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A GUIDE TO CARLESON’S THEOREM
CIPRIAN DEMETER

ABSTRACT. This paper is meant to be a gentle introduc-
tion to Carleson’s theorem on pointwise convergence of Fourier
series.

1. Introduction. Let

Suf(@)= > Flk)e*™™e,

k=—n

be the partial Fourier series of the L' function f on [0,1]. In 1966,
Carleson proved the following long standing conjecture.

Theorem 1.1 [5]. For each f € L*([0,1]), the Fourier series Syf
converges almost everywhere to f.

Soon after that, a slight modification of Carleson’s method allowed
Hunt [11] to extend the result to LP functions, for p > 1.

Theorem 1.1 has since received many proofs, most notably by Fef-
ferman [10] and by Lacey and Thiele [15]. The impact of Carleson’s
theorem has increased in recent years thanks to its connections with
scattering theory [19], ergodic theory [8, 9], the theory of directional
singular integrals in the plane [1, 2, 6, 7, 13, 14] and the theory
of operators with quadratic modulations [17, 18]. A more detailed
description can be found in [12]. These connections have motivated
the discovery of various new arguments for Theorem 1.1. While these
arguments share some similarities, each of them has a distinct person-
ality. Along these lines, it is interesting to note that, for almost every
specific application of Carleson’s theorem in the aforementioned fields,
only one of the arguments will do the job.
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All the arguments for Theorem 1.1 are technical. To present the main
ideas in a transparent way, we will instead analyze the closely related
Walsh-Fourier series, which we recall below.

For n > 0 the nth Walsh function w, is defined recursively by the
formula

wo = ljo,1)
Waop, = Wn(22) + wy, (22 — 1)
Wopt1 = Wy (22) —w, (22 — 1).

Given f :[0,1] — C we recall the partial Walsh-Fourier series of f

n

Sy f(a) =D {f wewy(x).

k=0

The following theorem was proved by Billard, by adapting Carleson’s
methods.

Theorem 1.2 [4]. For each 1 < p < oo and each f € LP([0,1]), the
series S}V f(x) converges almost everywhere to f(x).

We present a few proofs of Theorem 1.2 which are translations of
their Fourier analogues. In each case the translation can be done in
more than one way; the proofs presented reflect the author’s taste.
While a few of the features of the original proofs from the Fourier case
will be lost in translation, the main line of thought will be essentially
preserved intact in the Walsh case. Very little originality is claimed by
the author.

This paper is by no means a complete guide to Carleson’s theorem;
in particular, we shall make no attempt to describe in detail any of its
aforementioned applications. The main goal is to give a self contained
but concise survey of some of the main arguments in the literature.

2. The Walsh phase plane. It turns out that there is a multiscale
description for S}V f. Let D, denote the collection of all dyadic
intervals which are subsets of Ry = [0,00). We call Ry x Ry the
Walsh phase plane.



A GUIDE TO CARLESON’S THEOREM 171

Definition 2.1. A tile p = I, Xw),, is a rectangle of area one, such that
Iy, wp € Dy. A bitile P = Ip X wp is a rectangle of area two, such that
Ip,wp € Di. Let wp,,wp, be the left (or lower) and right (or upper)
halves of wp. We will denote by P, = Ip X wp, and P, = Ip X wp,
the lower and upper tiles of P. We denote by P, the collection of all
bitiles.

Given a tile p = [29m,2/(m + 1)] x [279n,27(n + 1)] we define the
associated Walsh wave packet

W, () = 2792w, (2772 — m).

To understand the relevance of the Walsh phase plane, we recall a
few tools from [22], see also [21].

Every z € Ry = [0,00) can be identified uniquely with a doubly-
infinite set of binary digits a,, = a,(x) such that

T = Za,ﬂ”

nez

where a,, € {0,1} and liminf,_, . a, = 0. Note that a, is eventually
zero as n — 00. We define two operations on Ry. First,

x@y:sz,ﬂ"

where
by, == an(x) + an(y) mod 2.

We caution the reader that b, is not always the same as an(z @ y),
as the example © = > (. 142" ¥ = D, 0:neven 2 Shows. Also,
since l =x @y =2®z where 2 =143 ., 0442"; (Ry,®) is not,
strictly speaking a group. We will be content with observing that for
all practical purposes (R4, ®) can be thought of as being a group, in
the sense that & behaves like a genuine group operation if we exclude
pairs z,y of zero product Lebesgue measure.

Define the second operation by

x®y::ZCn2”
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where

Cn = Z G () —m (y) mod 2.

meZ

We note that this sum is always finite. If we neglect zero measure sets,
(R4, ®,®) can be thought of as being a field with characteristic two. It
will be implicitly assumed that various equalities to follow hold outside
zero measure sets.

Define the function ey : Ry — {—1,1} such that ey (z) = 1 when
a—1(x) = 0and ew (z) = —1 when a_;(z) = 1. This 1-periodic function
is the Walsh analogue of e?™%*_ It is easy to check that

wy () = ew (z @ n)ljg 1) ();

thus, w, can be thought of as being the Walsh analogue of €27"%. Also,
for each tile p = I,, X wy,, we have

Wy(z) = |Ip|11/2 wo (x _|Ilp(|Ip)>eW(x ® l(wp)),

where [(J) denotes the left endpoint of J. A simple computation shows
that for each bitile P

(1) W (2) = Wp, (2)er, (2)

where e;(x) =1 on I; and ef(x) = —1 on I,.

The collection of all wave packets W, where p ranges over all tiles
with fixed scale forms a complete orthonormal system in L?(R. ), and
thus

=3 (L W)W,

p: |[Ip|=27

We introduce the Walsh (also called Walsh-Fourier) transform of a
function f : R4 — C to be

~

Fw (&) = (&) = / e(x ® €)f(z) d.

It is easy to see that its inverse ]-'V},l coincides with Fyy.
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Arguably, the most important feature that makes the Walsh phase
plane technically simpler than its Fourier counterpart is the absence
of the strong form of the “Uncertainty Principle.” This allows the
existence of functions compactly supported in both time and frequency.
The best example is 1(g 1), which equals its Walsh transform. A quick
computation shows that, for each interval I € Dy

(2) 17(6) = |I|1jo, -1 (E)e(€ @ 1)

where x; is an arbitrary element of /. Similarly,

_ 1 (5— l(wp))ew(g@@l(fp))-

Wp(f) = |Wp|1/2 Wo
Thus, W, is spatially supported in I,, while its Walsh transform is
supported in w,. An application of Plancherel’s theorem shows that

(3) (W, W) =0

whenever the tiles p and p’ do not intersect.

||

The following partial relation of order was introduced by Fefferman
[10].

Definition 2.2 (Order). For two tiles or bitiles P, P’, we write
PSP/ if Ip C Ipr and wp: C wp.

Note that P and P’ are comparable under < if and only if they
intersect as sets. We will refer to maximal (or minimal) tiles (or bitiles)
with respect to < as simply being maximal (or minimal).

Definition 2.3 (Convexity). A collection P of bitiles is called convex
if whenever P, P” € P, P’ € P, and P < P’ < P”, we must also have
P eP.

For a collection p of tiles or bitiles we denote by A(p) = U, c,, Ip X wp

PEP
the region in R% covered by them.

We will use the fact (see [22, Lemma 2.5]) that, for each convex set of
bitiles P, the region A(P) can be written (not necessarily in a unique
way) as a disjoint union of tiles p

(4) A(P) = A(p)-
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We can identify any region in the Walsh phase plane which is a finite
union of pairwise disjoint tiles p € p with the subspace of L*(Ry)
spanned by (Wp,)pep. Indeed, it turns out that if two such collections
p and p’ of tiles cover the same area in the phase plane, then (W,)pep
and (W),)pep span the same vector space in L?(R..), see [22, Corollary
2.7]. In particular,

(5) Z<fv Wp)Wp(x) = Z<fv W)Wy ().

PEP pEP’

The projection operator onto this subspace

o f(x) = Y _(f, W)Wy ()

PEP

will be referred to as the phase space projection onto p. Equation (3)
guarantees that (Wp)pep forms an orthonormal basis of the range of
IT,. In particular, if P is a convex union of bitiles and p satisfies (4),
then we abuse notation and define

pr = pr.

An easy induction argument proves

Lemma 2.4 [22, Corollary 2.4]. Let p,p’ be a finite collection of
pairwise disjoint tiles such that A(p’) C A(p). Then there exists a

collection p” of pairwise disjoint tiles which includes all the tiles in p’
such that A(p) = A(p").

Lemma 2.4 and (3) will imply that, for each convex collection P of
bitiles and for each P € P,

(6) <fv Wp> = <Hva Wp>’ pE {Pu,Pl}~

Remark 2.5. We mention that the relation of order as well as
concepts such as convexity and phase space projections can be extended
naturally to the two- (or higher) dimensional case. This will be explored
in Section 8.
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Fix now n > 0. Note that S f(z) = I, f(z), where p,, is the
collection of the tiles [0,1] x [k, k + 1], 0 < k < n. We will partition
A(pn) = [0,1] x [0,n + 1] in a different way. Namely, for each point
(z,€) € [0,1] x [0,n + 1], there exists a unique bitile P such that
(x,€) € P and (z,n+1) € P,. This bitile is precisely the minimal one
such that n+1,¢ € wp and € Ip. Note that the tiles P, corresponding
to all these P will partition [0,1] x [0,n + 1]. But then (5) will imply
that

Sy fla) = > (L We)We ();

PeP.:nt+lewp,

in particular,

sup [S)V f(x)] = | Y (f,Wr)Whp, (2)1u,, (N(2))]
n20 PeP.n
for a suitable function N : Ry — N. The roles of P, and P, can

be interchanged, without altering the nature or the difficulty. For
pedagogical reasons, we choose to work with the model sums

Cpfx) =Y (f,Wrp)Wp, (2)luy, (N(@)),

PcP

where P C P, and f: Ry — C. Using the standard approximation
argument combined with the almost everywhere convergence of S f(z)
for characteristic functions of intervals, Theorem 1.2 will follow from
the following inequality.

Theorem 2.6. We have, for each 1 < p < oo, N : Ry — Ry and
feLP(Ry),

1Cpanfllp < Cpllfllp-
The constant Cp, does not depend on f and N.

Note that, to recover Theorem 1.2, we could restrict attention to
functions f on [0,1] and to the bitiles spatially supported in [0, 1]. We
will do so in some, but not all, the proofs to follow. We will always
allow the choice function N to take any value in Ry, not just integers.

3. Estimates for a single tree. Throughout the paper, we will
denote by M f the Hardy-Littlewood maximal function of f. The
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various implicit constants hidden in the notation < will typically be
allowed to depend on the Holder exponents p, p;, s;, etc.

Fefferman [10] organized the bitiles in structures that he named
trees and forests. The restriction Cp to a tree will be a Calderén-
Zygmund object which can be investigated with classical methods.
The contribution of forests is controlled by using various forms of
orthogonality between the tree operators Cp. All of the approaches
described in the following sections will rely on this strategy.

Definition 3.1. Let I+ € Dy and &7 € Ry \ {n27% :n,k € Z}. A
tree T' with top data (I, &r) is a collection of bitiles such that Ip C Iy
and & € wp for each P € T. If Pr € P,y is such that P < Pr for
each P € T, we call Pr a top bitile for T'. Note that such a Pr is not
unique and 7" need not contain a top bitile.

A tree is called overlapping if the tiles {P, : P € T'} intersect. A tree
is called lacunary if the tiles {P, : P € T'} intersect.

Each tree can be decomposed as T = T; U Ty where
T)={PeT: ¢ cwp}
To = {P eT: fT pru}.
Note that Tj is lacunary while Ty is overlapping. Moreover, if T is
convex then so are the trees T} and Ty. These observations will allow

us to always assume the tree we deal with is either overlapping or
lacunary.

The classical example of lacunary tree is the Littlewood-Paley tree
consisting of all bitiles of the form P! :=1 x [0,|I|7!], I € D4. Note
that, for each P’ in the Littlewood-Paley tree, we have Wpi(z) =
hr(z), where h; is the L? normalized Haar function equal to |I|~1/2 on
the left half I and to —|I|~'/2 on the right half I,. Recall that, if T is
a subset of the Littlewood-Paley tree, we have

(7) > ()b

Pler

Sl 1<p < oo
P

For a lacunary tree T', we denote

Orf(z) =Y _{(f,Wp,)Wp,(z).

PecT
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We have the following generalization of (7).

Lemma 3.2 (Single tree estimate: singular integral). Let T be a
lacunary tree. Then, for each 1 < p < o0

1071l < [1f1lp-

Proof. Recall that I/I//:;u is supported in wp,. Call Q the collection of
all intervals wp,, P € T and note that they are pairwise disjoint and
sit within a distance smaller than their length from £p. By the Walsh
version of the Littlewood-Paley theorem applied to Or f and then to f
we have

1/2
102 £, < (Z|f (Lo Fur on>>|)
weEN P
1/2
_ (Z| RS )
we€Q PeT: |wp, |=|w| p
W 2 1/2
- (Z'f’|:|' ) <Ifl o
PeT p

The next lemma shows that the operator Cr restricted to a tree T is
a maximal function, if T is overlapping and a maximal truncation of a
discrete Calderén-Zygmund operator, if T' is lacunary.

Lemma 3.3 (Single tree estimate: maximal truncations). Let T be
a tree. Then, for each 1 < p < o0,

DA We )W, (2) Ly, (N ()

PeT

S 1

LP(Ry)

Proof. It suffices to prove the lemma when T is either lacunary or
overlapping. We start with the lacunary case. Note that, for each z,
there is a k = k(z) such that

D We )We, (@) lup (N(@) = Y (f,Wp, )W, (2).

PeT PeT
lwp|>2F
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Note that, if P,P" € T and |wp| > |wps|, then wp, is disjoint from
and sits on the right of wp,. Thus, an interval w = w(x) exists which
contains all wp, with |wp| > 2% and which will have empty intersection
with all wp, satisfying |wp| < 2¥. We can thus write

> (W )We, (z) = Fy' [LuFw [Or f]](2).
PeT
|wp|>2"

Using (2) and the fact that @ [0, |w|~!] is an interval of length |w| ™!
containing x, we get

< |l 07 f(y)ldy S M(Orf)(x).
26[0,|w| =]

’ > (£, Wp,)Wp,(2)

PeT
wp|>2"

It now suffices to apply Lemma 3.2.

Assume next that T is overlapping. This case is immediate by noting
that, for each z,

Y AL We ) We, (@) Lup, (N(2))| = [(f, Wr, )W, (2)] S M(f)(x),

PeT

where P is the unique (possibly nonexisting) bitile with (x, N(z)) €
P. 0

We remark that (6) implies that, whenever 7' is convex and P € T,
we have (f,Wp,) = (IIrf,Wp,). Thus, the result of Lemma 3.3 can
also be written in a localized form

(8) 1Cfllp < Tz flp-

We close this section by proving LP estimates for the phase space
projection associated with a tree.

Proposition 3.4. For each convex tree T' and each 1 < p < oo,

Iz fllp S N1
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Proof. We first observe that, for each x € Ip, llpf(x) = IIpf(x)
where P is the minimal bitile in T" with = € Ip. Indeed, according to
Lemma 2.4, there exists a collection p” of pairwise disjoint tiles which
includes P, and P, such that

Mof(@) = Hpf)+ Y. If().

pep’\{Pu,P.}

But P is minimal, hence {z} NI, N Ip = @ for each p € p” \ {P,, P.}.
Finally, note that, for each bitile P and each = € Ip, we have

p f ()| < [Lp|~2(I(f, We,)

2
I Wa)) < m/IP F| S Mf(x).0

4. Size and pointwise estimates outside exceptional sets. We
are now ready to see the first proof of Theorem 2.6. This argument
bears some resemblance to the original argument of Carleson [5]. A
form of this argument has been used in [19] in the Walsh case, while
the proof of the Fourier case is hidden in [8]. This type of argument
proved instrumental in applications to the Return Times theorem [8]
and the directional Hilbert transform in the plane [7].

The main tool is the size of a collection of bitiles, a concept introduced
by Lacey and Thiele [16] in the Fourier case and by Thiele [22] (it is
therein referred to as density) in the Walsh case.

Definition 4.1. The size of a collection P of bitiles with respect to
a function f: R4 — C is defined as

. TP fll2
SlZef(P) = ;1;1:1; W

The next two propositions record some of the key features of size ¢ (P).

Proposition 4.2. Let T be a convez tree. Then, for each 1 < p < oo,

Iz < sizey (T)|Iz| /7.
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Proof. It suffices to prove that ||II7f|lo < sizef(T). The proof of
Proposition 3.4 shows that, for each x € I, IIr f(x) = IIp f(x) where
P is the minimal bitile in T with x € Ip. To close the argument,
observe that, for each bitile P, we have

L flloe < Hpl ™20 We, )|+ 1(F, WR)I)
< p|7VAV2((F We) P + (. W) )2
= |Ip|V2V2lIpfll2. @

Proposition 4.3. For each P and f: Ry — C,

sizef(P) S }S)Lellli infrer, M(f)().

Proof. This is immediate since, for each P,

ITrflle = (0, W2 + 10, Wa )12 < Y2
[IpY/2 /1,

[fl. o

Definition 4.4. A forest F is a finite collection of bitiles which
consists of a disjoint union of convex trees.

We note that each finite convex collection P of bitiles can be turned
into a forest, possibly in more than one way. Indeed, start with a
maximal element P from P, and construct the maximal tree in P with
top bitile P. Remove this tree T' from P and note that P \ T remains
convex. Repeat the procedure with P\ T replacing P, to select the next
tree. Iterate this until all the bitiles from the original P are selected.

We will sometimes use the notation Nz for the counting function of

a forest F
Nre(x) = 1i.(2).

A key idea in many of the approaches to Carleson’s theorem is to
split the bitiles into forests with a certain size.
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Lemma 4.5. Let P be a finite convex collection of bitiles, and let
f:Ry — C. Then P = Py; UPy,, such that

e both Py, and Py are conver;
o sizef(Py,) < 1/2 sizey(P);
o Py; is a convex forest with trees T € F satisfying

> M| < sizer(P) 72113

TeF

Proof. This is a recursive procedure. Set Pgiocx := P and F = 2.
Select a maximal bitile ¢ € Pgiock such that
_ sizer(P

Il ~/2 > 2L E)
Define

T(t) ={P € Pgocx : P < t},
and note that since Pgock is convex, both Pyocx \T'(¢) and the tree T'(¢)
will be convex. Add T(t) to the family F. Reset Pgtock := Pstock \T'(1),
and restart the procedure.

The algorithm is over when there is no ¢ to be selected. Then define
Py; to consist of the union of all bitiles in all the trees from F, and let
P, =P\ Py;.

The first two needed properties as well as the convexity of F are quite
immediate. By maximality, the selected bitiles ¢ are pairwise disjoint,
and thus the functions I, f are pairwise orthogonal, thanks to (3). It
follows that

Do Mrl =) L] < 4size;(P)72 ) || f5 < 4 size;(P) 7| f]|5. 0
t t

TeF

We can iterate the lemma to obtain
Proposition 4.6 (Size decomposition). Let P be a finite convex
collection of bitiles. Then

P = U Pn U Pnulla
2" <sizey (P)
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such that
o size;(P,) <277

e P, is a conver forest with trees T € F,, satisfying

(10) >zl S 22IF115,

TeFn
o lIpf =0 for each P € Ppy.
We are now ready for the main line of the argument.

Proof of Theorem 2.6. By using restricted type interpolation and a
limiting argument, it suffices to prove

1
(11) [z |Opf(@)] 2 AH S 35 1E]
for each £ C R4 with finite measure, each |f| < 1, each finite convex
P C Py, for each A > 1, 4 < p < oo and also for each 0 < A < 1,
1 < p < co. The implicit constant in the inequality (11) will only
depend on p.

We start with the simpler case A > 1, 4 < p < oco. Note that
the bound sizey(P) < 1 follows from Proposition 4.6. Let P,,, F,, with
27" <1, be the collections from Proposition 4.6. For each T' € F,, with
top bitile Pr € T, define the saturation 7* = {P € P, : P < Pr}.
Note that the trees T™ remain convex, but in general they are not
pairwise disjoint. Call F;' the collection of the trees T, and note that
Ir = Ip.

Define the exceptional set

F= ) U {&:lCrf@)]>r27"/2}.

2-n<1T*eFr
Note that, by (8) and (9) we have
[{z ¢ |Cr- f(2)] > X27"/2}] S [Ir|(A2"/%) 7.

Combining this with (10) and p > 4, we obtain |F| < 1/AP|E]|.
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Thus, it remains to prove that |Cpf(z)] < A on F°. The crucial
observation behind this approach to Theorem 2.6 is that, for each n, the
contribution to each x comes from a single tree T* € F¥. Indeed, note
that the contributing bitiles P € P,, satisfy (z, N(z)) € Ip xwp,. Since
all these bitiles P contain (x, N(z)), they will be pairwise comparable
under <. Call P, the unique maximal bitile among them. Let T be
one of the trees in F;} containing P,. It follows that all the contributing
bitiles belong to T.F. Thus, if z ¢ F,

Cp,, f(x)| = [Cr; f(x)] < X272,

It further follows by linearity that

ICof@)] < Y |Ce,f(@)] S A

2— n<1

The case 0 < A < 1 is very similar but we need an additional
exceptional set

G:={z: M(f)(x)> I}

Since |G| < 1/MP|E| and since Wp, is supported on Ip, it is enough to
prove (11) with P restricted to those bitiles such that P ¢ G. Another
application of Proposition 4.3 shows that sizey(P) < AP. Let P, F,
with 27" < AP be the collections from Proposition 4.6 corresponding
to our new P. Define

= U U (0 f@) > NP2 Ey

2=n<\p T*€F

As before, (8) and (9) imply

. 2—n p/p 1
Hz : |Cp f(x)| > A\L/29 /2p}| < |I7| (7)\1/2271/%) .

We immediately get that |F| < |E| < 1/MP|E|. Note also that, if z ¢ F,

ICof@) < Y [Cp, fl@)< DY A2/ <A o

2—n <P 2—n<A\P
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5. Mass and Fefferman’s argument. The argument in this
section is a translation to the Walsh case of Fefferman’s proof [10].
The key tool used in this proof is mass.

Definition 5.1. The mass of a convex collection P of bitiles is
defined as

E(P
mass (P) = sup |E( )|,
pep |Ip|

where E(P) = Ip N N~ Y(wp).

In some sense the mass of a single bitile P measures (or better said,
it puts an upper bound on, since wp, C wp) how much P contributes
to Cpf(x). Indeed, it suffices to note that, for 1 < p < oo, we have
|Cpfll, < mass (P)?||f||,- We will next extend this inequality to the
case of trees and then to a special type of forests.

We have the following analogue of Lemma 4.5. We will restrict
attention to the bitiles spatially supported in [0, 1]

Py :={P € Pan:Ip C[0,1]}.

Lemma 5.2. Let P be a finite convex collection of bitiles in P ;.
Then P = Py; U Py, such that

e both Py, and Py are conver;
e mass (P),) < 1/2mass (P);

o Py; is a convex forest with trees T € F satisfying

> |I7| < mass (P)~.

TeF

Proof. This is another recursive procedure. Set Pgiock := P. Select a

maximal bitile ¢t € Pgock such that
P
mass (t) > %().

Define
T(t) = {P € Pstock : P < t}.
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and note that, since Pgock is convex, both Pgiock \ T'(t) and the tree
T'(t) will be convex. Add T'(t) to the family F. Reset the new value
Potock := Pstock \ T(t), and restart the procedure.

The algorithm is over when there is no ¢ to be selected. Then define
Py; to consist of the union of all bitiles in all the trees from F, and let
P, =P\ Py.

The first two needed properties as well as the convexity of F are quite
immediate. By maximality the selected bitiles ¢ are pairwise disjoint,
and thus the sets E(t) will also be pairwise disjoint. Since E(¢) C [0, 1],
it follows that

> Ir| =) |L| < 2mass (P)™' Y |E(t)] < 2mass(P)”'. o

TeF

Note that the mass of any collection is trivially bounded by 1. We can
iterate the lemma to obtain the following analogue of Proposition 4.6.

Proposition 5.3 (Mass decomposition). Let P C Py q) be a finite
convez collection of bitiles. Then

P= U P, UPpun,
n>0
such that
e mass (P,) <27
e P, is a conver forest with trees T € F,, satisfying

> e S2m,

TeFn
e Cpf =0 for each P € Py and each f.

It turns out that we have not only L! but also dyadic BMOa control
for Nr,. Recall that

1
1/ llBMos = wp——/ da.
7 ),

I dyadic

1
f@%wﬂzf
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Proposition 5.4. We have
N7, [BmMoa S 27

In particular, for each I € Dy and A > 0

Hx: Z 11T(x)20)\2"}‘ <e M|,

TeFn:IrCI

where C' is large enough.

Proof. The first inequality follows since one can easily check that

> . \I7|
N7, |lBMoar S sup Te€Fn:IrCl
1A, 1]

The second one is just a consequence of John-Nirenberg’s inequality. O

Given a convex tree T with top data (&, Ir), define Jp to be the
collection of all maximal dyadic intervals J C Ip such that J contains
no Ip with P € T. For J € Jr, define

We first observe that the intervals of J; form a partition of I. Note
also that, if J intersects some Ip with P € T, then the convexity of
T forces the dyadic parent of each J € Jr to equal Ip(j, for some
P(J) € T. Thus, Gy C E(P(J)), which implies the following crucial
Carleson measure type estimate

(12) |G s| < 2mass (T)|J],

for each J € Jpr. We also need to observe that Cr f is supported on
UJEJT G‘]'

Proposition 5.5 (Tree estimate). Let T' be a convex tree. Then, for
each 1 < p < oo,

IC7fllp < (mass (T)77]|£],.
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Proof. Assume first that T is overlapping. Note that, for each J € Jp
and x € J, if Opf(x) is nonzero, then |Crf(x)| = 1/|Ip|"/?|(f, Wp, )|
for some P € T with J C Ip. Thus, |Crf(z)| < inf,c ;M (f)(y). We
conclude that

[1czs@pas= >

JeJ

< Y 16l inf M (D)

JeJ

< 2 mass(T) Z /J|Mf(x)|pdx

JeJr
= 2 mass (T)HMinp(

S mass (T)|[ f][5-

/ Cr f(2) Pde
G

IT)

~

On the other hand, if T is lacunary, we reason as in the proof of
Lemma 3.3 to write

Crf(x) = Fy' (1luFw (Or f))(2),
where the interval w is any interval which contains all wp, with x € Ip.
Recall, however, that |Ip| > 2|J| for all such P and, hence, since

ér € wp,, all wp, will be contained in the interval [&r,&r + |J|71.
Thus,

1 .
Crs@l < g [ 100flwdy S nt MOz )

A repetition of the argument from the overlapping case combined with
Lemma 3.2 ends the proof. ]

The proof of this proposition shows that, for each J € Jp,
(13) ICT fllzee ) < irelfJM(VTf)(x),

where Vpf = Ilpf if T is overlapping and Vpf = Op(Ilpf) is T is
lacunary.
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Definition 5.6. We call F a Fefferman forest if two bitiles from any
two distinct trees in F are pairwise disjoint.

It turns out that, outside a small exceptional set, each forest F can
be written as a disjoint union of a small number of Fefferman forests.

Lemma 5.7 (The Fefferman trick). Assume that P is a convez set
in Po 1), which is organized as a forest F. For each K > 1, there is an
exceptional set F with |F| < e X such that

(14) S K|INF|BMOa;

oo

> ln

TeF:IrgF

e the bitiles in Pp = Urpcz.ro p{P: P € T} can be partitioned into
O(log(K||Nr|lBmoLn)) Fefferman forests.

Proof. Define F' = {x : Y ;o7 11.(x) > CK||Nr|BM0, }, for large
enough C. Note that |F| < e by John-Nirenberg’s inequality. Call
Frp:={T € F:Ir ¢ F}. Then (14) is immediate. Let Pr be any top
bitile for T'. Define, for each I € N with 1 < 2! < CK|Nz|Bmo0,,

PL:={PcPp:2' <#{T € Fp:P < Pp} <2t

It remains to prove that P%. is a Fefferman forest. Note that P!, is
convex, in part because P is convex. For each maximal element ¢ € PZF,
let T(t) = {P € PL : P < t}. Obviously, each tree T(t) is convex.
Assume, for contradiction, P < P’ for some P € T'(t), P’ € T'(¢') with
t #t'. Then P < t/, in addition to P < ¢. Thus, I; intersects I/.
But then, since ¢t and ¢’ are pairwise incomparable under <, the sets
{T' € Fp:t < Pr}and {T € Fr :t' < Pr} must be pairwise disjoint.
Note that

{TE.FFItSPT}U{TE}—FZtISPT}C{TE.FFIPSPT},
and this will force the contradiction 2! + 2! < 21, o
We will repeatedly use the fact that, if T,T” are trees in a Fefferman

forest, then Crf and C7p/ f are disjointly supported while Il f and
II7/ f are orthogonal.
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Proposition 5.8 (Forest estimate). Let F be a Fefferman forest.
Then, for each 1 < p < oo, there exists §(p) < 1/p such that

ICFfllp S (mass (F) /P (INFlloe) £,

When p > 2, we can take §(p) =

Proof. First let p > 2. Consider the vector-valued operator Vf =
(Il7 f)rer. Proposition 3.4 shows that [|[V|pe_jeo(r=) S 1. On
the other hand, the pairwise orthogonality of Il f implies the bound
IVIlz2—2(z2y S 1. Interpolation [3] now gives

(15) IVIlLr ey S 1.

Using Proposition 5.5, we get

ICfIp =D ICrfllh S D mass(T)| Uz fll} < mass (F)] /.

TeF TeF

Assume next that p < 2. Split F into ||Nz||~ forests Fi so that, for
each k and each T,T" € F},, we have It NI = &. Note that we have,
as before,

ICFAE= " lCrflE <> mass (T)||f1r,|7

k TeFy k TeFy

< mass (F) 31112 = mass (F)]| Nl £
k

To close the argument, interpolate the LP and L? bounds for the
operator f — Crf. o

We are now ready to prove the following variant of Theorem 2.6.
Note that this weaker version is enough to prove Theorem 1.2 via the
standard approximation argument. Then, in the case 1 < p < 2,
one can actually use Stein’s continuity principle [20] to show that
Theorem 1.2 implies the stronger Theorem 2.6. The author is not
aware of any substitute argument which proves the same implication
for p > 2. However, in Section 7, we present a recent delicate refinement
of Fefferman’s argument due to Lie [18] which closes this gap.
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Theorem 5.9. For each 1 < ¢ < p < 0o, we have

1CP 1 flla S 1 F 1l

Proof. By invoking a limiting argument, it suffices to prove the
estimate with Po 1) replaced by a finite convex collection P C Py yj,
as long as the implicit constant in the inequality is independent of
P. Apply Proposition 5.3 to P to get P,,, F,. Apply Lemma 5.7
to each F,, with K = K, := (n+ 1)L, L > 2 to be determined
later. We get exceptional sets |F,| < e~ L("+1) and the partitions of
Fr,n:={T €F,:Ir ¢ F,} into O(n+log L) Fefferman forests F,, j.
Define F' = U, F,, and note that |F| < eL. Also let P* be the bitiles
in the trees from U, Fp, ». Note that Cp f(z) = Cp- f(z) on F°. By
Proposition 5.8 and linearity, we get

ICofllzorey < DD NCF,  fllzso
n k
<N 2P (n 4 log L) (n2" L)@ | £,
S LY f e
Thus, for each A > 1,

{z €[0,1]: |Cpf(x)] > A} < L(%) +e L.

By optimizing L, we get that, for each s < p,

f S
o e 0.1]: Cr ()] > A 5 (L]
A simple integration argument finishes the proof of the theorem. i

6. Combining mass and size: The Lacey-Thiele argument.
The Fourier version of this argument is due to Lacey and Thiele [15].
It uses both mass and size and thus it combines elements of the two
proofs we have seen in earlier sections. The interplay between mass
and size made this approach particularly well suited for applications to
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the problem of singular integrals along vector fields [1, 2, 13] since it
opened the door to the use of Kakeya type maximal functions.

The definition of size (P) will remain the same as in Section 4. Let
F' be a finite measure subset of R . We slightly modify the definition
of mass.

Definition 6.1. The mass of a convex collection P of bitiles relative
to F' is defined as

Er(P
massp(P) = sup 7| r(P)]
pep  |Ip|

where now Er(P) = FNIpNN-Y(wp).
We have the following version of Proposition 5.3.

Proposition 6.2 (Mass decomposition). Let P C Py be a finite
convez collection of bitiles. Then

P = U P:n U P:ullv
m>0

such that
e massp(P}) <27

o P’ is a convex forest with trees T € F, satisfying

> | S 27 F);
TeFx

o Cpf =0 for each P € P}, and each f : Ry — C.

Proposition 6.3 (Tree estimate). Let T' be a convex tree. Then, for
each f € L*(Ry),

(Cr f,1p)| S |Ir| massp(T') sizes(T).
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Proof. For J € Jr, define as before G; = J N (Uper.jc1, Er(P))-
Recall that Cpflp restricted to J is supported on Gj;. We then
estimate as in the proof of Proposition 5.5,

[CIAEEDS /G Crf]

JeJr

< massp(T) Z /JM(VT(f))

JeJr

< masse(r) Y- WP ( [ |M<vT<f>>|2)l/2

JeJr
< massp(T)|Ir["2 |V (f)]|2,

where Vpf = Hpf if T is overlapping and Vp = Op(Ilpf) is T is
lacunary. The result now follows from (9) and Lemma 3.2. O

Proof of Theorem 2.6. By using a restricted type interpolation and
a limiting argument, it suffices to prove that, given 1 < p < oo, p # 2,
with dual exponent p’ and, given finite measure subsets F,G of R,
there exists an F' C G with |F| > |G|/2 such that

(16) (Ce f.1r)| S |B[VP P

for each |f| < 1g and each finite convex P C P,.

We first analyze the case p > 2, when we can take F' = G. Note
that size;(P) < 1. Apply to P Propositions 4.6 and 6.2 to get
P,..P;,, Fn, Fp, for m > 0and 27" < 1. Define Py, ,,, .= P, NP},. We
organize the bitiles in P,, ,,, into a forest in two different ways. Call
Fn,m the trees T'N P}, with T' € F,,, and call F}; ,, the trees TN P,
with T' € F;,. Note that the resulting trees are convex and

> | £ 27 E
TE€Fmm

> Izl S 2miF).
TEF,

Thus, using Proposition 6.3 with the two partitions above, we get

(Cp,...f.1p)| S 27727 min(2*"| E|, 2™ |F).



A GUIDE TO CARLESON’S THEOREM 193

We conclude that

(Ceflr)l< D> Cp,.f1r)

2-n<1,m>0

<Y E) T P

S IB|VPIFIYY.

Now consider the case p < 2. We define

E
F:=G\ {x :M(1g)(x) > 10%}.
Note that |F| > |G|/2. Call P* = {P € P : Ip ¢ F°}, and
note that (Cp f,1r) = (Cp« f,1r). Proposition 4.3 implies the bound
size;(P*) < |E|/|F].
Proceeding as before, with the two partitions this time for P*, we
obtain

[(Co-f 1)< > (Cp,.f 1F)|
27" SIE|/|F|
m>0
<Y e @B @rIE)
27" SIE|/|F|

m>0

SIEMIEMY. o

7. A direct proof of strong L? bounds. All three arguments
presented earlier rely on proving weak type bounds and using interpo-
lation. Moreover, as observed in Section 5, Fefferman’s argument does
not imply strong type LP bounds for the operator Cp, ,, when p > 2.
The recent argument of Lie [18] proves that

0,1]

(17) ||CP[0,1]pr S HfHLP[O,l]

directly, without any interpolation that restricts f to special classes
of functions (such as sub-characteristic). The case p = 2 will require
no interpolation in the argument, while the case p # 2 will rely on
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vector-valued interpolation for various operators relevant to the proof.
We will restrict attention to p > 2.

This argument, while also interesting in itself, has been developed in
[18] in order to solve a conjecture of Stein on the boundedness of the
quadratic Carleson operator.

We will keep the notation for mass from Section 5 and restrict atten-
tion to the bitiles in Ppg ;. Recall (see Lemma 5.7) that Fefferman’s
approach consisted of decomposing every forest into a small number of
Fefferman forests, outside a small exceptional set. The lemma below
shows how to iterate the Fefferman trick inside the exceptional set, un-
til all bitiles are exhausted. Each stage of the iteration creates more
layers of Fefferman forests, but the size of their spatial support will get
exponentially smaller.

Lemma 7.1. Let P C Py be a finite convex collection of bitiles.
Then we have the following partitions

(18) P=|]JP:

k>0

(19) Py = U Q'
m>1

(20) Qr= J A"
1<n<k

where each F;|"" is a Fefferman forest such that

(21) [Nz floo S k2*

~

and
k—1

(22) mass <P\ U Pi) <217k,
i=0

Moreover, there are sets (E}")m k>0 which are finite disjoint unions J7*
of dyadic intervals such that

(23)

EPMY C B and BRI NIl < e R, for J e I
(24) PecQt! = IpCc ER, Ip ¢ B
(25) PecQt = |IpnEP?| < e 1% 1p).
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Proof. Set Py := @. Assume that, given &k > 0, each P; has been
defined for each 0 < ¢ < k — 1 so that it satisfies (19)—(25).

Let us see how to define Py. For the rest of the argument, set

Piock = P\ (Up<i<i—1P;). Let P%}max be the maximal bitiles in the
set

{P € Pgtock : mass (P) > 2"“}.
Define EY := [0, 1],

P = {P € Py : P < P for some P’ € P!

,max}

N,S(:C) = Z 11P(x)7

PeP)

k,max

and the exceptional set
E} = {x: N)(z) > C1k2"}

where Cj is a large enough constant to be determined later. Note
that, since the sets Ep are pairwise disjoint for P € Pg}max, it follows
that || N?|Bmo, < 2F. This and John-Nirenbeg in turn imply (23) for
m = 0. Define

Q. ={PePy:Ip¢ B},
and note that (24) holds for m = 0.

We continue the construction of the sets E;*, Q7 inductively. Fix
mo > 1. Assume E?, ..., E;" and Q}, ..., Q)" have been constructed
so that (23)—(24) hold for each 0 < m < mg — 1 and so that (25) holds
for each m < mg — 2. Define P’knfnax to be the maximal bitiles in the
set 7

{P € Pyoex : Ip C E™, mass (P) > 27"},

Also let

P ={P € Pyock : P < P' for some P' € P01,

k,max

N@) = Y lg(w),

Pecp;'0

k,max
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and the exceptional set
EMt = {z: N (x) > C1k2F}.
Finally, define
Qe ={PePy™:Ip¢ E™Y).
Note that (23)—(24) hold when m = my, for the same reasons as before.
To check (25) for m =mg — 1, let P € Q,'. Since I, ¢ E,", we have
that either IpNE;" = &, or [pNE}" is a finite disjoint union of dyadic

intervals J € J;'°. Note that John-Nirenberg’s inequality guarantees
that, for each J € J}'° we have

0Bt < e 104,

which immediately implies (25) for m = mg — 1.

It is easy to see that each Q}" is convex. It can be organized into a
forest of trees with tops in

k,max

{PePW1 Ip ng,:n}.

Note that the counting function has a favorable L*° bound

DR

PP Ipg B

k,max

< O, k2%,

oo

The forests F,"" are now obtained via the Fefferman trick.

It is immediate that the collections Q}* are pairwise disjoint for fixed
k, because of (24). Note that the algorithm (for fixed k) will end with
a finite value of m. We set QJ' to be empty for all larger values of m
and define Py = J,,,~; Q. Finally, observe that, when the algorithm
for fixed k is over, there cannot be any P left in € Pgoer \ Pr with
mass (P) > 27%. Indeed, note that Ip C EY trivially. While Ip C EI,
the algorithm will continue to run. But, by (23), there should exist an
m such that Ip C E*, Ip ¢ E;"™'. Thus, if mass(P) > 27%, then P

gets automatically selected in Q}'™'. o
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A distinct feature of the approach in this section is the almost
orthogonality between a function with small support and a function
locally constant on this support.

Lemma 7.2 (Almost orthogonality). Let J be a collection of pairwise
disjoint intervals, and let f : UjeyJ — C such that |f| is constant on
each J € J. Assume that E; C J satisfies |[Ey| < a|J| for each J € J.
Then, for each g :UjeyE; — C, we have

(fo9)] < a2 flllgll2.

Proof.

o< [ il
< S 1B sup @) lolze
7 zeJ

<oy | fllanlgllzac
7

< a|[fllzllglz- o

Proposition 7.3 (Almost orthogonality between forests). Fixz k. For
each m > 0, let F™ denote one of the forests F,"" from Lemma 7.1.
Define

Urnf= Y Trpf.

TeFm
Then, for each m' > m + 2,

(ML f, s f)] S €™M M= 2072 712,

Proof. Note that, due to (21), we can split F™ into layers F™ =
Ui<gar F™(1), so that for each I, the trees T in F™(l) have pairwise
disjoint intervals Ir.

Arguing as in the proof of Proposition 3.4 we first observe that, for
each z, we have } 1. zm ) Hr f(2) = lIpf(z), where P is the minimal
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bitile in Upe zm )T such that x € Ip. Second, by (24), for each interval
J € J¢* and each P € Uperm()T, J cannot contain either the right or
the left halves of Ip. Third, (1) guarantees that each |IIp f| is constant
on both the right and the left halves of Ip. We now conclude that
the function |} pczm() Iz f| is constant on each J € Jj7. Applying
Lemma 7.2 to (ZTG}"”(I) HTf)lg;Cn and Il ../ f, by virtue of (23), we
get

|<H]-'mf, H].‘m’f>| < Z |<H]."m(l)f, H]_—m/ f>|
l

S k2k€_10(ml_m_l)k/2”1_,[]:mlf||2HH‘meH2
Se AR o

Lemma 7.4 (Schur’s test). Let Ty, be a sequence of operators on
L2([0,1]) with adjoints T}, such that, for each m,m’,

HTm/T;; ||2r—>2 S C|rrL’—m|
where

ch:c<oo.

n>0

Then
S T fl3 < ell£113-

Proof. We have
S NTnfl3 = (T Tt f)
<D TnTn N2l fll2

1/2
- ( ST T, T,;,Tm/f>) 1£12

m,m’

1/2
< ( 3 |Tmfm||2H2||Tmf|2|Tmff|2) £l

s
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It now suffices to note that this can further be bounded via Cauchy-

Schwartz by
1/2
61/2(Z||Tmf|§> Il o

Corollary 7.5. With the notation in Proposition 7.3, we have, for
each 2 < p < o0,

DM fIE S (R25P £

Proof. To get the p = 2 case apply Schur’s test to the families of
operators T}, = Il zam+: with i € {0,1,2}. Note that II%f = I1#(f) for
each forest F.

We next get an L* bound. Since by (21) each forest consists
of O(k2*) layers, Proposition 3.4 implies the bound |[zm f|lec <
k2*||f|lco- Then we use interpolation [3] for the vector-valued operator
Vf = rmf)m>1 as in the proof of Proposition 5.8. O

Lemma 7.6. With the notation in Proposition 7.3, we have for each
2<p<oo,

Do lICEflIE S 27F 1.

Proof. Using that F™ is a Fefferman forest and the tree estimate
Proposition 5.5 we get

ICrnflls= " lICrflE <27 > s,

TeFm™ TeFm™

Consider the vector-valued operator V' f = (IL1 f)rey,, 7». Note that

1/2
IV Lz = (memfn%) <1l
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by Corollary 7.5, and also that

IV fllLeoqeey = sup [z fllec < [If]loo;
TEULF™
by virtue of Proposition 3.4. Interpolation [3] finishes the proof. o

The proof of (17) when p > 2 will now immediately follow from the
next estimate, by invoking the triangle inequality.

Proposition 7.7. Let 2 < p < oo. For each f € LP([0,1]), we have

1Cp, fllp S 27 * 1 f s

for some L = L(p) > 0 independent of k.

Proof. Fix k. We can assume p is an integer and then use interpola-
tion. The value of L will change throughout the argument. For each
m > 0, let F™ denote one of the forests ;" from Lemma 7.1. By
the triangle inequality, it will suffice to prove that

p
I RS DR N ) | (Y T
m =2

m1<ma<---<my
P2+m1<mp

Note that the first term is taken care of by Lemma 7.6. We next focus
on the second term. The restriction p? + m; < m,, in the summation
can be achieved by splitting the integers in classes of residues modulo
p? and using the triangle inequality. This separation will be used to
achieve extra decay.

For each T € F™1, let, as before, J7 be the collection of all maximal
dyadic intervals J C Ip such that J contains no Ip with P € T'. Denote
by St the support

U trn N~ wp))

PeT
of Crf. Recall that the sets Sp are pairwise disjoint.
Since, for each P € T, we have Ip C E;" ', (23)~(25) will imply
that
[Ip N (supp Crms f)| < e~ (mr=mi=LE| I,
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Since the dyadic parent of J must equal Ip for some P € T', we conclude
also that

(26) |J N (Supp C]:'mp f)| S ef(mp*mlfl)liL
Thus,

P
> [iesllicens
1=2

m1<ma<---<my
my+p><m,

p

D SHD DI D Mlei) y (=

mi<ma<--<m, TeFm™ JeJr”J i=2
my+p><my,

- Xy

mi<ma<---<m, TEFm JeJp* JN(supp Crmyp f)
mi+p’<m,

p
ICrfI ] 11s-Crmi f1.
=2

By invoking (13), (26), Lemma 3.2 and Holder’s inequality this can
further be bounded by

> > > 1IN (supp Crm f)[M?

m1<mo<---<my, TEF™1 JeIp

m1+P2<mp
P 1/p

X ifelgM(VTf)(x)H </ |1STCf"lff|p)

v i=2 NI

1/p
S Z 6_(mp_m1_1)k/p Z Z (/[M(VTf)]p)

my<ma<--<myp Term Jedr !

m1+p*<myp

p 1/p
AL([rscsmre)
i=2 J
. 5 e (memm DR/ ™ £,

m1<ma<---<my TeF™1
TrL14r102<mp

p 1/p
X H </|1STC]-'mif|p)
=2
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1/p P

< 3 e(mpm11)k/10< > |HTf|§> [T1CH: £l
my<ma<--<my TeFm i=2
TrL14r102<mp

In the last line we have used the orthogonality of II7 f and the disjoint-
ness of St.

Using (15), the forest estimate in Proposition 5.8, Holder’s inequality
and the fact that
Crnf = Crn (T ),

we upgrade the last estimate to

P
> [iesnllicens
1=2

m1<ma<---<myp

mi+p°<m,
P
—[k(p—1 —(mp—m1—1)k
<2 [k(p—D)]/p }: e (mp—m1 )/pHHHP"ipr
m1<ma<---<my, i=1
m1+P2<mp

ey e 15
Proposition 7.7 now follows from Corollary 7.5. i

8. A proof without any appeal to the choice function Let
¥, ¢ be Schwartz functions supported on T = [-1/2,1/2) such that
[ =1, [ ¢ =0. Define the kernel

K(t,s) = 3 du(t)n(s),

k<0

where 9 (t) = 275 (t27F) and ¢p(s) = 27%¢(s27%). Consider the

trilinear form

A(Fy, F, F3) = / Fi(z+t,y+s)Fa(z+s,y) Fs(z, y) K (L, s) de dy dt ds,
T4

where + denotes the summation modulo one on the torus. This is an
example of a dualized two dimensional bilinear Hilbert transform.
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Motivated in part by questions from Ergodic Theory, in [9] it is proved
that

(27) IACEY By B3)| S 1 (12 s 15 s

whenever 1/p1 +1/p2+1/p3 =1 and 2 < p; < 0.

Interestingly, this implies the LP,p > 2 boundedness of the Carleson
operator defined as

NeN

Cf(x) = sup ‘ /T fla 4 s)e™ 2]

and, in particular, the almost everywhere convergence of the Fourier
series S, f(x) in the p > 2 regime. To see this, it suffices to apply (27) to
Fi(z,y) = f(y), Fa(z,y) = e"NWg(y), Fs(z,y) = e "NWh(y) with
llgllp. = ||2|lps = 1 and to an appropriate ¢ such that »~, _ ¢x(s) = 1/s
for s € [-1/4,1/4]\ {0}.

We will prove the Walsh model analogue of (27) for the dyadic kernel

KW (ts) = > 221, (Ohs,(s),
k>0

where I}, = [0,27%] and hy, is the L? normalized Haar function. Now
define

AW(F1)F25F3)

:/ Filz®t,y®s)Fy(z® s,y)Fs(z,y) KW (t,s) de dy dt ds.
[0,1)4

Theorem 8.1.
AV (Fy, Fa, F3)| S 1Pl pn | F2 o | Fs s

whenever 1/p1 + 1/p2+1/ps =1 and 2 < p; < o0.

The definition of A(F, Fy, F3) involves no choice function N(x), so
we recover a proof of the boundedness of the Carleson operator which
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makes no mention of it! The proof of Theorem 8.1 is very close in spirit
to the proof of the boundedness of the Walsh model of the bilinear
Hilbert transform [16]. This shows once more the deep connection
between these two operators.

Define the projection operators

T (,y) = Fip' L) Fw (F) (€, m))(2, )
T2 F(2,y) = Fy Lo () Fw (F) (€, n)](, ).

It can be easily checked that

AW(Fl,Fz,F@:/[O1 Yo Tl e

I e iifw|>2
x Fy(z,y)m, Fg(x Yl Fs(z,y) dz dy

1 2
w Ty
/[0 12 [0, ]w] /2]

w€ED: \w\>2
x Fy(z,y)mh, Fo(z, y)nl, Fs(z,y) dz dy,

where w;, w,, denote the left and right halves of w.

By symmetry, it will suffice to estimate the first integral, which we
denote by AW:X(Fy, Fy, F3). Let Q be a collection of intervals in D, .
Define

Ao (Fy, Fy, F3)

:/[ , ZW[lo,|w|/2]7T31F1($,y)WolJqu(x,y)WolJuF3(x,y) dz dy.
012 e

The first case of interest is when the intervals in ) are nested. This
will be a precursor of the tree estimate in Lemma 8.6.

Proposition 8.2. Let Q be a collection of intervals in Dy which
contain a point &. Then

[Aa(Fy, Fa, F3)| S 1 Fu [y [ F2llpo || F5lps

whenever 1/p1 + 1/pa+1/ps =1 and 1 < p; < 0.
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Proof. By splitting € in two parts, it suffices to assume that either
£ € w for all w or & € w, for all w. In the first case, note that
the intervals w, are pairwise disjoint. We estimate using Holder’s
inequality and the boundedness of the square function S associated
with the intervals w,, on the first component

Aol By B)L S [ sy e )

(X |w5uF2<x,y>|2)l/2

weN

1/2
X (Z |7r01JuF3(x,y)|2> dzx dy

weN
< [ M(FD)[|p, [|SFllpo || S F3]|ps
S IFUp 1 Fllp: | Fsllps -

In the second case, note that w; are pairwise disjoint. We will run a
standard telescoping argument. Denote by 2 the collection of all set
differences between intervals w, of consecutive length. Note that each
W =w,, \wy € Q is the union of at most two intervals whose length is at
least |w,|. We call w®™* the complement (in R ) of the largest interval
wy, w € Q, and F>* = 7l F; for i = 2,3. Note that, trivially, for
each w € Q,

o Fi=F*— > glF, =23

e GF wa
We can now write
Aa(Fy, Fp, F3)

(28)
= / Z 0, ol /2] Tos B2 (2, ) B (2, y) F (2, y) dx dy
0,112 eq
(

29)
; / ST Tl P @, ) 5 (2, y)ml Fs(x, y) dady
[0,1]* weR HeQ: @ wy
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(

30)
_/ S0 wo ey Fi(@, y) Tl Fa(w,y) Fs* (z, y)dwdy
0,1 jeq HeQ: OZ wy

31)
DD

weN He: OF wa, W €Q: W Fwy,

(

X T 1wl /21 Ton F1 (2, )78 Fa (2, )7k, Fa (2, y) da dy.

The term (28) is controlled by Hélder’s inequality and the boundedness
of the two-dimensional singular integral operator TF =) W[lo"w‘ /2] %

ﬂglF.~To control (31) we note that the term corresponding to a triple

w,w,w’ is nonzero only when w, W' are adjacent to each other. This
is a simple computation involving the Walsh transform that will diag-
onalize the sum. Then use Cauchy-Schwartz and the boundedness of
the square function (3 g 75 F|*)/? and of the maximal truncation
operator

T'F=sup| > o uyms, Fl-
>0 weN: |w|>6

A similar argument will take care of terms (29) and (30); the details
are left to the reader. O

The next step is to discretize the form A in both time and frequency.

Definition 8.3. A one and a half dimensional bitile (tile) P =
Rp X wp, for short 3/2-bitile (tile), is a product of a dyadic square
Rp=1IpxJp € Di and a dyadic interval wp € D with |wp| = 2|Ip|~!
(lwp| = [Ip|~1). If P is a 3/2-bitile, we define as before the upper and
lower 3/2-tiles P, = Rp X wp,, P, = Rp X wp,.

Call le/lQ the entire collection of 3/2-bitiles. There is a natural partial

order on Pil/]Q which, by abusing earlier notation will be denoted by
<. The reader can correctly anticipate that P < P’ will stand for
Rp C Rp/ and wpr C wp. Convexity on le/f will be understood with

respect to this order.
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Definition 8.4. Let Ry C Di be a dyadic square, and let &7 € Ry
A 3/2-tree T with top data (Rr,&r) is a collection of 3/2-bitiles in

le/f such that Rp C Ry and £ € wp for each P € T.

With each 3/2-bitile P we will identify two regions in the phase space
R‘j_ = Ri X Ri. One is the region covered by the two-dimensional
bitile Rp X [0, |wp|] X wp. The other one is Rp x wp X R, which is
the union of two dimensional bitiles of the form Rp X wp x w. We will
denote by Cp the collection of all these two-dimensional bitiles. It is
easy to check that if P C le/lQ is convex, then both collections of bitiles
{Rp x [0, |wp|] X wp : P € P} and UpepCp are convex with respect
to the two-dimensional order. We will denote by I3 F and I13/*F the
phase space projections associated with the two collections (cf. Remark
2.5).

Note that Hgl’)/ ’F can be thought of as being a 1-1/2-dimensional
projection, since this operator produces no localization on the second
frequency component. For example, if p is a 3/2-tile, then

28 ) = | [ G Wi, @) o' | Wi, (21,0

> A F Wi, Wy o) Wi, oy (2) W, o (1)

|wl=lwp|

For a convex 3/2-tree T', define

AT(F17F27F3) :/ Z 1RP(x5y)7T[107|WP|/2]7T3)pl
(012 peT
x Fy(x,y)m), Fa(x,y)ml, Fs(x,y)dxdy,
and observe that variants of (6) will imply that
Ar(Fy, By, Fy) = A (I (Fy), TG/ (Fy), T ().

An argument very similar to the one in Proposition 8.2 will prove

(A (Fy, Fo, F3)| S 1Pl [ F2llss || F5lss
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whenever 1/s1 4+ 1/sa+1/s3 =1 and 1 < s; < co. Combining these,
we get

(32)  |AT(F1 B, Fy)| S T (F)) |6, 1T (Fo) o ITE (F3) s -

Definition 8.5. Let P C le/lQ be a collection of 3/2-bitiles. For
F: Ri — C, define

: HIIzPl H2
s1ze P)= Sup ——=5
F’Q( ) c |R |1/2

. | F |
P)= —_—.
sizep,3/2(P) 153161111; |Rp|1/2

Lemma 8.6 (Tree estimate). Let T C Pi{f be a conver 3/2-tree.
Then

|I2.F||, < |Ry|YPsizero(T), for each 1 < p < oc.
If, in addition, ||F||e <1, then

T2, S [Re| P (sizeps)o(T)) P, for each 2 < p < co.

Proof. The crucial observation in both cases is that
(33) PF(z,y) = MpF(z,y),

for each i € {3/2,2}, where P is the minimal 3/2-bitile in T such that
(z,y) € Rp. This follows as in the proof of Proposition 3.4. The first
inequality then follows by noting that ||I1%F| e < |15 F]|2, as in the
one-dimensional case.

Let us now analyze the second inequality. Let Pp be the collection
of all 3/2-bitiles in T such that, for each P € Pp, there is (z,y) such
that P is the minimal 3/2-bitile in T with (x,y) € Rp. It is easy to
see that

(34) > |Rp| S |Rr).

PcPr
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Indeed, if P € Pp, by the convexity of T" at least one of the four dyadic
children of Rp will contain no Rps with P’ € Pr.

Next we observe that, for each 3/2-bitile P,
3/2
(35) 1032 Flloe < 1F e,

which together with Holder’s inequality gives, if ||F|loc < 1 and
2<p<
Il < |Rp [P (sizera/a(P)*/".

The result now follows by combining this with (33) and (34). O

The proof of Proposition 4.6 applies with essentially no modification
to prove the following variant.

Proposition 8.7 (Size decomposition). Let i be either 2 or 3/2. Let
F: Ri — C. Let P be a finite convex collection of 3/2-bitiles.

Then
P = U Pn U Pnulla

2-n<sizep ; (P)
such that
o sizep;(Pp) <27™;
e P, is a conver forest with convex 3/2-trees T € F,, satisfying

> 1Rr| S22 F5;
TeF,

° H%F =0 for each P € Pp-

Proof of Theorem 8.1. By multilinear restricted type interpolation it
suffices to prove

(AW, By, F3)| S BV By M/ P2 | By |/ Pe

whenever |F;| < 1p, for finite measure subsets E; of R%. Fix 2 < p; <
oo for the rest of the proof. We begin by observing that
AVNFL By Fy) = Y Ap(Fy, Py, Fy),

3/2
PeP
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and thus it further suffices to prove

< |E1|1/p1|E2|1/p2|E3|1/p3,

> Ap(Fy, Fy, Fj)

PeP

for all convex, finite P C le/lz.

Note that by (35) and the natural two-dimensional extension of
Proposition 4.3, we have

sizer, 2(P),sizep, 3/2(P),sizep, 3/2(P) < 1.

Let PE«}), PE«?) and P,(f') be the collections provided by Proposition 8.7,
relative to sizer, 2(P), sizep, 3/2(P) and sizep, 3/2(P), respectively.
Define P, nymy = Ph) NP NPE). Note that

(36)
> Ap(Fy, Fy, Fs) = > > Ap(Fy, B, ).
PcP 27n1,27m2 27 m3<1 PEP | ny,ng

Reasoning as in the proof of Theorem 2.6 from Section 6, we organize
P nans as a forest in three different ways, with the L' norm of
the counting function of the tops bounded by 22"1|E;|, 22"2|FEy| and
2273| B3|, respectively.

Now pick 1 > « > max{2/ps2,2/p3}. Using (36) and (32) with
s = s3 = 2/a, along with Lemma 8.6, we get

_ —Nni1—MNax—Nn3z«
= 2

2—mn1 72—712 ’2—n3 51
x min(22" | B, |, 222 | By, 2272 | E3|)
< Z 2—n1—n2a—n3a(22n1|E1|)1/p1

2-n1,2-n2 2-13<]
x (2772 Byl /P (277 B3PS
< By VP By | P2 | Eg| M.

> Ap(Fy, Fy, Fj)

PeP

The argument is now complete. ]
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