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CUSPIDALITY OF PULLBACKS OF
SIEGEL-HILBERT EISENSTEIN SERIES
ON HERMITIAN SYMMETRIC DOMAINS

MOLLY DUNKUM AND DOMINIC LANPHIER

ABSTRACT. Let Gy be either a symplectic, unitary or
Hermitian orthogonal group of rank 2N = 2m + 2n with m <
n. We show that the restriction of a Siegel-Hilbert Eisenstein
series on Gy to the diagonally embedded group G, x G, has
a nontrivial cuspidal component in the smaller variable. As a
consequence, we explicitly construct classes of Siegel-Hilbert
cuspforms with rational-valued Fourier coefficients.

1. Introduction. The arithmeticity of Eisenstein series on general
reductive groups is well-studied; see [9] for an example. The arithmetic
nature of cuspforms is more mysterious. Pullbacks of certain Eisenstein
series to smaller groups is a well-established tool for constructing cusp-
forms that inherit some of the arithmetic properties of the Eisenstein
series. This has been a powerful method for proving arithmetic results
about cuspforms and values of L-functions.

Let N = m + n with m < n. In [3] it is shown that, for a certain
Siegel Eisenstein series En on Sp(NN), the pullback to Sp(m) x Sp(n)
has nontrivial cuspidal part in the smaller variable g € Sp(m). This was
shown by modifying an argument in [7]. In this paper, we generalize
this result to a larger class of Eisenstein series on symplectic, unitary
and Hermitian orthogonal groups. We investigate the cuspidality of
the pullbacks of Siegel-Hilbert Eisenstein series on these groups, give a
general decomposition theorem for such pullbacks and present a unified
approach for these different groups. Such results have applications to
the arithmeticity of cuspforms [1, 7], L-functions [5, 14] and to the
Bloch-Kato conjecture [2].

Let k£ be a totally real number field of degree ¢ over Q, and let
F Dbe either k, a complex quadratic extension of k or a quaternionic
extension of k. Let A denote the adeles of F', and let O denote the
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integers of F. In the following, Gy (A) will be either Sp(N), U(N, N)
or O*(4N). Let N > 1. We consider only holomorphic automorphic
forms. Let X denote a character on the Siegel parabolic Py(A), and
let I(x) = Indgg((:))x denote the induced representation space. For
v a local place of F' and a character X, on the local group Py (F),
let I,(X,) = Indgl’vv((g’)))(v. For ¢ € I(X) we have the factorization

e = [, ev where e, € I,(Xy), and we can define a Siegel-Hilbert
Eisenstein series on Gy (A) by

En(g;k) = > el

YEPN(F)\GN(F)

We choose ¢ to give an Eisenstein series of a given weight x and level
n where n is an ideal in the integers of F'. Precise definitions of these
objects are given in Sections 2 and 3. Let ¢ : G, (A)x G (A) — Gn(A)
be the embedding from Section 3, and let E(t(g1, g2); ) be the pullback
of the Eisenstein series to G, (A) X Gy (A).

Theorem 1. Let En(g;k) be a Siegel-Hilbert Eisenstein series on
Gn(A) of weight k > 2N + 1 and level n. Then we have the following.

i) The pullback decomposes
En(u(g1,92); k) = Un(91,92) + Pn (91, 92)

where (Un(-,92), f1) = (¥n(91,), f2) = 0 for fi a cuspform on
Gm(A), fo a cuspform on G,(A) and ®n(g1,92) is a cuspform in
the variable g1 € G (A).

ii) The Fisenstein series can be chosen so that ®x is nontrivial. If
m = n, then ®x is nontrivial for any choice of €, € I(X,) with v < 0o
and v{n.

iii) For f a cuspform on G,(A), we have that (®Pn(g1,-), f) = 0 if
and only if m < n.

Cuspforms constructed in this way inherit certain arithmetic proper-
ties of the Eisenstein series. In particular, we show that their Fourier
coefficients are rational-valued.
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Corollary 1. Let £ be as in Lemma 1, and let X be a character of
the Siegel parabolic Py (A). There is some € € I(X) so that

> e(6u(g1,92))

YEGm(F)\Gm (F)XGn (F)

is a nontrivial cuspform in g1 € G, (A) with F-valued Fourier coeffi-
cients.

In Section 2 we define the groups and automorphic forms used
here. In Sections 3 and 4 we study the restriction of a Siegel-Hilbert
Eisenstein series on G (A) to embedded copies of smaller groups of
the same type. We prove Theorem 1 in Section 3 by first proving the
decomposition in (i), then parts (ii) and (iii), and then completing the
last part of (i) by showing that @ is a cuspform in its smaller variable.
In Section 4 we apply these results to prove Corollary 1.

2. Automorphic forms and Eisenstein series. Let 1y denote
the N x N identity matrix, and let O denote the N x N zero matrix.

Iny 0
Let k£ be a totally real number field of degree £ over Q, and let F be a
finite dimensional division algebra over k. Following [6], for the rational
representation t : F' — Mgy q(k), define

Let Jy = (ON "11?) where n = 41 is fixed for a given type of group.

T: GLN(F) — GLN(MdXd(k‘)) = GLNd(k)

Here Mgy q(k) denotes the set of d x d matrices with entries in k. For a
commutative C-algebra A we also define v : GLn(F®qA) — GLp(A).
Let @ — a“ be an involution of F' and, for g € Mnxn(F), let g% denote
entry-wise action by o. Let g7 denote the usual matrix transpose, and
let g* denote the convolution g"T. Let Or be an order in F so that
Z C Op and Op is stable under 0. For a commutative Z-algebra A
define

GN(A) ={g € GLan(OF ®z A) | g"Ing = Jn, det (x(g)) = 1},

By the class number hrp of F' we mean the number of isomorphism
classes of locally free left (or right) Op-ideals in Op ® Q.
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Let pu(g,2) = det (cz + d)~ !, and define u(g,2)~ = H?:l w(gj,zi)"
using a multi-index notation where g = (g;); € Gy (F) and z = (2;); €
9% As Gy (F) acts on §%;, the space of holomorphic Hilbert modular
forms of weight the ¢-tuple k = (k,...,k), level n, and character p
is the space of holomorphic C-valued functions f(z) on $% so that
Fg(2))ulg, 2)" = p(g) f(2) for all z € §y and g € T (n).

Let A denote the adeles of F', and let Ay and A, denote the finite
and infinite adeles, respectively. Let v be a local place with norm | - |,
normalized so that |w,| = ¢, !, where w, is the uniformizer and g, is
the cardinality of the residue field. For v < oo, set K, = G,,(0,), and
let Ka, =]],<0o0 Kv. For v | oo, define

K, ={g€Gn(F,)|r(g) € U'(N)},

where U'(N) =U(2N) ={g9 € GLan(F,) | g*g = 1oy} for F =k or a
quaternionic extension of k. For F' a complex quadratic extension of k
set U'(N) =U(N) x U(N). Then K, is a maximal compact subgroup
of Gn(Fy), and set Koo =[], K and note that Ko is the isotropy
group in Gn(Fy) of i - 1x € H%. This gives a diffeomorphism from
GN(Fx)/Ks to ﬁf\,. For f an automorphic form of weight «, level n
and character p on $% define flg) = f(g(i - 1,))ulg,i - 1,)*. Then f
is an automorphic form on G, (Fs) of weight x, level n and character
p. There is a unique compact open subgroup Ko C Gxn(Ay) so that
'Y (n) = Gy(F) N Gn(Fx)Ko. By Strong approximation there is a
diffeomorphism

v|oo

I (M\Gn (Fos) — Gn(F)\Gn(A)/Ko.

d
let Ko = KooKo. For g € Gy(A) and 2z € H% define u(g,2) =
(16(gos 20))vea. . For f, an automorphic form on Gy (Fs) and v €
GN(F), g € Gn(Fx) and k € Ka we define a function, which we also
label f, on Gy (A) by f(vgk) = f(g)p(k). Then f is a left Gy (F)-
invariant, right (K, ps)-equivariant, right Ko-invariant function on
Gn(A). Thus, f is a holomorphic automorphic form on Gn(A) of
weight k, level n and character p. In the sequel, by automorphic forms
we mean adelic automorphic forms in this sense, and we denote the
space of such automorphic forms by My (k,n). Let Cn(k,n) denote

If g = (z b) € Koo = [[,cc Ko, then let p.(g) = det(a + ib)" and
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the subspace of cuspforms. Let Zx(A) be the center of Gy(A). The
Petersson inner product on Cy (%, n) is defined to be

i fo) = / (9 TaT9) do.
ZN(A)GN(F)\GN(A)

The measure chosen is induced from a Haar measure on Gy(A). By
the Iwasawa decomposition, we have Gn(F) = Py(F)K(F) where

Py(F) = Ly(F)Uy(F) with Ly(F) = {(3A9—1) | Ae GLN(F)}

the Levi component and Uy (F) = {((1) Ef) | B € SN(F)} the unipo-
tent radical, where Sy (F) = {B € Myxn(F) | B* = nB}. Thus,
Py (F) is the Siegel parabolic of G (F'). More generally, for 0 < j < N,
we have the unipotent radicals

In—; = * *
_ 0 1; 0
U (F) = 0 0 1y, o] SEE)
0 0 * 1j
and Levi components

A 0 0 0
0 a b

LJ(F) - 0 0 A*—l 0 € GN(F)
0 c 0 d

a b
Ae GLy_;(F), (C d) € Gj(F)}

and the respective parabolics P;(F) = L;(F)U;(F) of Gny(F). The
context will be clear as to the group Gy (F') which contains a given
parabolic. Note that, for a cuspform f on G (A), we have ij(F)\Uj(A)

f(ug)du =0 for any j < N.

In the sequel, we write e(z) for e®. Also, let det (A) denote the usual
determinant if F' = k, the usual determinant over F' followed by the
norm for F' over k if F' is a complex quadratic extension of k and the
determinant of the image of the rational representation followed by the

P . . O 1n
reduced norm if F' is a quaternionic extension of k. For w,, = (1 o )

and g € Gy let g% = w,gw, and note that g — ¢ stabilizes the
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maximal compact subgroup of Gy. For an automorphic form f on
Gn(A), let fi(g) = f(g*) where f is complex conjugation. Note that
f* is a holomorphic automorphic form on Gy (A).

3. Pullbacks of Eisenstein series and cuspforms. Let N =
m + n and consider the embedding ¢ : Gy, (A) X Gr(A) — Gn(A)

given by
a 0 b 0
.abxa’b”_>0a’0b’
“Ne d d d c 0 d 0
0 ¢ 0 d

For the case F' = k = Q, the restriction of Siegel Eisenstein series on
GnN(A) = Spn(A) to Spm(A) x Spn(A) is well studied; see [4, 8] for
a detailed discussion of the doubling method.

By the Iwasawa decomposition, for g € Gy (A), we can write g = pk

with p = (0‘1 A?,l) € Py(A) and k € K. For an integer k > 2N + 1,

define a character X on Py(A) by X(p) = |det (4)|5, where J denotes
the ideles of F. Recall that the induced representation space I(X) =
Indg;;’ ((:)) X consists of smooth complex-valued functions o on G (A)
so that a(pg) = X(p)a(g) for all p € Py(A) and g € Gn(A). For a
section € € I(X), we define the following Siegel-Hilbert Eisenstein series

on Gn(A),

(3.1) En(g; k) = > e(g; k).

YEPN(F)\GnN(F)

This series converges uniformly in compacta for k > 2N + 1 and is a
holomorphic modular form on G (A) of weight . The level n depends
on the choice of section €. Let En(t(g1,92); k) denote the restriction
of En(g; k) to Gm(A) x Gy, (A). The following lemma is proved in [6].
Recall that n = £1 and is fixed for Gy (F).

Lemma 1 [6, Proposition 3.1]. Let N = m +n with m < n. The
double coset space

Pn(F)\GN(F)/U(Gm(F) x Gn(F))
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has irredundant representatives &g, ... ,&m where
1, 0 0 O
|10 1, 0 0 _(Op—y O
= 0 g 1, o | ML= ( 0 1j)

The respective isotropy groups of £ in G (F) x Gn(F) are

Hj(F)g{Jm,j (0) % s (L 2) €GmF) < Gu(F) ‘(‘;g) € Gj(F)}

where
a % * *
a b 0 a * b
JWL,j <C d> - 0 0 o' 0 [eAS GLm,j(F)
0 ¢ * d

Note that Jp, ; (Z Z) contains the unipotent radical U;(F') of G, (F)
for 0 < j < m.

For Gn(A) = Sp(N), an Eisenstein kernel e was chosen in [3, 7]
so that the contribution of certain cells to the pullback of a given
Eisenstein series vanished. In fact, in [3, 7] all of the terms in the

pullback of the Eisenstein series vanish except the term contributed by
the orbit that is Zariski-open in Gy (F) (the “big-cell”).

For symplectic groups, for F' = k, a version of the following decom-
position result was studied by Bocherer [1], Brown [2] and Garrett [6,
7]. In [14] Shimura studied this decomposition for unitary groups, so
for F' a complex quadratic extension of k.

Lemma 2. Let Ex(g; k) be as in (3.1). Then

En(t(g1,92); k) = Yn(g1,92) + PN (91, 92)

where (N (-, g2), f1) = (¥n(g1,°), f2) = 0 for cuspforms f1 on Gm(A)
and fa on G,(A), respectively.
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Proof. Let H;(F') be the isotropy group of the representative &;, and
let & = &,,, be the representative of the open orbit. Consider

7 € Py(E\GN(F) = |_| Py (F)\Py(F)&it(Gun(F) x Gu(F)).
i=1
For v € Py(F)\PN(F)&u(Gm(F) x Gn(F)) we have &y € H;(F)\&
UG (F) x Gp(F)), and as H;(F)& = &Hi(F), we have v € H;(F)\
UG (F)xGp(F)). In the following, to avoid clutter, we abuse notation
and leave out the ¢ in the range of the summation indices. Thus, we
have
(3.2)

En(Ug1,92)i5) = > e(ve(g1, 92); k)
YEPN (F)\Gn(F)

= 3 e(&ve(g1, 92); k)

=1 yeH;i(F)\(Gm (F) X Gn(F))

m—1

=3 3 e(&ve(g1, 92); k)

i=1 yeH;(F)\(Gm (F)XxGn(F))
+ > e(§ye(g1, 92); k)
YEH i (F)\(Gn (F)XGp (F))
=Un(g1,92) + Pn(91,92)

where ® (g1, g2) is the contribution of the open orbit to the pullback.
For v € H;(F)\(Gn(F) x Gr(F)) we have v = (v1,72) where 1 €
T (28) \Gunl(F) and 73 € Jus (1 £)\Gu(F). For 0<j <m—1

and f a generic cuspform in C,,(k,n) we can unwind the following
integral and get

<\IJN(*5 92)7 f> = /
Zm (A GmENGmA) ety (F)\(Gon (F)x G ()

x e(&5ve(g1,92); 8) f(g1) dgr

N /zm (A) T (“ )\Gm(A) Z

b
cd weJn,j(d C)\Gn(m
ba
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x e(&t(g1,7292); k) f(91) dgi.

Writing  Jin,j (zg) = L;(F)U;(F) where U;(F) is the unipotent

radical of the parabolic P;(F') in G.,(F'), the above can be rewritten

/zm<A>Lj<A>Uj<A>\Gm<A> /Lj<F>\Lj<A> /Uj<F>\Uj (A)
x > e(&j(ulg,1292); #) f (ulg) du dl.dg.

weJn,j(if j)\cnw)

A direct calculation shows that e(§;c(ulg, v2g2); k) = €(§;(lg, ¥292); k)
and so, by the left U;(A)-invariance of ¢, this becomes

2.

'Y2€Jn,j(z 2)\Gn(F)

x e(&5u(lg, v292); “)</U

5 (F)\U; (A)

/Zm(A)Lj(A)Uj(A)\Gm(A) /Lj(F)\Lj(A)

fulg) du) dldg.

For j < m, U;j(A) is the unipotent radical of the parabolic P;(A) in
Gm(A). Thus, as f(g) is a cuspform, the inner integral is 0. Similarly
we get (Un(g1,%), f) = 0. Tt follows that the first of the two terms in
(3.2) is orthogonal in each variable to the space of cuspforms. ]

In [2, 7] a specific Siegel Eisenstein series is chosen on Sp(n) so
that U as above is identically zero. It immediately follows that @y
is nontrivial in that case. We show that an Eisenstein series can be
chosen on Gy so that ® is nontrivial, with no condition placed on ¥ .
Further, we show that there is somewhat more flexibility in choosing
such an Eisenstein series.

Lemma 3. Let ®n(g1,g2) be as in (3.2). We can choose € € I(X) so
that ®n(g1,92) is a nontrivial automorphic form on G, (A) x G, (A).

Proof. Tt is straightforward that ®x(g1,g2) is an automorphic form
on G, (A) x G, (A) in the sense of Section 2. For a € Z~( consider
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the compact subgroup

Ka(a) = {(g1v,920) € Ka | t(g10,920) = 1oy (mod w?) for v < oo},

and note that for a > o/, we have Kz (a) C Ka(a'). We similarly define
Kp(a) and K,(a) and note that lim, o Kr(a) = {lan}.

Recall that H,,(F) is a subgroup of G, (F) x G,(F). So, for

h = u(g1,92) € Hm(F,), we have ¢he~! = (g‘ g) € Py(F,) where

A = (‘;Z) and C = (_db ;c) Note that det (C) = det (A). As

et € Pn(F,) we have C = A*7! and this implies det(A4) =
det (A)~!. It follows that |det (A)|, = 1 and as the local character

(A4)~
s Xu (o qeor ) = |det (A)]5 we get X, (EhE™") = 1. So for f() €

In dgg%gﬁb( m(F)XGn(Fo))y e have f(exe1) € n dH (z;vgxc; (Fo)q

For any f € Indizgg’g&(cmm’)XG"(F"))XU we can associate some

Fe mdGYGx,. Set flg) = f(g) for g € Pn(F)eu(Gm(Fy) x
Gn(Fy)). As PN(Fy)Eu(Gm(Fy) x Gn(F)y)) is Zariski-open in Gy (F,),
then for g € Gn(F,) — Pn(Fy)EL(G(Fy) X G (Fy)) there is a sequence
gi — g with g; € Py(F,)Eu(G(Fy) X Gp(Fy)). As f is smooth,

we have that lim f(g;) exists and we set f(g) equal to this limit.
G'm(Fu)XGn(Fv)

Therefore, there is a sequence of injections Indp™ ") 1 —
Indiﬁ(?ﬁggb( "L(FU)XG (FU))X’U — IU (X’U)
Fv XGn(Fv . .
Let chy, (7, K, (a)(*) € Ind$m o ( £ 1 denote the characteristic

function of H,,(F,)K,(a). By the injection above, there exists some
gy € I,(Xy) so that

Ev (5 * 571)|Gm,(F’U)><GTL(F’U) = ChHm(Fv)Kv(a)(*)'

Set €4,0 = chy, (p,)K,(a), and let e, =[], €a,0. We can choose ¢, so
that it is supported on Py(F,)K] for some compact open subgroup
K! of Gy(F,) that contains a principal congruence subgroup of level
r, denoted K,(r). Thus, we can choose ¢ € I(X) so that the local
component ¢, is supported on Py (F,)K,(r) and then ¢, , is supported
on H,,(F,)K,(a) for r > a. Note that as K,(r) C K,(a) we have
Er,v(g) = 5@1}(9) for g € Hm(Fv)Kv(r)'
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We have e4(7t(91,92)) = chu, (7K. (a)(V(91,92)) = €u(§ve(g1,
g2)¢7Y) = e,(évu(g1,92)) by the right K,-invariance of ,. Thus,

ea(v1(91,92)) = €(§v(g1, g2)), and let

Pnalg1,92) = Z e(v(g1, 92))
YEHm (F)\(Gm (F)xGn(F))
= > e(€velg1, 92))-

YEHm (F)\(Gm (F)xGn(F))

As g, is supported on H,, (A)Ka(r),

lim .o (Lom, Lan) = lim > €a(7)

a—00 a—00
YEHm (F)\(Gm (F)xGn(F))

—lw D ()

YEHm (F)\Hpm (F)KF(a)
Now, eq(lan) = (€ - lan) = chy, (F)Kp(a)(lan) = 1, and since
limg 00 Hin (F)\Hpnm(F)Kr(a) = {1an}, it follows that
oY apen
YEHm (F)\Hm (F)KF(a)

Thus, ®x,, is nontrivial for sufficiently large a. It follows that we can
choose a and r sufficiently large and ¢ € I(X) so that the cuspidal part
of the restriction of the corresponding Eisenstein series is nontrivial.
That is, there exists some € € I(X) so that

P (g1, 92) = > e(§ve(g1, 92))

YEHm (F)N(Gm (F) X Gn(F))

is a nontrivial automorphic form on G, (A) x G, (A). O

We now show that, for m = n, we can choose any ¢, € I,,(X,) where
v < oo and v { n so that ®y is nontrivial. Let m = n, and let f be
a cuspform on G, (A) that is a Hecke eigenfunction. Unwinding the
following integral, we get

(3.3)
<<1>N(-,g2>,f>=/

Zn(A)Gn(F)\Gn(A)
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x > e(&vu(g1,92)5 %) f (g1) dg

YEH (F)\(Gn (F)XGn(F))

=/ £(&u(g1,92);: k) f(g1) dga.
Z,(A)\Gr(A)

Note that, for g1 € G,(A), we have fL(gl,gi)g’l € P,(A), and so
a(&(gl,gi)f’lg;/@) = ¢(g; k) from the equivariance properties of e.
Thus,

e(€ulg, g2)i k) = (€9, 95 )ET Eu(gr, 92); k) = e(€u(gh " g1, 12n); K)
and so (3.3) is

/ €(&u(g1,92); k) f(91) dgr
Z, (A\Gn(A)

Z/ e(€(gh " 91, 120); K) Fg1) dgu
Zn (A\Gr(A)

-/ <(E0(g1. 120): ) (o) g
Zn(A)\Gn(A)
-/ (Exlar ™ 1n): W) (ghar ) dan.
Zn(A)\Gn(A)
Let T, be the convolution operator

(B34)  (Tuf)(g) = /G o 20 ) o o

and note that the T,’s commute for varying v. These integrals are
absolutely convergent since integral (3.3) is absolutely convergent. As
e(g) factors over v, we can factor the global integral in (3.3) as a product
of the operators T,

(@ (HT )fh “T1 (@) ).

v

Let £,(9) = €u(&u(g, 12n); ), so we write T, f8 = fi * &, where
fo* 771)(9) = fG,,L(FU) Tlv(gl)fv(ggfl) dg1. For ki, ks € Ky,

Eulknghs) = e, (€ukagha, 130); 1) = 2, (Eulgha, K V)i
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This last term is €,(£t(g, 12p); k) by the right K,-invariance of &,.
Following [7], let {K} be a nested collection of compact open sets in
G (F,) so that | J K = G,,(F,), and we can take each set K to be stable
under the involution g — g Let € = g,¢hig € Hy(G,K). Then ek
is Q-valued as g, is, and limg €x = £,. As f is an eigenfunction of
the spherical Hecke algebra at v, then f, xex = ¢k f, for some number
¢k, and the absolute convergence of (T, f,)(g) implies the absolute
convergence of f, * &,. Therefore, (limg cx)f, = limg(cxfy) =
limg (fy * €x) = fu * €y, and so limg cx exists and we denote it by
Cy(f). Since €, and €k are Q-valued we have

(T.£5) (9) = (£§ &) (9) = lim (f§ *Ex) (9)

= (i *20)())" = (Gimer) o))
= @Nfl0)) = e Do)

This implies that ¢,(f) depends only on the local data of f and the
homomorphism T, of the Hecke algebra at v. So we have

(®(,92), /) = [ (T f?) (g H% = () f*(9)

where ¢(f) =[], co(f). As (3.3) is absolutely convergent, then the
infinite product is absolutely convergent.

It follows that the integral ((®y, f1), fo) factors into a product of
local integrals of the form

(3.5) / (€91, 92): 1) Fra(on) Fau(g) dgs dga.
Gn(Fy)XGp(Fy)

We have €,(£ * €71 k) = Indg E?“%XG (F“)Xf, because €, is right K-
invariant. Consider automorphic representations 7; o on G, (A) so that
fj € mj.a and mj A = ®/ ;. where the product is the restricted tensor
product. For v < oo and v { n, the automorphic representations =; ,
are spherical. For f; € 7; a, as above, the local integral (3.5) defines an
element in the space of intertwining operators on local representation
spaces,

(3.6)  Homg, (p,)xc, (k) (Indfy (7] FIXE @ (114 @ 1), 1).
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By dualization (see [8]) this is isomorphic to

(37) HomGn(Fv)XGn(Fu) (Trl,v & 2,0y Indf[:%?:)J%XGn(FU)/)%i(SH)

where X, is the smooth dual of X, and §z is the modular function
of Hy. By definition, the isomorphism from (3.6) to (3.7) is given
by ¢ — Iy where Iy(vi,v2)(w) = ¢(w ® (v1,v2)) with v; € m;, and
w € Indgzgﬁj;XG"(F“)igée. It follows that, if ¢(w ® (vi,v2)) # 0
for some vectors vi,v2 and w as above, then Iy is also a nontrivial
intertwining operator.

Recall from the proof of Lemma 3 that X§(h) = 1 for h € H,(F,). As

H, (F,) is unimodular, we have that dy = 1 and therefore QidH =1.
From this, and as we are in the category of smooth representations,
we can apply Frobenius reciprocity to (3.7). Therefore the space of
intertwinings (3.7) is isomorphic to

(3.8) Homp,, (r,) (Resgzgg;gxc"(F”) (10 ®T2), 1),

and thus we have that the local intertwining operator defined by
integral (3.3) is in a space of intertwinings isomorphic to

(39) HOmHn(Fv)(ﬂ'l,v 02y 72,05 1)

Note that the Frobenius reciprocity mapping from (3.7) to (3.8) is
Y = ¢y, where ¢y(vi,v2) = Y(vi,v2)(lay) with v; € m;,. Thus,
if (v1,v2)(1an) # 0, it follows that ¢, is a nontrivial intertwining
operator. By the irreducibility of 7, and 72 ,, we have that (3.9) has
dimension 1 if w3, = 71, and the dimension is 0 otherwise, where 7 ,,
is the contragredient of 71 ,. See [8] for a detailed discussion of this.

More generally, let a, € Homg, (7,)(7y ® Ty, 1) for m, a spherical
automorphic representation of H, (F,). From [8] this space has dimen-
sion 1, and the nonvanishing of the nontrivial intertwining operator in
this space is independent of the exact value of the Satake parameters
of m,. That is, if a,(ey,e,) # 0 for some spherical vector e, € m,,
then «, is (a multiple of) a nontrivial normalized intertwining in that
space. It follows that, for o, any spherical automorphic representation
of H,(F,) with spherical vector e we must also have «,(¢el,,e,) # 0.



CUSPIDALITY OF PULLBACKS 511

If o, is a nontrivial intertwining operator in (3.9), then the preimage
of a, of the isomorphism from (3.6) to (3.9) is also a nontrivial inter-
twining operator. Now, the nonvanishing of an intertwining in (3.9)
is independent of the vector €, € I,(X,). Therefore, the nonvanishing
of an intertwining in (3.6) is also independent of the particular vector
ey € I,(Xy), and it follows that the nonvanishing of integral (3.5) is
independent of the particular €, for v < oo and v t n. This proves (ii)
of Theorem 1. Part (iii) follows from an argument similar to that of
Lemma 2.

To show that ®5 is a cuspform in the smaller variable we need a
preliminary lemma. For v|oco, let ,,(F,) denote the cone of positive
definite m x m matrices with entries in F),.

Lemma 4. Let v | 0o and a € Q,,,(Fy). Then
/ e B (det (o — if)) " dB = 0
S"YZ(F’U)

if y is not positive definite.

Proof. Let r denote the dimension of F, over R and h the dimension
of Sy (Fy). Thus h = m + (1/2)rm(m — 1). The gamma function
attached to Q,,(F,) is

s) = e~ @) (det (z s dr
]-—‘Qm( ) ,/Qm(FU) (d t( )) (det (x))h/m
(3.10) m

—1 .
rm(m—1) ’{’]
= 1 T - =
= (- ).
Jj=0

where I'(s) = [;" e "*~!dt is the usual gamma function and Tr(a)
is the usual matrix trace. Let a € Q,,,(F,), and then « has a unique
square root in ,, (F,) which we denote \/a.. As Tr (az) = Tr (v/az/a)
we can replace z with \/azy/a in (3.10) and

Lo, () = (et (@)’ [ e ™00 e (@)
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Using the analytic continuation of I'q () we have, for 8 € S,,(F}),

(3.11)
Lq, (s) = (det (a —if))*
dx

—Tr ((a—iB)z) s
X e det (2))® ——7—
foies et Gaer Gy
— (det (o — iB))°
% / e—Tr (az)eiTr (ﬁz)(det (x))s—h/m dz.
Qum (Fy)

Let f(a) = e~ ™ (@) (det (2))* "™ for a € Q,,(F,) and 0 otherwise.
The Fourier transform and the inverse Fourier transform on S, (F,)
are defined by

) = / D) () da
S’m (Fv)
and

) = / T @) £ () de,
Sm (Fy)

respectively. The Fourier inversion formula gives (f")V (y) = (f¥)"(y)
(2r)~ma—rmm=1/2 f(y). Now, (3.11) can be rewritten ', (s) =
(det (v —i3))* fV(B) and so Fourier inversion gives

To, (s) / ¢~ (B9) (det (o — i8))~* dB
Sm(Fv)
_ FQm(s) " _ VAA _ —m,_—rm(m—1)/2
“\@eta-gr (y) =(f")" (y) = (2m)"m f(y).
It follows that the integral

/ e~ (BY) (det (o — i) "2 dB = 0
S’m(Fu)

if y is not positive definite. O
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The following result completes the proof of (i) of Theorem 1.

Lemma 5. Let ®n(g1,92) be as in Lemma 2. Then ®n(g1,92) is a
cuspform in the variable g1 € G, (A).

Proof. Since
Hpy (F)\(Gm (F) X Gn(F)) = G (F) X Pj(F)\Gn(F),

then any v € Hy (F)\ (G (F) x G, (F)) can be written v = (y1,72) for
v € G (F) and v € Pj(F)\G,(F). Thus,

Z e(&vegr, g2); K)
YEH i (F)\(Gn (F)XGp (F))
— > e(€u(v191,7292); K)

(m1,72) EGm (F) X Pj (F)\Gn (F)

= ¥ > > elGunugy2g:); k)

Y2E€P; (F)\Gn(F) 1E€EGm (F)/Uo(F) ucUo(F)

> > Y e(€ulugi, i eg2); k).

Y2€P; (F)\Gn(F) 71€Gm (F)/Uo(F) u€Uo(F)

For 1 the standard additive character on Ag, let 9 = %y o Trp/g
be the corresponding additive character on Ap. The ath-Fourier

coefficient of the inner sum is, for (é’"’ f ) € Up(A),

(& (u (ém 1B ) 91,92> ik)Y(aB)dB
weUo (F) "o

:/ e(&e ((ém 1B)g1,92) s k)p(aB) dB.
Uo(A) mooom

For v | oo, the vth factor of the above integral is fU () Ev(&(( - )gl,

/Uo(F)\Uo(A)

92); k), (aB) dB. By the Iwasawa decomposition and change of vari-

A O m B’ " Om
ables we set g1 = (0 A*41) and go = (é ’1B ) (64 A?*;l)' There-
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fore,

1m B _ 12m 02m 12m C D 02m
£<L<Om 1m>g1’g2> _(wm 12m)(02m 12m)(02m D*_1>
(D cD*!
“\wn,D w,CD*~ !4+ D!

where C' = (OB (;3"? ) and D = (01,4 ?4’7’). By the Iwasawa decomposi-

tion of G,,, we can write £ ((é’" lB ) gl,g2) = ulk for u € U,, | € Ly,

ke K, and

e (lzm O (D 0o X v
TN 1w )\ 0 D)y X))
Equating the terms gives D'(X + iY) = D — C'w,D + i(C —
C'w,,C — C")D*~1. By the left U,-invariance of ¢, for v|oo, we have

eo(ulk; k,n,w) = |det (D' (X + iY))|* = |det (D + iCD*~1)|*. There-
fore, we get

(3.12) / €y (&((ém 1B >g1,92>;m,n,w)md3
Sm (Fv) m m
A Om i B O, A1 0,
- ‘/S"”(F'U) det (<Om A/ > + ! (Om BI > < Om A/*1)>

¥, (aB)dB
= |det (A" +iB'A* )"

X / |det (A 4+ iBA*~1)|"4, (aB) dB.
S’m(Fu)

K

Note that 9, (aiABA*) = 1, (AicA* B) and AiaA* is positive definite
if and only if « is positive definite.

We have A € Q,,(F,) and ¥,(z) = e “T®) 5o for a not positive
definite we have from Lemma 4 that the integral of (3.12) becomes

/ |det (A +iBA*™1)|"y,(aB) dB
S (Fy)

_ / =T (0B)| et (A — iB)|* dB = 0.
S (Fy)
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Therefore, for such an a we have that the ath-Fourier coefficient of
®n(g1,g2) in the first variable is 0, and so this is a cuspform in the
variable ¢g;. O

Lemmas 2, 3 and 5 and the discussion following Lemma 3 give
Theorem 1.

4. Cuspforms with rational Fourier coefficients For N =
ni+- - -+n,, we have an embedding ¢ : G,,, (F)x---x Gy, (F) — Gn(F)
given by
(4.1)

ai b1

Cr d,

Let f(¢(g1,. .. ,9n)) denote the restriction of f on Gy (F) to ¢(Gn, (F) X
<o X G, (F)).

Lemma 6. Let f be an automorphic form on Gn(A) with Fourier
coefficients in a field F, and let v be the embedding (4.1). Then
f(lgr,-.-,gr)) has Fourier coefficients in F.

Proof. 1t suffices to show the result holds for r = 2 as induction then
gives the result for general r. The Fourier expansion of f is given by

flg)=>_ Wrrlg),

TeA
T>0

where A C S, (F') and

vwamz/ O(TB)/ (ug) dB
Uo (F)\Uo(A)
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for u = ((1)5 fv). Restricting the Fourier expansion to (g1,92) €
Gn,(A) X Gy, (A) we get

F(g1,92)) = > Wy (elgr, 92))-

TEeA
T30

Let A(ty, ts) = {T EAN|T = (fl - ) > o}, and note that [A(t1, t2)| <

* to

oo for fixed t1,ts. For T' € A(t1,t2), we have

tl *

V(Tu(g1,92)) = (( . t2) 4(91a92)> = P(t191)v(t292),

and therefore the Fourier indices of f(t(g1,g2)) are t1 and 2. We have

fuma) = 3 (X Wirllonm) ).

t1,t2EA TEA(tl,tQ)
T>0

As the inner sum is finite and Wy r(c(g1, 92)) € F, we have DTNt ta)
Wy (g, 92)) € F. The result follows. O

From the arithmeticity of Eisenstein series from [9], we have that
the series En(g; k), normalized by a constant, has F-valued Fourier
coefficients. It follows from Lemma 6 that En (¢(g1, g2); ) has F-valued
Fourier coefficients. Let S;, denote the vector space over Q of modular
forms in M, (x, n) generated by modular forms with Fourier coefficients
in F' and modular forms orthogonal to the space of cuspforms. Then,
for fixed g2, we have En(t(g1,92); k) € S, from the above discussion,
and Uy (g1,92) € Sy, from Lemma 2. Thus, from the decomposition
of Lemma 2, we have ®5(g1,92) € Sm. As ®n(g1,92) is a cuspform
in the smaller variable g; by Theorem 1, then it must have F-valued
Fourier coefficients. This proves Corollary 1.

We illustrate these results with some examples. Let P,(F) be the
Siegel parabolic of Sp,(F'). By [13], the double coset space
P (F)\Spn(F)
[’(Spnl (F) X Spn2(F) X Spn1+n2—1(F))
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is finite, where n = 2n; + 2no — 1. Further, there is a unique
nonnegligible, nondegenerate orbit, and all of the other orbits are
negligible in the sense of [8]. It follows that one of the orbits is Zariski-
open, and let £ denote a representative of this open orbit. The isotropy
group of & is

Hy(F) = EPu(F)E N te(Spny (F) X Spny (F) % Spny (F)).

The representatives ¢ and H,,(F) are given explicitly in [13]. Thus, we
have the following.

Proposition 1. Let X denote a character on P,(A), and let
e€I(X). Then
(4.2)

(I)n(917927g3) = Z 6(5’}%(91792793))
YEHR (F)\Spn; (F)XSPny (F)XSpny 4ny—1(F)

18 a cuspform with F-valued Fourier coefficients in each variable.

Proof. From Lemma 6, we have that ®,(g1,¢g2,93) is an automor-
phic form with F-valued Fourier coefficients in each variable, where
n = 2ny +2ny — 1. We can restrict a Siegel Eisenstein series on Sp,,(A)
t0 Spn, (A) X Sppyt2n,—1(A) and, by Theorem 1, we have that the
restriction is a cuspform in the smaller variable g1 € Spp,(A). Fur-
ther restricting to Spp, (A) X Spp,(A) X SPp;4n,—1(A), we have that
(4.2) is a cuspform in g1 € Sp,,(A). We can apply a symmetric ar-
gument to show that (4.2) is a cuspform in each variable. More pre-
cisely, we can restrict a Siegel Eisenstein series on Spy, (A) to Spp, (A) x
SPony+ns—1(A) or t0 SDny4+ny—1(A) X Spr,4n,(A). The smaller vari-
able is g2 € Spp,(A) in the former case and gs € Spp,tn,—1(A)
in the latter case, and, by Theorem 1, the restriction is a cusp-
form in the smaller variable. In both cases, we further restrict to
SPny (A) X Sppy(A) X Sppytn,—1(A) to obtain ®,(g1,92,93), which
gives the result. ]

Consider the case n; = ny = 1 and F = Q. From Lemma 3 of
[12], the double coset P3(Q)\Sp3(Q)/SL2(Q)? has five irredundant
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representatives, and the representative of the big-cell is given by

100 -1 0 O
010 0 0 O
011 0 0 O
(4.3) &= 111 0 0 O
0 00 0 1 -1
0 00 -1 0 1

The isotropy group is

b b b
mo=-{ (5 2)=(5 =)< (5 )|
CLEQX, b1,b2,b3 € Q, b1+b2+b3=0}.

For X a character on P3(A), ¢ € I(X) and £ the representative (4.3),
we have from Proposition 1 that

®3(91,92,93) = Z e(€ve(g1, 92, 93))
YEH3(Q)\SL2(Q)?

is a holomorphic cuspform with rational-valued Fourier coefficients in
each variable g; € SL2(A). Note that this is the cuspidal part of the
well-known decomposition of the pullback of a Siegel Eisenstein series
on Sps. From Proposition 1, for some cuspforms f1, fo, f3 on SLa(A),
we have (((®s, f1), f2), f3) # 0. This integral gives the well-known
triple product L-function from [5].

The cases n1 = 1, ng = 2 and F = Q were studied in [10].
Proposition 1 gives (((®s, f1), F2), F3) # 0 for some cuspforms f; on
SLy(A) and Fy, F5 on Spa(A). For Fs in the Maass Spezialschar [10],
we have that Fj is in the image of the Saito-Kurakawa lift of some
elliptic cuspform fs. In that case the integral gives the degree-8 spinor
L-function of F; twisted by f3 [10].
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