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THE SU(2)-CHARACTER VARIETIES
OF TORUS KNOTS

JAVIER MARTINEZ-MARTINEZ AND VICENTE MUNOZ

ABSTRACT. Let G be the fundamental group of the
complement of the torus knot of type (m,n). We study the
relationship between SU(2) and SL(2,C)-representations of
this group, looking at their characters. Using the description
of the character variety of G, X(G), we give a geometric
description of Y(G) C X(G), the set of characters arising
from SU(2)-representations.

1. Preliminaries and notation. Given a finitely presented group
G = (x1--xg|r1,...,7s), & SU(2)-representation is a homomorphism
p: G — SU(2). Every representation is completely determined by
the image of the generators, the k-tuple (Aj,...,Ay) satisfying the
relations 7;(A1,...,Ax) = Id. Since SU(2) is algebraic, it follows
from the definitions that the space of all representations, Rgy(2)(G) =
Hom (G, SU(2)) is a real affine algebraic set.

It is natural to declare a certain equivalence relation between these
representations: we say that p and p’ are equivalent if there exists
P € SU(2) such that p'(g) = P~ 1p(g)P for all g € G.

We want to consider the moduli space of SU(2)-representations, the
GIT quotient

Msu(z) = Hom (G, SU(2))//SU(2).

There are also analogous definitions for SL(2,C): we can consider
SL(2,C)-representations of G, which form a set Rgr,(2,c)(G), consider
SL(2,C)-equivalence and construct the associated moduli space

Msp2,c) = Hom (G, SL(2,C))//SL(2,C).
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Note that different conjugacy classes may correspond to the same
point when the GIT quotient is made. For example, taking G = Z, the

representation defined by
11
p(l) = (0 1)

goes in the quotient to the same point as the trivial representation,
although they do not belong to the same conjugacy class. This happens
because we identify orbits whose closures intersect. Conjugating p by
H=(} 91), we get that

0
-1 (1 1w
H pH‘(o 1)

whose limit, when pu — oo, is the trivial representation.

The natural inclusion SU(2) — SL(2,C) shows that we can regard
every SU(2)-representation as a SL(2,C)-representation. Moreover, if
two representations are SU(2)-equivalent, then they are also SL(2,C)-
equivalent. This leads to a map between moduli spaces

M) == Msrec)-

To every representation p € Rgp(2,c)(G) we can associate its character
Xp, defined as the map x, : G = C, x,(g) = tr(p(g)). This defines a
map x : Rgr(2,0)(G) — C%, where equivalent representations have the
same character. Its image Xgr2,0)(G) = X(Rsr(2,0)(G)) is called the
character variety of G.

There is an important relation between the SL(2, C)-character vari-
ety of G and the moduli space Mg 2,c). It is seen in [1] that:

® Xgr(2,0)(G) can be endowed with the structure of algebraic
variety.

e The natural map that takes every representation to its char-
acter, Mgr2,0)(G) = Xsre,o)(G), is bijective!. We spec-
ify the nature of this correspondence for the case of SU(2)-
representations in the next section.

We emphasize that Xgr2,c)(G), as a set, consists of characters of
SL(2,C)-representations. We can also take the set of characters of
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SU (2)-representations, and again we will have a map Xgy(2)(G) L
Xsr2,0)(G).

We focus on the case when G is a torus knot group. Consider
the torus of revolution 72 C S3. We identify it with R?/Z?, where
Z ={(1,0),(0,1)), via the map

F:R*7> —T*>CcR®c S®
(z,y) — (24 cos2mx) cos 2y, (2 4 cos 27x) sin 27y, sin 27x).
The image of the line y = (m/n)z defines the torus knot of type
(m,n), Kmn, C S3 for coprime m,n. An important invariant of a

knot is the fundamental group of its complement in S3, here G, ,, =
(S — K,n). These groups admit the following presentation

(1'1) Gm,n = <x7y | xm = yn>'

The SL(2,C)-character variety of these groups for the case (m,2)
was treated in [6]. A complete description for (m,n) coprime was given
in [5], and the general case (m, n) was studied using combinatorial tools
in [4]. SU(2)-character varieties for knot groups were studied in [3].
For the case (m,2), the relation between both character varieties has
been recently treated in [7].

2. SU(2)-character varieties. We recall that SU(2) = S3, the
isomorphism is given by

S cC? — SU(2)
a —b
(a,b) — (b a) .
The correspondence is a ring homomorphism if we look at S3 as the

set of unit quaternions. First of all, we want to point out the following
fact, which was already true for SL(2,C).

Proposition 2.1. The correspondence
Msu(2)(G) — Xsu(2)(G)
P—Xp

that takes a representation to its character is bijective.
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Proof. We follow the steps taken in [1], this time for SU(2). First
of all, every matrix A in SU(2) is normal, hence diagonalizable. Since
det(A) = 1, the eigenvalues of A are {\,A\7!} for some A € C*. In
particular, tr(A) completely determines the set of eigenvalues {\, A\71}.

Now, if p is a reducible SU(2)-representation, there is a common
eigenvector e; for all p(g) and therefore they are all diagonal with
respect to the same basis. If p’ is a second reducible representation
such that x,(g) = x,(g) for all g € G, this means that they share the
same eigenvalues for every g € G. After choosing another basis for p’
such that p'(g) is diagonal for all g € G,

p(g)=(AE)g) A?(g)) p’(9)=(“gg) u?(g))’

where either \(g) = u(g) or A(g) = u~*(g) for every g € G. Inter-
changing the roles of A and A™!, if necessary, there is always ¢; € G
such that A(g1) = p(g1), so there is g1 € G such that p(g1) = p'(g1)-
We also notice that, if p(g) = £1d, then p/'(g) = p(g) = £1d.

We claim that p(g2) = p'(g2) for all g € G. If not, there exists
g2 € G such that p(g2) = p'(g2)™ # £Id. So A(g1) = p(g1) and
Ag2) = p~1(g2). On the other hand, we know that tr(p’(g192)) =
tr(p(g192)), so

p(gn)plg2) + 1 (g (g2) = AMg)Ag2) + A (g) A (g2)

Rearranging the terms,

1(g2) (1(g1) — = (gn)) = " (g2) (ulg1) — ™ (91)),

which implies that u(ge) = +1, so that p(g2) = +1d, a contradiction.
Therefore, A\(g) = u(g) for all g € G. Hence, there exists P € SU(2)
such that p(g) = P~ 1p(g)P for all g € G, i.e., the representations are
equivalent.

For the irreducible case, we point out the following fact: if p
is a irreducible SU(2)-representation and p(g) # =£Id for a given
g € G, then there exists h € G such that p restricted to the subgroup
H = (g, h) is again irreducible. To see it, since p(g) # +£1d, p(g) has
two eigenspaces L1, Lo associated to the pair of different eigenvalues
W1, 2. Since the representation is irreducible, there are elements h;
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such that L; is not invariant under p(h;). We can take h = hy or
h = hg unless L; is invariant under p(hs), or L is invariant under
p(hy); in this case, we can choose h = hihs.

For a group generated by two elements, H = (g, h), the reducibility
of a representation is completely determined by x,([g,h]). It can be
seen in the following chain of equivalences:

plm is reducible <= p(g), p(h

)
< p(g), p(h) are simultaneously diagonalizable

= [o(g),p (h)] =1d

share a common eigenvector

Let p, p’ be two SU(2)-representations such that x, = x,. By the
previous observation, there are g, h € G such that p|, py is irreducible,

ie. xp([ h]) # 2. Tt follows that, since x, = X,/, Xp ([ h]) # 2, so
o |<g’h> is irreducible too. Varying p, p’ in their equivalence classes, we

can assume that there are basis B, B’ such that
gy (A0
o == (5 %)

The matrices p(g),p'(g) will not be diagonal, by irreducibility, and
conjugating again by diagonal unitary matrices we can assume that

p(g) = (Z _ab> pg) = (Z: _al,)l)

for a,a’ € C, b,b" € R*. Notice that b, b’ # 0 since p|(4 5y is irreducible.
In general, for any o € G

pr= (0 7). = (o )

Now, the equations x,(a) = xp (), xp(ha) = x, (he) imply that
r+z=2"+7":
Az + AT =M+ AT

and since A # +1, we get that x = z’.
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/

Substituting « = g, we get that a = a/, and since det(p(g))
det(p’(g)) =1, b=V, s0 p(g) = p'(9).

Substituting again ga for a, we arrive at the equation ax — by =
ax — by’, which implies that y = ¢’ and finally that p(a) = p'(a): we
have proved that the representations p and p’, after SU(2)-conjugation,
are the same, i.e., they are equivalent. O

Remark 2.2. As a consequence of Proposition 2.1, the moduli space
is precisely the set of conjugacy classes of representations, i.e., there
are no extra identifications as in the SL(2,C)-case.

Corollary 2.3. We have a commutative diagram:

Msu(2)(G) - Xsu)(G)

1:1

Msrc)(G) —= Xsr(2,0)(G)

The previous corollary shows that we can equivalently study the
relationship between SU(2) and SL(2,C)-representations of G from
the point of view of their characters or from the point of view of their
representations. Looking at the diagram, we also deduce that:

Corollary 2.4. The natural inclusion i. : Mgy (2)(G) = Msre.c)(G)
18 injective.

3. SU(2)-character varieties of torus knots. We focus now on
the specific case of the torus knot G,,, of coprime type (m,n).
Henceforth, we will often denote Xgr2c) = Xsr(2,0)(G) and omit
the group in our notation. In this case

Rsr20)(G) = {(4,B) € SL(2,C) | A™ = B"}

and
Rsu(2)(G) = {(A, B) € SU(2) | A™ = B").

We have a decomposition of Xgr,(2.c)

Xsr@,c) = Xrea U Xirr
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where X .4 is the subset of characters of reducible representations and
X 18 the subset of characters of irreducible representations. Inside
Xsr2,c), we have i.(Xgy)), i.e., the set of characters of SU(2)-
representations. For simplicity, we will denote Y = i,(X gy (2)). Again,
Y decomposes in Y;eq U Y.

Reducible representations.
Proposition 3.1. There is an isomorphism Y,eq = [—2,2] C R.

Proof. We will use, from now on, the explicit description of Xgr,(2,c)
given in [5]. There is an isomorphism X,..q = C given by

("0 _tm 0 R
(0 0 (T 0) e

This is because given a reducible SL(2,C)-representation p, we can
consider the associated split representation p = p’ + p”, which in a
certain basis takes the form

(X0 (0
=0 ) o=l

and the equality A™ = B™ implies that A = t", p = t™ for a unique
t € C (here we use that m,n are coprime). Now, since A, B € SU(2),
t must satisfy that [t|> = 1, i.e., t € S C C. We also have to take
account of the change of order of the basis elements, and therefore
t ~ 1/t. So the parameter space is isomorphic to [—2,2] (under the
correspondence t € S1 — s =t +t"1 = 2Re(t) € [-2,2]). O

To explicitly describe when a pair (A, B) is reducible, we follow [5,
2.2]. First of all, A and B are diagonalizable (recall that A, B € SU(2)),
so we can rule out the Jordan type case since it is not possible. So

Proposition 3.2. In either of the cases:

e A™ = B"™ # +1d,
e A==+1d or B==+1d,

the pair (A, B) is reducible.
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Proof. Let us deal with the first case, when A™ = B™ # +1d. A
is diagonalizable with respect to a basis {e1,es} and takes the form

A0
(0 )\_1>.Then

n_ oam_ [AT" 0

so B is diagonal in the same basis and the pair is reducible. For the
second case, if A = ald, where o = %1, then any basis diagonalizing B
diagonalizes A; hence, the pair is reducible. The case B = a1d follows
in the same way. ([l

Irreducible representations. Now we look at the set of irreducible
representations, Yj... Let (A,B) € Rgy(2)(G) be an irreducible
pair. Both matrices are diagonalizable and using Proposition 3.2 they
must satisfy that A™ = B™ = +1d, A,B # +1d. The eigenvalues
A AT £ 41 of A satisfy A™ = =1, the eigenvalues p, ="' of B satisfy
u™==+1and A" = p".

We can associate to A a basis {e1, ez} under which it diagonalizes,
and the same for B, obtaining another basis {f1, f2}. The eigenvalues
A, 1 and the eigenvectors e;, f; completely determine the representation
(A, B). We are interested in i,(Mgy(2)), SL(2,C)-equivalence classes
of such pairs (A, B), and these are fully described by the projective
invariant of the four points {e1, es, f1, f2}, the cross ratio

[e1, €2, f1, f2] € P' —{0,1, 00}

(we may assume that the four eigenvectors are different since the
representation is irreducible, see [5] for details).

Since both A, B € SU(2), we know that e; L es and ||e1| = |le2]| =
1, so shifting the vectors by a suitable rotation C' € SU(2), we can
assume that e; = [1 : 0],e2 = [0 : 1], and therefore f; = [a : D], fo =
[~b : @], since they are orthogonal too. So the pair (A, B) inside
Xsr(2,c) is determined by A, p satisfying the conditions above and
the projective cross ratio

boa@] bbbt
a b

T:[el’@’fl’h}:[o’m’ —aa  bb—1 t-1
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where we have used that aa +bb = 1 and ¢t = |b|?,b € (0,1). We also
get that r is real and r € (—o0,0).

The converse is also true: if the triple (A, u, ), satisfies that \™ =
pt = £1, A, p # £1 and r € (—00,0), then (A, B) € i.(Mgy(z))-
To see this, r determines uniquely ¢t = [b|> since r(t) is invertible
for ¢ € (0,1). Once |b| is fixed, we get that |a| is fixed too, using
la]> = 1 — |b|2. We can choose any (a,b) € S x S1, and we conclude
that (A4, B) is SL(2,C)-equivalent to a SU(2)-representation. To be
more precise, it is equivalent to the representation with eigenvalues
A, i and eigenvectors [1:0],[0: 1],[a : b], [~b,@).

Finally, we have to take account of the Zy X Zs-action given by the
permutation of the eigenvalues:

e Permuting eq, ey takes (A, i, 7) to (A™%, p, 77 1).
e Permuting fi, fo takes (A, p,7) to (A, u=1, r~1).

Since \"" = p™ = +1, we get that
(31) A= e7rilc/m7 o= e‘m’k'/n’

where, since A ~ A7, pu~ p~t and A # +1, p # +1, we can restrict
to the case when 0 < kK < m, 0 < k' < m. We also notice that
A" = p™ implies that k = k¥’ (mod 2). So the irreducible part is made
of (m —1)(n — 1)/2 intervals.

We have just proved

Proposition 3.3.
Yirr Z{(A g, r) : X" = p" = £\, p # £157 € (—00,0)}/Z2 X Zo.

This real algebraic variety consists of [(m — 1)(n — 1)]/2 open intervals.

To describe the closure of the irreducible orbits, we have to consider
the case when e; = fy, since this is what happens in the limit (the
situation is analogous when es = f3). In this situation r = 0, and the
representation is equivalent to a reducible representation. Taking into
account Lemma, 3.1, it corresponds to a certain ¢ € S' such that A\ = ¢”,
u=t". We have another limit case r = —o0, if we allow e; = f5. The
representation is again reducible and corresponds to another ¢’ € S*
such that A = (¢/)", u=t = (¢)™.



592 JAVIER MARTINEZ-MARTINEZ AND V. MUNOZ

Remark 3.4. The explicit description of the set of SU(2)-representations
allows us to give an alternative proof of Corollary 2.4, which stated that
the inclusion i, : Mgy (2) = Mgp(2,c) is injective.

Let us see this. Suppose that (A, B) and (A’, B') are two SU(2)-
representations which are mapped to the same point in Mgy (2,c), i-e.,
which are SL(2,C)-equivalent. If we denote by wy,us, us,us the set
of eigenvectors of (A, B) and by vy, ve, v3,v4 the set of eigenvectors of
(A’, B’), we know that

(U1, U2, u3, us] = [V1,v2,v3,v4] =17 € (—00,0).

Since their cross ratio is the same, we know that there exists P €
SL(2,C) that takes the set {u;} to {v;}. Moreover, since P takes
the unitary basis {uj,us} to the unitary basis {v1,v2}, we get that
P € SU(2), and therefore both representations are SU(2)-equivalent.

Topological description. We finally describe Y topologically. We
refer to [5] for a geometric description of Xgr(2.c)-

Using Proposition 3.3, Y;,.. is a collection of real intervals (parametrized
by r € (—00,0)) for a finite number of (A, 1) that satisty the required
conditions. By our last observation, the limit cases when r = 0, oo (i.e.,
points in the closure of Y;;..) correspond to the points where the closure
of Y;,.,. intersects Y;..q.

As we saw before, each interval has two points in its closure: these
are to € S' such that t§y = X\, tJ' = pu (r = 0) and t; € S* corresponding
to t? = X\, t7 = pu~! (r = —00). The conditions on A, force that
to # t1 so that we get different intersection points with Y;.q.

Y is topologically a closed interval (Yieq) with (m—1)(n—1)/2 closed
intervals (Vi) attached at (m — 1)(n — 1) different endpoints (without
any intersections among them). The interval Y,.q = [—2,2] sits inside
Xreq =2 C, and every real interval in Y;,.,. is inside the corresponding
complex line in X

The situation is described in the following two pictures:
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| 71 Xred

FIGURE 1. Picture of Xgp(2,c), defined over C. The drawn lines are curves
isomorphic to C. The closure of each curve in Xj,, intersects X,.q at two
distinct points.

Yred

Yi r

FIGURE 2. Picture of Y C Xgr(2,c), defined over R. The picture displays
the set of real segments which form Yi,,.

Note that, in the SU(2)-case, since Yyeq = [—2,2] is a real closed
interval, we can look at the particular order of the pairs of intersection
points of the closure of Yj,.,, with Y,..q4. This is why the above picture
displays Y,.q as a collection of tangled intervals, in contrast to the
SL(2,C)-case where no ordering can be defined.
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More concretely, each component of Y. is characterized by a triple
(A, 1, 7), where X = e(TR)/m 1 — oK)/ 0 < k< m, 0 <k’ <n and
k =k (mod 2) (cf., Proposition 3.3). Its closure intersects Y;..q at two
points: the two reducible representations described by the eigenvalues
(A, 1) and (A, u~1). There is a unique ¢ such that t7 = \, t7* = p and a
unique t5 such that t§ = X, #5* = p~1. The points s; = ti—l—ti_l €[-2,2]
give us the intersection points with Y,.q = [—2,2]. Since both ¢; are
n-th roots of A, they will be of the form

t; = e[ﬂi(k+2aim)]/mn

for certain a, verifying 0 < a; < n. Solving the equation t]* = y and
th = u~!, we get that a;,as are the unique solutions to the equations:

k+2aym =k (mod 2n)
k+ 2aam =2n—k  (mod 2n)

We finally obtain that the intersection points of the component given
by the triple (k, k', r) are the points

k  2am wk  2aom
s1 =2cos| — + , S9g =2cos| — + .
mn n mn n

The ordering of these sets of pairs of points (one pair for each
admissible (k, k")) depends on the type of torus knot group, i.e., on
(m,n). As Figure 3 shows, we can obtain all kind of situations
depending on the particular choice of (m,n). Looking at G5 ¢, notice
that it is not true that we always have pairs of positive and negative
endpoints.

A natural question is whether the inclusion of the SU(2)-character
variety Y inside the SL(2,C)-character variety is a homotopy equiva-
lence, i.e., if the two varieties have the same homotopy type. The result
is in general false if we choose an arbitrary finitely generated group G,
but remains true in some cases, for example, G = ZF (see [2, 8]).

Looking at the explicit description of Y and Xgr,2,c) we also obtain
in our case

Corollary 3.5. Y is a reformation retract of Xsr(2,c)-
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FIGURE 3. Examples of several character varieties for some Gy, .
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4. Noncoprime case. If ged (m,n) = d > 1, then G,, ,, no longer
represents a torus knot, since these are only defined in the coprime
case. However, the group Gy, , = (z,y | 2" = y™) still makes sense,
and we can study the representations of this group into SL(2,C) and
SU(2) using the method described above. We will denote by a,b the
integers that satisfy

m=ad,
n="bd.

As we did before, we focus on Y = i,(Xgy(2)), the set of characters of
SU(2)-representations.

Reducible representations. First of all, we describe what happens
in the SL(2,C) case.
Proposition 4.1. There is an isomorphism
ld/2]
Kred &= |_| Xf“ed
i=0

where:

o X!, =C* for0<i<d/2.
o X! ,~C fori=0 andi=d/2 ifd is even.

T

Proof. As it is shown in [5], an element in X, .4 can be regarded as
the character of a split representation, p = p’ @ p'~1. There is a basis

such that
(X 0 (pn 0
a=(o ) 2= )

where A™ = B™ implies that A™ = u". We deduce that (A\*)% = (u®)?,
so that (A, u) belong to one of the components

Xrea = {0 = Ep"Y = {(\ X~ =€,

where £ is a primitive d-th root of unity. These components are disjoint,
and each one of them is parametrized by C*. To see this, let us fix a
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and let a be a b-th root of €. Then
Xri’ed = {()‘a ,u‘)|>‘a = leub}

={(\, )|\ = alu’}
={(\ )\ =0t} = C.

component, Xﬁed,

In other words, for each (\,u) € X?_,, there is a unique t € C* such
that t* = \, t* = au. However, we have to take account of the action
given by permuting the two vectors in the basis, which corresponds to
the change (\, 1) ~ (A‘l,u_l) In our decomposition, if (A, u) € X?

then (\™1,u71) € X' So t € X!, is equivalent to 1/t € X", "
For 0 < i < d — 1, we have two possibilities. If i # —i (mod d),
then X! , and X!, get identified. If i = —i (mod d), then t ~ ¢t~ €
X! ,2C, and thus X!,/ 2 C*/4uq—1 = C.
When d is even, there are two ¢ € Z/dZ such that i = —i (mod d),
so we get two copies of C in Y,..4. When d is odd, we get just one, since

there is only one solution (i = 0). The remaining copies of Xﬁed get
identified pairwise: X7, ~ X g a

red*

Now, for the case of SU(2)-representations, we have

Proposition 4.2. There is an isomorphism

Ld/2]

red - |_| reda

where:

o YjedﬁSl for 0 <i<d/2.
o Vi ~[-22] fori=0,i=d/2ifd is even.

red —

Proof. If (A, B) is a reducible SU(2)-representation, both are diag-
onalizable with respect to a certain basis, and therefore

(X0 _fpm 0
=) =00

The equality A™ = B™ gives us that A™ = p™. So the pair (\, u) be-

longs to a certain component X?_,. Since it is a SU(2)-representation,
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the eigenvalues A and p satisfy that |[A| = || = 1. This implies that
(A p)e St cCr~ X! ;: wedefineY! ,:=S'C X!

red*

We have to take into account the equivalence relation in X,.q4 given
by the permutation of the eigenvectors. If i # —i (mod d), then

Vi, =2V " Ifi= —i(modd), then V', = S'/, .1 = [-2,2]
This gives the desired result. ([l

Irreducible representations. We start by describing what happens
in the SU(2) case.

Proposition 4.3. We have an isomorphism

Yirr Z{(A, py7) 1 AT = p" = £1;
Ap# L r e (—00,0)}/Zs X Zs.

This real algebraic variety consists of:
e (m—1)(n—1)+1/2 open intervals if m,n are both even,
e (m—1)(n—1)/2 open intervals in any other case.

Proof. By Proposition 3.2, a representation (A, B) is reducible unless
A™ = B" =+1d, A, B # +1d. So the set of irreducible representations
can be described using the same tools as before: the set of equivalence
classes of irreducible representations is a collection of intervals r €
(—00,0) parametrized by pairs (k, k') satisfying

(4.1) 0<k<m, 0< Kk <n, k=k (mod 2).

We compute the number of such pairs, separating in three different
cases according to the parity of m and n:

Suppose m,n are both even. If k¥ = k' = 0 (mod 2), then k €
{2,4,...,m—2}, k' € {2,4,...n — 2}, so there are [(m — 2)(n — 2)]/4
such pairs. If ¥k = ¥ = 1 (mod 2), k € {1,3,...m — 1}, k¥ €
{1,3,...,n—1}, we have mn/4 pairs. The sum is [(m — 2)(n — 2)]/4+
mn/4=[(m—1)(n—1)+1]/2.

Suppose m is even and n is odd (the case m odd and n even
is similar). Then, if ¥ = ¥ = 0 (mod 2), k € {2,4,...,m — 2},
K € {2,4,...n — 1}, we get (m —2)(n—1)/4 such pairs. If k =
K =1 (mod?2), k € {1,3,...m — 1}, ¥ € {1,3,...,n — 2}, and



CHARACTER VARIETIES OF TORUS KNOTS 599

there are m(n —1)/4 such pairs. We get in total m(n—1)/4 +
(m—2)(n—1)/4=(m—1)(n—1)/2.

Finally, suppose both m,n odd. If ¥k = k' = 0 (mod 2), k €
{2,4,...,m—1}, kK € {2,4,...n—1}, and we get (m — 1)(n — 1)/4 such
pairs. If k=k"=1 (mod 2), k € {1,3,...m—2}, k' € {1,3,...,n—2},
there are (m — 1)(n — 1)/4 such pairs. We get (m — 1)(n — 1)/2 pairs
in total.

We have obtained a decomposition

(k,k")
Krr - |_| Y;m )
k,k'

k")

where every YR s an open interval isomorphic to (—oo,0). ([

wrr
For the case of SL(2, C)-representations, we have the following

Proposition 4.4. The component X;rr C Xgp(2,c) is described as

ZTT - |_| X(k k:
k'
where k, k' satisfy (4.1), and X, krk) P! — {0,1,00}. This complex
algebraic variety consists of [(m — 1)(n — 1) + 1]/2 components if m,n
are both even, of (m —1)(n —1)/2 components if one of m,n is odd.

Moreover Yi(fr’k/) = (—00,0) C c XEF) in the natural way.

wrr

The limit cases r = 0, 7 = —oo correspond to the closure of the irre-
ducible components, and these points are exactly where Y, intersects
Yred- The triples (A, i, 0), (A, u, —00) correspond to the reducible rep-
resentations with eigenvalues (\, u) and (A, u~1). Since A, u # +1, we
get two different intersection points. Note that the pattern of intersec-
tions for X, and X,..q is the same, but the components are complex
algebraic varieties now.

To understand the way the closure of the components of Y;,.,. inter-
sect Yyeq, we have the following:
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Proposition 4.5. The closure of Yyik,) is a closed interval that joins
Y0, with Y}

iy oqs Where

. k=K o kE+ K
=5 n=—

(mod d).

Proof. Set D = 2d ab, and consider w a primitive D-th root of unity.

Then ¢ := wP/4 = 2% is a primitive d-th root of unity. The irreducible
Y(k7k,)

" is the interval (A, pu,7), r € (—00,0), where
A= = (),

and k, k" are subject to the conditions (4.1), see equation (3.1). The

points in the closure of YZ(TIfak ) correspond to the reducible represen-

tations with eigenvalues (\,p) and (A, u~'). Clearly, (A\,pu) € X0,

since

component

’ ’ . .
)\aM—b — wkabw—k ab _ w2ab(k—k, )/2 — wlOQGb — é—lg ,
and (A, 1) € X1, since
, .
Aaﬂ,b _ wkabwk ab _ 6“' 0

Proposition 4.5 gives a clear rule to depict Y = Y. U Y,.eq for
every pair (m,n). Actually, Y is a collection of intervals attached on
their endpoints to Y;.q, which consists of several disjoint copies of S*
and [—2,2]. Note that the pattern of intersections for the irreducible
components of Xgr,2.c) = Xirr U Xyeq is the same as that of Y.

When m,n are coprime, we recover our previous pictures.

Corollary 4.6. For any two different components Y:gd,
there is a pair (k, k') such that y k)

irr
In particular, Y is a connected topological space.

7
Y;eld - Yred:

joins them.

Proof. We can assume 0 < ig < iy < d/2. Then 0 < k = d+ig—i; <
d<mand0 < k' =d—ip—i; < d < nboth satisfy that k = k&’ (mod 2)
and (k—k')/2 =1o, (k+k')/2 =1;. O

?(k>k’/)

irr

Remark 4.7. It can be checked that there is no component
which joins Y,', to itself when m = n, or when one of m,n divides the
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other, and we are dealing with ig = 0 or ig = d/2 (the latter only if d
is even).

Actually, such a component would correspond to a pair (k, k')
such that (k—k')/2 = +ip (mod d) and (k+k')/2 = +ip (mod d).
Accounting for all possibilities of signs, we have either k = 421y, k' =0
(mod d), or k = 0, ¥ = £2ip (mod d). This has solutions unless
m>n=d,ip=0,d/2;n>m=d, ig =0,d/2; or m =n = d, any ig.

Finally, as it happened in the coprime case,
Corollary 4.8. Y is a reformation retract of Xsr(2,c)-

Proof. We see, looking at Propositions 4.1 and 4.2, that each com-
ponent of Y,.q, which is either isomorphic to [-2,2] or S!, is a de-
formation retract of its corresponding component in X,.4 (isomorphic
to C or C*, respectively). Besides, the closure of each component in
Yirr, isomorphic to [0, 0c], is again a deformation retract of the closure
of its corresponding component in X, (isomorphic to C). Using the
gluing lemma, we can construct a global homotopy to show that Y is
a deformation retract of X, as desired. O
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ENDNOTES

1. This map is an isomorphism of algebraic varieties for the torus
knot groups G = G, in (1.1). This is shown in [5] directly as a
consequence of the description of the character variety.
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