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CUSPIDALITY OF PULLBACKS OF
SIEGEL-HILBERT EISENSTEIN SERIES

ON HERMITIAN SYMMETRIC DOMAINS

MOLLY DUNKUM AND DOMINIC LANPHIER

ABSTRACT. Let GN be either a symplectic, unitary or
Hermitian orthogonal group of rank 2N = 2m+2n with m ≤
n. We show that the restriction of a Siegel-Hilbert Eisenstein
series on GN to the diagonally embedded group Gm×Gn has
a nontrivial cuspidal component in the smaller variable. As a
consequence, we explicitly construct classes of Siegel-Hilbert
cuspforms with rational-valued Fourier coefficients.

1. Introduction. The arithmeticity of Eisenstein series on general
reductive groups is well-studied; see [9] for an example. The arithmetic
nature of cuspforms is more mysterious. Pullbacks of certain Eisenstein
series to smaller groups is a well-established tool for constructing cusp-
forms that inherit some of the arithmetic properties of the Eisenstein
series. This has been a powerful method for proving arithmetic results
about cuspforms and values of L-functions.

Let N = m + n with m ≤ n. In [3] it is shown that, for a certain
Siegel Eisenstein series EN on Sp(N), the pullback to Sp(m)× Sp(n)
has nontrivial cuspidal part in the smaller variable g ∈ Sp(m). This was
shown by modifying an argument in [7]. In this paper, we generalize
this result to a larger class of Eisenstein series on symplectic, unitary
and Hermitian orthogonal groups. We investigate the cuspidality of
the pullbacks of Siegel-Hilbert Eisenstein series on these groups, give a
general decomposition theorem for such pullbacks and present a unified
approach for these different groups. Such results have applications to
the arithmeticity of cuspforms [1, 7], L-functions [5, 14] and to the
Bloch-Kato conjecture [2].

Let k be a totally real number field of degree � over Q, and let
F be either k, a complex quadratic extension of k or a quaternionic
extension of k. Let A denote the adeles of F , and let OF denote the
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integers of F . In the following, GN (A) will be either Sp(N), U(N,N)
or O∗(4N). Let N > 1. We consider only holomorphic automorphic
forms. Let χ denote a character on the Siegel parabolic PN (A), and

let I(χ) = Ind
GN (A)
PN (A)

χ denote the induced representation space. For

v a local place of F and a character χv on the local group PN (Fv),

let Iv(χv) = Ind
GN (Fv)
PN (Fv)

χv. For ε ∈ I(χ) we have the factorization

ε =
∏
v εv where εv ∈ Iv(χv), and we can define a Siegel-Hilbert

Eisenstein series on GN (A) by

EN (g;κ) =
∑

γ∈PN (F )\GN (F )

ε(γg).

We choose ε to give an Eisenstein series of a given weight κ and level
n where n is an ideal in the integers of F . Precise definitions of these
objects are given in Sections 2 and 3. Let ι : Gm(A)×Gn(A) ↪→ GN (A)
be the embedding from Section 3, and let E(ι(g1, g2);κ) be the pullback
of the Eisenstein series to Gm(A)×Gn(A).

Theorem 1. Let EN (g;κ) be a Siegel-Hilbert Eisenstein series on
GN (A) of weight κ > 2N +1 and level n. Then we have the following.

i) The pullback decomposes

EN (ι(g1, g2);κ) = ΨN (g1, g2) + ΦN (g1, g2)

where 〈ΨN (·, g2), f1〉 = 〈ΨN (g1, ·), f2〉 = 0 for f1 a cuspform on
Gm(A), f2 a cuspform on Gn(A) and ΦN (g1, g2) is a cuspform in
the variable g1 ∈ Gm(A).

ii) The Eisenstein series can be chosen so that ΦN is nontrivial. If
m = n, then ΦN is nontrivial for any choice of εv ∈ I(χv) with v <∞
and v � n.

iii) For f a cuspform on Gn(A), we have that 〈ΦN (g1, ·), f〉 = 0 if
and only if m < n.

Cuspforms constructed in this way inherit certain arithmetic proper-
ties of the Eisenstein series. In particular, we show that their Fourier
coefficients are rational-valued.
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Corollary 1. Let ξ be as in Lemma 1, and let χ be a character of
the Siegel parabolic PN (A). There is some ε ∈ I(χ) so that∑

γ∈Gm(F )\Gm(F )×Gn(F )

ε(ξι(g1, g2))

is a nontrivial cuspform in g1 ∈ Gm(A) with F -valued Fourier coeffi-
cients.

In Section 2 we define the groups and automorphic forms used
here. In Sections 3 and 4 we study the restriction of a Siegel-Hilbert
Eisenstein series on GN (A) to embedded copies of smaller groups of
the same type. We prove Theorem 1 in Section 3 by first proving the
decomposition in (i), then parts (ii) and (iii), and then completing the
last part of (i) by showing that ΦN is a cuspform in its smaller variable.
In Section 4 we apply these results to prove Corollary 1.

2. Automorphic forms and Eisenstein series. Let 1N denote
the N ×N identity matrix, and let 0N denote the N ×N zero matrix.

Let JN =
(

0N η1N
1N 0N

)
where η = ±1 is fixed for a given type of group.

Let k be a totally real number field of degree � over Q, and let F be a
finite dimensional division algebra over k. Following [6], for the rational
representation r : F �→Md×d(k), define

r : GLN (F ) −→ GLN (Md×d(k)) ∼= GLNd(k).

Here Md×d(k) denotes the set of d×d matrices with entries in k. For a
commutativeC-algebra A we also define r : GLN(F⊗QA) → GLM (A).
Let α �→ ασ be an involution of F and, for g ∈MN×N (F ), let gσ denote
entry-wise action by σ. Let gT denote the usual matrix transpose, and
let g∗ denote the convolution gσT . Let OF be an order in F so that
Z ⊆ OF and OF is stable under σ. For a commutative Z-algebra A
define

GN (A) = {g ∈ GL2N (OF ⊗Z A) | g∗JNg = JN , det (r(g)) = 1}.

By the class number hF of F we mean the number of isomorphism
classes of locally free left (or right) OF -ideals in OF ⊗Q.
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Let μ(g, z) = det (cz + d)−1, and define μ(g, z)κ =
∏�
j=1 μ(gj , zj)

κ

using a multi-index notation where g = (gj)j ∈ GN (F ) and z = (zj)j ∈
H�N . As GN (F ) acts on H�N , the space of holomorphic Hilbert modular
forms of weight the �-tuple κ = (κ, . . . , κ), level n, and character ρ
is the space of holomorphic C-valued functions f(z) on H�N so that
f(g(z))μ(g, z)κ = ρ(g)f(z) for all z ∈ H�N and g ∈ ΓN0 (n).

Let A denote the adeles of F , and let A0 and A∞ denote the finite
and infinite adeles, respectively. Let v be a local place with norm | · |v
normalized so that |�v| = q−1

v , where �v is the uniformizer and qv is
the cardinality of the residue field. For v <∞, set Kv = Gn(Ov), and
let KA0 =

∏
v<∞Kv. For v | ∞, define

Kv = {g ∈ GN (Fv) | r(g) ∈ U ′(N)},

where U ′(N) = U(2N) = {g ∈ GL2N (Fv) | g∗g = 12N} for F = k or a
quaternionic extension of k. For F a complex quadratic extension of k
set U ′(N) = U(N)× U(N). Then Kv is a maximal compact subgroup
of GN (Fv), and set K∞ =

∏
v|∞Kv and note that K∞ is the isotropy

group in GN (F∞) of i · 1N ∈ H�N . This gives a diffeomorphism from
GN (F∞)/K∞ to H�N . For f an automorphic form of weight κ, level n

and character ρ on H�N define f̃(g) = f(g(i · 1n))μ(g, i · 1n)κ. Then f̃
is an automorphic form on Gn(F∞) of weight κ, level n and character
ρ. There is a unique compact open subgroup K0 ⊂ GN (A0) so that
ΓN0 (n) = GN (F ) ∩ GN (F∞)K0. By Strong approximation there is a
diffeomorphism

ΓN0 (n)\GN (F∞) −→ GN (F )\GN (A)/K0.

If g =
(
a b

c d

)
∈ K∞ =

∏
v|∞Kv, then let ρκ(g) = det (a + ib)κ and

let KA = K∞K0. For g ∈ GN (A) and z ∈ H�N define μ(g, z) =

(μ(gv, zv))v∈A∞ . For f̃ , an automorphic form on GN (F∞) and γ ∈
GN (F ), g ∈ GN (F∞) and k ∈ KA we define a function, which we also

label f , on GN (A) by f(γgk) = f̃(g)ρ(k). Then f is a left GN (F )-
invariant, right (K∞, ρκ)-equivariant, right K0-invariant function on
GN (A). Thus, f is a holomorphic automorphic form on GN (A) of
weight κ, level n and character ρ. In the sequel, by automorphic forms
we mean adelic automorphic forms in this sense, and we denote the
space of such automorphic forms by MN (κ, n). Let CN (κ, n) denote
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the subspace of cuspforms. Let ZN (A) be the center of GN (A). The
Petersson inner product on CN (κ, n) is defined to be

〈f1, f2〉 =
∫
ZN (A)GN (F )\GN (A)

f1(g)f2(g) dg.

The measure chosen is induced from a Haar measure on GN (A). By
the Iwasawa decomposition, we have GN (F ) = PN (F )K(F ) where

PN (F ) = LN (F )UN (F ) with LN(F ) =
{(

A 0

0 A∗−1

)
| A ∈ GLN (F )

}
the Levi component and UN (F ) =

{(
1 B

0 1

)
| B ∈ SN (F )

}
the unipo-

tent radical, where SN (F ) = {B ∈ MN×N(F ) | B∗ = ηB}. Thus,
PN (F ) is the Siegel parabolic of GN (F ). More generally, for 0 ≤ j ≤ N ,
we have the unipotent radicals

Uj(F ) =

⎧⎪⎨⎪⎩
⎛⎜⎝

1N−j ∗ ∗ ∗
0 1j ∗ 0
0 0 1N−j 0
0 0 ∗ 1j

⎞⎟⎠ ∈ GN (F )

⎫⎪⎬⎪⎭
and Levi components

Lj(F ) =

⎧⎪⎨⎪⎩
⎛⎜⎝
A 0 0 0
0 a 0 b
0 0 A∗−1 0
0 c 0 d

⎞⎟⎠ ∈ GN (F )

∣∣∣∣∣
A ∈ GLN−j(F ),

(
a b
c d

)
∈ Gj(F )

}
and the respective parabolics Pj(F ) = Lj(F )Uj(F ) of GN (F ). The
context will be clear as to the group GN (F ) which contains a given
parabolic. Note that, for a cuspform f on GN (A), we have

∫
Uj(F )\Uj(A)

f(ug) du = 0 for any j ≤ N .

In the sequel, we write e(x) for ex. Also, let det (A) denote the usual
determinant if F = k, the usual determinant over F followed by the
norm for F over k if F is a complex quadratic extension of k and the
determinant of the image of the rational representation followed by the

reduced norm if F is a quaternionic extension of k. For wn =
(

0n 1n
1n 0n

)
and g ∈ GN let g� = wngwn and note that g → g� stabilizes the
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maximal compact subgroup of GN . For an automorphic form f on
GN (A), let f �(g) = f(g�) where f is complex conjugation. Note that
f � is a holomorphic automorphic form on GN (A).

3. Pullbacks of Eisenstein series and cuspforms. Let N =
m + n and consider the embedding ι : Gm(A) × Gn(A) ↪→ GN (A)
given by

ι :

(
a b
c d

)
×

(
a′ b′

c′ d′

)
�−→

⎛⎜⎝
a 0 b 0
0 a′ 0 b′

c 0 d 0
0 c′ 0 d′

⎞⎟⎠ .

For the case F = k = Q, the restriction of Siegel Eisenstein series on
GN (A) = SpN (A) to Spm(A) × Spn(A) is well studied; see [4, 8] for
a detailed discussion of the doubling method.

By the Iwasawa decomposition, for g ∈ GN (A), we can write g = pk

with p =
(
A B

0N A∗−1

)
∈ PN (A) and k ∈ K. For an integer κ > 2N + 1,

define a character χ on PN (A) by χ(p) = |det (A)|κJ, where J denotes
the ideles of F . Recall that the induced representation space I(χ) =

Ind
GN (A)
PN (A)

χ consists of smooth complex-valued functions α on GN (A)

so that α(pg) = χ(p)α(g) for all p ∈ PN (A) and g ∈ GN (A). For a
section ε ∈ I(χ), we define the following Siegel-Hilbert Eisenstein series
on GN (A),

(3.1) EN (g;κ) =
∑

γ∈PN (F )\GN (F )

ε(g;κ).

This series converges uniformly in compacta for κ > 2N + 1 and is a
holomorphic modular form on GN (A) of weight κ. The level n depends
on the choice of section ε. Let EN (ι(g1, g2);κ) denote the restriction
of EN (g;κ) to Gm(A)×Gn(A). The following lemma is proved in [6].
Recall that η = ±1 and is fixed for GN (F ).

Lemma 1 [6, Proposition 3.1]. Let N = m + n with m ≤ n. The
double coset space

PN (F )\GN (F )/ι(Gm(F )×Gn(F ))
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has irredundant representatives ξ0, . . . , ξm where

ξj =

⎛⎜⎝
1n 0 0 0
0 1m 0 0
0 ηIj 1n 0
I∗j 0 0 1m

⎞⎟⎠ and Ij =

(
0m−j 0
0 1j

)
.

The respective isotropy groups of ξj in Gm(F )×Gn(F ) are

Hj(F )∼=
{
Jm,j

(
a b

c d

)
×Jn,j

(
d c

b a

)
∈Gm(F )×Gn(F )

∣∣∣∣( a bc d) ∈ Gj(F )

}
where

Jm,j

(
a b
c d

)
=

⎧⎪⎨⎪⎩
⎛⎜⎝
α ∗ ∗ ∗
0 a ∗ b
0 0 α∗−1 0
0 c ∗ d

⎞⎟⎠ ∣∣∣∣ α ∈ GLm−j(F )

⎫⎪⎬⎪⎭ .

Note that Jm,j

(
a b

c d

)
contains the unipotent radical Uj(F ) of Gm(F )

for 0 ≤ j < m.

For GN (A) = Sp(N), an Eisenstein kernel ε was chosen in [3, 7]
so that the contribution of certain cells to the pullback of a given
Eisenstein series vanished. In fact, in [3, 7] all of the terms in the
pullback of the Eisenstein series vanish except the term contributed by
the orbit that is Zariski-open in GN (F ) (the “big-cell”).

For symplectic groups, for F = k, a version of the following decom-
position result was studied by Böcherer [1], Brown [2] and Garrett [6,
7]. In [14] Shimura studied this decomposition for unitary groups, so
for F a complex quadratic extension of k.

Lemma 2. Let EN (g;κ) be as in (3.1). Then

EN (ι(g1, g2);κ) = ΨN (g1, g2) + ΦN (g1, g2)

where 〈ΨN(·, g2), f1〉 = 〈ΨN(g1, ·), f2〉 = 0 for cuspforms f1 on Gm(A)
and f2 on Gn(A), respectively.
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Proof. Let Hi(F ) be the isotropy group of the representative ξi, and
let ξ = ξm be the representative of the open orbit. Consider

γ ∈ PN (F )\GN (F ) =

m⊔
i=1

PN (F )\PN (F )ξiι(Gm(F )×Gn(F )).

For γ ∈ PN (F )\PN (F )ξiι(Gm(F ) × Gn(F )) we have ξiγ ∈ Hi(F )\ξi
ι(Gm(F ) × Gn(F )), and as Hi(F )ξi = ξiHi(F ), we have γ ∈ Hi(F )\
ι(Gm(F )×Gn(F )). In the following, to avoid clutter, we abuse notation
and leave out the ι in the range of the summation indices. Thus, we
have

EN (ι(g1, g2);κ) =
∑

γ∈PN (F )\GN(F )

ε(γι(g1, g2);κ)

(3.2)

=

m∑
i=1

∑
γ∈Hi(F )\(Gm(F )×Gn(F ))

ε(ξiγι(g1, g2);κ)

=

m−1∑
i=1

∑
γ∈Hi(F )\(Gm(F )×Gn(F ))

ε(ξiγι(g1, g2);κ)

+
∑

γ∈Hm(F )\(Gm(F )×Gn(F ))

ε(ξγι(g1, g2);κ)

= ΨN(g1, g2) + ΦN (g1, g2)

where ΦN (g1, g2) is the contribution of the open orbit to the pullback.

For γ ∈ Hj(F )\(Gm(F ) × Gn(F )) we have γ = (γ1, γ2) where γ1 ∈
Jm,j

(
a b

c d

)
\Gm(F ) and γ2 ∈ Jn,j

(
d c

b a

)
\Gn(F ). For 0 ≤ j ≤ m − 1

and f a generic cuspform in Cm(κ, n) we can unwind the following
integral and get

〈ΨN (∗, g2), f〉 =
∫
Zm(A)Gm(F )\Gm(A)

∑
γ∈Hj(F )\(Gm(F )×Gn(F ))

× ε(ξjγι(g1, g2);κ)f(g1) dg1

=

∫
Zm(A)Jm,j

(
a b

c d

)
\Gm(A)

∑
γ2∈Jn,j

(
d c

b a

)
\Gn(F )
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× ε(ξjι(g1, γ2g2);κ)f(g1) dg1.

Writing Jm,j

(
a b

c d

)
= Lj(F )Uj(F ) where Uj(F ) is the unipotent

radical of the parabolic Pj(F ) in Gm(F ), the above can be rewritten∫
Zm(A)Lj(A)Uj(A)\Gm(A)

∫
Lj(F )\Lj(A)

∫
Uj(F )\Uj(A)

×
∑

γ2∈Jn,j

(
d c

b a

)
\Gn(F )

ε(ξjι(ulg, γ2g2);κ)f(ulg)du dl dg.

A direct calculation shows that ε(ξjι(ulg, γ2g2);κ) = ε(ξjι(lg, γ2g2);κ)
and so, by the left Uj(A)-invariance of ε, this becomes∫

Zm(A)Lj(A)Uj(A)\Gm(A)

∫
Lj(F )\Lj(A)

∑
γ2∈Jn,j

(
d c

b a

)
\Gn(F )

× ε(ξjι(lg, γ2g2);κ)

(∫
Uj(F )\Uj(A)

f(ulg)du

)
dl dg.

For j < m, Uj(A) is the unipotent radical of the parabolic Pj(A) in
Gm(A). Thus, as f(g) is a cuspform, the inner integral is 0. Similarly
we get 〈ΨN (g1, ∗), f〉 = 0. It follows that the first of the two terms in
(3.2) is orthogonal in each variable to the space of cuspforms.

In [2, 7] a specific Siegel Eisenstein series is chosen on Sp(n) so
that ΨN as above is identically zero. It immediately follows that ΦN
is nontrivial in that case. We show that an Eisenstein series can be
chosen on GN so that ΦN is nontrivial, with no condition placed on ΨN .
Further, we show that there is somewhat more flexibility in choosing
such an Eisenstein series.

Lemma 3. Let ΦN (g1, g2) be as in (3.2). We can choose ε ∈ I(χ) so
that ΦN (g1, g2) is a nontrivial automorphic form on Gm(A)×Gn(A).

Proof. It is straightforward that ΦN (g1, g2) is an automorphic form
on Gm(A) × Gn(A) in the sense of Section 2. For a ∈ Z>0 consider
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the compact subgroup

KA(a) = {ι(g1v, g2v) ∈ KA | ι(g1v, g2v) ≡ 12N (mod �a
v) for v <∞},

and note that for a > a′, we haveKA(a) ⊂ KA(a′). We similarly define
KF (a) and Kv(a) and note that lima→∞KF (a) = {12N}.
Recall that Hm(F ) is a subgroup of Gm(F ) × Gn(F ). So, for

h = ι(g1, g2) ∈ Hm(Fv), we have ξhξ−1 =
(
A B

0 C

)
∈ PN (Fv) where

A =
(
a b

c d

)
and C =

(
d −c
−b a

)
. Note that det (C) = det (A). As

ξhξ−1 ∈ PN (Fv) we have C = A∗−1, and this implies det (A) =
det (A)−1. It follows that |det (A)|v = 1 and as the local character

is χv

(
A B

0 A∗−1

)
= |det (A)|κv we get χv(ξhξ

−1) = 1. So for f(∗) ∈
Ind

PN (Fv)ξι(Gm(Fv)×Gn(Fv))
PN (Fv)

χv we have f(ξ ∗ ξ−1) ∈ Ind
Gm(Fv)×Gn(Fv)
Hm(Fv)

1.

For any f ∈ Ind
PN (Fv)ξι(Gm(Fv)×Gn(Fv))
PN (Fv)

χv we can associate some

f̃ ∈ Ind
GN (Fv)
PN (Fv)

χv. Set f̃(g) = f(g) for g ∈ PN (Fv)ξι(Gm(Fv) ×
Gn(Fv)). As PN (Fv)ξι(Gm(Fv)×Gn(Fv)) is Zariski-open in GN (Fv),
then for g ∈ GN (Fv)−PN(Fv)ξι(Gm(Fv)×Gn(Fv)) there is a sequence
gi → g with gi ∈ PN (Fv)ξι(Gm(Fv) × Gn(Fv)). As f is smooth,

we have that lim f(gi) exists and we set f̃(g) equal to this limit.

Therefore, there is a sequence of injections Ind
Gm(Fv)×Gn(Fv)
Hm(Fv)

1 ↪→
Ind

PN (Fv)ξι(Gm(Fv)×Gn(Fv))
PN (Fv)

χv ↪→ Iv(χv).

Let chHm(Fv)Kv(a)(∗) ∈ Ind
Gm(Fv)×Gn(Fv)
Hm(Fv)

1 denote the characteristic

function of Hm(Fv)Kv(a). By the injection above, there exists some
εv ∈ Iv(χv) so that

εv(ξ ∗ ξ−1)|Gm(Fv)×Gn(Fv) = chHm(Fv)Kv(a)(∗).

Set εa,v = chHm(Fv)Kv(a), and let εa =
∏
v εa,v. We can choose εv so

that it is supported on PN (Fv)K
′
v for some compact open subgroup

K ′
v of GN (Fv) that contains a principal congruence subgroup of level

r, denoted Kv(r). Thus, we can choose ε ∈ I(χ) so that the local
component εv is supported on PN (Fv)Kv(r) and then εa,v is supported
on Hm(Fv)Kv(a) for r ≥ a. Note that as Kv(r) ⊆ Kv(a) we have
εr,v(g) = εa,v(g) for g ∈ Hm(Fv)Kv(r).
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We have εav(γι(g1, g2)) = chHm(Fv)Kv(a)(γι(g1, g2)) = εv(ξγι(g1,
g2)ξ

−1) = εv(ξγι(g1, g2)) by the right Kv-invariance of εv. Thus,
εa(γι(g1, g2)) = ε(ξγι(g1, g2)), and let

ΦN,a(g1, g2) =
∑

γ∈Hm(F )\(Gm(F )×Gn(F ))

ε(γι(g1, g2))

=
∑

γ∈Hm(F )\(Gm(F )×Gn(F ))

ε(ξγι(g1, g2)).

As εa is supported on Hm(A)KA(r),

lim
a→∞ΦN,a(12m, 12n) = lim

a→∞

∑
γ∈Hm(F )\(Gm(F )×Gn(F ))

εa(γ)

= lim
a→∞

∑
γ∈Hm(F )\Hm(F )KF (a)

εa(γ).

Now, εa(12N ) = ε(ξ · 12N ) = chHm(F )KF (a)(12N ) = 1, and since
lima→∞Hm(F )\Hm(F )KF (a) = {12N}, it follows that

lim
a→∞

∑
γ∈Hm(F )\Hm(F )KF (a)

εa(γ) = 1.

Thus, ΦN,a is nontrivial for sufficiently large a. It follows that we can
choose a and r sufficiently large and ε ∈ I(χ) so that the cuspidal part
of the restriction of the corresponding Eisenstein series is nontrivial.
That is, there exists some ε ∈ I(χ) so that

ΦN (g1, g2) =
∑

γ∈Hm(F )\(Gm(F )×Gn(F ))

ε(ξγι(g1, g2))

is a nontrivial automorphic form on Gm(A)×Gn(A).

We now show that, for m = n, we can choose any εv ∈ Iv(χv) where
v < ∞ and v � n so that ΦN is nontrivial. Let m = n, and let f be
a cuspform on Gn(A) that is a Hecke eigenfunction. Unwinding the
following integral, we get

〈ΦN (·, g2), f〉 =
∫
Zn(A)Gn(F )\Gn(A)

(3.3)
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×
∑

γ∈Hn(F )\(Gn(F )×Gn(F ))

ε(ξγι(g1, g2);κ)f(g1) dg1

=

∫
Zn(A)\Gn(A)

ε(ξι(g1, g2);κ)f(g1) dg1.

Note that, for g1 ∈ Gn(A), we have ξι(g1, g
�
1)ξ

−1 ∈ Pn(A), and so

ε(ξι(g1, g
�
1)ξ

−1g;κ) = ε(g;κ) from the equivariance properties of ε.
Thus,

ε(ξι(g1, g2);κ) = ε(ξι(g�−1
2 , g−1

2 )ξ−1ξι(g1, g2);κ) = ε(ξι(g�−1
2 g1, 12n);κ)

and so (3.3) is∫
Zn(A)\Gn(A)

ε(ξι(g1, g2);κ)f(g1) dg1

=

∫
Zn(A)\Gn(A)

ε(ξι(g�−1
2 g1, 12n);κ)f(g1) dg1

=

∫
Zn(A)\Gn(A)

ε(ξι(g1, 12n);κ)f(g
�
2g1) dg1

=

∫
Zn(A)\Gn(A)

ε(ξι(g−1
1 , 12n);κ)f(g

�
2g

−1
1 ) dg1.

Let Tv be the convolution operator

(3.4) (Tvfv) (g) =

∫
Gn(Fv)

εv(ξι(g
−1
1 , 12n);κ)fv(gg

−1
1 ) dg1,

and note that the Tv’s commute for varying v. These integrals are
absolutely convergent since integral (3.3) is absolutely convergent. As
ε(g) factors over v, we can factor the global integral in (3.3) as a product
of the operators Tv,

〈ΦN (·, g), f〉 =
(∏

v

Tv

)
f �(g) =

∏
v

(
Tvf

�
v

)
(g).

Let ε̃v(g) = εv(ξι(g, 12n);κ), so we write Tvf
�
v = f �v ∗ ε̃v where

fv ∗ ηv(g) =
∫
Gn(Fv)

ηv(g1)fv(gg
−1
1 ) dg1. For k1, k2 ∈ Kv,

ε̃v(k1gk2) = εv (ξι(k1gk2, 12n);κ) = εv

(
ξι(gk2, k

�−1
1 );κ

)
.
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This last term is εv(ξι(g, 12n);κ) by the right Kv-invariance of εv.
Following [7], let {K} be a nested collection of compact open sets in
Gn(Fv) so that

⋃
K = Gn(Fv), and we can take each setK to be stable

under the involution g → g�. Let ε̃K = ε̃vchK ∈ Hv(G,K). Then ε̃K
is Q-valued as ε̃v is, and limK ε̃K = ε̃v. As f is an eigenfunction of
the spherical Hecke algebra at v, then fv ∗ ε̃K = cKfv for some number
cK , and the absolute convergence of (Tvfv)(g) implies the absolute
convergence of fv ∗ ε̃v. Therefore, (limK cK)fv = limK(cKfv) =
limK(fv ∗ ε̃K) = fv ∗ ε̃v, and so limK cK exists and we denote it by
cv(f). Since ε̃v and ε̃K are Q-valued we have(

Tvf
�
v

)
(g) =

(
f �v ∗ ε̃v

)
(g) = lim

K

(
f �v ∗ ε̃K

)
(g)

=
(
lim
K

(fv ∗ ε̃K)(g)
)�

=
(
(lim
K
cK)fv(g)

)�
= (cv(f)fv(g))

�
= cv(f)f

�
v(g).

This implies that cv(f) depends only on the local data of f and the
homomorphism Tv of the Hecke algebra at v. So we have

〈Φ(·, g2), f〉 =
∏
v

(
Tvf

�
v

)
(g) =

∏
v

cv(f)f
�
v(g) = c(f)f �(g)

where c(f) =
∏
v cv(f). As (3.3) is absolutely convergent, then the

infinite product is absolutely convergent.

It follows that the integral 〈〈ΦN , f1〉, f2〉 factors into a product of
local integrals of the form

(3.5)

∫
Gn(Fv)×Gn(Fv)

εv(ξι(g1, g2);κ)f1v(g1)f2v(g2) dg1 dg2.

We have εv(ξ ∗ ξ−1;κ) = Ind
Gn(Fv)×Gn(Fv)
Hn(Fv)

χξ
v because εv is right Kv-

invariant. Consider automorphic representations πj,A onGn(A) so that
fj ∈ πj,A and πj,A ∼= ⊗′

vπj,v where the product is the restricted tensor
product. For v < ∞ and v � n, the automorphic representations πj,v
are spherical. For fj ∈ πj,A, as above, the local integral (3.5) defines an
element in the space of intertwining operators on local representation
spaces,

(3.6) HomGn(Fv)×Gn(Fv)(Ind
Gn(Fv)×Gn(Fv)
Hn(Fv)

χξ
v ⊗ (π1,v ⊗ π2,v),1).
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By dualization (see [8]) this is isomorphic to

(3.7) HomGn(Fv)×Gn(Fv)(π1,v ⊗ π2,v, Ind
Gn(Fv)×Gn(Fv)
Hn(Fv)

χ̂ξ
vδH)

where χ̂v is the smooth dual of χv and δH is the modular function
of Hn. By definition, the isomorphism from (3.6) to (3.7) is given
by φ �→ Iφ where Iφ(v1, v2)(w) = φ(w ⊗ (v1, v2)) with vi ∈ πi,v and

w ∈ Ind
Gn(Fv)×Gn(Fv)
Hn(Fv)

χ̂ξδΘ. It follows that, if φ(w ⊗ (v1, v2)) �= 0

for some vectors v1, v2 and w as above, then Iφ is also a nontrivial
intertwining operator.

Recall from the proof of Lemma 3 that χξv(h) = 1 for h ∈ Hn(Fv). As

Hn(Fv) is unimodular, we have that δH = 1 and therefore χ̂
ξ
vδH ≡ 1.

From this, and as we are in the category of smooth representations,
we can apply Frobenius reciprocity to (3.7). Therefore the space of
intertwinings (3.7) is isomorphic to

(3.8) HomHn(Fv)(Res
Gn(Fv)×Gn(Fv)
Hn(Fv)

(π1,v ⊗ π2,v),1),

and thus we have that the local intertwining operator defined by
integral (3.3) is in a space of intertwinings isomorphic to

(3.9) HomHn(Fv)(π1,v ⊗ π2,v,1).

Note that the Frobenius reciprocity mapping from (3.7) to (3.8) is
ψ �→ φψ , where φψ(v1, v2) = ψ(v1, v2)(14n) with vi ∈ πi,v. Thus,
if ψ(v1, v2)(14n) �= 0, it follows that φψ is a nontrivial intertwining
operator. By the irreducibility of π1,v and π2,v, we have that (3.9) has
dimension 1 if π2,v ∼= π̂1,v and the dimension is 0 otherwise, where π̂1,v
is the contragredient of π1,v. See [8] for a detailed discussion of this.

More generally, let αv ∈ HomHn(Fv)(πv ⊗ π̂v,1) for πv a spherical
automorphic representation of Hn(Fv). From [8] this space has dimen-
sion 1, and the nonvanishing of the nontrivial intertwining operator in
this space is independent of the exact value of the Satake parameters
of πv. That is, if αv(ev, êv) �= 0 for some spherical vector ev ∈ πv,
then αv is (a multiple of) a nontrivial normalized intertwining in that
space. It follows that, for σv, any spherical automorphic representation
of Hn(Fv) with spherical vector e′v we must also have αv(e

′
v, ê

′
v) �= 0.
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If αv is a nontrivial intertwining operator in (3.9), then the preimage
of αv of the isomorphism from (3.6) to (3.9) is also a nontrivial inter-
twining operator. Now, the nonvanishing of an intertwining in (3.9)
is independent of the vector εv ∈ Iv(χv). Therefore, the nonvanishing
of an intertwining in (3.6) is also independent of the particular vector
εv ∈ Iv(χv), and it follows that the nonvanishing of integral (3.5) is
independent of the particular εv for v < ∞ and v � n. This proves (ii)
of Theorem 1. Part (iii) follows from an argument similar to that of
Lemma 2.

To show that ΦN is a cuspform in the smaller variable we need a
preliminary lemma. For v|∞, let Ωm(Fv) denote the cone of positive
definite m×m matrices with entries in Fv.

Lemma 4. Let v | ∞ and α ∈ Ωm(Fv). Then∫
Sm(Fv)

e−iTr(βy)(det (α− iβ))−s dβ = 0

if y is not positive definite.

Proof. Let r denote the dimension of Fv over R and h the dimension
of Sm(Fv). Thus h = m + (1/2)rm(m − 1). The gamma function
attached to Ωm(Fv) is

(3.10)

ΓΩm(s) =

∫
Ωm(Fv)

e−Tr (x)(det (x))s
dx

(det (x))h/m

= π
rm(m−1)

4

m−1∏
j=0

Γ

(
s− rj

2

)
,

where Γ(s) =
∫ ∞
0 e−tts−1 dt is the usual gamma function and Tr (α)

is the usual matrix trace. Let α ∈ Ωm(Fv), and then α has a unique
square root in Ωm(Fv) which we denote

√
α. As Tr (αx) = Tr (

√
αx

√
α)

we can replace x with
√
αx

√
α in (3.10) and

ΓΩm(s) = (det (α))s
∫
Ωm(Fv)

e−Tr (αx)(det (x))s
dx

(det (x))h/m
.
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Using the analytic continuation of ΓΩm(Fv) we have, for β ∈ Sm(Fv),

ΓΩm(s) = (det (α− iβ))s
(3.11)

×
∫
Ωm(Fv)

e−Tr ((α−iβ)x)(det (x))s
dx

(det (x))h/m

= (det (α− iβ))s

×
∫
Ωm(Fv)

e−Tr (αx)eiTr (βx)(det (x))s−h/m dx.

Let f(α) = e−Tr (αx)(det (x))s−h/n for α ∈ Ωm(Fv) and 0 otherwise.
The Fourier transform and the inverse Fourier transform on Sm(Fv)
are defined by

f∧(y) =
∫
Sm(Fv)

e−iTr (xy)f(x) dx

and

f∨(y) =
∫
Sm(Fv)

eiTr (xy)f(x) dx,

respectively. The Fourier inversion formula gives (f∧)∨(y) = (f∨)∧(y) =
(2π)−mπ−rm(m−1)/2f(y). Now, (3.11) can be rewritten ΓΩm(s) =
(det (α − iβ))sf∨(β) and so Fourier inversion gives

ΓΩm(s)

∫
Sm(Fv)

e−iTr (βy)(det (α− iβ))−s dβ

=

(
ΓΩm(s)

(det (α− β))s

)∧
(y) = (f∨)∧ (y) = (2π)−mπ−rm(m−1)/2f(y).

It follows that the integral∫
Sm(Fv)

e−iTr (βy)(det (α− iβ))−s dβ = 0

if y is not positive definite.
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The following result completes the proof of (i) of Theorem 1.

Lemma 5. Let ΦN (g1, g2) be as in Lemma 2. Then ΦN (g1, g2) is a
cuspform in the variable g1 ∈ Gm(A).

Proof. Since

Hm(F )\(Gm(F )×Gn(F )) ∼= Gm(F )× Pj(F )\Gn(F ),

then any γ ∈ Hm(F )\(Gm(F )×Gn(F )) can be written γ = (γ1, γ2) for
γ1 ∈ Gm(F ) and γ2 ∈ Pj(F )\Gn(F ). Thus,∑

γ∈Hm(F )\(Gm(F )×Gn(F ))

ε(ξγι(g1, g2);κ)

=
∑

(γ1,γ2)∈Gm(F )×Pj(F )\Gn(F )

ε(ξι(γ1g1, γ2g2);κ)

=
∑

γ2∈Pj(F )\Gn(F )

∑
γ1∈Gm(F )/U0(F )

∑
u∈U0(F )

ε(ξι(γ1ug1, γ2g2);κ)

=
∑

γ2∈Pj(F )\Gn(F )

∑
γ1∈Gm(F )/U0(F )

∑
u∈U0(F )

ε(ξι(ug1, γ
�−1
1 γ2g2);κ).

For ψ0 the standard additive character on AQ, let ψ = ψ0 ◦ TrF/Q
be the corresponding additive character on AF . The αth-Fourier

coefficient of the inner sum is, for
(

1m B

0m 1m

)
∈ U0(A),

∫
U0(F )\U0(A)

∑
u∈U0(F )

ε(ξι

(
u

(
1m B
0m 1m

)
g1, g2

)
;κ)ψ(αB) dB

=

∫
U0(A)

ε(ξι

((
1m B
0m 1m

)
g1, g2

)
;κ)ψ(αB) dB.

For v |∞, the vth factor of the above integral is
∫
U0(Fv)

εv(ξι(
(

1m B

0m 1m

)
g1,

g2);κ)ψv(αB) dB. By the Iwasawa decomposition and change of vari-

ables we set g1 =
(
A 0m
0m A∗−1

)
and g2 =

(
1m B′

0m 1m

)(
A′ 0m
0m A′∗−1

)
. There-
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fore,

ξ

(
ι

(
1m B
0m 1m

)
g1, g2

)
=

(
12m 02m
wm 12m

)(
12m C
02m 12m

)(
D 02m
02m D∗−1

)
=

(
D CD∗−1

wmD wmCD
∗−1 +D∗−1

)
where C =

(
B 0m
0m B′

)
and D =

(
A 0m
0m A′

)
. By the Iwasawa decomposi-

tion of Gv, we can write ξι
((

1m B

0m 1m

)
g1, g2

)
= ulk for u ∈ Uv, l ∈ Lv,

k ∈ Kv and

ulk =

(
12m C′

02m 12m

)(
D′ 02m
02m D′∗−1

)(
X Y
−Y X

)
.

Equating the terms gives D′(X + iY ) = D − C′wmD + i(C −
C′wmC − C′)D∗−1. By the left Uv-invariance of εv for v|∞, we have
εv(ulk;κ, n, ω) = |det (D′(X + iY ))|κ = |det (D + iCD∗−1)|κ. There-
fore, we get

(3.12)

∫
Sm(Fv)

εv

(
ξι

((
1m B
0m 1m

)
g1, g2

)
;κ, n, ω

)
ψv(αB) dB

=

∫
Sm(Fv)

∣∣∣∣det ((
A 0m
0m A′

)
+ i

(
B 0m
0m B′

)(
A∗−1 0m
0m A′∗−1

))∣∣∣∣κ
ψv(αB) dB

= |det (A′ + iB′A′∗−1)|κ

×
∫
Sm(Fv)

|det (A+ iBA∗−1)|κψv(αB) dB.

Note that ψv(αiABA
∗) = ψv(AiαA

∗B) and AiαA∗ is positive definite
if and only if α is positive definite.

We have A ∈ Ωm(Fv) and ψv(x) = e−iTr(x) so for α not positive
definite we have from Lemma 4 that the integral of (3.12) becomes∫

Sm(Fv)

|det (A+ iBA∗−1)|κψv(αB) dB

=

∫
Sm(Fv)

e−iTr (αB)|det (A− iB)|κ dB = 0.
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Therefore, for such an α we have that the αth-Fourier coefficient of
ΦN (g1, g2) in the first variable is 0, and so this is a cuspform in the
variable g1.

Lemmas 2, 3 and 5 and the discussion following Lemma 3 give
Theorem 1.

4. Cuspforms with rational Fourier coefficients For N =
n1+· · ·+nr, we have an embedding ι : Gn1(F )×· · ·×Gnr(F ) ↪→ GN (F )
given by
(4.1)

ι

((
a1 b1
c1 d1

)
, · · · ,

(
ar br
cr dr

))
=

⎛⎜⎜⎜⎜⎜⎜⎜⎝

a1 b1
. . .

. . .

ar br
c1 d1

. . .
. . .

cr dr

⎞⎟⎟⎟⎟⎟⎟⎟⎠
.

Let f(ι(g1, . . . , gn)) denote the restriction of f onGN (F ) to ι(Gn1(F )×
· · · ×Gnr (F )).

Lemma 6. Let f be an automorphic form on GN (A) with Fourier

coefficients in a field F̃ , and let ι be the embedding (4.1). Then

f(ι(g1, . . . , gr)) has Fourier coefficients in F̃ .

Proof. It suffices to show the result holds for r = 2 as induction then
gives the result for general r. The Fourier expansion of f is given by

f(g) =
∑
T∈Λ
T≥0

Wf,T (g),

where Λ ⊆ Sn(F ) and

Wf,T (g) =

∫
U0(F )\U0(A)

ψ(TB)f(ug) dB
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for u =
(

1N B

0N 1N

)
. Restricting the Fourier expansion to (g1, g2) ∈

Gn1(A)×Gn2(A) we get

f(ι(g1, g2)) =
∑
T∈Λ
T≥0

Wf,T (ι(g1, g2)).

Let Λ(t1, t2) =
{
T ∈ Λ | T =

(
t1 ∗
∗ t2

)
≥ 0

}
, and note that |Λ(t1, t2)| <

∞ for fixed t1, t2. For T ∈ Λ(t1, t2), we have

ψ(T ι(g1, g2)) = ψ

((
t1 ∗
∗ t2

)
ι(g1, g2)

)
= ψ(t1g1)ψ(t2g2),

and therefore the Fourier indices of f(ι(g1, g2)) are t1 and t2. We have

f(ι(g1, g2)) =
∑

t1,t2∈Λ
T≥0

( ∑
T∈Λ(t1,t2)

Wf,T (ι(g1, g2))

)
.

As the inner sum is finite andWf,T (ι(g1, g2)) ∈ F̃ , we have
∑

T∈Λ(t1,t2)

Wf,T (ι(g1, g2)) ∈ F̃ . The result follows.

From the arithmeticity of Eisenstein series from [9], we have that
the series EN (g;κ), normalized by a constant, has F -valued Fourier
coefficients. It follows from Lemma 6 that EN (ι(g1, g2);κ) has F -valued
Fourier coefficients. Let Sm denote the vector space over Q of modular
forms inMm(κ, n) generated by modular forms with Fourier coefficients
in F and modular forms orthogonal to the space of cuspforms. Then,
for fixed g2, we have EN (ι(g1, g2);κ) ∈ Sm from the above discussion,
and ΨN (g1, g2) ∈ Sm from Lemma 2. Thus, from the decomposition
of Lemma 2, we have ΦN (g1, g2) ∈ Sm. As ΦN (g1, g2) is a cuspform
in the smaller variable g1 by Theorem 1, then it must have F -valued
Fourier coefficients. This proves Corollary 1.

We illustrate these results with some examples. Let Pn(F ) be the
Siegel parabolic of Spn(F ). By [13], the double coset space

Pn(F )\Spn(F )
ι(Spn1(F )× Spn2(F )× Spn1+n2−1(F ))
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is finite, where n = 2n1 + 2n2 − 1. Further, there is a unique
nonnegligible, nondegenerate orbit, and all of the other orbits are
negligible in the sense of [8]. It follows that one of the orbits is Zariski-
open, and let ξ denote a representative of this open orbit. The isotropy
group of ξ is

Hn(F ) = ξPn(F )ξ
−1 ∩ ι(Spn1(F )× Spn2(F )× Spn3(F )).

The representatives ξ and Hn(F ) are given explicitly in [13]. Thus, we
have the following.

Proposition 1. Let χ denote a character on Pn(A), and let
ε ∈ I(χ). Then
(4.2)

Φn(g1, g2, g3) =
∑

γ∈Hn(F )\Spn1(F )×Spn2(F )×Spn1+n2−1(F )

ε(ξγι(g1, g2, g3))

is a cuspform with F -valued Fourier coefficients in each variable.

Proof. From Lemma 6, we have that Φn(g1, g2, g3) is an automor-
phic form with F -valued Fourier coefficients in each variable, where
n = 2n1+2n2−1. We can restrict a Siegel Eisenstein series on Spn(A)
to Spn1(A) × Spn1+2n2−1(A) and, by Theorem 1, we have that the
restriction is a cuspform in the smaller variable g1 ∈ Spn1(A). Fur-
ther restricting to Spn1(A) × Spn2(A) × Spn1+n2−1(A), we have that
(4.2) is a cuspform in g1 ∈ Spn1(A). We can apply a symmetric ar-
gument to show that (4.2) is a cuspform in each variable. More pre-
cisely, we can restrict a Siegel Eisenstein series on Spn(A) to Spn2(A)×
Sp2n1+n2−1(A) or to Spn1+n2−1(A) × Spn1+n2(A). The smaller vari-
able is g2 ∈ Spn2(A) in the former case and g3 ∈ Spn1+n2−1(A)
in the latter case, and, by Theorem 1, the restriction is a cusp-
form in the smaller variable. In both cases, we further restrict to
Spn1(A) × Spn2(A) × Spn1+n2−1(A) to obtain Φn(g1, g2, g3), which
gives the result.

Consider the case n1 = n2 = 1 and F = Q. From Lemma 3 of
[12], the double coset P3(Q)\Sp3(Q)/SL2(Q)3 has five irredundant
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representatives, and the representative of the big-cell is given by

(4.3) ξ =

⎛⎜⎜⎜⎜⎜⎝
1 0 0 −1 0 0
0 1 0 0 0 0
0 1 1 0 0 0
1 1 1 0 0 0
0 0 0 0 1 −1
0 0 0 −1 0 1

⎞⎟⎟⎟⎟⎟⎠ .

The isotropy group is

H3(Q) =

{(
a b1
0 a−1

)
×

(
a b2
0 a−1

)
×

(
a b2
0 a−1

) ∣∣∣∣
a ∈ Q×, b1, b2, b3 ∈ Q, b1 + b2 + b3 = 0

}
.

For χ a character on P3(A), ε ∈ I(χ) and ξ the representative (4.3),
we have from Proposition 1 that

Φ3(g1, g2, g3) =
∑

γ∈H3(Q)\SL2(Q)3

ε(ξγι(g1, g2, g3))

is a holomorphic cuspform with rational-valued Fourier coefficients in
each variable gi ∈ SL2(A). Note that this is the cuspidal part of the
well-known decomposition of the pullback of a Siegel Eisenstein series
on Sp3. From Proposition 1, for some cuspforms f1, f2, f3 on SL2(A),
we have 〈〈〈Φ3, f1〉, f2〉, f3〉 �= 0. This integral gives the well-known
triple product L-function from [5].

The cases n1 = 1, n2 = 2 and F = Q were studied in [10].
Proposition 1 gives 〈〈〈Φ5, f1〉, F2〉, F3〉 �= 0 for some cuspforms f1 on
SL2(A) and F2, F3 on Sp2(A). For F3 in the Maass Spezialschar [10],
we have that F3 is in the image of the Saito-Kurakawa lift of some
elliptic cuspform f3. In that case the integral gives the degree-8 spinor
L-function of F2 twisted by f3 [10].
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5. , Decomposition of Eisenstein series: Rankin triple products, Ann.
Math. 125 (1987), 209 235.

6. , Integral representations of Eisenstein series and L-functions, in
Number theory, trace formulas and discrete groups, K.A. Aubert, E. Bombieri and
D. Goldfeld, eds., Academic Press, Inc., New York, 1989.

7. , On the arithmetic of Siegel-Hilbert cuspforms: Petersson inner prod-
ucts and Fourier coefficients, Invent. Math. 107 (1992), 453 481.

8. S. Gelbart, I.I. Piatetski-Shapiro and S. Rallis, Explicit constructions of
automorphic L-functions, Lect. Notes Math. 1254, Springer-Verlag, New York,
1987.

9. M. Harris, Eisenstein series on Shimura varieties, Ann. Math. 119 (1984),
59 94.

10. B. Heim, Pullbacks of Eisenstein series, Hecke-Jacobi theory and automor-
phic L-functions, in Automorphic forms, automorphic representations, and arith-
metic, Proc. Symp. Pure Math. 66 (1999), 201 238.

11. L.K. Hua, Harmonic analysis of functions of several complex variables in
the classical domains, Trans. Math. Mono. 6, American Mathematical Society,
Providence, RI, 1963.

12. D. Lanphier, Values of symmetric cube L-functions and Fourier coefficients
of Siegel Eisenstein series of degree-3, Math. Comp. (2010), 1 20.

13. P. Rabau, Action of symplectic groups on isotropic subspaces, Quart. J. Math.
44 (1993), 459 492.

14. G. Shimura, Arithmeticity in the theory of automorphic forms, Math. Surv.
Mono. 82 (2001), American Mathematical Society, Providence, RI.

Department of Mathematics and Computer Science, Western Kentucky
University, Bowling Green, KY 42101
Email address: molly.dunkum@wku.edu

Department of Mathematics and Computer Science, Western Kentucky
University, Bowling Green, KY 42101
Email address: dominic.lanphier@wku.edu



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


