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ON QUADRATIC TWISTS OF HYPERELLIPTIC CURVES
MOHAMMAD SADEK

ABSTRACT. Let C be a hyperelliptic curve of good reduc-
tion defined over a discrete valuation field K with algebraically
closed residue field k. Assume moreover that chark # 2.
Given d € K* \ K*2, we introduce an explicit description
of the minimal regular model of the quadratic twist of C' by
d. As an application, we show that if C'/Q is a nonsingular
hyperelliptic curve given by y2 = f(z) with f an irreducible
polynomial, there exists a positive density family of prime
quadratic twists of C' which are not everywhere locally solu-
ble.

1. Introduction. Let C' be a nonsingular hyperelliptic curve defined
over Q with an affine model given by the equation y* = f(x) € Z[z],
where deg (f) > 3. The genus of C will be called g. If d > 1 is a square
free integer, then we write Cy for the quadratic twist of C' by d. In
particular, Cy is defined by dy? = f(x).

We try to find an explicit description of the minimal regular model
of Cy/Q, in terms of the minimal regular model of C/Q,, itself, when
C has good reduction.

Let A denote the minimal discriminant of C'/Q,, see [2, Section 2].
For every prime p t A, C/Q, has good reduction. Hence, the minimal
regular model of C/Q,, is smooth over Z,. The minimal regular model
of Cq/Qp, p | d is obtained as the minimal desingularization of a
quotient of a smooth scheme by a twisted action of some finite group,
see Section 3. In fact, we prefer to handle the problem over the maximal
unramified extension of Q, to avoid any complications which might
appear because the residue field F, is not algebraically closed.

As we investigate minimal regular models of quadratic twists of a
hyperelliptic curve C over Q,,, we cannot see how to do the curves Cy,
where one of the prime divisors p of d is a bad prime of C and f has
no simple root when reduced modulo p. The difficulty lies in the wide
range of possibilities of the structure of the minimal regular model of

Received by the editors on October 5, 2010, and in revised form on January 27,
2012.

DOI:10.1216/RMJ-2014-44-3-1015 Copyright ©2014 Rocky Mountain Mathematics Consortium

1015



1016 MOHAMMAD SADEK

C/Qp when C has bad reduction. Furthermore, we are not aware of any
reference which discusses the desingularization of quotient singularities
of models of algebraic curves when these singularities are not ordinary
double points.

Now assume C' is a hyperelliptic curve defined over Q given by the
equation y? = f(z), where f(x) is an irreducible polynomial. Using the
description of the minimal regular model of a quadratic twist of C/Q,,
we show that there is an infinite number of quadratic twists of C' with
no Q,-rational points. In particular, for a nonsingular hyperelliptic
curve C'/Q, there exists an infinite number of quadratic twists Cy of C
such that Cy(Qp) = @ for some prime p, and hence Cq(Q) = @.

2. Hyperelliptic curves. The material in this section can be found
in [3, subsection 7.4.3].

We assume K is a field with char K # 2 and algebraic closure K.
Two hyperelliptic equations with coefficients in K

y*=f(x) and 2*= f'(u)
represent isomorphic curves if and only if

au+b ez

YTt d y:(cu+d)9+1

where

a b *
<C d)EGLg(K), ee K*.
We associate a discriminant A to a hyperelliptic equation y? = f(z) as

in [2, Section 2]. This equation defines a smooth curve if and only if
A #0.

By a hyperelliptic curve C over K we mean a smooth curve of genus
g > 2 endowed with a morphism C' — PL of degree 2. There
exists a hyperelliptic equation y?> = f(z) € K[| describing C' with
degf € {29 + 1,29 + 2}. The fact that C is smooth implies f(x)
is separable over K. The equation y?> = f(x) has one singularity at
infinity. If deg f = 2g+ 1, the singularity at infinity corresponds to one
point co on the hyperelliptic equation. If deg f = 2g+ 2, the singularity
corresponds to two points oo™ and co™ on the hyperelliptic equation,
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and these can be distinguished by the value of the rational function
y/x9%L. If deg f = 29 + 2, then there exists a hyperelliptic equation
22 = f'(u) describing C over K with deg f’ = 2¢g + 1, and it describes
C/K if and only if f(x) has a zero in K.

Let C be a smooth hyperelliptic curve of genus g > 2 defined over K
by the equation y? = f(x). We will denote the hyperelliptic involution
on C by t:C — C. Let K' = K(v/d) be a separable quadratic
extension of K where d € K \ K*2. By a quadratic twist Cy of C
we mean the hyperelliptic curve obtained from the curve C/K' by

twisting the curve C/K by the cohomology class corresponding to K’
in HY(K, {1)).

This means that if o generates Gal (K’/K), then the twisted action
of Gal(K'/K) on C(K') is given by Q@ — ¢(c@). To produce an
explicit equation describing Cy, we consider the quadratic character
X : Gal (K'/K) — {1} associated with K'/K, i.e., X(¢) = Vd /Vd.
Then we define a cocycle in

HY(K, (1)) = HY(K,Z/2Z)
= Hom (Gal (K /K),Z/27)
= Hom (Gal (K /K),+1)
by .
§:Gal(K/K) — {£1}; & = [X(7)].

Now, K(C) = K (z,y) and K(Cy) = K (x,y)¢ (the twist of the function
field by the cocycle §). Since i(z,y) = (z,—y), the action of o on
K(z,y)¢ is described by

Vd = X(o)Wd, z° ==z y° =X(0)y.

Thus, the functions which are fixed by Gal(K'/K) in K(z,y)¢ are
2’ = x,y = y/Vd; hence, they are in K (Cy). They satisfy the equation

dy” = f(a').

The curves C' and Cy are isomorphic over K’ via (z/,y') — (2, y'V/d).

3. Minimal regular models of hyperelliptic curves. We assume
that K is a complete discrete valuation field with ring of integers O,
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valuation v, uniformizer ¢t and residue field k with chark # 2. Set
S = Spec Ok

Let C be a hyperelliptic curve defined over K. In [2], Liu associates to
C a projective model W, a Weierstrass model of C, defined over O,
arising from a hyperelliptic equation of C' with integral coefficients.
The discriminant Ay, of W is the discriminant of this hyperelliptic
equation. The model W is said to be minimal if Ay is minimal,
i.e., v(Aw) is the least possible valuation among the valuations of the
discriminants of the hyperelliptic equations related to our equation via
the transformations of the form given in Section 2. If C(K) # @, then
W being minimal implies that the minimal regular model of C' is the
minimal desingularization of W, see [5, Corollary 5].

Let W be a minimal Weierstrass model of C'. The curve C has good
reduction if v(Aw ) = 0. In fact, the latter statement is equivalent to
saying that the minimal regular model C of C over S is smooth, see [2,
Section 3]. Moreover, C is the unique smooth model of C over S, ([3,
Proposition 10.1.21 (b)]).

Lemma 3.1. Assume that C' has good reduction over k. Let K'/K
be a finite extension with residue extension k'/k. Then C x g K’ has
good reduction over k'.

Proof. Let C be a minimal Weierstrass model of C. Let v/ be the
valuation corresponding to K’. Since v’ = ey /K X vV, where eg /g is
the ramification index of K’/ K, one has v/(A¢) = exr/x xv(Ac) = 0. O

Recall the following results, which allow us to determine whether
a curve defined over a complete discrete valuation field K has a K-
rational point.

Lemma 3.2 [3, Corollary 9.1.32]. Let C' be an algebraic curve of
genus g > 1 defined over K. Let C — S be the minimal regular model
of C. Assume that C(K) # @. Then a point P € C(K) is reduced to
a point Pe Cr.(k) and Cy, is smooth at P. In particular, P belongs to
a single irreducible component of multiplicity 1 in Cy,.
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Lemma 3.3. Let C be a smooth hyperelliptic curve over K. Assume
that C has good reduction over k. Let K'/K be a quadratic extension
with residue field k' /k. Let C' be the minimal regular model of C' x K'.
Then C' is smooth over Ok . Moreover, C;, consists of one irreducible
component of multiplicity 1.

Proof. Since C' has good reduction over k, then it extends to a
smooth relative curve C/p,. . This relative curve is the minimal regular
model of C' over Ok. Hence, it consists of one irreducible component
I If C(K) # @, then mult (I') = 1, see Lemma 3.2, otherwise
mult (I') = 2. The reason for the latter statement is as follows: Let
D be the image of I' in P} under the morphism g : C — PL. We
will denote the generic points of ' and D by & and &', respectively.
The morphism g restricts to Or ¢ — Op ¢. The valuations vr and vp
are the corresponding normalized valuations to I and D, respectively.
Remember that vp(t) = 1 because D is reduced. One has [Frac (Org) :
Frac (Op,¢)] = 2. Since T is not reduced, we deduce that ¢ ramifies in
Frac (Ong). Thus, l/p(t) = 2.

Lemma 3.1 implies that the minimal regular model of C' x K’ is
smooth. Again it consists of one irreducible component I of mul-
tiplicity 1. This is clear if mult(I') = 1. If mult(I') = 2, then
mult (T') = mult (T')/[K’ : K], see for example [4, subsection 2.4].
It is true that the mentioned reference gives results when k = k, but
if we take a base change over the maximal unramified extension of K,
then the multiplicity of components will not change. a

We have to mention that the statements of Lemmas 3.1 and 3.3 are
true for any base extension. In other words, smoothness is preserved
by arbitrary base change. We wrote down the proofs when the base
change is quadratic for the convenience of the reader.

In what follows we assume k is algebraically closed. Hence, K’ =
K(y/t) is the unique quadratic extension of K, and it is totally
and tamely ramified. Furthermore, K’'/K is Galois. Let G :=
Gal (K'/K) = (o).

Again C'/K is a hyperelliptic curve. We assume that C'/K has good
reduction. We are concerned with the twisted action of o on C(K')
given by @ — 1(c@Q), where ¢ : C — C is the hyperelliptic involution



1020 MOHAMMAD SADEK

on C and o(Q) is the usual Galois action of o on C(K’). Now the
automorphism o : C' — C extends to the minimal regular models C
and C' of C and C x K’, respectively. We will denote the extended
automorphism by o again.

Let Cy be the quadratic twist of C by t. In what follows we obtain the
minimal regular model of C; /K as the minimal desingularization of the
quotient scheme C’/{o) by the twisted action of o. In other words, we

construct the minimal regular model of C;/K from the minimal regular
model of C'/K.

The first step is to find the fixed points of the twisted action of o on
C’. This is because the singular points of C’/{c) lie among the images
of the points of C’ fixed by o. Let 42 = f(x) be a minimal hyperelliptic
equation describing C'. Then the assumption that C' has good reduction
implies that f(x) has no repeated roots over k. If P € C'x K’, we denote
its reduction by P.

Proposition 3.4. Let P € C x K'. The following are equivalent:
(i) P is fized under the twisted action of o.

(ii) P = (%,7) is fized under the twisted action of o.

(iii) f(z) =0 over k.

Proof. The twisted action of ¢ on P is given by t(cP). Let
P = (zo + 1Vt yo + y1V/t), where o, 21,90,y1 € K is fixed if and
only if (zo — z1vt, —yo + 11Vt) = (z0 + z1VE,yo + y1vt). Hence,
r1 = yo = 0. Whence P is fixed if and only if P = (x0,y11/t) where
x9,y1 € K. The latter is equivalent to P = (To,0), or equivalently,
f(@o) = 0 in k. Now if (z,y) € Ck, then it is o-fixed if and only if
(z,y) = (z,—y), i.e., 2y = 0 but 2 € k*, hence y = 0. So (i) & (ii)
holds. a

Recall that C and C; are isomorphic over K’. Therefore, both C' x K’
and C; x K’ have the same minimal regular model C’ — Spec Ok:.
The model C’ is smooth. Since C’ is projective, the S-quotient scheme
Z :=C'/{o) is constructed by gluing together the rings of invariants of
(o)-invariant affine open sets of C’. Moreover, Z is a normal scheme
and hence its singular points are closed points of the special fiber.
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Proposition 3.5. Let o, : C'y, — C'y and o1°? : C’Zed — C’Zed be the
natural morphisms induced by o. Then the natural map

CEoE) = 2t = (' (o))
is an isomorphism over k.

Proof. See ([6, Facts II, III]). o

In fact, if a : " — Z is the quotient map, then « induces a natural
map C), — Z:°4 which factors as follows:

Cp, — Cp./{oy) — 754

where the second map is the normalization map of Z};ed, see [5, page

21].

Proposition 3.6. The generic fiber of Z :=C'/{c) is isomorphic to
Ci/K.

Proof. The generic fiber of Z is given by
7k =7 X0, K= (C"/{0)) o, K =(C' xo, K)/{0).
But one has
C' xox K=C"x0,, Og xo, K=C %0, K'=CxK'.

Since we consider the twisted action of o, we have Zx = C;. o

Now we aim to prove that the minimal desingularization Z of the S-
quotient scheme Z = C’/(o) is the minimal regular model of C;/K.
Moreover, we will show that this model consists of one irreducible
component of multiplicity 2, the image of the special fiber C}, of C" in
Z, and a finite number of multiplicity-1 irreducible components each of
which corresponds to a singular point of Z. In particular, if p: C" — Z
is the quotient map, we will prove that, since C’ is smooth, then the
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only singular points of Z are the images of the o-fixed points of C’
under p.

Consider the morphism
N
Cr, — Cr/(ok)-

Let y? = f(z) be a minimal hyperelliptic equation defining C. Since C
is smooth, the minimal regular models C and C’ are smooth, and they
are still defined by this affine equation. The ramification points of 3 are
the zeros of f(x) over k plus the point at infinity when deg f = 2¢g + 1.
Since f(x) splits completely into linear factors over k, because k = k,
the number of the ramification points of 5 is 2g + 2.

Theorem 3.7. Let C/K be a hyperelliptic curve of genus g. Assume
that C' has good reduction over k. Let C' be the minimal reqular model of
CxK'. Again Gal (K'/K) = (o). Let Z denote the quotient of C' by the
twisted action of o by the hyperelliptic involution. Then Z is singular
exactly at the images x1,... ,Tm, m = 2g+2, of the ramification points
of the morphism (3 : C;, — C}./{o%) in Z.

Let Z — Z be the minimal desingularization of Z. Then 7 is
the minimal regular model of the quadratic twist Cy of C over K'.
Moreover, Zy, consists of an irreducible component © of multiplicity 2
and components 'y, ... Ty, of multiplicity 1, each of which corresponds
to blowing-up one of the x;’s; moreover, © and I';’s are of genus zero,
see the following figure.

1|y 1|y 1|7y 1Ty

Proof. We have seen that the generic fiber Zx is the curve Cy/K,
Proposition 3.6. Furthermore Z is a normal scheme. As we know that
C;. consists of one irreducible component of multiplicity 1, Lemma 3.3,
the image of this irreducible component in Zj has multiplicity [K’ :
K] =2, see [6, Fact IV].
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To obtain the minimal desingularization of Z we only need to blow-up

the singularities of Z. We will show first that z1,... ,z,, are exactly
the singular points of Z. If the points z1,... ,x, were regular, then
the morphism « : ¢’ — Z would be flat above x1,... ,z,,. Hence, by

Zariski’s purity theorem, the branch locus «(C’ \ U), where U is the
largest open subscheme of C’ such that a|y : U — Z is étale, is of
codimension 1, see [3, Exercise 8.2.15], a contradiction.

Now we blow up Z at each z;, 7 =1,... ,m, to construct the minimal
desingularization Z — Z. Since z; is a singular point of Z, it is known
that if v1,ve are local parameters of the local ring Oz ,,, then the
twisted action of o} on vy, vs is described as follows:

or(v1) = —v1, op(v2) = —v2,

see [12, Lemma 2.2] or [10, Lemma 2]. Let T = SpecOyz,, and
T = Spec @g$ Because z; is non-regular, then 7¢ is a non-
regular local scheme. The monomials s; = v%, S9 = V1v9 and sz = v%
are invariant under the action of o and any op-invariant polynomial
in v1,vs is a polynomial in these. Therefore, desingularizing T is
equivalent to desingularizing Spec k[s1, 52, s3]/(s3 — s1s3). It is known
that we need only one blow-up to desingularize k[s1,s2,s3]/(s3 —
s183) at its only singular point corresponding to the maximal ideal
m = (s1,82,83). In fact, the exceptional curve of the blowing-up is
one irreducible component I'; isomorphic to P}, see for example [3,
Example 8.1.5]. Since oy, acts trivially on z;, the multiplicity of the
irreducible component T'; is 1, see [1, Proposition 7.3 (ii)].

Each T'; has self-intersection —2, whereas the multiplicity-2 compo-
nent has self-intersection —g —1 < —3. Therefore, according to Castel-
nuovo’s criterion Z contains no exceptional divisors, and hence 7 is the
minimal regular model of C;/K.

_We conclude by computing the genus of the irreducible components of
Zi. We see that the genus of each of the components I';, 1 <i < 2¢g+2,
is 0, because I'; = Pi. We can apply Hurwitz’s formula, see [3, Remark
10.4.8], in order to find the genus of the multiplicity-2 irreducible
component ©. In fact, if p, denotes the genus, then we have
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2pa(Cr) —2=2(2pa(0) —2)+ D> 1=14pa(0)+2g—2.

1<i<m

Therefore, we deduce p,(©) =0 and © = P;. O

In Theorem 3.7 we proved that the quadratic twist C;/K of a
hyperelliptic curve C/K of genus ¢ > 2 and with good reduction
has a minimal regular model consisting of a component © = P} of
multiplicity 2, and 2¢g + 2 irreducible components I'y, ... ,I'9g12 each is
isomorphic to P} and of multiplicity 1. The intersection numbers are
given by © -I'; = 1 for every ¢ and I'; - I'; = 0 for every ¢ # j. In case
g = 1, this is reduction type Ij, see [11, Chapter IV, Section 9], while
for g = 2, this is reduction type [I§_,_,] given, for example, in [9, page
155].

4. Quadratic twists which are not everywhere locally sol-
uble. We start this section with the following result on irreducible
polynomials over Q.

Lemma 4.1. Let f(z) € Z[x] be an irreducible polynomial over Q.
Then there exists an infinite set of primes Sy in Q with positive density
such that f(x) has no linear factors over F, for every p € Sy.

Proof. There exists an infinite set of primes Sy such that f(z) has no
linear factors over F,, for every p € Sy, see [7, Remark 8.40 (d)]. The
Chebotarev density theorem implies that the density §(Sy) of S exists
and satisfies §(Sy) > 0, see for example, [8, Exercise 11.3.7]. O

Let C be a hyperelliptic curve over Q of genus g > 1. Then C has
good reduction over all but finitely many finite places of Q, see [3,
Proposition 10.1.21 (a)]. The finite set of primes in Q of bad reduction
of C' will be denoted by Sa.

Let Cy be a quadratic twist of C with d > 1 a square free integer.
Since C' and Cy are isomorphic over K = Q(v/d), it follows that they
have the same minimal regular model over the ring of integers of any
completion of K at one of its finite places. If p ¢ Sa, then this implies
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that for every prime p € K lying above p, both C' x K, and Cgq x K,
have good reduction, see Lemma 3.1, where K, denotes the completion
of K at p. In particular, the minimal regular model of Cy x K, is
smooth.

We will denote the maximal unramified extension of the p-adic field
Qp by Qp". The residue field of Q™ is F,. We write Z," for the ring of
integers of Q,". The following fact follows directly from Theorem 3.7.

Corollary 4.2. Let C : y? = f(x) € Z[z] be a hyperelliptic curve of
genus g > 1 over Q. Assume, moreover, that f(x) is of even degree
and irreducible over Q. Let Cy be a quadratic twist of C with d > 1
a square free integer. If d has an odd prime factor p € Sy \ Sa, then
Ca(Qy") = 9. Hence, Cy(Qyp) = Ca(Q) = 2.

In particular, there is a positive density family of prime quadratic
twists of C which are not everywhere locally soluble, and hence have no
Q-rational points.

Proof. Note that K := Q;‘”(\/E) = Q,"(y/p) because the residue

field F,, is algebraically closed. Since p ¢ Sa, one has €' x K is smooth
and f(x) factors completely into linear factors over Fp,.

Let C — SpecOg be the minimal regular model of C' x K and
Ca — SpecZy™ the minimal regular model of Cyq/Qp". According
to Theorem 3.7, the special fiber (Cd)ﬁp consists of an irreducible
component of multiplicity 2 and multiplicity-1 irreducible components
ry,...T,,, m = 2g+2, corresponding to blowing-up the singular points
of C/{(o), where Gal (K/Q,") = (o) and the action of o on C is the
twisted action by the hyperelliptic involution introduced in Section 3.
These singular points correspond to the simple roots of f(x) over Fp
(plus the point at infinity if deg f = 2¢g + 1). But since f(x) has no
simple root over F), as p € S, and deg f = 2g + 2, it follows that each
I'; is defined over Fp and none of the I';’s is defined over F,. Indeed,
Cq — Spec Z,, consists only of the multiplicity-2 component. According
to Lemma 3.2, Cq(Q,) = @. O
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