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NEW QUALITATIVE PROPERTIES OF SOLUTIONS
TO NONLINEAR NONLOCAL CAUCHY PROBLEMS

DE-HAN CHEN AND RONG-NIAN WANG

ABSTRACT. We introduce new concepts of asymptoti-
cally anti-periodic function and semi-Lipschitz continuity.
The former is a natural generalization of the well-known
anti-periodic function. Then, sufficient conditions, ensuring
the existence of asymptotically anti-periodic mild solutions
to a Cauchy problem of nonlinear evolution equation with
nonlocal initial condition, are established. It is mentioned
that one of our main results is proved in the absence of the
compactness and Lipschitz continuity of nonlocal item and of
the Lipschitz continuity of nonlinearity. Finally, an example
is presented as an application.

1. Introduction. As is known, in some cases, the anti-periodic
problems, compared with the periodic problems, are more realistic to
reflect many physical phenomena in nature, and they have a very strong
application background. Please see [4, 5, 16] and the references therein
for more comments. For this reason, this class of problems has been
investigated to a large extent during recent years. In particular, since
the work of Okochi [23] in 1988 (see also [24, 25]), much attention
has been attracted by questions of existence of anti-periodic solutions
to various anti-periodic problems represented by linear and nonlinear
abstract evolution equations. For significant work along this line, we
refer to, e.g., [1, 2, 8, 9, 15, 21, 22, 28].

To explain the results better we need to introduce some notation
and concepts. Let X be a Banach space with norm || -||. For any
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a € R, by C,([a,+00); X), we denote the set of continuous functions
from [a, +00) to X vanishing at infinity. We abbreviate this notation
to Co(RT) when @ = 0 and X = RT. Recall that a continuous function
u from R to X is said to be T-anti-periodic if u(t + T') = —u(t) for all
t € R. By Pra(R; X), denote the set of such functions. It is easy to
verify that C,([a,+00); X) and Pra(R; X), endowed with the norms
[+ lla = sup;sq [l - ()] and || - I = supyeg || - ()], respectively, are
Banach spaces. Let us introduce the following new concept.

Definition 1.1. A function u : R™ — X is said to be asymptotically
T-anti-periodic if it can be decomposed as

u(t) = ur(t) +ua(t), t € R,

where u; € Pra(R; X) and up € C,(R™; X). The set of such functions
is denoted by AA7(R™; X).

Remark 1.2. It is noted that the concept of an asymptotically anti-
periodic function is a natural generalization of the well-known anti-
periodic function and is more complicated than an anti-periodic func-
tion. Moreover, little is known about it.

In this work, we are interested in studying the asymptotically T-anti-
periodic mild solutions to the Cauchy problem of nonlinear evolution
equations with nonlocal initial conditions of form

u'(t) = Au(t) + f(t,u(t)), t>0,
(1) )i,

where A with the domain D(A) (possibly unbounded) is a closed
and densely defined linear operator on X, and f : RT x X — X,
H: AA7(RT; X) — X are given functions to be specified later. As can
be seen, H constitutes a nonlocal condition.

Let us point out that a strong motivation for investigating the
Cauchy problems of evolution equations with nonlocal initial conditions
comes from physics. For example, as presented by Deng [11], H(u) :=
>F | Ciu(s;), where C; (i = 1,...,p) are given constants and 0 <
51 < - < Sp_1 < 8p < +00 (p € N), is used to describe the diffusion
phenomenon of a small amount of gas in a transparent tube. For more
information concerning the motivations, relevant developments and the
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current status of the theory, we refer readers to, e.g., [6, 7, 18, 19, 27]
and the references therein.

In this work, we shall give a systematic theory for the Cauchy
problem (1.1). More precisely, we shall first study the completeness
of AA7(R™; X) and the composition of anti-periodic functions as well
as asymptotically anti-periodic functions. It is well known that the
study of the composition of two functions with special properties
is important and basic for deep investigations. Then, an entirely
different strategy which relies on both the approximating technique
in terms of the compact semigroup of strongly continuous operators
and the theory of the measure of non-compactness, as well as the
fixed point theorem due to Darbo-Sadovskii, is used to obtain the
existence of asymptotically anti-periodic mild solutions to the Cauchy
problem (1.1) under the hypotheses in which the nonlocal item does
not have Lipschitz continuity or the compactness and the nonlinearity
do not have Lipschitz continuity. The asymptotically anti-periodic
mild solutions to the Cauchy problem (1.1) is also treated under
the hypothesis of the nonlocal item and nonlinearity being Lipschitz
continuous. As samples of applications, these results will be applied
to a partial differential equation with homogeneous Dirichlet boundary
condition and nonlocal initial condition.

Hopefully, our results will be helpful in making the up-to-date
material in this field accessible and, meanwhile, lay the foundation
for future research.

We would like to mention that, in recent papers such as de Andrade,
et al., [10], Diagana [12, 13], Fan et al. [14], Liang et al. [17, 20] and
Xiao et al. [29], the problem of the existence of asymptotically almost
periodic, weighted pseudo almost periodic, Stepanov-like pseudo almost
automorphic, pseudo almost automorphic, and asymptotically almost
automorphic solutions for the Cauchy problems of abstract evolution
equations has been investigated to a large extent. However, much of the
previous research was done under the restriction that the nonlinearity
as a whole is Lipschitz continuous or locally Lipschitz continuous, so
that the Banach contraction principle becomes one of the key tools in
the study of the corresponding problems.

Remark 1.3. (i) As the reader will see, the hypotheses on the non-
local item and nonlinearity in our results are reasonably weak (see
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Theorem 3.9 below). In particular, it is worth mentioning that the
nonlinearity does not satisfy Lipschitz continuity or locally Lipschitz
continuity with respect to the second variable.

(ii) Let us note that the new strategy as mentioned above plays a
key role in the proof of our main results, which enables us to get rid of
the compactness and Lipschitz continuity of nonlocal item.

Remark 1.4. It can be easily proved that, if u is anti-periodic with
period T, then it is periodic with period 27". Hence, from the arguments
of our paper, we can also obtain the existence results of asymptotically
2T -periodic solutions of the Cauchy problem (1.1).

Let us give a short summary of the contents of this paper. In
Section 2, some required notation, definitions and lemmas are given.
In Section 3, we study the completeness of AAp(R'; X) with the
supremum norm and the composition of anti-periodic functions as well
as asymptotically anti-periodic functions, which in turn is used to
analyze the existence of asymptotically anti-periodic mild solutions to
the Cauchy problem (1.1). Finally, we present an example in Section 4
to illustrate our abstract results.

2. Preliminaries. This section is devoted to some preliminaries
which are essential tools in the later sections.

Throughout this paper, C([a,b]; X) for —oco < a < b < 400 is
the Banach space of all continuous functions from [a,b] into X with
the uniform norm topology, £(X) stands for the Banach space of all
bounded linear operators from X to X endowed with the uniform
operator topology denoted by || - ||, ,, 4 : D(A) C X — X is the
infinitesimal generator of a compact semigroup of strongly continuous
operators {T'(t)}+>0 on X, and {T(¢)}:+>0 is uniformly exponentially
stable, i.e., there exist constants § > 0 and M > 1 such that

(2.1) 1T zx) < Me=° for all t > 0.

We recall here the following compact criterions in Banach space
C,([a,+00); X). We omit the proof.

Lemma 2.1. A set D C C,([a,+00); X) is relatively compact if
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(1) D is equicontinuous.

(2) lim¢—s 400 u(t) = 0 uniformly for u € D.

(3) The set D(t) := {u(t);u € D} is relatively compact in X for every
t>a.

Lemma 2.2. A set B C C([a,+00); X) is relatively compact in
Co([a, +00); X) if the set Bl with a < b is relatively compact in
C(la,b); X) and Blp, 400y C Co([b, +00); X) is relatively compact.

A continuous function f from R x X to X is said to be T-anti-
periodic if f(t +T,—x) = —f(t,z) for all t € R and = € X. Denote by
Pra(R x X;X) the set of such functions. Let the notation Co(RT x
X; X) be the space of functions

Co(R x X; X) = {f € C(Rx X;X); lim [ f(t,2)] =0

uniformly for = in any bounded subset of X }

Definition 2.3. A function f : Rt x X — X is said to be asymptoti-
cally T-anti-periodic if it can be decomposed as

f(t,z) = fi(t,x) + fo(t,z), tERT, z€X,

where f; € Pra(R x X;X) and fy € Co(RT x X; X). In this case, we
write f  (f1, f2).

Definition 2.4. An asymptotically T-anti-periodic function f : Rt x
X — X is said to be semi-Lipschitz continuous with the Lipschitz
constant L if writing f « (f1, f2), there exists a constant L > 0 such
that

11t 2) = fi(t, )] < Lilz =y

for all t € R and x,y € X. The set of such functions is denoted by
AALT(RT x X; X).

Definition 2.5. An asymptotically T-anti-periodic function f : Rt x
X — X is said to be locally semi-Lipschitz continuous if, writing
f  (f1, f2), there exists a nondecreasing function L : Rt — R such
that

[f1(t,2) = fr(t,y)l| < L(r)]lz = yl].
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for all t € R and z,y € X satisfying ||z, ||y|| < .

In the sequel, we briefly state some facts on the Kuratowski measure
of non-compactness. Let © be the family of bounded sets in the Banach
space Y. The Kuratowski measure of non-compactness u: © — Rt is
defined by

w(B) = inf{d > 0; B admits a finite conver by set of diameter < d},
Beo.

The following are some basic properties of u(-).

(a) u(B) =0 if and only if B is relatively compact in Y.

(b) p is a seminorm, i.e., u(AB) = |A|u(B) for constant A € R and
p(B1 + Bs) < p(B1) + p(Bz).

(¢) By C By implies pu(B1) C pu(Bs).

(d) Let F: D(F) C Y — Y be Lipschitz continuous with Lipschitz
constant Lp. Then u(F(B)) < Lpu(B) for any bounded set
B C D(F).

For a detailed survey on Kuratowski measure of non-compactness,
we refer readers to [3].

Let Q CY and F : Q — X be continuous. Recall that F' is called
a p-contraction on  if u(F(B)) < ku(B) for some 0 < k < 1 and any
bounded subset B C .

This time we present a fixed point theorem concerning p-contraction
mapping.

Lemma 2.6. [3]. Let Q@ C Y be a nonempty closed convex set and
F:Q — Q a p-contraction. Then F has at least one fixed point in €.

Below, for simplicity, we frequently omit explicit reference to the
“w,,”

Banach space Y, on which p is defined, and simply write “u” instead
of “uy,” provided that no ambiguities occur.

Definition 2.7. By a mild solution of the Cauchy problem (1.1), we
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mean a function u € C'(R™; X) satisfying the integral equation

u(t) = T(t)H (u) —|—/0 T(t—s)f(s,u(s))ds, t>0.

3. Main results. We begin in this section by deriving some prop-
erties of asymptotically anti-periodic functions.

Lemma 3.1. AAr(R™; X), endowed with the supremum norm ||-||c =
sup,ep+ || - (t)||, is a Banach space.

Proof. Note that AA7(R™; X), endowed with the norm || - ||, is a
normed linear space.

Given u € AAp(RT; X), there exist u; € Pra(R;X) and up €
C,(R*; X) such that

u(t) = ui(t) +ua(t), teR.
We claim that
(3.1) {u1;t € R} C {u(t);t € RT}.

In fact, if this is not the case, then there exist some tg € R and € > 0
such that
|lui(to) —u(t)|| > € forallt € RT.

Since u; € Pra(R; X) implies that uy (to +2nT) = uq(to) for all n € N,
one has
lluz(to + 2nT)|| = ||u1(to) — u(to + 2nT)|| > €

for all n > —ty/2T. This contradicts the fact that ugs vanishes at
infinity.

Now, letting {u,}>] be a Cauchy sequence in AAr(R*;X), it
follows that
(3.2) Un(t) = Un1 (t) +up2(t), tERT, n=1,2,...,

where u,1 € Pra(R;X) and u,s € Co(RT;X). From (3.1), it
follows readily that {unl}:i'j is a Cauchy sequence in Pra(R;X)
which, together with (3.2), implies that {u,2}/> is also a Cauchy
sequence in Co(R™; X). Hence, from the completeness of Pra(R; X)
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and Co(R™*; X), it follows that there exist ug; € Pra(R;X) and
ugz € Co(R™; X) such that

Up1 — UQ1 in PTA(R;X),
Up2 — UQ2 in 00(R+;X)

as n — oo. Consequently,
Upn — U1 + Ug2, aS N — OO
in the norm || - ||oo and wg1 + up2 € AA7r(RT; X). Thus, AAr(RT; X)

is complete. The conclusion follows. O

Remark 3.2. Let u € AA7(R™; X). Notice, in particular, that the
decomposition of u is unique. Indeed, if there exist u1,u;’ € Pra(R; X)
and ug,us’ € C,(RT; X) such that

u(t) = ui(t) +Fus(t) = uy/(t) +us'(t), teRT,
then we have that, for fixed ¢t € R,
ur(t) —ui'(t) = us' (t +2nT) — ua(t +2nT), neN
t
ithn > ——
with n > —o7

in view of uy(t) = u1(t 4+ 2nT) and uy’(t) = uy’(¢t + 2nT). Taking the
limit as n — +o0, it is shown that ui(t) = ui’(t), t € R, as required.

Remark 3.3. Let f « (f1, f2). Noticing that, for z,y € X,

filt+2nT,x) — fi(t +2nT,y) = fi(t,z) — fi(t,y)
for all n € N,
and
Jim [1f2(6,2) = ot )| =0,

it follows, by a similar argument as used in Lemma 3.1, that

{1t 2) = fr(t,y);t € Ry C{f(t,x) — f(t y);t € RT}
for z,y € X.

From this, one sees easily that

sup || fi(t, z) — fi(t,y)|| < sup | f(t,x) — f(t,y)|| for z,y € X,
teR teERT
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which in particular implies that f belongs to AAL7(R* x X; X) when
f is Lipschitz continuous with respect to the second variable uniformly
for t € RT (with the Lipschitz constant L).

Lemma 3.4. Assume that [ «~ (f1, f2) is semi-Lipschitz continuous
with the Lipschitz constant L. Then Fi(-) = fi(-,u(-)) and F(-) :=
F(,u(v)) belong to AA7r(RY; X) for each u € AAT(RT; X).

Proof. Since u € AA7(R™; X), one has
u(t) =u(t) +ua(t), teRT,

where u; € Pra(R;X) and us € Co(RT;X). This, together with
f@+T,—x) = —f(t,x), forallt € Rand « € X, gives that fi(-,u1(-)) is
T-anti-periodic. Therefore, to show that Fy(-) belongs to AAr(RT; X),
it remains to prove that F;(-) — f1(-,u1(:)) vanishes at infinity. In fact,
this can been seen from

Jim IRy @) = filten ()] < I JimJua(t)] — 0

in view of f being semi-Lipschitz continuous and ws vanishing at
infinity.

Noting that fo € C,(RT x X; X), we have, in view of the bounded-
ness of u, that fo(-,u(-)) € Co(R"; X). Since F(-) = Fi(-) + fa(-, u(")),
we deduce that F(-) belongs to AAp(RT;X). This completes the
proof. O

Lemma 3.5. Given ug € X, u1 € Pra(R; X), us € Co(R™; X), and
veE AAr(RT; X). Write

Gi(t) :== /t T(t—s)ui(s)ds, teR,

oo )
Ga(t) :=T(t)uo — / T(t — s)ui(s)ds

— 00

¢
+/ T(t — s)uz(s)ds, teRT,
0

Gs(t) .= T(t)uo + /Ot T(t—s)v(s)ds, teRT.
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Then Gy, G and G5 belong to Pra(R; X), Co(R™; X), and AAr(RT; X),
respectively.

Proof. From (2.1), it is clear that Gy is well defined and continuous
on R. Moreover, we obtain upon changing of variable that for ¢ € R,

t+T
Gl(t—i—T):/ Tt+T - s)ui(s)ds

— 00

— /t T(t—s)ui(s+T)ds = —G1(t)

in view of the T-anti-periodicity of u;. Accordingly, G; belongs to
Pra(R; X).

Given € > 0. Since uy vanishes at infinity, one can choose N > 0
such that [Jua(t)|| < € for all ¢ > N. This, together with (2.1), enables
us to conclude that

/0 "t — s)us(s) ds

quwm—mwMS

i

/N T(t — s)us(s) ds

< M6 e N |jug|lo + Mo te,

for t > N, from which we see
t
/ T(t — s)uz(s)ds — 0 in X as t — +oo.
0

Also, a direct calculation gives

0
Ww%—/ T(t — syur(s)ds| < M(Juoll + 6~ sl ).

— 00

Accordingly, G2 belongs to Co(R™; X).

Since v € AAT(RT; X), we have the decomposition as

v(t) = vi(t) +va(t), teRT,
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where v1 € Pra(R; X) and ve € Co(RT; X). Writing

Wi(t) :== /_t T(t—s)vi(s)ds, teR,

0
Wo(t) :=T(t)ug — / T(t — s)v1(s)ds

¢
+/ T(t— s)va(s)ds, teRT,
0

it is clear that W7 and Wy belong to Pra(R;X) and Co(R; X),
respectively, as proved in the above arguments. Moreover, notic-
ing G3(t) = Wi(t) + Wa(t), t € RT, one has that Gz belongs to
AA7(R*; X). This completes the proof. O

Set S, = {z € AAP(RT;X);||z[loc < 7} and Q, := {z €
Co(R*; X); ||lzllo < r} for some r > 0, which are convex closed sub-
sets of AA7(RT; X) and C,(RT; X), respectively. Let us introduce the
following assumptions:

(Hy) f « (f1, f2) is semi-Lipschitz continuous with the Lipschitz
constant L. Moreover, there exists a function h € Cy(R™) and
a nondecreasing function ® : R* — R* such that, for allt € Rt
and z € X satisfying ||z| < r,

(3.3) I f2(t, 2)|| < h(t)®(r), and liminf ®(r) _ p1.

r—+oo T

(Hy) (i) H: AA7(RT; X) — X is continuous, there exists a nonde-
creasing function ¥ : Rt — R such that, for all u € S,,

e ()
< =
(3.4) 1) < wer), and ming Y = p,
(ii) There exists a ¢ > 0 such that, for u,v € AAr(RT; X)
with u(t) = v(t) for all ¢t € [¢, +00), H(u) = H(v).

Write

t
ou(t) == / e 2t (s)ds, teRY.
0

It is not difficult to see that 0 < o(t) < 1/dsup,cp+ h(s) for every
t € RT. Furthermore, an analog argument used in Lemma 3.5 gives
that o1 € C,(RT). Put p3 := sup,cp+ 01(2).
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Remark 3.6. Let us note that assumption (Hj) (ii) is the case when
the values of the solution u(t) for ¢ near zero do not affect H(u). A
case in point was presented by Deng [11].

Let f v (f1,f2). Now we consider, for each m > 1, the following
system of integral equations of the form

v(t) = / T(t—s)fi(s,v(s))ds, teR,

- T(t—s)f1(s,v(s))ds

Jr/ T(t — 8)fa(s,v(s) +w(s))ds, te€R".
0

Lemma 3.7. Let the hypotheses (Hi) and (Hz) (i) hold. Then the
system (3.5) has at least one solution (v, w,,) € Pra(R; X)xCo(RT; X)
for each m > 1, provided that

(3.6) M(py + L5 + p1p3) < 1.

Proof. We start by defining a mapping I on Pra(R; X) as follows:

t
(3.7) (To)(t) :/ T(t = s)fr(s,0(s))ds, € R.

Set, for v € Pra(R; X), ui(:) = fi(,v(:)). It easily follows from
(Hy) that u; € Pra(R; X). From this and Lemma 3.5, we obtain that

I" is well defined and maps Pra(R; X) into itself. Moreover, for any
t € R and vi,vs € PTA<R;X),

t

[(To1)(t) — (To2) ()] < ML/ e o (s) = va(s)] ds

— 00

S ML571||U1 — U2||:>o
by the semi-Lipschitz continuity of f. This enables us to get

[Tvy — gl < MLO™ oy — 2|l
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which, together with (3.6), yields that I' is a strict contraction on
Pra(R; X). Thus, in view of the Banach contraction principle we
conclude that I" has a unique fixed point v € Pra(R, X).

Put 7" := sup,ep [|[v(t)|| and M* := supeg || f1 (2, 0(8))]]-

Next, we introduce the mappings H, : Co(RT;X) — X and
Ju, foo : RT x X — X, defined by

H,(w) = Hv+w), weCy(RT;X),
Jo(t,z) = fi(t,v(t) + 2) — fi(t,v(t)), tERT, ze€X,
fou(t,m) = fa(t,v(t) +2), teRT, z€X.

From (Hs) (i), note that H, is continuous. Also, by the semi-Lipschitz
continuity of f, one has

|Jo(t,2)|| < L||z|| forallteRT, ze€ X.

B8) 1 (ta)— Ju(t.2)| < Lz —y|| forall t € RY, 9 € X.

Let m > 1 be fixed. Define a mapping I',,, on Co(RT; X) by

(Tyw)(t) = T(t)T(;) H,(w) + /0 T(t—s)Jy(s,w(s))ds

0
— / T(t—s)f1(s,v(s))ds

— 00

+ /OtT(t — 8) fau(s,w(s))ds, teRT.

Noticing, from (H;) and (Hs) (i), that fi(-,v(-)) € Pra(R;X), and,
for each w € C /(RT;X), J,(-,w(")), fou(-,w(:)) € C,(R*; X) and
T(1/m)H,(w) € X is independent of ¢, one has that I';, is well defined
and maps Co(R™; X) into itself due to Lemma 3.5.

To this end, it suffices to prove that I',,, possesses at least one fixed
point in Cq(R™; X). The proof will be divided into four steps.
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For the sake of brevity, write

(Thau)(®) =07 (1) ),

(T2w)(t) = /O T(t — 5)Ju(s,w(s)) ds,
0 ¢
(D3w)(t) := —/_ T(t—s)f1(s,v(s))ds + /0 T(t — s)fau(s,w(s))ds.

Step 1. There exists an 7o > 0 such that I'y,, maps 2, into itself.
In fact, from (3.3), (3.4) and (3.6), it follows that there exists an
ro > 0 such that
M(U(rg+71") + L5 trg + M*6™ + p3®(ro + 1)) < 7o,

which, together with (2.1) and the first inequality in (3.8), implies that,
for any t € RT and w € Q,,

ol < |r(e+2)| il

L£(X)

+AnTu—amam@@wwMMs
0
+/:nTaf@m@mﬁww@MMs

t
+/0 1T = $)llx)l[ f20 (s, w(s))]| ds
< MU(rg+7r")+ MLS 'rg + MM*6~!
+ M®(rg +1")o1(t)
< rp.
Accordingly, I'y,, maps €, into itself.
Step 2. T'! and I'® are completely continuous on €2, .
Taking w1, ws € §,., we have, by (2.1),
[(Thw1) (t) = (Chrwa) (B)llo < M Hy(wi) — Hy(ws)]),

which, together with the continuity of H,, enables us to deduce that
I'! is continuous on ©,,. Also, since H,(f2,,) is bounded in X in view
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of (Hy) (i) and T(1/m) is compact in X, we justify by (2.1) that, for
each t € RT,

1
{T(t)T < <m>HU(w), w E Q,.O} is precompact in X,

and, for 0 < s <t < T,

705 )it - 767 (- ) 1ot

m m

| -r0) (5 )]

— 0, ast—s

by the strong continuity of {T'(¢)}:>0, and the compactness of T'(1/m)
H,(w) in X. Moreover, a direct computation gives that, for all w € Q,,,

1
||T(t)T(m)Hv(w)|| < MU(rg+7")e % — 0 ast — +oo,

and the limit is independent of w € Q,,. Thus, we verify, with the
aid of Lemma 2.1, that I'! is compact on €, . Consequently, I'! is
completely continuous on €2, .

In the sequel, the mapping I'® is treated. Given € > 0, since
h € Co(RT), one can choose g big enough such that

de

"0 S G+ )

whenever t > tg,

which, together with (2.1) and (3.3), implies that, for all ¢ > ¢, and
w e QT07

(3.9) H /t:T(t = 8)f2u(s,w(s)) ds

t
< M®(rg + 7")/ e 0= (s)ds < i
to

Taking {wx}{25 C Oy, with w, — wo in Cy(RT; X) as k — +oo0,
from the continuity of fa, and (3.3), it follows that for each ¢ € [0, ¢¢],

lim ] fou (8, wi(8)) = fau(t, w(t)) || = 0,

k—+oco
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and
[ 20 (t, wie(t)) = fou(t, w(t)|| < 20(r +17)A(t).

This, together with the Lebesgue dominated convergence theorem,
yields that there exists a K > 0 such that

M/O O | fou (5, wk(5)) = fau(s,w(s))| ds < %

whenever k£ > K. Noticing this and (2.1), (3.9), we obtain that for all
t>0,

I(PPwe) () = (TPw)(B)]

<M / (5, w08()) — faols, w(s)) | ds

max{t,to}
N H / T(t — 5) foul(s, w(s)) ds

max{t,to}
n H / T(t = 5) fau (5, we(5)) ds
to
< €

whenever k > K. Accordingly, I'® is continuous on Q.

Below, we show that I'® is compact on ,,. Since

0
[ TC-9hG )

— 0o

belongs to Co(R™; X) due to Lemma 3.5 with (H7) and is independent
of w, we only need to show that the mapping I'> : Q,, — C,(RT; X)
defined by

(T3w)(t) :== / T(t — 5)fau(s,w(s))ds, teRT
0

is compact.

Let ¢t > 0 and 0 < ¢y < t. Since T'(¢g) is compact and

[ gt

is uniformly bounded for w € Q,, in X in view of (2.1) and (3.3),
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{ /oteo T(t = s)f2u(s,w(s)) ds; u e QTD}
- {T(eo) /Ot_eo T(t — o — 8) fau(s, w(s)) ds; u € Qro}

is relatively compact in X. Then, for every w € Q,,, as

H(F%w)(t) - T = ) fau (s, (s)) ds

< /t, IT(t = ) f2u(s,w(s))[| ds

0
t
< M®(rg+ 1) / e 0= n(s) ds
t—e,

—0 ase — 0T

in X, we conclude, in view of the total boundedness, that, for each
t € RY, the set {(T3w)(t);w € Q,,} is relatively compact in X.

Now, we consider equicontinuity of the set {I'>w;w € Q,,}. Given
e > 0, we take t,7 € R* with ¢ > 7, and we can choose an 1’ > 0 such
that

(3.10) M ®(rg +7') sup h(s) (1 - 6_5(26_7)) <
seERT

=] m

when ' >t — T,
and choose an 1" € (0,7n'] such that

(3.11)  M(ro +1") [Tt —7+1") = T()llz(x) sup h(s)d~ ! <
se

>~ m

when " >t — 7.

For the case when 7 < 1/, we write

(C3)(0) - (20)(r) = [ (Tt~ 5) =T = 9) (o)) ds
+/ Tt~ ) (s, 0(s)) ds.
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From (2.1), (3.3) and (3.10), it follows that, for " >t — 7, w € Q,,

1

/OT(T(t —8)—=T(1 — 8)) fou(s,w(s)) ds

< /T (Tt = 5) = T(7 = $))ll o) [ f20 (s, w(s)) || ds
0

< M@(TO+T’)/ (676(t77) +1> efé(ffs)h(s) ds
0
< 2M6 1D (ro + ') sup h(s)(1—e™°7)
seR+t

<

)

N ™

and

/ T(t — s)fau(s,w(s))ds

t
< M®(rg+ 1) / e 0= n(s) ds

< M§ ™ ®(rg +7") sup h(s) (1 — e_é(t_f)>
seRT

<

=] m

For the case when 7 > 7/, we write
(Dw)(t) — (Dw)(7)
- /Or—n' (T(t — 8) — T(7 — 8)) fau(s, w(s)) ds
N / (T(t = ) = T(7 = ) fau(s,w(s)) ds

+/ T(t — s) fan(s,w(s)) ds.

Noticing (2.1), (3.3) and (3.10), and arguing as above, we can prove
that, for " >t — 7, w € Q.

/7 (Tt~ ) = Tl 5)) fouls,w(s)) ds
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< 2M®(rg +1') sup h(s)6~1(1 — 6*5"') < E’
seERT 2
and
t €
H/ T(t — ) fan(s,w(s))ds|| < T

Moreover, in view of (3.11), a direct calculation yields
7'777/
H / (T(t—s)—T(t —8))fav(s,w(s))ds
0
<T@ =74+1) =T )2 x)

T*'I’]/
T(T —n—38)fo(s,w(s))| ds
/ IT(r =1 — 8) fauls, w(s))]
< M®(ro+1') [Tt =7+ 1) = T ) )

’

T—n ,
X / e~ =) (s) ds
0

<M 0(ro + ") |T(t =7+ 1) = T(n)ll £ (x) sup h(s)
seRT

<

b

NS

when n’/ >t —7 and w € Q,,.
Summarizing the above, one can deduce that
3 3
[(Tyw)(t) — (Tyw)(7)[| < €
when 1/ > t—7 and w € €, which proves that the set {T3w;w € Q. }
is equicontinuous.

At the end of this step, it remains to show, in view of Lemma 2.1,
that (I2w)(-) vanishes at infinity uniformly for w € ©,,. Since
o1 € Co(RT), as

||(F3w)(t)H < M®(ro+1")o1(t) fort >0, weQ,,,

we deduce that the conclusion follows.

Thus, applying Lemma 2.1, we obtain that I'3 is compact on €2, so
is I'3.

Step 3. T'? is a strict contraction on €2, .
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For any ¢t € Rt and wy,wy € Q,,, we obtain by (H;) that

[(T%w1)(t) — (P2wo) (1)
H/ (t = 5) (Ju(s,w1(s)) = Ju(s, w2(s))) ds

< ML / =)oy (s) — wa(s)]| ds
0
S ML5_1||’11)1 — ’ngo,

which means that I'? is a strict contraction due to (3.6).

Step 4. Combining the considerations in the above three steps with
(a), (b) and (d), we obtain that

(T () < (T3 () + 1(T2(Qry) + (T2 (Q))
< ML6™ (),

which together with (3.6) implies that I',, is a u-contraction. Applying
Darbo-Sadovskii’s fixed point theorem, one finds that I',,, possesses at
least one fixed point w,, € §,,. This completes the proof. O

Below, let (v,w,,) € Pra(R; X) x Co(R™; X), coming from Lemma
3.7, be a solution of the system (3.5) corresponding to m > 1.

Lemma 3.8. Under the hypotheses (Hiy), (Hz2) and (3.6), the set
{wm;m > 1}|[c 4o0) 18, with ¢ being the constant in (Hz) (ii), relatively
compact in Co([s, +00); X).

Proof. As proved in Lemma 3.7, there exists an 7o > 0 such that
Wy, € Qp, for all m > 1 and w,, satisfies the integral equation

Wi () = (T w0m) (8) + (Twn ) (1) + (TP w) (1),
teRY, m>1,

where the mappings 'L, T'?, and I'® are defined the same as in
Lemma 3.7. To this end, it suffices to show that the sets {T'} wy,;m >
Hic,400)s {TP2wmim > 1} 400y, and {TPwpmsm > 1} 4o0) are
relatively compact in Cp([s, +00); X).

From the compactness of T(t) (¢t > ¢) in X, the boundedness of
T(1/m) and (Hz) (i), it follows that the set {(F wm)(t);m > 1} for

m
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each ¢ € [¢,+00) is precompact in X, and for s1,s2 € [¢,+00) with
51 < 82,

(@3 wm)(s2) = (Dpwm) (51)]]
= (r6sa) = ) (L) )|
— 0, as sy — s

uniformly for m > 1 (since the compactness of T'(¢t) for ¢ > 0 implies

continuity in the uniform operator topology). Moreover, by (2.1) and
(Hs) (i), one has

1T w,) (@) € Me "W (r 4+ 1) — 0 ast — +oo

uniformly for m > 1. Hence, an application of Lemma 2.1 justifies that
the set {T'}, wm;m > 1} 4oy is relatively compact in Co([s, +00); X).

The same idea as in Lemma 3.7 step 2 can be used to prove that the
set {IB3wp;m > 1}|(c 4oo) Is relatively compact in Co([s, +00); X).

Next, we consider the set {T®wy,;m > 1} yoo). Let us decompose
the mapping I'? =TIV + T as
t
(T wp, ) (t) = / T(t — 8)Jy(s,wm(s))ds, t€[s,+00),
S

(I, (1) = /OCT@ = 8)Ju(s, win(s)) ds,  # € 5, +00).

It follows from (H;) that, for any ¢ € [¢,+00) and wi,wy €
C, ([s, +00); X),

1T w1) (8) = (Tws) (1) <

/ T(t—s) (Jp(s,w1(8))—Jp(s,w2(s))) ds

t
< ML / =0~ |y (5) — wa(s)[| ds
S
< ML Hwy — wellc,
that is,

ICwn) () = (Cw) Ol < ML [lwr = wsllc
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Also, noticing w,, € Q,, for all m > 1, the first inequality in (3.8), and
the compactness of T'(¢) for t > 0, one can show by a similar argument
as that in Lemma 3.7 step 2, that the set {I"w,,;m > 1}/ 400 18
relatively compact in Cp([s, +00); X).

Thus, we obtain, thanks to (a), (b) and (d), that

pl{umim 2 Bl o) < w{Thwn)im > 1} )
+ p({T"wm;m > 1} 4oo))
+ p({T"wp; m > L, 400))
+ p({TPwm;m > 1} foo))

< ML p({wm;m > 1} 00)),

from which, together with (3.6), we see that pu({wm;m > 1}|jc 4o0)) =
0. The proof is then completed. O

Having at hand the above auxiliary results, we can state our main
results of this section.

Theorem 3.9. Let the hypotheses (H1), (Ha) and (3.6) hold. Then the
Cauchy problem (1.1) admits at least an asymptotically T-anti-periodic
mald solution.

Proof. Assume that the mappings I'L,, I'?, and I'® are defined the
same as in Lemma 3.7 and (v, w,,) € Pra(R; X) x Co(RT; X), coming
from Lemma 3.7, is a solution of the system (3.5) corresponding to
m > 1. It has been shown, thanks to Lemma 3.8, that the set
{wm;m > 1}|[c 4o0) I8 relatively compact in Co([c, +-00); X). Writing

B ] un(t) ifte s, +o0),
wm(t) - { wm(g) ift € [07§]7

one can assume, without loss of generality, that
Wy, — w' in Co(RT; X)

as m — 400, which, together with the continuity of H and the strong
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continuity of T'(t), gives that for any ¢ € [0,<] and fixed v € Pra(R; X),

|(Thwm) (@) = T Hy ()

SAﬂT(;) (@ +0) — H(w +v)

< MH(T(% I)H(w’+v)

H
+MHT(”11)H(wm+U) —T(;)H(w’—i-v)

()

+ M?

H (W, +v) — H(w' +v)

— 0 as m — +oo.

This proves that the set {(I'} wy,)(t);m > 1} for any ¢ € [0,] is rela-
tively compact in X, which means, in particular, that {T'(1/m)H,(wy,);
m > 1} is relatively compact in X. From this and the strong continuity
of T'(t), it follows readily that, for ¢,7 € [0,<], t > T,

([T (£) = (T ) ( T)H

Jimo-rorn (2|

—0 ast—7—0

uniformly for m > 1. Therefore, we conclude that the set {T'}, wy,;m >
1}, is relatively compact in C([0,¢]; X) due to Arzela-Ascoli’s
theorem. This proves, with the aid of Lemma 2.2, that the set
{TL wy;m > 1} is relatively compact in Cp([0, +00); X), since the
set {T}, wmim > 1}¢ 100 Is relatively compact in Co([g, +00); X). On
the other hand, as proved in Lemma 3.7, I'? is a strict contraction on
Q,., with Lipschitz constant M L§~1, and T'® is completely continuous
on .

Thus, again by (a), (b) and (d), one has

p({wm;m > 1}) < u({(F}Tme)(t); m > 1})
A0 > 1) + p({wim > 1)
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< ML p({wm;m > 13).

This proves that pu({wm;m > 1}) = 0 due to (3.6), that is, {w,,; m > 1}
is relatively compact in Cy([0, +00); X). Hence, there is a subsequence
of {wy,;m > 1}, again denoted by {w,,}, and a w € Cy([0,+00); X)
such that w,, — w in Cy([0,+00); X) as m — oo.

Recall that (v,w,,) € Pra(R; X) x Co(R™; X) satisfies the integral
equation
t
o(t) = / T(t— s)fu(s,0(s))ds, ER,
1
Wy (t) = T(t)T() (v + wp)

+fo 8) [f1(5,0(s) + wim(s)) — fi(s,v(s))] ds
- Tt—S)ﬁ(S v(s))ds
+ [T T(t = 8) f2(s,0(s) + win(s))ds, te€RT.

Letting m — oo on both sides, one finds, noticing the continuity of
H, f; and fo with respect to the second argument, that (v, w) satisfies
system (3.5) which, in particular, implies that v+w is an asymptotically
T-anti-periodic mild solution. This completes the proof. (]

Remark 3.10. Let us note that Lemma 3.4 and Theorem 3.9 can
be easily extended to the case of the nonlinear item f being locally
semi-Lipschitz continuous.

The following corollaries are generalizations of Theorem 3.9.

Corollary 3.11. Under the hypotheses (Hy), for every ug € X, the
Cauchy problem

{ u'(t) = ()+f(t u(t)), >0,
u(0) =

has at least one asymptotically T-anti-periodic mild solution provided
that M (LS~ + p1p3) < 1.

Corollary 3.12. Assuming that the hypothesis (Hy) is satisfied, the
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Cauchy problem with nonlocal initial condition in the form
u'(t) = Au(t) + f(t,u(t)), ¢>0,
P

u(0) = Zciu(si)7 0<sp < oo < 8p1 < 8p < +00,
i=1

where C; (i =1,...,p) are given constants, has at least one asymptoti-
cally T-anti-periodic mild solution provided that M (>_F_ | |Ci|+ L~ +
p1ps) < 1.

Proof. Define

H(u) = zp:Ciu(si), u€ AAr(RT; X).

i=1

It is clear that H verifies the hypothesis (Hz) with

p p
U(r)y=r> [Cil,  p2=)_|Cil
=1 =1

Hence, the conclusion holds due to Theorem 3.9. The proof is com-
pleted. (]

In the following, we establish the existence and uniqueness result of
the asymptotically T-anti-periodic mild solution to the Cauchy problem
(1.1) under the hypotheses of f and H being Lipschitzian.

Theorem 3.13. Assume that

(Hy) f:RT x X — X is asymptotically T-anti-periodic, and there
exists a constant Ly > 0 such that

1t z) = f(t )l < Lyllz =yl

forallt e RT and z,y € X,

(HY)) H: AAr(RT; X) — X s Lipschitz continuous with the Lips-
chitz constant Ly, and

(Hs) ML, + MLy~ < 1.

Then the Cauchy problem (1.1) has a unique asymptotically T-anti-
periodic mild solution.
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Proof. Let us define a mapping A on AA7(RT; X) as

(Au)(t) :=T(t)H(u) + /0 T(t—s)f(s,u(s))ds, teRT.

Set, for u € AA7(RT; X), F(-) :== f(-,u(-)). From Remark 3.3 and
Lemma 3.4, it follows that I € AAp(R*; X), which together with
Lemma 3.5 implies that A is well defined, and it maps AA7(RT; X)
into itself. Moreover, for any ¢ € R™ and uj,us € AAp(RT; X), by
(H7) and (H}), we have

(A ) () — (M) (8)]
< |7 (H (1) — H(uz)) |
+ / IT(t — 5) (F(s,ua(5)) — F(s,us(s))) | ds
0
< MLg|lur — ug|loo
+ MLf/O e =) |y () — ug(s) ds

< (MLg+ ML5Y)||ur — ual|oo-
Consequently,
1(Au) () = (Auz)(t)lloo < (MLpr + MLgo™")Jur — uzlls,

which, together with (Hs), implies that A is a strict contraction
on AA7r(R*; X). Thus, we conclude, using the Banach contraction
principle, that A has a unique fixed point in AA7(R*; X), which is an
asymptotically T-anti-periodic mild solution to the Cauchy problem
(1.1). This completes the proof. O

4. An example. In this section, we present an example as an
application of our abstract results.

Consider the partial differential equation with homogeneous Dirich-
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let boundary condition and nonlocal initial condition

8ugt, & _ aanétz’ 3 = cos %t sinu(t, &)
+e~tu(t, €) sinu?(t, £),
(t,€) € (0,+00) x [0, ],

u(t,0) =u(t,7) =0, teR",

w(0,€) = up(&) + i, Coud (t:,€), € €[0,7),

where 0 < ¢ < -+ < t, < 400, C; (1 = 1,...,p) and a > 0 are
given constants, and ug € L?[0,n]. Here, our objective is to show the
existence of asymptotically T-anti-periodic mild solution for the partial
differential equation (4.1).

(4.1)

Take X = L?[0, 7] with the norm ||- || z2[o,» and inner product (-, -)s.
Define an operator A: D(A) C X — X by

= a87§27
D(A) = {z € X;x,2" are absolutely continuous,
2" € X,and x(0) = z(7) = 0}.

Az xz € D(A),

It is well known that A has a discrete spectrum, and its eigenvalues
are —an®,n € NT with the corresponding normalized eigenvectors
yn(§) = /2/msin(ng). Moreover, A generates a strongly continuous

semigroup {T'(t)}+>0 on X as

+oo
T(t)x = Z e“”ﬁt(:zc,yn)gyn7 forallt >0, z € X.

n=1

More details about these facts can be seen from the monograph [26] of
Pazy.

A direct computation yields
IT@)||lzx)y < e ™ forall t >0,

which means that {T'(¢)};>0 is uniformly exponentially stable with
M =1 and § = a. Note also that, for each ¢ > 0, T'(t) is a nuclear
operator, which gives the compactness of T'(t) for ¢ > 0.
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Define
ft,z(€)) := cos ﬂ% sinz(&) +e fx(é)sina?(€), teR' ze X,

Fu(t,2(€)) == cos %’5 sinz(6), teR, z€X,
falt,2(€)) = e "x(€)sina®(€), teRT, z€ X,

H(u(t,€)) :==uo(€) + Y Ciu3(1;,€), ue AAp(RT;X).

i=1

Then it is not difficult to verify that H : AA7(RT; X) — X, f1 : R x
X — X and f5 : RT x X — X are continuous, fi(t+7, —x) = — f1(t, )
forallt € Rand z € X,

11t @) = fi(t,y)|| < [lz =yl
for allt € R, z,y € X,

and
Il fa(t,z)|| < e tljz|| forteRT and all z € X,

which implies that f « (f1, f2) is semi-Lipschitz continuous with the
Lipschitz constant L = 1. Therefore, (4.1) can be reformulated as the
abstract Cauchy problem (1.1), and the assumptions (H;) and (Hs)
hold with

P
L=1, 0()=r, ¥() = |l + 7 37|l
i=1
—t 1
h(t):e ) ;01:17 ;02:07 pSSE
Hence, we deduce by Theorem 3.9 that, when a > 2, the partial dif-

ferential equation (4.1) has at least one asymptotically T-anti-periodic
mild solution.
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