
ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 44, Number 4, 2014

THE EXISTENCE OF THREE SOLUTIONS FOR
p-LAPLACIAN PROBLEMS WITH CRITICAL AND

SUPERCRITICAL GROWTH

LIN ZHAO AND PEIHAO ZHAO

ABSTRACT. In this paper we deal with the existence
and multiplicity of solutions for the p-Laplacian problems
involving critical and supercritical Sobolev exponent via vari-
ational arguments. By means of the truncation combining
with the Moser iteration, we extend the result obtained by
Ricceri [14] to the critical and supercritical case.

1. Introduction and main results. We study the existence and
multiplicity of solutions for the quasilinear elliptic problem{

−△pu = fλ(x, u) + µ|u|r−2u, x ∈ Ω,
u = 0, x ∈ ∂Ω,

(1.1)

where Ω ⊂ RN is a bounded smooth domain, ∆pu = div (|∇u|p−2∇u)
is the p-Laplacian, 1 < p < N , N ≥ 3, r ≥ p∗ = (Np)/(N − p), µ is a
nonnegative constant and fλ: Ω×R → R is a Caratheodory function
with λ a nonnegative parameter.

If fλ + µ|u|r−2u with r < p∗ satisfies the A-R condition, problem
(1.1) can be handled by the well-known critical point theory as the
energy functional which satisfies the (PS) conditions. One can refer
to the papers [13, 14] for the three critical points theorem with
the subcritical case. We focus on the case r ≥ p∗, i.e., the critical
and supercritical case. Firstly, let us recall the critical case r = p∗.
Guedda and Véron [9] study problem (1.1) for fλ(x, u) = λup−1 and
prove that there exists a solution for λ ∈ (0, λ1), and no solution for
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λ > λ1, where λ1 is the first eigenvalue of the p-Laplacian with Dirichlet
data. By means of the sub-supersolutions and variational arguments,
Garćıa Azorero, Peral Alonso and Manfredi [8] deal with the problem
(1.1) with fλ(x, u) = λ|u|q−2, 1 < q < p, µ = 1, and obtain two
positive solutions. By the mountain pass lemma and the concentration-
compactness principle [10], Garćıa Azorero and Peral Alonso [7] obtain
the following results: if 1 < q < p, there exist infinitely many solutions
for λ > 0 small enough; if p < q < p∗, then there exists λ0 > 0 such
that there exists a nontrivial solution for λ > λ0. Wei and Wu [18] deal
with the existence and multiplicity of solutions for the problem (1.1)
with fλ(x, u) = a(x)|u|p−2u + g(x, u), a(x) ∈ L∞(Ω) and g(x, u) a
lower-order perturbation of |u|p∗−2u, odd with respect to u; from the
symmetric mountain pass lemma and the concentration-compactness
principle [10], they obtain that problem (1.1) has at least k pairs of
solutions for given k ∈ N, when µ > 0 small. Silva and Xavier [15] also
use the same methods to deal with problem (1.1) when fλ = f(x, u)
is a lower-order perturbation of |u|p∗−2u with the symmetry condition,
and obtain a result similar to Wei and Wu [18], but the assumptions on
f are different (see [15] for details). If p = 2, we can refer to [1, 2, 16]
for elliptic equations with critical Sobolev exponent.

For the case r > p∗, we cannot directly use variational techniques
because the corresponding functional is not well-defined on the Sobolev
space W 1,p

0 (Ω). However, the symmetry domain can raise the Sobolev
exponents, and some supercritical cases of problem (1.1) on such a
domain can be handled by the variational method (see [6, 17]). For
the general domain, there are some meaningful results about positive
solutions when p = 2. For the problem −△u = λuq + um, x ∈ Ω,

u > 0, x ∈ Ω,
u = 0, x ∈ ∂Ω,

(1.2)

with m > (N + 2)/(N − 2), Ambrosetti, Brezis and Cerami [1] con-
sider problem (1.2) with 0 < q < 1, obtain some beautiful results,
and pose a question: Are there solutions other than the minimal so-
lution for λ > 0 small enough? Zhao and Zhong [20] give a negative
answer to the question; in [19], they obtain the existence of infin-
itely many solutions of problem (1.2) for some suitable λ with Ω = B
the unit ball of RN when q = 1. By constructing a suitable trun-
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cation, the Moser iteration [11] and the Ljusternik-Schnirelman cate-
gory theory, Rabinowitz [12] studies the supercritical Dirichlet problem
−△u = λ|u|q−1u+ λ|u|m−1u with 1 < q < (N + 2)/(N − 2), Ω ⊂ RN

a bounded smooth domain, and obtains at least k pairs of solutions for
given k ∈ N when λ > 0 small. Corrêa and Figueiredo [4] also use
the same methods to study the nonlocal p-Laplacian problem with the
supercritical case. For Ω = RN , one can refer to [3, 5].

Recently, Ricceri [14] dealt with the problem{
−△pu = λf(x, u) + µg(x, u), x ∈ Ω,
u(x) = 0, x ∈ ∂Ω,

(1.3)

where Ω ⊂ RN is a bounded smooth domain and g(x, u) satisfies
subcritical growth, i.e.,

|g(x, u)| ≤ C(1 + |u|q−1), p < q < p∗ =
Np

N − p
, p < N.

He established a three critical theorem (the following Theorem A) and
obtained three solutions. In the following Theorem 1.1 and Theorem
3.2, we extend the result in [14] to the critical and supercritical Sobolev
exponent case. For completeness, we list some results of [14].

If X is a real Banach space, we can denote by WX the class of all
functionals ϕ : X → R possessing the following property: if {un} ⊂ X
is a sequence converging weakly to u ∈ X and lim infn→∞ ϕ(un) ≤ ϕ(u),
then {un} has a subsequence converging strongly to u. For instance,
if X is an uniformly convex Banach space and g : [0,+∞) → R is a
continuous, strictly increasing function, then the functional u → g(∥u∥)
belongs to the class WX .

Theorem A ([14]). Let X be a separable and reflexive real Banach
space; I ⊆ R an interval ; Φ : X → R a sequentially weakly lower
semicontinuous C1 functional, belonging to WX , bounded on each
bounded subset of X and whose derivative admits a continuous inverse
on X∗; J : X → R a C1 functional with compact derivative. Assume
that, for each λ ∈ I, the functional Φ− λJ is coercive and has a strict
local, not global minimizer, say ûλ. Then, for each compact interval
[a, b] ⊆ I for which supλ∈[a,b](Φ(ûλ) − λJ(ûλ)) < +∞, there exists

γ > 0 with the following property : for every λ ∈ [a, b] and every C1

functional Ψ : X → R with compact derivative, there exists δ0 > 0 such
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that, for each µ ∈ [0, δ0] the equation

Φ′(u) = λJ ′(u) + µΨ′(u)

has at least three solutions in X whose norms are less than γ.

Remark. If |g(x, u)| ≤ C(1 + |u|q−1), p < q < p∗, p < N , then
the functional Ψ(u) =

∫
Ω

∫ u

0
g(x, s) ds dx has a compact derivative in

W 1,p
0 (Ω). Theorem A can be applied to problem (1.3) so as to obtain

the existence of three solutions. In this paper, we are interested in ex-
istence and multiplicity of the solutions of problem (1.1) with r ≥ p∗.
The main difficulty is obviously the lack of the compactness. Under
suitable assumptions on the nonlinearity f , by means of the Moser it-
eration, a suitable truncation and Theorem A, we obtain the existence
of three solutions of problem (1.1) for µ > 0 small enough.

We suppose that the nonlinearity fλ(x, u) = λf(x, u) satisfies the
following conditions:

(f1) lim|s|→+∞ f(x, s)/|s|p−1 = 0, uniformly in x ∈ Ω.

(f2) lim|s|→0 f(x, s)/|s|p−1 = 0, uniformly in x ∈ Ω.

(f3) supu∈W 1,p
0 (Ω)

∫
Ω
F (x, u) dx > 0, where F (x, u) =

∫ u

0
f(x, s) ds.

(f4) For each M > 0, the function sup|u|≤M |f(·, u)| ∈ L∞(Ω).

We introduce the functionals

Φ(u) =
1

p

∫
Ω

|∇u|p dx, J(u) =

∫
Ω

F (x, u) dx,

and denote ∥u∥ = ∥u∥W 1,p
0

= (
∫
Ω
|∇u|pdx)1/p. Obviously, condition

(f3) implies

(1.4) θ := sup
Φ(u) ̸=0

J(u)

Φ(u)
> 0.

One of the main results in this paper is stated as follows:

Theorem 1.1. Let f satisfy (f1), (f2), (f3) and (f4). Then, for
each compact interval [a, b] ⊂ (1/θ,+∞) there exists γ > 0 with
the following property : for every λ ∈ [a, b], there exists δ > 0 such
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that, for each µ ∈ [0, δ], problem (1.1) has at least three solutions in

W 1,p
0 (Ω)

∩
L∞(Ω), whose W 1,p

0 (Ω)-norms are less than γ.

2. Preliminaries.

Lemma 2.1. Let f satisfy (f1) and (f4). Then, for every λ ∈ (0,+∞),
the functional Φ − λJ is sequentially weakly lower continuous and
coercive on W 1,p

0 (Ω), and has a global minimizer vλ.

Proof. Let us fix λ ∈ (0,+∞). By (f1), for all ε > 0, there exists
M0 > 0, such that

|f(x, s)| ≤ ε|s|p−1 as |s| ≥ M0.

Considering this inequality and (f4), we may find a constant c0 > 0,
such that

(2.1) |f(x, s)| ≤ c0 + ε|s|p−1 as s ∈ R,

which implies

(2.2) |F (x, u)| ≤ c0|u|+
ε

p
|u|p.

Thus, for u ∈ W 1,p
0 (Ω), we obtain

Φ(u)− λJ(u) =
1

p

∫
Ω

|∇u|pdx− λ

∫
Ω

F (x, u) dx

≥ 1

p

∫
Ω

|∇u|p dx− λ

∫
Ω

(
ε

p
|u|p + c0|u|

)
dx

=
1

p
∥u∥p − λε

p

∫
Ω

|u|p dx− λc0

∫
Ω

|u| dx

≥ 1

p
∥u∥p −

λεCp
p

p
∥u∥p − λc0C1∥u∥,

where ∥u∥Lp ≤ Cp∥u∥ and ∥u∥L1 ≤ C1∥u∥, with constants C1, Cp > 0.
Since p > 1, ε > 0 is small enough, so we have Φ(u)− λJ(u) → +∞ as
∥u∥ → ∞. Hence, Φ− λJ is coercive.

Since the embedding W 1,p
0 (Ω) ↩→ Lp(Ω) is compact and (2.2), J

is weakly continuous. Obviously, Φ(u) = 1/p
∫
Ω
|∇u|p dx ∈ WX is

weakly lower semicontinuous on W 1,p
0 (Ω). We can deduce that Φ− λJ
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is sequentially weakly lower semicontinuous. So Φ − λJ has a global
minimizer vλ. The proof is complete. �

Next, we will show that Φ − λJ has a strictly local, not global
minimizer for some λ, when f satisfies (f1)–(f4).

Lemma 2.2. Let f satisfy (f1), (f2), (f3) and (f4). Then

(i) 0 is a strict local minimizer of the functional Φ − λJ for
λ ∈ (0,+∞).

(ii) 0 ̸= vλ, i.e., 0 is not the global minimizer vλ for λ ∈ (1/θ,+∞),
where vλ is given by Lemma 2.1.

Proof. Firstly, we prove

(2.3) lim
∥u∥→0

J(u)

Φ(u)
= 0.

In fact, by (f2), for all ε > 0, there exists δ > 0, such that

(2.4) |f(x, u)| ≤ ε|u|p−1, as |u| < δ.

Considering inequality (2.4), (f1) and (f4), we have

(2.5) |f(x, u)| ≤ ε|u|p + |u|q, for x ∈ Ω, u ∈ R,

with fixed q ∈ (p, p∗). By continuous embedding, we have

(2.6) |J(u)| ≤ εCp∥u∥p + Cq∥u∥q.

This implies

(2.7) lim
∥u∥→0

J(u)

Φ(u)
= 0.

Next, we will prove (i) and (ii).

(i) For λ ∈ (0,+∞), since lim∥u∥→0(J(u)/Φ(u)) = 0 < 1/λ and
Φ(u) > 0 for each u ̸= 0 in some neighborhood U of 0, there
exists a neighborhood V ⊆ U of 0 such that Φ(u)− λJ(u) > 0
for all u ∈ V \{0}. Hence, 0 is a strict local minimum of Φ−λJ .

(ii) For λ ∈ (1/θ,+∞), from the definition of θ, there exists

u∗ ∈ W 1,p
0 (Ω), with min{Φ(u∗), J(u∗)} > 0, such that

J(u∗)/Φ(u∗) > 1/λ, i.e., Φ(u∗) − λJ(u∗) < 0 = Φ(0) − λJ(0).
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So 0 ̸= vλ is not a global minimum of Φ − λJ . The proof is
complete. �

3. Proof of Theorem 1.1. We follow the ideas from [3, 12]. Let
K > 0 be a real number, whose value will be fixed later. Let the
truncation of |u|r−2u with r ≥ p∗, be given by

gK(u) =

{
|u|r−2u if 0 ≤ |u| ≤ K,
Kr−q|u|q−2u if |u| ≥ K,

where q ∈ (p, p∗), almost everywhere x ∈ Ω. Then gK(u) satisfies

|gK(u)| ≤ Kr−q|u|q−1.

Set
hK(x, u) = λf(x, u) + µgK(u).

We study the truncated problem associated to hK

(Tµ,K)

{
−△pu = hK(x, u) x ∈ Ω,
u(x) = 0 x ∈ ∂Ω.

Definition 3.1. We say that u ∈ W 1,p
0 (Ω) is a weak solution of the

truncated problem (Tµ,K) if∫
Ω

|∇u|p−2∇u · ∇v dx =

∫
Ω

hK(x, u)v dx

for every v ∈ W 1,p
0 (Ω). We introduce

Ψ(u) =

∫
Ω

GK(u) dx,

where GK(u) =
∫ u

0
gK(s) ds. It is easy to see that the functional

E = Φ− λJ − µΨ is of class C1, and its derivative is given by

⟨Φ′(u)− λJ ′(u)− µΨ′(u), v⟩

=

∫
Ω

|∇u|p−2∇u∇v dx− λ

∫
Ω

f(x, u)v dx− µ

∫
Ω

gK(u)v dx,

where ⟨·, ·⟩ denotes the dual pairs between W 1,p
0 (Ω) and its dual

W−1,p′
(Ω), 1/p + 1/p′ = 1. Moreover, the critical points of the

functional E are the weak solutions of problem (Tµ,K).
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From (f2), for small ε > 0, there exists δ > 0 such that the function
f satisfies

(3.1) |f(x, s)| ≤ ε|s|p−1, for |s| < δ.

For each compact interval [a, b] ⊂ (1/θ,+∞), λ ∈ [a, b], considering
(f1) and |gK | ≤ Kr−q|u|q−1, q ∈ (p, p∗), we can choose constants C > 0
such that

(3.2) |hK(x, s)| ≤ C|s|p−1 + µKr−q|s|q−1,

for all s ∈ R. Hence, hK(x, u) is a superlinear function with subcritical

growth. Ψ(u) has a compact derivative in W 1,p
0 (Ω). By Lemma

2.1 and Lemma 2.2, all the hypotheses of Theorem A are satisfied.
Then there exists γ > 0, with the following the property: for every
λ ∈ [a, b] ⊂ (1/θ,+∞), there exists δ0 > 0 such that, for µ ∈ [0, δ0],

problem (Tµ,K) has at least three solutions u0, u1 and u2 in W 1,p
0 (Ω)

whose W 1,p
0 (Ω)-norms are less than γ, i.e., ∥ui∥W 1,p

0
≤ γ, i = 0, 1, 2,

where γ depends on λ, but does not depend on µ or K (see [14, (5)]
for details). If the three solutions ui, i = 0, 1, 2, satisfy

(3.3) |ui(x)| ≤ K, a.e. x ∈ Ω, i = 0, 1, 2,

then, in view of the definition gK , we have hK(x, u) = λf(x, u) +
µ|u|r−2u and therefore ui, i = 0, 1, 2, are also solutions of the original
problem (1.1). Thus, in order to prove Theorem 1.1, it suffices to show
that there exists δ > 0 such that, for µ ∈ [0, δ], the solutions obtained
by Theorem A satisfy inequality (3.3).

Proof of Theorem 1.1. Our aim is to show that there exists δ > 0
such that, for µ ∈ [0, δ], the solutions ui, i = 0, 1, 2 verify inequality
(3.3). To save notation, we will denote u := ui, i = 0, 1, 2.

Set u+ = max{u, 0}, u− = −min{u, 0}; then |u| = u+ + u−. We
can argue with the positive and negation part of u separately.

Firstly, we deal with u+. For each L > 0, we define the following
functions

uL =

{
u+ if 0 ≤ u+ ≤ L,
L if u+ ≥ L,

zL = u
p(β−1)
L u+ and wL = uβ−1

L u+, where β > 1 will be fixed later.
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Taking zL as a test function in problem (Tµ,K), we obtain

(3.4)

∫
Ω

|∇u|p−2∇u∇zL dx =

∫
Ω

hK(x, u)zL dx.

∫
Ω

|∇u|p−2∇u∇zL dx

=

∫
Ω

|∇u+ −∇u−|p−2(∇u+ −∇u−)∇(u
p(β−1)
L u+) dx

=

∫
Ω

|∇u+ −∇u−|p−2(∇u+ −∇u−)

× (u
p(β−1)
L ∇u+ + p(β − 1)u

p(β−1)−1
L u+∇uL) dx

=

∫
Ω

|∇u+|pup(β−1)
L dx+ p(β − 1)

×
∫
Ω

|∇u+|p−2u
p(β−1)−1
L u+∇uL∇u+dx

=

∫
Ω

u
p(β−1)
L |∇u+|pdx+ p(β − 1)

×
∫
{u+≤L}

u
p(β−1)−1
L u+∇uL|∇u+|p−2∇u+dx.(3.5)

From the definition of uL, we have

(3.6) p(β − 1)

∫
{u+≤L}

u
p(β−1)−1
L u+∇uL|∇u+|p−2∇u+dx

= p(β − 1)

∫
{u+≤L}

u
p(β−1)
+ |∇u+|pdx ≥ 0.

Due to (3.2) and (3.4)–(3.6), we have∫
Ω

u
p(β−1)
L |∇u+|pdx

≤
∫
Ω

hK(x, u)zL dx

≤
∫
Ω

|hK(x, u)zL| dx

≤
∫
Ω

(C|u|p−1 + µKr−q|u|q−1)u
p(β−1)
L u+dx
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=

∫
Ω

(C(u+ + u−)
p−1 + µKr−q(u+ + u−)

q−1)u
p(β−1)
L u+dx

=

∫
Ω

(Cup
+u

p(β−1)
L + µKr−quq

+u
p(β−1)
L ) dx.(3.7)

By the Sobolev embedding, we get(∫
Ω

|wL|p
∗
dx

)p/p∗

≤ S−1

∫
Ω

|∇wL|pdx

= S−1

∫
Ω

|∇(u+u
β−1
L )|pdx

= S−1

∫
Ω

|(β − 1)u+u
β−2
L ∇uL + uβ−1

L ∇u+|pdx

≤ 2p−1S−1

(∫
Ω

|(β − 1)u+u
β−2
L ∇uL|pdx

+

∫
Ω

|uβ−1
L ∇u+|pdx

)
= 2p−1S−1

(∫
{u+≤L}

(β − 1)p|uL|p(β−1)|∇u+|pdx

+

∫
Ω

|uβ−1
L ∇u+|pdx

)
≤ 2p−1S−1

(∫
Ω

(β − 1)p|uL|p(β−1)|∇u+|pdx

+

∫
Ω

|uβ−1
L ∇u+|pdx

)
= 2p−1S−1

(
(β − 1)p

∫
Ω

|uL|p(β−1)|∇u+|pdx

+

∫
Ω

|uβ−1
L ∇u+|pdx

)
= 2p−1S−1((β − 1)p + 1)

∫
Ω

|uL|p(β−1)|∇u+|pdx

= 2p−1S−1βp

((
β − 1

β

)p

+
1

βp

)∫
Ω

|uL|p(β−1)|∇u+|pdx,(3.8)
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where S is given by

S = inf
u̸=0,u∈W 1,p

0

∫
Ω
|∇u|pdx

(
∫
Ω
|u|p∗dx)p/p∗ .

Since β > 1, we have 1/βp < 1 and ((β − 1)/β)p < 1. From (3.8), we
get

2p−1S−1βp

((
β − 1

β

)p

+
1

βp

)∫
Ω

|uL|p(β−1)|∇u+|pdx

≤ 2pS−1βp

∫
Ω

|uL|p(β−1)|∇u+|pdx

= C ′βp

∫
Ω

|uL|p(β−1)|∇u+|pdx

≤ C ′βp

∫
Ω

(Cup
+u

p(β−1)
L + µKr−quq

+u
p(β−1)
L )dx,(3.9)

where C ′ = 2pS−1 and the last inequality is given by (3.7). Considering

the Sobolev embeddingW 1,p
0 (Ω) ↩→ Lp∗

(Ω) and ∥u+∥W 1,p
0

≤ γ, we have

(3.10) ∥u+∥Lp∗ ≤ S−1/p∥u+∥W 1,p
0

≤ γS−1/p.

Let α∗ = (pp∗)/(p∗ − q + p). Since uq
+u

p(β−1)
L = uq−p

+ wp
L and

up
+u

p(β−1)
L = wp

L, we can use Hölder’s inequality and (3.8)–(3.10) to

conclude that, whenever wL ∈ Lα∗
(Ω), the following holds:

∥wL∥pLp∗ ≤ C ′βp

∫
Ω

(Cup
+u

p(β−1)
L + µKr−quq

+u
p(β−1)
L )dx,

= C ′βp(C

∫
Ω

wp
Ldx+ µKr−q

∫
Ω

uq−p
+ wp

Ldx),

≤ C ′βp

[
C(m(Ω))(q−p)/p∗

(∫
Ω

wα∗

L dx

)p/α∗

+ µKr−q

(∫
Ω

|u+|p
∗
dx

)(q−p)/p∗(∫
Ω

wα∗

L dx

)p/α∗]
≤ C ′βp(C(m(Ω))(q−p)/p∗

+ µKr−qS−(q−p)/pγq−p)∥wL∥pLα∗ .(3.11)

Set β := p∗/α∗. Since uL ≤ u+, we conclude that wL ∈ Lα∗
(Ω),

whenever uβ
+ ∈ Lα∗

(Ω). If this is the case, it follows from the above
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inequality that(∫
Ω

u
p∗(β−1)
L up∗

+ dx

)p/p∗

≤ C ′βp[C(m(Ω))(q−p)/p∗

+µKr−qS−(q−p)/pγq−p]

(∫
Ω

|uβ−1
L u+|α

∗
dx

)p/α∗

≤ C ′βpCµ,K∥u+∥βpLβα∗ ,(3.12)

where Cµ,K = C(m(Ω))(q−p)/p∗
+ µKr−qS−(q−p)/pγq−p. By Fatou’s

lemma in the variable L, we get

(3.13) ∥u+∥Lβp∗ ≤ (C ′Cµ,K)1/(pβ)β1/β∥u+∥Lβα∗ ,

where uβα∗

+ ∈ L1(Ω). Since β = p∗/α∗ > 1 and u+ ∈ Lp∗
(Ω), the

inequality (3.13) holds for this choice of β. Thus, since β2α∗ = βp∗, it
follows that (3.13) also holds with β replaced by β2. Hence,

∥u+∥Lβ2p∗ ≤ (C ′Cµ,K)1/β
2pβ2/β2

∥u+∥Lβ2α∗

≤ (C ′Cµ,K)(1/p)((1/β)+(1/β2))β(1/β)+(2/β2)∥u+∥Lβα∗ .

By iterating this process and βα∗ = p∗, we obtain

(3.14) ∥u+∥Lβmp∗ ≤ (C ′Cµ,K)p
−1 ∑m

i=1 β−i

β
∑m

i=1 iβ−i

∥u+∥Lp∗ .

Taking the limit as m → ∞ in (3.14), we have

(3.15) ∥u+∥L∞ ≤ (C ′Cµ,K)σ1βσ2∥u+∥Lp∗ ≤ (C ′Cµ,K)σ1βσ2γS−1/p,

with σ1 = p−1
∑∞

i=1 β
−i, σ2 =

∑∞
i=1 iβ

−i, β > 1. Next, we will find
some suitable value of K and µ, such that the inequality

(3.16) (C ′Cµ,K)σ1βσ2γS−1/p ≤ K

2

holds, where C ′=2pS−1, Cµ,K=C(m(Ω))(q−p)/p∗
+µKr−qS−(q−p)/pγq−p.

This implies
(3.17)

C(m(Ω))(q−p)/p∗
+ µKr−qS−(q−p)/pγq−p ≤ 1

C ′

(
K

2γS−1/pβσ2

)1/σ1

.
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Choose K to satisfy the inequality

(3.18)
1

C ′

(
K

2γS−1/pβσ2

)1/σ1

− C(m(Ω))(q−p)/p∗
> 0

and fix µ′ such that
(3.19)

µ ≤ µ′ =
S(q−p)/p

Kr−qγq−p

[
1

C ′

(
K

2γS−1/pβσ2

)1/σ1

− C(m(Ω))(q−p)/p∗
]
.

Thus, we obtain (3.16) for µ ∈ [0, µ′], i.e.,

(3.20) ∥u+∥L∞ ≤ K

2
, for µ ∈ [0, µ′].

Similarly, we can also have the estimate for the u−, i.e.,

∥u−∥L∞ ≤ K

2
, for µ ∈ [0, µ′].

Set δ = min{δ0, µ′}, where δ0 > 0 is given by Theorem A. Since
|u| = u+ + u−, we have

∥u∥L∞ ≤ K for µ ∈ [0, δ].

Considering this fact and u := ui, i = 1, 2, 3, we get

∥ui∥L∞ ≤ K, i = 0, 1, 2, for µ ∈ [0, δ].

We obtain inequality (3.3). The proof is complete. �

Remark. By means of the truncation and the Moser iteration [11],
we can deal with problem (1.3) with critical and supercritical growth,
i.e.,

(1.3)

{
−△pu = λf(x, u) + µg(x, u) x ∈ Ω,
u = 0 x ∈ ∂Ω,

where Ω ⊂ RN is a bounded smooth domain, |g(x, s)| ≤ C0(1+ |s|r−1),
r ≥ p∗ = (Np)/(N − p), C0 > 0 a constant, and f : Ω × R → R is
a Caratheodory function, with µ and λ nonnegative parameters. For
problem (1.3), if f satisfies the conditions (f1)–(f4), we also have the
following result similar to Theorem 1.1.

The second of the main results in this paper is stated as follows:
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Theorem 3.2. Let f satisfy (f1)–(f4). Then, for each compact interval
[a, b] ⊂ (1/θ,+∞), there exists γ > 0 with the following property :
for every λ ∈ [a, b], there exists δ > 0 such that, for each µ ∈
[0, δ], problem (1.3) has at least three solutions ui, i = 0, 1, 2, in

W 1,p
0 (Ω)

∩
L∞(Ω), whose W 1,p

0 (Ω)-norms are less than γ.

In fact, the truncation of gK(x, s) can be given by

(3.21) gK(x, s)

=

{
g(x, s) as |s| ≤ K,
min{g(x, s), C0(1 +Kr−q|s|q−2s)} as |s| > K,

where q ∈ (p, p∗). Then gK satisfies

(3.22) |gK(x, s)| ≤ C0(1 +Kr−q|s|q−1) as s ∈ R.

Set hK(x, s) = λf(x, s)+µgK(x, s). The truncated problems associated
to hK {

−△pu = hK(x, u) x ∈ Ω,
u(x) = 0 x ∈ ∂Ω.

(3.23)

By Theorem A and the technique of Theorem 1.1 or (3.1)-(3.20), we can
prove that there exists δ > 0 such that the solutions for the truncated
problems (3.23) satisfy ∥u∥L∞ ≤ K for µ ∈ [0, δ]; and, in view of
the definition gK , we have hK(x, u) = λf(x, u) + µg(x, u). Therefore,
u := ui, i = 0, 1, 2, obtained by Theorem A, are also solutions of the
original problem (1.3).
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9. M. Guedda and L. Véron, Quasilinear elliptic equations involving critical
Sobolev exponents, Nonlin. Anal. 13 (1989), 879–902.

10. P.L. Lions, The concentration-compactness principle in the calculus of vari-
ations. The limit case, Part 1, Rev. Mat. Iber. 1 (1985), 145–201.

11. J. Moser, A new proof of De Giorgi’s theorem concerning the regularity
problem for elliptic differential equations, Comm. Pure Appl. Math. 13 (1960),
457–468.

12. P.H. Rabinowitz, Variational methods for nonlinear elliptic eigenvalue prob-
lems, Ind. Univ. Math. J. 23 (1974), 729–754.

13. B. Ricceri, A three critical points theorem revisited, Nonlin. Anal. TMA 70

(2009), 3084–3089.

14. , A further three critical points theorem, Nonlin. Anal. TMA 71

(2009), 4151–4157.

15. E.A.B. Silva and M.S. Xavier, Multiplicity of solutions for quasilinear ellip-
tic problems involving critical Sobolev exponents, Ann. Inst. Poincaré Anal. Non
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