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VALUE DISTRIBUTION OF CERTAIN DIFFERENCE
POLYNOMIALS OF MEROMORPHIC FUNCTIONS

XIAO-MIN LI, HONG-XUN YI AND WEN-LI LI

ABSTRACT. In this paper, we establish a theorem con-
cerning value distribution of certain difference polynomials
of meromorphic functions, which extends [14, Theorem 2]
and [16, Theorem 1.2]. Applying this result, we prove some
uniqueness theorems of meromorphic functions whose certain
difference polynomials share a non-zero polynomial, which ex-
tends [18, Theorems 1.1 and 1.2] and [23, Theorem 6], where
the meromorphic functions are of finite order.

1. Introduction and main results. In this paper, by meromorphic
functions we will always mean meromorphic functions in the complex
plane. We adopt the standard notations of the Nevanlinna theory
of meromorphic functions as explained in [7, 13, 22]. It will be
convenient to let E denote any set of positive real numbers of finite
linear measure, not necessarily the same at each occurrence. For
a nonconstant meromorphic function h, we denote by T (r, h) the
Nevanlinna characteristic of h and by S(r, h) any quantity satisfying
S(r, h) = o{T (r, h)}, as r → ∞ and r /∈ E.

Let f and g be two nonconstant meromorphic functions, and let a be
a value in the extended plane. We say that f and g share the value
a CM, provided that f and g have the same a-points with the same
multiplicities. We say that f and g share the value a IM, provided that
f and g have the same a-points, and each common a-point of f and
g is counted only once (see [22]). We say that a is a small function
of f, if a is a meromorphic function satisfying T (r, a) = S(r, f) (see
[22]). Throughout this paper, we denote by ρ(f) and ρ2(f) the order
and the hyper-order of f , respectively (see [7, 13, 22]). We also need
the following two definitions:
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Definition 1.1 [12, Definition 1]. Let f be a non-constant mero-
morphic function, let p be a positive integer, and let a ∈ C ∪ {∞}.
Then, by Np)(r, 1/(f − a)), we denote the counting function of those
a-points of f (counted with proper multiplicities) whose multiplici-
ties are not greater than p, by Np)(r, 1/(f − a)), we denote the cor-
responding reduced counting function (ignoring multiplicities). By
N(p(r, 1/(f − a)), we denote the counting function of those a-points
of f (counted with proper multiplicities) whose multiplicities are not
less than p, by N (p(r, 1/(f − a)) we denote the corresponding reduced
counting function (ignoring multiplicities), where Np)(r, 1/(f − a)),

Np)(r, 1/(f−a)), N(p(r, 1/(f−a)) andN (p(r, 1/(f−a)) mean Np)(r, f),

Np)(r, f), N(p(r, f) and N (p(r, f), respectively, if a = ∞.

Definition 1.2. Let f be a non-constant meromorphic function, let
a be any value in the extended complex plane, and let k be an arbitrary
nonnegative integer. We define

Nk

(
r,

1

f − a

)
= N

(
r,

1

f − a

)
+N (2

(
r,

1

f − a

)
+· · ·+N (k

(
r,

1

f − a

)
.

Much research on the uniqueness theory of meromorphic functions
whose differential polynomials share one nonzero value has been done,
for example, see [3, 15, 19, 21]. Recently the difference variant of the
Nevanlinna theory has been established in [1, 5] and, in particular, in
[4], by Halburd-Korhonen and by Chiang-Feng, independently. Using
these theories, some mathematicians from Finland and China began
to consider the uniqueness questions of meromorphic functions sharing
values with their shifts, and produced many fine works (for example,
see [9, 10, 23]). In this paper, we will consider the value distribution
question and the uniqueness question of meromorphic functions whose
difference polynomials share one nonzero value or an entire function of
smaller order.

We recall the following result, which was proved by Clunie and
Hayman, respectively:

Theorem A [2, 8]. Let f(z) be a transcendental entire function,
and let n ≥ 1 be a positive integer. Then fn(z)f ′(z) − 1 has infinitely
many zeros.



CERTAIN DIFFERENCE POLYNOMIALS 601

Regarding Theorem A, it is natural to ask the following question:

Question 1.1. What can be said about the conclusion of Theorem A
if fn(z)f ′(z) of Theorem A is replaced with fn(z)f(z + η) for a
transcendental entire function f(z), where η is a nonzero complex
number?

Laine and Yang proved the following result dealing with Question 1.1:

Theorem B [14, Theorem 2]. Let f be a transcendental entire
function of a finite order, and let η be a nonzero complex number. Then
f(z)nf(z + η) assumes every finite nonzero value a infinitely often for
n ≥ 2.

We recall the following two examples:

Example A [14]. Let f(z) = 1+ ez. Then f(z)f(z+πi)− 1 = −e2z

has no zeros. This example shows that Theorem B does not remain
valid if n = 1.

Example B [16, Remark 1]. Let f(z) = e−ez . Then f(z)2f(z +
η) − 2 = −1 and ρ(f) = ∞, where η is a nonzero constant satisfying
eη = −2. Evidently, f(z)2f(z + η) − 2 have no zeros. This example
shows that Theorem B does not remain valid if f is of infinite order.

Recently Liu and Yang proved the following result:

Theorem C [16, Theorem 1.2]. Let f be a transcendental entire
function of finite order, let η be a nonconstant complex number, and
let n ≥ 2 be an integer. Then fn(z)f(z+ η)−P (z) has infinitely many
zeros, where P (z) �≡ 0 is a polynomial.

We recall the following example:

Example C [16, Remark 1]. Let f(z) = e−ez . Then f(z)nf(z+η)−
P (z) = 1−P (z) and ρ(f) = ∞, where η is a nonzero constant satisfying
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eη = −n, P (z) is a nonconstant polynomial, n is a positive integer.
Evidently, f(z)nf(z+ η)−P (z) has finitely many zeros. This example
shows that the condition “ρ(f) < ∞” in Theorem C is necessary.

One may ask, what can be said about the conclusion of Theorem C,
if f is a transcendental meromorphic function? In this direction, we
will prove:

Theorem 1.1. Let f be a transcendental meromorphic function such
that its order ρ(f) = ρ < ∞, let η be a nonzero complex number, and
let n ≥ 1 be an integer. Suppose that P �≡ 0 is a polynomial. Then
(1.1)

nT (r, f(z)) +m(r, f(z)) ≤ 2N(r, f(z)) + 2N

(
r,

1

f(z)

)
+N

(
r,

1

f(z)

)

+N

(
r,

1

fn(z)f(z + η)− P (z)

)

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞.

From Theorem 1.1, we can get the following results, which is an
analogue of Theorem C for meromorphic functions of finite orders:

Corollary 1.1. Let f be a transcendental meromorphic function
such that its order ρ(f) < ∞, let η be a nonzero complex number, and
let n ≥ 6 be an integer. Suppose that P �≡ 0 is a polynomial. Then
fn(z)f(z + η)− P (z) has infinitely many zeros.

Proof. Noting that

N

(
r,

1

f(z)

)
≤ N

(
r,

1

f(z)

)
≤ T (r, f(z)) +O(1),(1.2)

N(r, f(z)) ≤ T (r, f(z)) +O(1)(1.3)

and
m(r, f(z)) ≥ 0,
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we can get from (1.1) that

(n− 5)T (r, f(z)) ≤ N

(
r,

1

fn(z)f(z + η)− P (z)

)

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as |z| = r /∈ E and r → ∞. This, together with the condition n ≥ 6,
reveals the conclusion of Corollary 1.1.

Corollary 1.2. Let f be a transcendental meromorphic function such
that ρ(f) < ∞ and δ(∞, f(z)) > 0, let η be a nonzero complex number,
and let n ≥ 5 be an integer. Suppose that P �≡ 0 is a polynomial. Then
fn(z)f(z + η)− P (z) has infinitely many zeros.

Proof. Proceeding as in the proof of Corollary 1.1, we have (1.2) and
(1.3). From the definition of deficiency δ(∞, f(z)), we have

(1.4) m(r, f(z)) ≥ (δ(∞, f(z))− ε)T (r, f(z)),

as |z| = r → ∞. From (1.1) (1.4), we have

(n+ δ(∞, f(z))− 5− ε)T (r, f(z)) ≤ N

(
r,

1

fn(z)f(z + η)− P (z)

)

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as |z| = r /∈ E and r → ∞. This, together with the conditions
δ(∞, f(z)) > 0 and n ≥ 5 implies the conclusion of Corollary 1.2.

Corresponding to Theorem B, Qi, Yang and Liu [18] proved the
following uniqueness results:

Theorem D [18, Theorem 1.1]. Let f and g be two distinct
transcendental entire functions of finite order. Suppose that η is a
nonzero complex number and n ≥ 6 is an integer. If f(z)nf(z + η)− z
and g(z)ng(z + η) − z share 0 CM, then f = tg, where t �= 1 is a
constant satisfying tn+1 = 1.
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Theorem E [18, Theorem 1.2]. Let f and g be two distinct transcen-
dental entire functions of finite order. Suppose that η is a nonzero com-
plex number and n ≥ 6 is an integer. If f(z)nf(z+η) and g(z)ng(z+η)
share 1 CM, then f = tg, where t �= 1 is a constant satisfying tn+1 = 1.

One may ask, what can be said about the relationship between f and
g, if f and g in Theorems D and E are meromorphic functions? In this
direction, we will prove:

Theorem 1.2. Let f and g be two distinct transcendental mero-
morphic functions of finite order, let η be a nonzero complex num-
ber, let n ≥ 14 be an integer, and let P �≡ 0 be a polynomial such
that 2deg (P ) < n − 1. Suppose that f(z)nf(z + η) − P (z) and
g(z)ng(z + η)− P (z) share 0 CM. Then:

(I) If n ≥ 10 and if f(z)nf(z + η)/P (z) is a Möbius transformation
of g(z)ng(z + η)/P (z), then one of the following two cases will hold:

(i) f = tg, where t �= 1 is a constant satisfying tn+1 = 1.

(ii) fg = t, where P reduces to a nonzero constant c, say, and t is a
constant such that tn+1 = c2.

(II) If n ≥ 14, then one of the two cases (I) (i) and (I) (ii) will hold.

Proceeding as in the proof of Theorem 1.2 in Section 3 of this paper,
we can get the following result by Lemma 2.7 in Section 2 of this paper.

Theorem 1.3. Let f and g be two distinct transcendental mero-
morphic functions of finite order, let η be a nonzero complex num-
ber, let n ≥ 12 be an integer, and let P �≡ 0 be a polynomial
such that 2deg (P ) < n + 1. Suppose that f and g share ∞ IM,
f(z)nf(z + η)− P (z) and g(z)ng(z + η)− P (z) share 0,∞ CM. Then:

(I) If n ≥ 10 and if f(z)nf(z + η)/P (z) is a Möbius transformation
of g(z)ng(z + η)/P (z), then one of the following two cases will hold:

(i) f = tg, where t �= 1 is a constant satisfying tn+1 = 1.

(ii) f = eQ and g = te−Q, where P reduces to a nonzero constant
c, say, and t is a constant such that tn+1 = c2, Q is a nonconstant
polynomial.

(II) If n ≥ 12, then one of the two cases (I) (i) and (I) (ii) will hold.
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From Theorems 1.1 and 1.2, we can get the following result:

Corollary 1.3. Let f and g be two distinct nonconstant meromorphic
functions of finite order. Suppose that η is a nonzero complex number
and n ≥ 17 is an integer. If f(z)nf(z + η) − z and g(z)ng(z + η) − z
share 0 CM, then f = tg, where t is a constant satisfying tn+1 = 1 and
t �= 1.

Proceeding as in the proof of Corollary 1.3 in Section 3 of this paper,
we can deduce the following result by Theorem 1.3 and Lemma 2.8 in
Section 2 of this paper:

Corollary 1.4. Let f and g be two distinct nonconstant meromorphic
functions of finite order, let η be a nonzero complex number, and let n ≥
13 be an integer. Suppose that f and g share ∞ IM, f(z)nf(z+ η)− z
and g(z)ng(z+η)−z share 0,∞ CM. Then f = tg, where t is a constant
satisfying tn+1 = 1 and t �= 1.

Recently Zhang proved the following result.

Theorem D [23, Theorem 6]. Let f and g be two transcendental
entire functions of finite order, and let α be a small function related to
f and g. Suppose that η is a nonzero complex number and n ≥ 7 is an
integer. If f(z)n(f(z)−1)f(z+η)−α(z) and g(z)n(g(z)−1)g(z+η)−
α(z) share 0 CM, then f = g.

We will prove the following result, which is an analogue of Theorem D
for meromorphic functions of finite order.

Theorem 1.4. Let f and g be two transcendental meromorphic
functions of finite order, let α �≡ 0 be an entire function such that
ρ(α) < ρ(f), let η be a nonzero complex number, and let n and m
be two positive integers such that n ≥ m + 12 and m ≥ 2. Suppose
that f and g share ∞ IM, f(z)n(f(z)m − 1)f(z + η) − α(z) and
g(z)n(g(z)m − 1)g(z + η)− α(z) share 0,∞ CM. Then f = tg, where t
is a constant satisfying tm = 1.
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2. Preliminaries. In this section, we introduce the following
important lemmas for proving the main results in this paper.

Lemma 2.1 [20, Proof of Lemma 2]. Let f be a nonconstant
meromorphic function in the complex plane, and let

(2.1) P (f) = anf(z)
n + an−1f(z)

n−1 + · · ·+ a1f(z) + a0,

where a0, a1, · · · , an−1, an are constants and an �= 0. Then

m(r, P (f)) = nm(r, f) +O(1).

Lemma 2.2 [6, Theorem 5.1]. Let f be a nonconstant meromorphic
function, and let η be a nonzero complex number. If f is of finite order,
then

m

(
r,
f(z + η)

f(z)

)
= O

(
T (r, f(z)) log r

r

)

for all r outside of a set E satisfying

lim sup
r→∞

∫
E∩[1,r)

dt/t

log r
= 0,

i.e., outside of a set E of zero logarithmic density. If ρ2(f) = ρ2 < 1
and ε > 0, then

m

(
r,
f(z + η)

f(z)

)
= o

(
T (r, f(z))

r1−ρ2−ε

)
,

for all r outside of a finite logarithmic measure, where and in what
follows, ε is an arbitrary positive number.

Lemma 2.3. Let f be a nonconstant meromorphic function of order
ρ(f) < ∞, let η be a nonzero complex number, and let P (f) be defined
as in (2.1). Suppose that F (z) = P (f(z))f(z + η). Then

m(r, F (z)) = (n+ 1)m(r, f(z)) + o

(
T (r, f(z))

r1−ε

)
+O(1),

for all r outside of a finite logarithmic measure.
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Proof. First of all, by the condition ρ(f) < ∞, we get ρ2(f) = 0.
This, together with Lemma 2.1, Lemma 2.2 and the assumptions of
Lemma 2.3 gives

(n+ 1)m(r, f(z)) = m(r, f(z)P (f(z))) + O(1)

≤ m

(
r,
f(z)P (f(z))

F (z)

)
+m(r, F (z)) +O(1)

= m

(
r,

f(z)

f(z + η)

)
+m(r, F (z)) +O(1)

≤ m(r, F (z)) + o

(
T (r, f(z))

r1−ε

)
+O(1),

i.e.,

(2.2)

m(r, F (z)) ≥ (n+ 1)m(r, f(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(1).

Next from Lemma 2.1 and Lemma 2.2, we get

m(r, F (z)) ≤ m(r, P (f(z))) +m

(
r, f(z) · f(z + η)

f(z)

)

≤ nm(r, f(z)) +m(r, f(z))

+m

(
r,
f(z + η)

f(z)

)
+O(1)

= (n+ 1)m(r, f(z)) + o

(
T (r, f(z))

r1−ε

)
+O(1),

i.e.,

(2.3)

m(r, F (z)) ≤ (n+ 1)m(r, f(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(1).

From (2.2) and (2.3), we get the conclusion of Lemma 2.3.

Lemma 2.4 [6, Lemma 8.3]. Let T : [0,+∞) → [0,+∞) be a
nondecreasing continuous function, and let s ∈ R+. If the hyper-order
of T is strictly less than one, i.e.,

lim sup
r→∞

log logT (r)

log r
= ζ < 1,
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and δ ∈ (0, 1− ζ), then

T (r + s) = T (r) + o

(
T (r)

rδ

)
,

where r runs to infinity outside of a set of finite logarithmic measure.

Let F and G be two nonconstant meromorphic functions, let a ∈
C ∪ {∞}, and let NE(r, a) “count” those points in N(r, 1/(F − a)),
where a is taken by F and G with the same multiplicity, and each
point is counted only once. We next denote by N0(r, a) the reduced
counting function of common a-points of F and G in |z| < r. We say
that F and G share the value a CM∗, if

N

(
r,

1

F − a

)
−NE(r, a) = S(r, F )

and

N

(
r,

1

G− a

)
−NE(r, a) = S(r,G),

where and in what follows, N(r, 1/(F −∞)) means N(r, F ).

Lemma 2.5 [22, Lemma 7.1]. Let F and G be two nonconstant
meromorphic functions such that G is a Möbius transformation of F .
Suppose that there exists a subset I ⊂ R+ with its linear measure
mes I = +∞ such that

N

(
r,

1

F

)
+N(r, F ) +N

(
r,

1

G

)
+N(r,G) < (λ + o(1))T (r, F ),

as r ∈ I and r → ∞, where λ < 1. If there exists a point z0 ∈ C such
that F (z0) = G(z0) = 1, then F = G or FG = 1.

Lemma 2.6 [22, Theorem 7.10] or [21, Lemma 3]. Let F and G
be two nonconstant meromorphic functions such that F and G share
1 CM. Suppose that there exists some subset I ⊂ R+ with its linear
measure mes I = ∞ such that
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N2(r, F ) +N2(r,G) +N2

(
r,

1

F

)
+N2

(
r,

1

G

)
< (μ+ o(1))T (r),

where μ < 1, T (r) = max{T (r, F ), T (r,G)}. Then F = G or FG = 1.

Lemma 2.7 [22, Proof of Theorem 7.10]. Let F and G be two
nonconstant meromorphic functions such that F , G share 1, ∞ CM∗.
Suppose that there exists a subset I ⊂ R+ with linear measure mes I =
+∞ such that

N2

(
r,

1

F

)
+N2

(
r,

1

G

)
+ 2N(r, F ) < λT (r) + S(r),

as r ∈ I and r → ∞, where λ < 1, T (r) = max{T (r, F ), T (r,G)} and
S(r) = o{T (r)}, as r ∈ I and r → ∞. Then F = G or FG = 1.

Lemma 2.8 [11, Lemma 2.2]. Let ϕ(r) be a nondecreasing, contin-
uous function on R+. Suppose that

0 < ρ < lim sup
r→∞

logϕ(r)

log r
,

and set
I := {r ∈ R+|ϕ(r) ≥ rρ}.

Then we have

log dens I = lim sup
r→∞

∫
I∩[1,r](dr)/r

log r
> 0.

3. Proof of theorems.

Proof of Theorem 1.1. By Lemma 2.3, we have

(3.1)

m(r, fn(z)f(z + η)) = (n+ 1)m(r, f(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(1),
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where ρ = ρ(f) is the order of f . Noting that

lim sup
r→∞

log logN(r, (1/f(z)))

log r
≤ ρ2(f) = 0,

we can get from Lemma 2.4 that

(3.2)

N

(
r,

1

f(z + η)

)
≤ N

(
r + |η|, 1

f(z)

)

= N

(
r,

1

f(z)

)

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞, where and in what follows, E ⊂ (1,∞) denotes
some subset with logarithmic measure logmesE < ∞. Similarly,

N (r, f(z + η)) ≤ N(r, f(z)) + o

(
T (r, f(z))

r1−ε

)
+O(1),

(3.3)

N (r, f(z + η)) ≤ N(r, f(z)) + o

(
T (r, f(z))

r1−ε

)
+O(1)

(3.4)

and

N

(
r,

1

f(z + η)

)
≤ N

(
r,

1

f(z)

)
+ o

(
T (r, f(z))

r1−ε

)
+O(1),

(3.5)

as r /∈ E and r → ∞.

Next we denote by N(r, |fn(z)f(z+η) = f(z) = ∞, f(z+η) �= ∞) the
counting function of those common poles of fn(z)f(z + η) and f(z) in
|z| < r, where each such point is not a pole of f(z + η), and each such
point is counted according to its multiplicity in N(r, fn(z)f(z + η)),
denote by N(r, |f(z+η) = f(z) = ∞) the counting function of common
poles of f(z) and f(z + η) in |z| < r, where each such point is counted
according to its multiplicity in N(r, fn(z)f(z + η)), and denote by
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N(r, |fn(z)f(z+ η)) = f(z+ η) = ∞, f(z) �= ∞) the counting function
of those common poles of fn(z)f(z + η) and f(z + η) in |z| < r, where
each such point is not a pole of f(z), and each such point is counted
according to its multiplicity in N(r, fn(z)f(z + η)). By observing, we
have

(3.6) N(r, fn(z)f(z + η))

= N(r, |fn(z)f(z + η) = f(z) = ∞, f(z + η) �= ∞)

+N(r, |f(z + η) = f(z) = ∞)

+N(r, |fn(z)f(z + η)) = f(z + η) = ∞, f(z) �= ∞).

Then, from (3.2) and (3.6), we have

N(r, fn(z)f(z + η)) ≥ nN(r, f(z))−N

(
r,

1

f(z + η)

)

≥ nN(r, f(z))−N

(
r,

1

f(z)

)

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞, this together with (3.1) gives

(3.7)

T (r, fn(z)f(z + η)) = m(r, fn(z)f(z + η))

+N(r, fn(z)f(z + η))

≥ nT (r, f(z)) +m(r, f(z))−N

(
r,

1

f(z)

)

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞. By (3.4), (3.5) and Nevanlinna’s three small
functions theorem (see [22, Theorem 1.36]), we have

T (r, fn(z)f(z + η)) ≤ N(r, fn(z)f(z + η)) +N

(
r,

1

fn(z)f(z + η)

)(3.8)

+N

(
r,

1

fn(z)f(z + η)− P (z)

)
+O(log r)



612 XIAO-MIN LI, HONG-XUN YI AND WEN-LI LI

≤ N(r, f(z)) +N(r, f(z + η)) +N

(
r,

1

f(z)

)

+N

(
r,

1

f(z + η)

)
+N

(
r,

1

fn(z)f(z + η)− P (z)

)

+O(log r)

≤ 2N(r, f(z)) + 2N

(
r,

1

f(z)

)

+N

(
r,

1

fn(z)f(z + η)− P (z)

)

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞. From (3.7) and (3.8), we get the conclusion of
Theorem 1.1.

Theorem 1.1 is thus completely proved.

Proof of Theorem 1.2. First of all, we set

(3.9) F1(z) =
f(z)nf(z + η)

P (z)
, G1(z) =

g(z)ng(z + η)

P (z)
.

From the condition n ≥ 14 and the condition that f , g are transcenden-
tal meromorphic functions, we can deduce from (3.9) and Lemma 2.4
that F1, G1 are transcendental meromorphic functions. Suppose that
z0 ∈ C is a zero of F1−1 of multiplicity μ. Then, by the condition that
P �≡ 0 is a polynomial, we can see that z0 is a zero of f(z)

nf(z+η)−P (z)
of multiplicity μ+ ν, where ν ≥ 0 is the multiplicity of z0 as a zero of
P . Hence, z0 is a zero of g(z)ng(z + η)− P (z) of multiplicity μ+ ν by
the value sharing assumption. Now one sees that z0 is a zero of G1 − 1
of multiplicity μ. This also works in the other direction. Therefore,
F1 and G1 indeed share 1 CM. Since f , g are of finite order, it follows
from (3.9) and Lemma 2.4 that the same is true for F1 and G1 as well.
We discuss the following two cases.

Case 1. Suppose that F1 is a Möbius transformation of G1. Then it
follows from the (3.9) and the standard Valiron-Mokhon’ko lemma (see
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[17]) that

(3.10)

T (r, F1(z)) = T (r, f(z)nf(z + η)) +O(log r)

= T (r, g(z)ng(z + η)) +O(log r)

= T (r,G1(z)) +O(1).

From Theorem 1.1, we get

(3.11) (n− 5)T (r, f(z)) +m(r, f(z))

≤ N

(
r,

1

fn(z)f(z + η)− P (z)

)
+ o

(
T (r, f(z))

r1−ε

)
+O(1).

This, together with Lemma 2.4 and the condition that f(z)nf(z+ η)−
P (z) and g(z)ng(z + η)− P (z) share 0 CM, gives

(n− 5)T (r, f(z)) +m(r, f(z))

≤ N

(
r,

1

gn(z)g(z + η)− P (z)

)
+ o

(
T (r, f(z))

r1−ε

)
+O(1)

≤ T (r,G1(z)) + o

(
T (r, f(z))

r1−ε

)
+O(log r)

(3.12)

≤ (n+ 1)T (r, g(z)) + o

(
T (r, f(z))

r1−ε

)

+ o

(
T (r, g(z))

r1−ε

)
+O(log r),

(3.13)

as r /∈ E and r → ∞. Similarly,

(n− 5)T (r, g(z)) +m(r, g(z))

≤ N

(
r,

1

fn(z)f(z + η)− P (z)

)
+ o

(
T (r, g(z))

r1−ε

)
+O(1)

≤ T (r, F1(z)) + o

(
T (r, g(z))

r1−ε

)
+O(log r)

(3.14)

≤ (n+ 1)T (r, f(z)) + o

(
T (r, f(z))

r1−ε

)

+ o

(
T (r, g(z))

r1−ε

)
+O(log r),

(3.15)
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as r /∈ E and r → ∞. From (3.12), (3.13), the condition n ≥ 10,
Definition 1.1 and the standard reasoning of removing exceptional set
(see [13, Lemma 1.1.2]) we get

(3.16) ρ(f) ≤ ρ(G1) ≤ ρ(g).

Similarly, from (3.14) and (3.15), we have

(3.17) ρ(g) ≤ ρ(F1) ≤ ρ(f).

From (3.16) and (3.17), we have

(3.18) ρ(f) = ρ(g) = ρ(F1) = ρ(G1).

From (3.9), (3.18) and Lemma 2.4, we deduce

(3.19) N(r, F1(z)) +N

(
r,

1

F1(z)

)

≤ N (r, f(z)) +N (r, f(z + η))

+N

(
r,

1

f(z)

)
+N

(
r,

1

f(z + η)

)
+O(log r)

≤ 2T (r, f(z)) + 2T (r, f(z + η)) +O(log r)

≤ 4T (r, f(z)) + o

(
T (r, f(z))

r1−ε

)
+O(log r),

as r /∈ E and r → ∞. Similarly,
(3.20)

N(r,G1(z))+N

(
r,

1

G1(z)

)
≤4T (r, g(z))+o

(
T (r, g(z))

r1−ε

)
+O(log r),

as r /∈ E and r → ∞. Proceeding as in the proof of Theorem 1.1, we
can get (3.7). From (3.7) and (3.10), we have

(3.21) T (r, f(z)) ≤ 1

n− 1
T (r, F1(z)) + o

(
T (r, f(z))

r1−ε

)
+O(log r)

and

(3.22) T (r, g(z)) ≤ 1

n− 1
T (r,G1(z)) + o

(
T (r, g(z))

r1−ε

)
+ O(log r),
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as r /∈ E and r → ∞. From (3.19)–(3.22), we have

(3.23) N

(
r,

1

F1

)
+N(r, F1) +N

(
r,

1

G1

)
+N(r,G1)

≤ 4

n− 1
{T (r, F1) + T (r,G1)}(1 + o(1))

=
8

n− 1
T (r, F1)(1 + o(1)),

as r /∈ E and r → ∞. Again, from (3.9) and (3.11), we have

(3.24)

(n− 5)T (r, f(z)) +m(r, f(z)) ≤ N

(
r,

1

F1(z)− 1

)

+ o

(
T (r, f(z))

r1−ε

)
+O(log r),

as r /∈ E and r → ∞. Noting that F1 and G1 share 1 CM, we know
from (3.24) and n ≥ 10 that there exists some point z0 ∈ C such
that F1(z0) = G1(z0) = 1. This, together with (3.23) and Lemma 2.5,
implies that either F1 = G1 or F1G1 = 1. We discuss the following two
subcases.

Subcase 1.1. Suppose that F1 = G1. Then it follows from (3.9) that

(3.25) f(z)nf(z + η) = g(z)ng(z + η)

for all z ∈ C. Let

(3.26) h =
f

g
.

From (3.25) and (3.26), we get

(3.27) h(z)nh(z + η) = 1

for all z ∈ C.

First suppose that h is rational. If h has a zero at some point z0,
then h has a pole at z0 + η by (3.27). Continuing, h(z0 + 2η) = 0,
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h(z0 + 3η) = ∞, and so on. Therefore, h would have infinitely many
zeros and poles, which is impossible. Hence, h has neither zeros nor
poles, meaning that h has to be a constant, say h = t. By (3.27),
tn+1 = 1. This together with (3.26) gives the conclusion (I) (i) of
Theorem 1.2.

Next suppose that h is a transcendental meromorphic function. Since
f , g are of finite order, the same is true for h as well. Thus it follows
from (3.27), Lemma 2.4 and the standard Valiron-Mokhon’ko lemma
(see [17]) that

nT (r, h(z)) = T

(
r,

1

h(z + η)

)

= T (r, h(z + η)) +O(1)

≤ T (r + |η|, h(z)) +O(1)

= T (r, h(z)) + o

(
T (r, h(z))

r1−ε

)
+O(1),

and so

(3.28) (n− 1)T (r, h(z)) = o

(
T (r, h(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞. From (3.28) and the condition n ≥ 10, we deduce
that h is a constant, which is impossible.

Subcase 1.2. Suppose that F1G1 = 1, while F1 �≡ G1. By substituting
(3.9) into F1G1 = 1, we get

(3.29) f(z)nf(z + η)g(z)ng(z + η) = P (z)2

for all z ∈ C. Proceeding as in Subcase 1.1, we can deduce from (3.29),
Lemma 2.4 and the condition n ≥ 10 that fg is a nonzero rational
function. Let

(3.30) fg = R,

where R is a nonzero rational function. Then, by (3.30), we know that
(3.29) can be rewritten as

(3.31) R(z)nR(z + η) = P (z)2



CERTAIN DIFFERENCE POLYNOMIALS 617

for all z ∈ C.

Suppose that R is not a constant. Then

(3.32) R =
P1

P2
,

P1 and P2 are two nonzero relatively prime polynomials. From (3.32),
we have

(3.33) T (r, R) = max{deg (P1), deg (P2)} log r +O(1).

From (3.31)–(3.33), we get

(3.34) nmax{deg (P1), deg (P2)} log r
= T (r, R(z)n) +O(1)

≤ T (r, R(z + η)) + 2T (r, P (z)) +O(1)

= max{deg (P1), deg (P2)} log r + 2deg (P ) log r +O(1).

Noting that max{deg (P1), deg (P2)} ≥ 1, we deduce from (3.34) that
n − 1 ≤ 2deg (P ), which contradicts the condition 2deg (P ) < n − 1.
Therefore, R =: t is a nonzero constant. This, together with (3.31),
reveals the conclusion (I) (ii) of Theorem 1.2.

Case 2. Suppose that n ≥ 14. First of all, in the same manner as
in the proof of Case 1, we can get (3.21) and (3.22). From (3.9) and
Lemma 2.4, we have

N2(r, F1(z)) +N2

(
r,

1

F1(z)

)(3.35)

≤ 2N (r, f(z)) +N (r, f(z + η))

+ 2N

(
r,

1

f(z)

)
+N

(
r,

1

f(z + η)

)
+O(log r)

≤ 4T (r, f(z)) + 2T (r, f(z + η)) +O(log r)

≤ 6T (r, f(z)) + o

(
T (r, f(z))

r1−ε

)
+O(log r)
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and

(3.36)

N2(r,G1(z)) +N2

(
r,

1

G1(z)

)
≤ 6T (r, g(z))

+ o

(
T (r, g(z))

r1−ε

)
+O(log r),

as r /∈ E and r → ∞. From (3.21), (3.22), (3.35) and (3.36), we have

(3.37)

N2(r, F1(z)) +N2

(
r,

1

F1(z)

)
≤ 6

n− 1
T (r, F1(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(log r)

and

(3.38)

N2(r,G1(z)) +N2

(
r,

1

G1(z)

)
≤ 6

n− 1
T (r,G1(z))

+ o

(
T (r, g(z))

r1−ε

)
+O(log r),

as r /∈ E and r → ∞. From (3.37) and (3.38), we have

(3.39) N2(r, F1(z)) +N2

(
r,

1

F1(z)

)
+N2(r,G1(z)) +N2

(
r,

1

G1(z)

)

≤ 12

n− 1
T1(r)(1 + o(1)),

as r /∈ E and r → ∞, where T1(r) = max{T (r, F1), T (r,G1)}. From
(3.39), Lemma 2.6 and the condition n ≥ 14, we have F1 = G1 or
F1G1 = 1. Next, in the same manner as in Subcases 1.1 and 1.2, we
can get the conclusion (II) of Theorem 1.2.

Theorem 1.2 is thus completely proved.

Proof of Corollary 1.3. We discuss the following cases.

Case 1. Suppose that one of f and g is a rational function, the other
one of f and g is a transcendental meromorphic function. Without
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loss of generality, we suppose that f is a transcendental meromorphic
function and g is a rational function. Then, on the one hand, we get
from Theorem 1.1 that f(z)nf(z + η)− z has infinitely many zeros in
C. On the other hand, by the supposition that g is a rational function,
we know that g(z)ng(z + η) − z is also a rational function, and so
g(z)ng(z+η)−z has at most finitely many zeros in C. This contradicts
the condition that f(z)nf(z+ η)− z and g(z)ng(z+ η)− z share 0 CM.

Case 2. Suppose that f and g are transcendental meromorphic func-
tions. Then, from Theorem 1.2 and the assumptions of Corollary 1.3,
we get the conclusion of Corollary 1.3.

Case 3. Suppose that f and g are nonconstant rational functions.
Set

(3.40) F2(z) =
f(z)nf(z + η)

z
, G2(z) =

g(z)ng(z + η)

z
.

Let

(3.41) f =
P3

P4
,

where P3, P4 are two nonzero relatively prime polynomials. Proceeding
as in Subcase 1.2 of the proof of Theorem 1.2, we can deduce from (3.41)
and n ≥ 17 that F2 and G2 are not constants. Proceeding as in the
beginning of the proof of Theorem 1.2, we can deduce that F2 and G2

share 1 CM. From (3.40), (3.41), the condition n ≥ 17 and the standard
Valiron-Mokhon’ko lemma, we have

N2(r, F2(z)) +N2

(
r,

1

F2(z)

)(3.42)

≤ 2N(r, f(z)) +N(r, f(z + η))

+ 2N

(
r,

1

f(z)

)
+N

(
r,

1

f(z + η)

)
+ log r +O(1)

≤ 3deg (P4) log r + 3deg (P3) log r + log r +O(1)

≤ 6max{deg (P3), deg (P4)} log r + log r +O(1)
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= 6T (r, f(z)) + log r +O(1).

Similarly,

(3.43) N2(r,G2(z)) +N2

(
r,

1

G2(z)

)
≤ 6T (r, g(z)) + log r +O(1).

Noting that f is a nonconstant rational function, we deduce

(3.44) m(r, fn(z)f(z + η)) = (n+ 1)m(r, f(z)) +O(1).

From (3.41) and the standard Valiron-Mokhon’ko lemma, we have

N(r, fn(z)f(z + η)) ≥ ndeg (P4) log r − deg (P3) log r +O(1)
(3.45)

≥ nN(r, f(z))−max{deg (P3), deg (P4)} log r +O(1)

= nN(r, f(z))− T (r, f(z)) +O(1).

From (3.40), (3.44) and (3.45), we have

(3.46)
(n− 1)T (r, f(z)) +m(r, f(z)) ≤ T (r, fn(z)f(z + η)) +O(1)

≤ T (r, F2(z)) + log r +O(1).

From (3.42) and (3.46), we get

(3.47)
N2(r, F2(z)) +N2

(
r,

1

F2(z)

)
≤ 6

n− 1
T (r, F2(z))

+
n+ 5

n− 1
log r +O(1).

Similarly,

(3.48)
N2(r,G2(z)) +N2

(
r,

1

G2(z)

)
≤ 6

n− 1
T (r,G2(z))

+
n+ 5

n− 1
log r +O(1).

Noting that T (r, f(z)) ≥ log r +O(1), we get from (3.46) that

(3.49) log r ≤ 1

n− 2
T (r, F2(z)) +O(1).



CERTAIN DIFFERENCE POLYNOMIALS 621

Similarly,

(3.50) log r ≤ 1

n− 2
T (r,G2(z)) +O(1).

From (3.47) (3.50), we get

(3.51) N2(r, F2(z)) +N2

(
r,

1

F2(z)

)

+N2(r,G2(z)) +N2

(
r,

1

G2(z)

)

≤ 14n− 14

(n− 1)(n− 2)
T2(r)(1 + o(1)),

where T2(r) = max{T (r, F2), T (r,G2)}. Noting that F2 and G2 share
1 CM, we have from (3.51), Lemma 2.6 and n ≥ 17 that F2 = G2 or
F2G2 = 1. Next, in the same manner as in Subcases 1.1 and 1.2 of the
proof of Theorem 1.2, we can get the conclusion of Corollary 1.3 from
(3.40).

This proves Corollary 1.3.

Proof of Theorem 1.4. First of all, we set

(3.52)

F3(z) =
f(z)n(f(z)m − 1)f(z + η)

α(z)
,

G3(z) =
g(z)n(g(z)m − 1)g(z + η)

α(z)

for all z ∈ C. Proceeding as in the beginning of the proof of Theo-
rem 1.2, we can deduce that F3 and G3 share 1 CM. From Lemma 2.3,
we have

(3.53)

m(r, f(z)n(f(z)m − 1)f(z + η)) = (m+ n+ 1)m(r, f(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞. In the same manner as in the proof of
Theorem 1.1, we can get from Lemma 2.4 that

N(r, f(z)n(f(z)m − 1)f(z + η))
(3.54)
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≥ (m+ n)N(r, f(z))−N

(
r,

1

f(z + η)

)

≥ (m+ n)N(r, f(z))−N

(
r + |η|, 1

f(z)

)

= (m+ n)N(r, f(z))−N

(
r,

1

f(z)

)
+ o

(
T (r, f(z))

r1−ε

)

≥ (m+ n)N(r, f(z))− T (r, f(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞. From (3.53) and (3.54), we have

(3.55) T (r, f(z)n(f(z)m − 1)f(z + η))

≥ (m+ n− 1)T (r, f(z)) +m(r, f(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(1),

as r /∈ E and r → ∞. By (3.52), Lemma 2.4, the condition ρ(α) <
ρ(f) < ∞, the standard Valiron-Mokhon’ko lemma and the condition
that f is a transcendental meromorphic function, we deduce that F3 is a
transcendental meromorphic function. This, together with Lemma 2.4,
the second fundamental theorem and the fact that F3, G3 share 1 CM,
gives

T (r, F3(z)) ≤ N(r, F3(z)) +N

(
r,

1

F3(z)

)(3.56)

+N

(
r,

1

F3(z)− 1

)
+O(log r)

≤ N(r, f(z)n(f(z)m − 1)f(z + η))

+N

(
r,

1

f(z)n(f(z)m − 1)f(z + η)

)

+N

(
r,

1

G3(z)− 1

)
+N

(
r,

1

α(z)

)
+O(log r)

≤ N(r, f(z)) +N(r, f(z + η))

+N

(
r,

1

f(z)

)
+N

(
r,

1

f(z + η)

)
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+N

(
r,

1

f(z)m − 1

)
+ T (r,G3(z)) +O(rρ(α)+ε)

+O(log r)

≤ (m+ 4)T (r, f(z)) + T (r,G3(z))

+ o

(
T (r, f(z))

r1−ε

)
+O(rρ(α)+ε) +O(log r)

≤ (m+ 4)T (r, f(z)) + (m+ n+ 1)T (r, g(z))

+ o

(
T (r, f(z))

r1−ε

)

+ o

(
T (r, g(z))

r1−ε

)
+O(rρ(α)+ε) +O(log r),

as r /∈ E and r → ∞. Also, from (3.52), we have

(3.57)
T (r, f(z)n(f(z)m − 1)f(z + η)) ≤ T (r, F3(z)) + T (r, α(z))

≤ T (r, F3(z)) +O(rρ(α)+ε).

From (3.55) (3.57), have

(3.58) (m+ n− 1)T (r, f(z))

≤ (m+ 4)T (r, f(z)) + T (r,G3(z))

+ o

(
T (r, f(z))

r1−ε

)
+ O(rρ(α)+ε) +O(log r)

≤ (m+ 4)T (r, f(z)) + (m+ n+ 1)T (r, g(z)

+ o

(
T (r, f(z))

r1−ε

)
+ o

(
T (r, g(z))

r1−ε

)

+O(rρ(α)+ε) +O(log r),

as r /∈ E and r → ∞. From (3.58), the condition ρ(α) < ρ(f) and the
standard reasoning of removing exceptional set (see [13, Lemma 1.1.2])
we deduce

(3.59) ρ(f) ≤ ρ(G3) ≤ ρ(g).
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Similarly

(3.60) (m+ n− 1)T (r, g(z))

≤ (m+ 4)T (r, g(z)) + T (r, F3(z))

+ o

(
T (r, g(z))

r1−ε

)
+O(rρ(α)+ε) +O(log r)

≤ (m+ 4)T (r, g(z)) + (m+ n+ 1)T (r, f(z))

+ o

(
T (r, f(z))

r1−ε

)
+ o

(
T (r, g(z))

r1−ε

)

+O(rρ(α)+ε) +O(log r),

as r /∈ E and r → ∞, and so

(3.61) ρ(g) ≤ ρ(F3) ≤ ρ(f).

From (3.59) and (3.61) we have

(3.62) ρ(f) = ρ(g) = ρ(F3) = ρ(G3).

Noting that λ(f) ≤ ρ(f), we can get from (3.52), (3.55) and ρ(α) < ρ(f)
that

(3.63) (m+ n− 1)T (r, f(z))

≤ T (r, f(z)n(f(z)m − 1)f(z + η))

+ o

(
T (r, f(z))

r1−ε

)

≤ T (r, F3(z)) + T (r, α(z)) + o

(
T (r, f(z))

r1−ε

)

≤ T (r, F3(z)) + o

(
T (r, f(z))

r1−ε

)
+ rρ(α)+ε,

as r /∈ E and r → ∞. From (3.58), (3.60), (3.62), (3.63), Lemma 2.4,
Lemma 2.8, the conditions ρ(α) < ρ(f) < ∞ and n ≥ m+ 6, we know
that there exists some subset I ⊆ R+ with linear measure mes I = ∞
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such that

rρ(α)+ε = o{T (r, F3)},(3.64)

rρ(α)+ε = o{T (r,G3)},(3.65)

N

(
r,

1

F3 − 1

)
−NE(r, 1) = 0,(3.66)

N

(
r,

1

G3 − 1

)
−NE(r, 1) = 0,(3.67)

N(r, F3)−NE(r,∞) = o{T (r, F3)}(3.68)

and

N(r,G3)−NE(r,∞) = o{T (r, F3)},(3.69)

as r ∈ I and r → ∞, such that

N2

(
r,

1

F3

)
+ 2N(r, F3)

(3.70)

≤ 2N

(
r,

1

f(z)

)
+N

(
r,

1

f(z)m − 1

)

+N

(
r,

1

f(z + η)

)
+ 2N(r, f(z))

+ 2N(r, f(z + η)) + 2N

(
r,

1

α(z)

)

≤ (m+ 7)T (r, f(z)) + o{T (r, f)}
=

m+ 7

m+ n− 1
T (r, F3(z)) + o{T (r, F3(z))}

and

(3.71) N2

(
r,

1

G3

)
≤ m+ 3

m+ n− 1
T (r,G3) + o{T (r,G3)},

as r → ∞ and r ∈ I. From (3.70) and (3.71), we get

(3.72) N2

(
r,

1

F3

)
+N2

(
r,

1

G3

)
+ 2N(r, F3)

≤ 2m+ 10

m+ n− 1
T3(r) + o{T3(r)},
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as r → ∞ and r ∈ I, where T3(r) = max{T (r, F3), T (r,G3)}. From
(3.72), Lemma 2.7 and the condition n ≥ m+ 12, we have F3 = G3 or
F3G3 = 1. We discuss the following two cases:

Case 1. Suppose that F3 = G3. Then, it follows from (3.52) that

(3.73) f(z)n(f(z)m − 1)f(z + η) = g(z)n(g(z)m − 1)g(z + η)

for all z ∈ C. Let h be defined as (3.26). From (3.26) and (3.73) we
get

(3.74) {h(z)m+nh(z + η)− 1}g(z)m = h(z)nh(z + η)− 1

for all z ∈ C.

Suppose that h(z)m+nh(z + η) − 1 = 0 for all z ∈ C. Then, from
(3.74), we have h(z)nh(z + η) − 1 = 0 for all z ∈ C, and so hm = 1.
This together with (3.26) gives the conclusion of Theorem 1.2. Next we
suppose that h(z)m+nh(z + η) − 1 �≡ 0. Then, (3.74) can be rewritten
as

(3.75) g(z)m =
h(z)nh(z + η)− 1

h(z)m+nh(z + η)− 1

for all z ∈ C.

First suppose that h is rational. Then, from (3.75) we know that g is
a rational function, which is impossible.

Next suppose that h is a transcendental meromorphic function. Since
f , g are of finite order, the same is true for h as well. Set

(3.76) H1(z) = h(z)nh(z + η), H2(z) = h(z)m+nh(z + η)

for all z ∈ C. Let z0 ∈ C be such a point that H2(z0) − 1 = 0 and
H1(z0) − 1 �= 0. Then, from (3.75) and (3.76), we deduce that z0 is
a zero of H2(z) − 1 with multiplicity ≥ m. Let z1 ∈ C be a common
zero of H1(z) − 1 and H2(z) − 1. Then, from (3.76), we deduce that
h(z1)

m = 1. Therefore, from Lemma 2.4 and the standard Valiron-
Mokhon’ko lemma, we have

N

(
r,

1

H2(z)− 1

)
≤ N(r, |H2(z)− 1 = 0, H1(z)− 1 �= 0)

(3.77)
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+N

(
r,

1

h(z)m − 1

)

≤ 1

m
N

(
r,

1

h(z)m+nh(z + η)

)
+mT (r, h(z)) + O(1)

≤ m+ n+ 1

m
T (r, h(z)) +mT (r, h(z))

+ o

(
T (r, h(z))

r1−ε

)
+O(1)

=
m2 +m+ n+ 1

m
T (r, h(z))

+ o

(
T (r, h(z))

r1−ε

)
+O(1),

where N(r, |H2(z)−1 = 0, H1(z)−1 �= 0) denotes the reduced counting
function of those points in N(r, 1/(H2(z)− 1)), where each such point
is not a zero of H1(z) − 1. Since h is of finite order, it follows from
(3.76) and Lemma 2.4 that the same is true for H2 as well. Hence,
from (3.76), (3.77), Lemma 2.4 and the second fundamental theorem,
we get

T (r,H2) ≤ N(r,H2) +N

(
r,

1

H2

)
(3.78)

+N

(
r,

1

H2 − 1

)
+O(log r)

≤ N(r, h(z)) +N(r, h(z + η))

+N

(
r,

1

h(z)

)
+N

(
r,

1

h(z + η)

)

+
m2 +m+ n+ 1

m
T (r, h(z))

+ o

(
T (r, h(z))

r1−ε

)
+O(log r)

≤
(
m2 +m+ n+ 1

m
+ 4

)
T (r, h(z))

+ o

(
T (r, h(z))

r1−ε

)
+O(log r),
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as r /∈ E and r → ∞. From (3.76), (3.78), Lemma 2.4 and the standard
Valiron-Mokhon’ko lemma, we get

(3.79) (m+ n+ 1)T (r, h(z))

= T (r, h(z)m+n+1) +O(1)

≤ T (r,H2(z)) + T

(
r,
h(z)m+n+1

H2(z)

)
+O(1)

= T (r,H2(z)) + T

(
r,

h(z)

h(z + η)

)
+O(1)

≤ T (r,H2(z)) + 2T (r, h(z))

+ o

(
T (r, h(z))

r1−ε

)
+ O(log r)

≤
(
m2 +m+ n+ 1

m
+ 6

)
T (r, h(z))

+ o

(
T (r, h(z))

r1−ε

)
+ O(log r),

as r /∈ E and r → ∞. By the conditions n ≥ m + 12 and m ≥ 2 we
deduce

m+ n+ 1 >
m2 +m+ n+ 1

m
+ 6,

which together with (3.79) gives

(3.80) T (r, h) ≤ o

(
T (r, h(z))

r1−ε

)
+O(log r),

as r /∈ E and r → ∞, which means that h is a rational function. This
contradicts the above supposition.

Case 2. Suppose that F3G3 = 1 and F3 �≡ G3. Then it follows from
(3.52) that

(3.81) f(z)n(f(z)m − 1)f(z + η)g(z)n(g(z)m − 1)g(z + η) = α(z)2

for all z ∈ C. From (3.58), (3.60), (3.62), the condition ρ(α) < ρ(f)
and Lemma 2.8, we know that there exists some subset I ⊆ R+ with
linear measure mes I = ∞ such that

(3.82)
T (r, g(z)) = O(T (r, f(z))),

T (r, f(z)) = O(T (r, g(z)))
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and

(3.83) T (r, α(z)) = o{T (r, f(z))},

as r ∈ I and r → ∞. By rewriting (3.81), we have

(3.84) f(z)n(f(z)m − 1)g(z)n(g(z)m − 1) =
α(z)2

f(z + η)g(z + η)
.

From (3.84), Lemma 2.4, the fact λ(f) ≤ ρ(f) < ∞ and the condition
that f and g share ∞ IM we have

(3.85) (m+ n)[N(r, f(z)) +N(r, g(z))]

≤ N

(
r,

1

f(z + η)

)
+N

(
r,

1

g(z + η)

)

≤ N

(
r,

1

f(z)

)
+N

(
r,

1

g(z)

)

+ o

(
T (r, f(z))

r1−ε

)
+ o

(
T (r, g(z))

r1−ε

)
,

as r /∈ E and r → ∞. By rewriting (3.81), we have

(3.86)
1

f(z)n(f(z)m − 1)g(z)n(g(z)m − 1)
=

f(z + η)g(z + η)

α(z)2
.

From (3.82), (3.83), (3.86), Lemma 2.4, the fact λ(f) ≤ ρ(f) < ∞ and
the condition that f , g share ∞ IM we get

(3.87) n

{
N

(
r,

1

f(z)

)
+N

(
r,

1

g(z)

)}

+N

(
r,

1

f(z)m − 1

)
+N

(
r,

1

g(z)m − 1

)

≤ N(r, f(z + η)) +N(r, g(z + η)) + 2N

(
r,

1

α(z)

)

≤ N(r, f(z)) +N(r, g(z)) + 2T (r, α(z))

+ o

(
T (r, f(z))

r1−ε

)
+ o

(
T (r, g(z))

r1−ε

)
+O(1)

≤ N(r, f(z)) +N(r, g(z)) + o{T (r, f(z))},
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as r ∈ I and r → ∞. From (3.82), (3.83), (3.85) and (3.87), we have

(3.88) N(r, f(z)) +N(r, g(z)) +N

(
r,

1

f(z)

)

+N

(
r,

1

g(z)

)
+N

(
r,

1

f(z)m − 1

)

+N

(
r,

1

g(z)m − 1

)

= o{T (r, f(z))},
as r ∈ I and r → ∞. By (3.88) and the second fundamental theorem,
we have

mT (r, f) ≤ N

(
r,

1

f

)
+

m∑
j=1

N

(
r,

1

f − ωj

)
+O(log r)

= o{T (r, f)},
as r ∈ I and r → ∞, where ω1, ω2, . . . , ωm stand for the roots of
ωm = 1. This is impossible.

Theorem 1.4 is thus completely proved.

4. Concluding remarks. From Example A and the condition
“n ≥ 6” of Theorem 1.1, we give the following question:

Question 4.1. What can be said about the conclusion of Theo-
rem 1.1, if we replace the condition “n ≥ 6” with “2 ≤ n ≤ 5”?

Acknowledgments. The authors wish to express their thanks to
the referee for his/her valuable suggestions and comments.

REFERENCES

1. Y.M. Chiang and S.J. Feng, On the Nevanlinna characteristic of f(z+ η) and
difference equations in the complex plane, Ramanujan J. 16 (2008), 105 129.

2. J. Clunie, On a result of Hayman, J. Lond. Math. Soc. 42 (1967), 389 392.

3. M.L. Fang and X.H. Hua, Entire functions that share one value, J. Nanjing
Univ. Math. Biquart. 13 (1996), 44 48.

4. R.G. Halburd and R.J. Korhonen, Nevanlinna theory for the difference oper-
ator, Ann. Acad. Sci. Fenn. Math. 31 (2006), 463 478.

5. , Difference analogue of the lemma on the logarithmic derivative with
applications to difference equations, J. Math. Anal, Appl. 314 (2006), 477 487.



CERTAIN DIFFERENCE POLYNOMIALS 631

6. R. Halburd, R. Korhonen and K. Tohge, Holomorphic curves with shift-
invariant hyperplane preimages, arXiv: 0903.3236.

7. W.K. Hayman, Meromorphic functions, The Clarendon Press, Oxford, 1964.

8. , Picard values of meromorphic functions and their derivatives, Ann.
Math. 70 (1959), 9 42.

9. J. Heittokangas, R. Korhonen, I. Laine and J.Rieppo, Uniqueness of mero-
morphic functions sharing values with their shifts, Complex Var. Elliptic Equat.
56 (2011), 81 92.

10. J. Heittokangas, R. Korhonen, I. Laine, J. Rieppo and J.L. Zhang, Value
sharing results for shifts of meromorphic functions and sufficient conditions for
periodicity, J. Math. Anal. Appl. 355 (2009), 352 363.

11. K. Ishizaki and K. Tohge, On the complex oscillation of some linear differ-
ential equations, J. Math. Anal. Appl. 206 (1997), 503 517.

12. I. Lahiri, Weighted sharing of three values and uniqueness of meromorphic
functions, Kodai. Math. J. 24 (2001), 421 435.

13. I. Laine, Nevanlinna theory and complex differential equations, Walter de
Gruyter, Berlin, 1993.

14. I. Laine and C.C. Yang, Value distribution of difference polynomials, Proc.
Japan Acad. 83 (2007), 148 151.

15. W.C. Lin and H.X. Yi, Uniqueness theorems for meromorphic functions,
Indian J. Pure Appl. Math. 52 (2004), 121 132.

16. K. Liu and L.Z. Yang, Value distribution of the difference operator, Arch.
Math. 92 (2009), 270 278.

17. A.Z. Mokhon’ko, On the Nevanlinna characteristics of some meromorphic
functions, in Theory of functions, functional analysis and their applications, Izd.
Khar. Un-ta, Kharkov,14 (1971), 83 87.

18. X.G. Qi, L.Z. Yang and K. Liu, Uniqueness and periodicity of meromorphic
functions concerning the difference operator, Comput. Math. Appl. 60 (2010),
1739 1746.

19. J.F. Xu and H.X. Yi, Uniqueness of entire functions and differential polyno-
mials, Bull. Korean Math. Soc. 44 (2007), 623 629.

20. C.C. Yang, On deficiencies of differentia1 polyynomia1s, Math. Z. 116
(1970), 197 204.

21. C.C. Yang and X.H. Hua, Uniqueness and value sharing of meromorphic
functions, Ann. Acad. Sci. Fenn. Math. 22 (1997), 395 406.

22. C.C. Yang and H.X. Yi, Uniqueness theory of meromorphic functions, Kluwer
Academic Publishers, Dordrecht, 2003.

23. J.L. Zhang, Value distribution and shared sets of differences of meromorphic
functions, J. Math. Anal. Appl. 367 (2010), 401 408.

Department of Mathematics, Ocean University of China, Qingdao, Shan-
dong 266100, P.R. China and Department of Physics and Mathematics,
University of Eastern Finland, P.O. Box 111, FI-80101 Joensuu, Finland
Email address: lixiaomin@ouc.edu.cn



632 XIAO-MIN LI, HONG-XUN YI AND WEN-LI LI

Department of Mathematics, Shandong University, Jinan, Shandong
250100, P.R. China
Email address: hxyi@sdu.edu.cn

Mathematisches Seminar, Christian-Albrechts-Universität zu Kiel D-
24098 Kiel, Germany and Department of Mathematics, Ocean University
of China, Qingdao, Shandong 266100, P.R. China
Email address: w.li@math.uni-kiel.de, w.liwllee0811@gmail.com



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


