Moreover, if S is an excellent extension of R,
then (ii) ⇒ (i).

Proof. (i) ⇒ (ii) follows from Proposition 2.8 (i).

(ii) ⇒ (iii). Since φ∗ : HomR(S,M) → HomR(S,N) is epic, φ is
epic by [14, Lemma 1.1]. So there is an exact sequence 0 → KS →
MS → NS → 0 of right S-modules, which induces the exact sequence
0 → HomR(S,K) → HomR(S,M) → HomR(S,N) → 0 of right S-
modules with HomR(S,K) ∈ D⊥

S . Since KS is isomorphic to a direct
summand of HomR(S,K), KS ∈ D⊥

S . So φ : MS → NS is a special
DS-precover.

(ii) ⇒ (i). By (ii), there is an exact sequence 0 → KR → MR →
NR → 0 of right R-modules. For any AR ∈ CR,HomR(S,A) ∈ DS .
Also, RSR ∼= RR

n
R, HomR(S,A) ∼= AnR. Hence, Ext1R(A

n,K) ∼=
Ext1R(HomR(S,A),K) ∼= Ext1S(HomR(S,A),HomR(S,K)) = 0. So
Ext1R(A,K) = 0. Thus φ :MR → NR is a special CR-precover. �

Theorem 4.15. Let S be an almost excellent extension of a subring
R, CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (CR ⊗R S)S ⊆ DS, φ : MS → NS a right S-
homomorphism with MS ∈ DS. Consider the following conditions:

(i) φ⊗R 1 :M ⊗R S → N ⊗R S is a special DS-precover.
(ii) φ :MS → NS is a special DS-precover.
(iii) φ :MR → NR is a special CR-precover.



1552 LIXIN MAO

Then (i) ⇒ (ii) ⇔ (iii). Moreover, if S is an excellent extension of R,
then (ii) ⇒ (i).

Proof.

(i) ⇒ (ii). Since φ⊗R 1 :M⊗RS → N⊗RS is epic, φ is epic by [14,
Lemma 1.1]. So there is an exact sequence 0 → KS →MS → NS → 0
of right S-modules. Applying the functor −⊗RS to it, we get the exact
sequence 0 → K ⊗R S → M ⊗R S → N ⊗R S → 0 of right S-modules
with K ⊗R S ∈ D⊥

S . Since KS is isomorphic to a direct summand of
K ⊗R S, KS ∈ D⊥

S . So φ :MS → NS is a special DS-precover.
(ii) ⇒ (iii) follows from Proposition 3.9 (i).

(iii) ⇒ (ii). There is an exact sequence 0 → KS → MS → NS → 0
of right S-modules with KR ∈ C⊥

R . For any AS ∈ DS , AR ∈ CR. So

Ext1S(A⊗RS,K) ∼= Ext1R(A,K) = 0 by [10, Theorem 11.65]. But AS is
isomorphic to a direct summand of A⊗R S, and so Ext1S(AS ,KS) = 0.
Thus, KS ∈ D⊥

S . Hence, φ :MS → NS is a special DS-precover.
(ii) ⇒ (i). There is an exact sequence 0 → KS → MS → NS → 0

of right S-modules with KS ∈ D⊥
S , which induces the exact sequence

0 → K ⊗R S → M ⊗R S → N ⊗R S → 0 of right S-modules. Since S
is an excellent extension of R, RSR ∼= RR

n
R. Thus, K ⊗R S ∼= Kn

R. For
any AS ∈ DS , A⊗R S ∈ DS , and so we have

Ext1S(A⊗R S,K ⊗R S) ∼= Ext1R(A,K
n) ∼= Ext1R(A,K)n

∼= Ext1S(A⊗R S,K)n = 0.

But AS is isomorphic to a direct summand of A⊗RS. So K⊗RS ∈ D⊥
S ,

whence φ⊗R 1 :M ⊗R S → N ⊗R S is a special DS-precover. �

Theorem 4.16. Let S be an almost excellent extension of a subring
R, CR a class of right R-modules, DS a class of right S-modules with
(DS)R ⊆ CR and (CR ⊗R S)S ⊆ DS, φ : MS → NS a right S-
homomorphism with NS ∈ DS. Consider the following conditions:

(i) φ :MR → NR is a special CR-preenvelope.
(ii) φ⊗R 1 :M ⊗R S → N ⊗R S is a special DS-preenvelope.
(iii) φ :MS → NS is a special DS-preenvelope.

Then (i) ⇒ (ii) ⇒ (iii). Moreover, if S is an excellent extension of R,
then (ii) ⇒ (i).
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Proof.

(i) ⇒ (ii) follows from Proposition 3.9 (ii).

(ii) ⇒ (iii). Since φ ⊗R 1 : M ⊗R S → N ⊗R S is monic, φ is
monic by [14, Lemma 1.1]. So there is an exact sequence 0 → MS →
NS → LS → 0 of right S-modules, which induces the exact sequence
0 → M ⊗R S → N ⊗R S → L ⊗R S → 0 of right S-modules with
L⊗RS ∈ ⊥DS . Since LS is isomorphic to a direct summand of L⊗RS,
LS ∈ ⊥DS . So φ :MS → NS is a special DS-preenvelope.

(ii) ⇒ (i). There is an exact sequence 0 → MR → NR → LR → 0
of right R-modules, which induces the exact sequence 0 →M ⊗R S →
N ⊗R S → L ⊗R S → 0 of right S-modules with L ⊗R S ∈ ⊥DS . For
any AR ∈ CR, A⊗R S ∈ DS . Since RSR ∼= RR

n
R, A⊗R S ∼= AnR. Hence,

Ext1R(L,A
n) ∼= Ext1R(L,A ⊗R S) ∼= Ext1S(L ⊗R S,A ⊗R S) = 0. So

Ext1R(L,A) = 0. Thus, φ :MR → NR is a special CR-preenvelope. �
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