ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 44, Number 1, 2014

QUASI-ONE-FIBERED IDEALS OF ORDER ONE
IN DIMENSION TWO

RAYMOND DEBREMAEKER

ABSTRACT. Simple complete M-primary ideals are fun-
damental in the Zariski-Lipman theory of complete ideals in
a two-dimensional regular local ring (R,9). Complete M-
primary ideals of order one constitute a particular class of
such ideals containing, for example, all the first neighborhood
ideals of R. A number of interesting properties of complete
IM-primary ideals of order one have been proved by several
authors. For example, these ideals have only one Rees valua-
tion (and hence are one-fibered) and they have the very simple
form (27, z2)R, n € Ny, with x1,22 a minimal ideal basis of

In the present paper we investigate how far some results con-
cerning these complete M-primary ideals of order one can be
extended to complete quasi-one-fibered Mt-primary ideals of
order one in a natural generalization of R: a two-dimensional
normal Noetherian local domain with algebraically closed
residue field and the associated graded ring an integrally
closed domain.

1. Introduction. Let (R, ) be a two-dimensional normal Noethe-
rian local domain with algebraically closed residue field and with the
associated graded ring gron(R) an integrally closed domain. It follows
that the 9M-adic order function ordg is a valuation (mostly denoted by
vor) and the blowup Blon (R) of R at 91 is a desingularization of R.

These local rings have been studied by Muhly (jointly with Sakuma)
in the early 1960s and have therefore been called two-dimensional
Muhly local domains in [1, 2].

This paper is about quasi-one-fibered complete 9-primary ideals of
order one in R. Let us explain what we mean by “quasi-one-fibered”
by describing briefly the motivation for introducing this notion. To do
so, we need to recall a few facts from the theory of complete ideals in
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the special case where (R,90) is regular. Let I # 9t denote a complete
M-primary ideal of order one in R. It follows that I is simple (i.e., not
a product of proper ideals of R) and hence has a unique Rees valuation,
say w (see [6]). So T'(I) = {w}, where T(I) denotes the set of Rees
valuations of I and I is said to be one-fibered (cf., [14]). This implies
that I has a unique immediate base point, namely, the unique two-
dimensional local ring (R’, M) of the blowup Bloy (R) that is dominated
by the valuation ring (W, My ) of w. Moreover, the transform I% of I
in R’ is again a complete ideal of order one.

By contrast, if the two-dimensional Muhly local domain (R,9) is
not regular, then a complete M-primary ideal I of order one is not
necessarily one-fibered. Indeed, it has been proved in [1] that, if
I is a complete M-primary ideal adjacent from below to M (i.e.,
length (M/I) = 1), then T(I) = {vom,w} with w # vy a prime
divisor of R. This was one of the reasons for introducing the notion
of quasi-one-fibered complete Mi-primary ideals in R. Here a complete
M-primary ideal I is said to be quasi-one-fibered if

T(I) C {vgm,w} and weT(),

for some prime divisor w # vgy of R. Note that vgy may or may not
belong to T'(I). More information concerning this sort of ideal can be
found in [4].

In this paper we will study the simplest such ideals, that is, those of
order one. So let I be any quasi-one-fibered complete 9-primary ideal
of order one in R (hence, T'(I) C {vop, w} and w € T(I) for some prime
divisor w # vgn of R). Then, just as in the regular case, I has precisely
one immediate base point, say (R’,9"). But, in contrast to the regular
case, the transform I does not necessarily have order one (I® is not
even necessarily simple). See [3, Example 3.4].

We therefore begin Section 3 by investigating when ordgp(I) = 1
implies ordg/ (I®') = 1, and under what conditions the converse holds.
An answer is given in Proposition 3.2 if I satisfies the additional
conditions of being normal and minimally generated. A stronger result
is obtained if R is regular (see Proposition 3.6).

A special class of quasi-one-fibered complete 9Mi-primary ideals of
order one are the first neighborhood complete ideals of R. In [1] it has
been shown that some properties of R (for example being a rational



QUASI-ONE-FIBERED IDEALS OF ORDER ONE 59

singularity in case embdim R = 3) are reflected in a certain behavior
of its first neighborhood complete ideals. Further, it has been proved
in [2] that the first neighborhood complete ideals of R are projectively
full. The proofs of these results rely on the fact that these complete
quasi-one-fibered 9M-primary ideals of order one have the very simple
form

(x%,xg, ce Td),

where x1, x2, ... , 4 denotes a minimal ideal basis of 9t. So the natural
question arises whether any complete quasi-one-fibered 9i-primary
ideal of order one has the form

(1‘111,332, e ,xd),

for a suitable minimal ideal basis 1, z2,... ,z4 of M. (Note that this
is trivially true if (R,90) is two-dimensional regular).

In order to answer this question we have in Proposition 3.7 of Sec-
tion 3 derived necessary and sufficient conditions for a given com-
plete quasi-one-fibered 9-primary I of order one to be of the form
(z},x9,... ,xq), n € N4, for some minimal ideal basis (z1, z2,... ,Zq)
of M such that x; ¢ rad (z2,...,24). Using this result we have found
an example (see Example 3.8) that shows the answer to the above ques-
tion is negative. Concerning complete 9i-primary ideals of order one in
a two-dimensional Muhly local domain (R, 91), one can ask the natural
question whether there exists an example of such an ideal that is not
quasi-one-fibered. The author does not know any such example. The
reader will find the necessary background material in Section 2.

2. Background. We begin with a brief review of some facts from
the theory of degree functions. Degree functions have been defined by
Rees in [12], and their theory has been developed by Rees and Sharp in
[13]. With an 9-primary ideal I of Noetherian local domain (R, 1),
Rees has associated an integer-valued function on 9\ {0}:

di(z) = e<IL§R>,

where e(I + zR/xR) denotes the multiplicity of I +axR/xR. The
function dj is called the degree function defined by I. In [12], it is
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shown that, with every prime divisor v of R, there is associated a non-
negative integer d(I,v), with d(I,v) = 0 for all except finitely many
prime divisors, such that

dy(z) = _d(I,v)v(z)

for all 0 # = € 9 and the sum is over all the prime divisors of R. Here,
by a prime divisor v of R, we mean a discrete valuation v of the quotient
field K of R with value group Z, whose valuation ring dominates R and
the transcendence degree of the residue field of the valuation ring over
R/Mtis dim R — 1 (see [13, pages 454-455]).

In [13] Rees and Sharp have proved that the integers d(I, v) occurring
in the above sum are uniquely determined, i.e., if d(I’,v) are non-
negative integers such that d;(z) = > d'(I,v)v(z) for all 0 # z € M,
then d'(I,v) = d(I,v) for all prime divisors v of R. The integers d(I,v)
will be called the degree function coefficients of I.

If R is analytically unramified, then d(I,v) # 0 for each prime divisor
v of R that is a Rees valuation of I, while d(I,v") = 0 for all other prime
divisors v’ of R (see [12, Theorem 2.3]). If in addition R is normal and
quasi-unmixed, then all the Rees valuations of I are prime divisors of
R (cf., [14]); hence, d(I,v) # 0 if and only if v is a Rees valuation of I.
For the definition of the Rees valuation rings and the Rees valuations
of an ideal I of a Noetherian local domain, the reader is referred to [14,
page 437] or [15, Chapter 10]. Throughout this paper, the set of Rees
valuations of I will be denoted by T'(I).

In order to recall some other results from the theory of degree func-
tions, let us suppose that (R, ) is a two-dimensional normal Noethe-
rian local domain that is analytically unramified and with infinite
residue field Then we have the following results (see Rees and Sharp
[13]).

e The multiplicity e(I) of an 9-primary ideal I of R is given by

e(I) =Y d(I,v)p().

veT(I)

o If [ and J are M-primary ideals of R, then
d(IJ,v) =d(I,v) + d(J,v)
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for all prime divisors of R. It follows that

T(1J)=T(I)UT(J).

o If I and J are M-primary ideals of R, then Rees and Sharp define
dr(J) = min{d;(z) | 0 # = € J},

and they prove that

and
di(J) =d;(I) = er(I|J).

Here e (I]J) denotes the mixed multiplicity of I and J, and it is defined
by e(IJ) = e(I) + 2e1(I|J) +e(J).

Next we present some background material concerning two-dimensional
Muhly local domains. We begin by recalling the definition. By a two-
dimensional Muhly local domain (R,9) we mean a two-dimensional
integrally closed Noetherian local domain (R,91) with algebraically
closed residue field and with the associated graded ring an integrally
closed domain. From this definition if follows that

e the M-adic order function ordg is a valuation (mostly denoted by
UD:R)»
e 9" is an integrally closed 9M-primary ideal for every n € N .

A two-dimensional Muhly local domain (R, 91) can be desingularized
by blowing up R at 9. Here the blowup of R at M, denoted Blon (R),
is the following set of local rings lying between R and its quotient field

(2], oo s (o2}

For any z € M \ M? and any maximal ideal N of R[9/z] lying over
M (i.e., NN R =<M), the local ring
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is called a first (or an immediate) quadratic transform of R. Since
Blgn(R) is a desingularization, we know that (R’,9') is a two-
dimensional regular local ring and the 9t-adic order function ordg
is a prime divisor of R, called an immediate prime divisor of R.

If I is an 9M-primary ideal of R with ordg(I) = r, then we have in R’
IR =a"I'

with I’ an ideal of R’. This ideal I’ is called the transform of I in R'.
If I' # R’ (equivalently, IR’ is not a principal ideal), then (R’,9) is
called an immediate base point of I.

Let I be an 9-primary ideal in a two-dimensional Muhly local domain
(R,90), and suppose that T'(I) # {von} (equivalently I is not a power
of ). Then in [4, Proposition 1.1}, the following characterization of
the immediate base points of I has been proved.

Every immediate base point of I is a local ring € Blog(R) that is
dominated by a Rees valuation ring of I. Conversely, a two-dimensional
local ring € Blogg(R) dominated by a Rees valuation ring of I is an
immediate base point of I, if T(I) = {von, w} (respectively T(I) = {w}),
where w s a prime divisor of R with w # vey.

Since the residue field of a two-dimensional Muhly local domain
(R, M) is infinite, it follows from the preceding characterization of the
immediate base points of an 9-primary ideal I, that there exists an
element x € M \ M? such that all the immediate base points of I are
lying on the chart R[9/x] (because one can choose an x € 90\ 9?2
such that R[9/x] is contained in every Rees valuation ring of I).

Finally, we recall the notion of the characteristic ideal of an 9-
primary ideal I in a two-dimensional Muhly local domain (R, ) (cf.,
[10, page 214]). Suppose ordg(I) = r, and let z1,z2,... ,x, denote
an ideal basis of I. Then, for at least one ¢, the order of z; is r
and ordg(z;) > r for all j. Let 27 be the zero element of gron(R) if
ordg(w;) > r, and let z} be the leading form of x; if ordg(x;) = r. The
elements x7,23,... ,z} generate a homogeneous ideal ¢(I) in gron(R),
which is called the characteristic ideal of I. If x € I, then either
ordr(z) > r, and thus z* is zero by definition or else ordg(z) = r and
then z* is a linear combination of z7,z3,... ,z; with coefficients in
k= R/M.
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3. Quasi-one-fibered ideals of order one. Let us begin by
recalling briefly some facts concerning quasi-one-fibered 9-primary
ideals in a two-dimensional Muhly local domain (R, 90t).

Let I be a quasi-one-fibered 9-primary ideal of R, i.e.,
T(I) C {vgm,w} and weT(),

where w denotes some prime divisor # vey of R (see the introduction).
Then the following assertions hold (see [4, Section 1] for details).

e I has only one immediate base point, say (R’,9), and the integral
closure I® of the transform of I in R’ is some power of a simple
complete 9V-primary ideal of R’. Hence, T(I®) = {w} and w is the
unique Rees valuation of that simple complete ideal.

e There corresponds to I a unique finite quadratic sequence starting
from (R, )

(R,Sn) < (Rl,ml) < (Rg,f)ng) < e K (Rs,ms)

such that s = M for some n € N, and R; is the unique immediate
base point R’ of I. The length s of this sequence is called the rank of
I

e The local rings occurring in this sequence are the base points of I.
(Recall that an iterated quadratic transform (S, 91) of (R, ) is said
to be a base point of I if IS is not a principal ideal).

e Since T(I) C {von,w}, it follows that almost all degree function
coefficients of I are zero; more precisely, d(I,v) = 0 for all prime
divisors v of R such that v ¢ {vom,w}. Thus, we have to consider
only two degree function coefficients of I, namely,

d(I,vmm) and d(I,w).

Note that d(I,w) # 0 (since w € T(I)), while d(I,vgr) is non-zero or
zero according to the fact whether or not voy € T'(I).

Our first aim in this section is to answer the question when ordg(I) =
1 will imply that ordg/ (™) = 1 and under what conditions the
converse will hold. The answer (see Proposition 3.2) is based essentially
on the following lemma giving the effect of the quadratic transformation
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(R,9M) — (R/,9) on the degree function coefficient d(I,w). Before
stating this lemma, we briefly recall the notion of a minimally generated
complete IM-primary ideal in R.

A complete 9-primary ideal a of order 7 in R is said to be minimally
generated if

. Mm"
p(a) = dimy, (W) )
where k = R/9t and p(a) denotes the number of elements in a minimal

ideal basis of I.

In [4, Section 3] the following facts concerning a minimally generated
complete M-primary ideal a have been proved:

e a is minimally generated if and only if 9" +! = a9 + 291" where
x € M is such that £V =MV for every valuation ring V of a.

e The natural morphism

W O R[Na]

e aR[N /x|

is an isomorphism.

e M"a is complete for all n > 0.

Lemma 3.1. Let (R,9N) be a two-dimensional Muhly local domain,
and let I be a quasi-one-fibered M-primary ideal of R. Let (R',9)
denote the unique immediate base point of I, and let w be the unique
Rees valuation of IT (so, T(I) C {von,w} and w € T(I)). Then we
have

(i) If I is normal, then d(I,w) < d(I"  w).

(ii) If I is normal and minimally generated, then d(I,w) = d(I7, w).

Proof. (i) As we have observed at the beginning of this section, there
corresponds to I a unique finite quadratic sequence

(R,f)n) < (Rl,ml) < (Rg,f)ng) <K (Rs,ms)

with TBs = M7 for some n € N, and with R; the unique immediate
base point R’ of I. Since the residue field R/ is algebraically closed,
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a minimal ideal basis z1,z2,...,zq of 91 can be chosen such that R’
is of the form

R/:R% WlthMlz 1‘1,@,...,%
X1 M, X1 X1

and such that
MW =21 W  and MVey = a1 Vonr.

Here (W, Mty ) denotes the valuation ring of the unique Rees valuation
w of I, while (Van, My, ) is the valuation ring of ven = ordr. This
shows that (R’,9V), and hence R[9/z4], is contained in every Rees
valuation ring of I. Since I™ is complete for every n € N, this implies
that I"™ is contracted from R[9/z4] for all n € N4. If r := ordg(]), it
follows that the natural morphism

M MRON ]
Iz I"R[Z]

is injective for all n € N;. Hence,

mrn M R[M/ x1] R’
< hoddiinhe sotd/hal TR .
length < n ) < length < TR 2] > length (([R’)n

Consequently,

R R R
- < — | +
length <I") < length (zmn) length < (IR’)")

for all n € N4. This implies that

(1) e(I) < e(M)ordg (1) + e(I').

Next, we recall that we have proved in [4, Proposition 2.1] the following
formula for d(I,w) using the quadratic sequence corresponding to I:

e(I) — e(M)ordg(1)?

(2) d(I, U)) = 25:1 OI‘de (IRJ)w(f)ﬁ]) .
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Using an adaption of Lipman’s lemma [7, Lemma 1.11] to our situation,
we have that

(3) Z ordp, (" yw(t,) = w(I™).

From (1)—(3), it follows that

e(I®)
w(If)

d(I,w) <

Since T(I®") = {w}, we have by the theory of degree functions (see the
background section) that

e(I™)

) = d(I% ,w),

which proves (i).
(ii) Since I is normal we have, with the same notations and conven-
tions as in the proof of (i), that the natural morphism
M RN/ 2]
—
I I"R[M/ 4]

is injective for all n € N. Moreover, I is minimally generated (i.e.,
p(I) = dimg (9" /9M™+1). Observing that

) mr E)nr+1
dlmk <W> = /J(I) - lengthR <m>,

this is equivalent with

Mt = [ + M.

Since I is normal, using this characterization of “minimally gener-
ated,” we have that I" is minimally generated for all n € N;.. Because
of the observation just before Lemma 3.1, this means that the natural
morphism

mre IM™™ RIM /1]
" IRz
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is an isomorphism. This implies (see proof of (i)) that
(1) e(I) = e(M)ordg(I)* + e(I7).

By the same reasoning as in the proof of (i), it follows from (1’), (2)
and (3) that

d(I,w) =d(I" ,w). o

For a given quasi-one-fibered complete 9M-primary ideal I of order
one in R, the above lemma together with results from the theory of
degree functions (see the background section) will be used to prove
that the transform I® in the unique immediate base point R’ of I also
has order one, provided [ is normal and minimally generated and two
additional conditions are satisfied. We will also investigate when the
converse holds.

Proposition 3.2. Let (R,9M) be a two-dimensional Muhly local
domain, and let I be a quasi-one-fibered M-primary ideal of R with
unique immediate base point (R',9M'). Let w denote the unique Rees
valuation of I'. Suppose that w(M) = w(M') and d(I,ven) =
e(M) — 1. Then

(i) If I is normal, then the implication ordp (IT) =1 = ordg(I) = 1
holds.

(ii) If I is normal and minimally generated, then we have

ordp(I) =1 < ordp (I') = 1.

Proof. (1) We have to prove that ordr(f) = 1. To do so, we observe
that the reciprocity relation

don (1) = dr (M)
implies that

(%) d(9, voy )von (I) = d(I, ven )vor (M) + d(I, w)w (M),
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since T(I) C {von,w}. Further, we know from the theory of degree
functions that
e(M) = d(IM, von Jvan (M),

and thus
d(M, von) = e(M)
since von (9N) = 1.

Next, the assumption ordg (I®) = 1 will imply that w(9') = 1 and
d(I™ ,w) = 1. Indeed, from the reciprocity relation

oy (I™) = dyrr (V)

we get

AN, v Yord g (IT) = (I, w)w (M)

since T(M) = {vgn'}, T(I®)
ordg/-valuation. Since ordp/ (I®)
we have

)
{w}, and ven: is by definition the
=1 and d(OV,von) = e(M) = 1,

w') =1 and d(I%,w)=1.

This implies
w(M) =1,

since we have assumed that w(9) = w(M’). By Lemma 3.1, we have
that ,
d(I,w) < d(If,w).

Since d(I®,w) = 1 and d(I,w) > 0 (because w € T'(I)), it follows that
d(I,w) = 1.
So the relation (*) becomes
e(M)ordgr(I) = d(I,von) + 1.
Using the assumption d(I,ven) = e(9M) — 1, this implies that
ordg(l) =1,

thereby completing the proof of (i).
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(ii) It only remains to prove that the implication ordgr(I) = 1 =
ordr/ (I®) = 1 holds. Again we start from the reciprocity relation (*).
Since ordg(I) = 1 and d(I,ven) = (M) — 1, we have

e(MM) =e(M) — 1+ d(I, w)w(M).
Hence,
d(I,w)w(M) =1,

implying that d(I,w) = 1 and w(9) = 1. Since the quasi-one-fibered
M-primary ideal I is supposed to be normal and minimally generated,
we have by Lemma 3.1 (ii) that

d(I,w) = d(I | w).

Hence, )

(I w) = 1.
From the reciprocity relation dyp (I) = dyn (9), it follows that

ordp (I7) = d(I™ , w)w (M),

and hence ,

Ol“dR/(IR ) = 1,
since w(M') = w(M) (by assumption) and w(9M) = 1. O

The examples given below illustrate the hypotheses in the previous
proposition.

Example 3.3. Let (R,9) be a two-dimensional regular local ring
with algebraically closed residue field (thus, R is certainly a two-
dimensional Muhly local domain).

We consider the following immediate quadratic transform (R, 9") of
(R, M):
R = R[%} with M = (x Q),
T |y x

where z,y is a minimal ideal basis of 9. Thus,

m = <x, g)R’,
T
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and the ideal

2
=Y R
: 4=
is a complete M'-primary ideal of order 1 in R’. This ideal I’ has a

unique immediate base point (R”, ") given by

!/

R”:R’Vn} with M’ = (gi)
y/x] z'y/z

and

In R”, we have that

I/R// — g(g, m_Q)R// — ymft//.
z\x Yy T

Thus, the transform 'R of I’ in R” is the maximal ideal 9”. This
means that the unique quadratic sequence associated with the simple
complete M'-primary ideal I’ is as follows

(R/, ml) < (R/I, mtll).
Hence, the unique Rees valuation w of I’ is
w = ordgr-valuation.

Thus, the corresponding valuation ring W is given by
w2
Y/ (g w) R fy 2]

and the maximal ideal of W is
My = (3) W,
x
Now, let us consider the inverse transform I of I’ in R, i.e.,

I =2*I'NR.
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We claim that
I = (xg,yz,ny).

Indeed, let J := (23,y? 2%y)R. Since u(J) = ordg(J) + 1, we have
that J is contracted from R[9/x] by [6, Proposition 2.3]. Further,
JRIM/x] = 2*(x, (y/x)?), which shows that JR[9/z] is complete.
Thus,

Mm

J=JR [—} NR

x
is also complete. (Note also that J has (R', V) as a unique immediate
base point and that JR' = 22I").

Now we have
2’ I'NR C (z*I' "R)R' = 2*I' = JR/.
Thus,
22I'"NRCJR' NR=.

It is clear that J = (23, y?, 2%y) C 2%I' N R, hence
J=2*I'NR.
So the inverse transform I of I’ in R is given by
I= (23,92 2%).

Thus, I = (2%,y% 2?y)R is a simple (and thus one-fibered) complete
M-primary ideal of order 2 with unique immediate base point (R’, 9)
and whose transform I® is the complete 90-primary ideal I’ =
(z, (y/x)?)R' of order 1.

Since the implication ordg (I'") = 1 = ordg(I) = 1 does not hold,
at least one of the conditions in Proposition 3.2 is not satisfied in this

example. To make this clear, we now summarize what we know about
the ideal I.

e [ is normal, since I is complete and R is two-dimensional regular.
e [ is minimally generated since u(I) = 3 = dimy (92 /9013).

e [ is quasi-one-fibered since I has only one immediate base point,
namely (R',9), and I = I’ is a simple complete 9-primary ideal



72 RAYMOND DEBREMAEKER

with T'(I') = {w} where w = ordg~-valuation. Thus, T(I) C {vey, w}
and w € T(I).

e d(I,w) = d(I* ,w) = 1, since I is the inverse transform of I’ in R
and I is a simple complete M'-primary ideal in the two-dimensional
regular local ring (R’, M) (see [5, Proposition 3.4 and Corollary 3.6]).

e From the reciprocity relation d;(9t) = don(I) (see the background
section) it then follows that

d(I,ven) + w(M) = 2.

e Since w = ordg~-valuation and IMM” = ((y/z), (z*/y))R", it follows

that w(y/z) = w(z?/y) = 1. Using z = (y/x)(2*/y) and y = z(y/x),
we have that
w(M) = 2.

Thus,
d([, Ugm) = 0,

and this shows that the condition d(I, von) = e(9t) —1 is satisfied, since
e(M) = 1.

e Since M’ = (x, (y/x))R’, we have that
wO) = 1.
Hence, the condition w(M) = w(M') is not satisfied in this example,
while the other conditions hold.

So, this example shows that the assumption “w(M) = w(M')” is
indispensable for Proposition 3.2.

Example 3.4. Let (R, M) be a two-dimensional Muhly local domain
with embedding dimension 3. Suppose R has minimal multiplicity;
thus, (R,9M) is a rational singularity (see, for example, [4]). Let us
consider an immediate quadratic transform (R’, ') of (R, ). Then

R = R[%} with M, = <x1, 2 ﬁ)
M, T

T1
)
E)n/ = <£C1, —)RI,
T

and
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for a suitable minimal ideal basis x1, x2, z3 of 9. In R we consider the
ideal I being defined as the integral closure of the ideal

J = (x%,xlxg,xg,xg).

Then I is a complete (and hence normal) 9M-primary ideal of order 2.

It can readily be seen that J has (R’,9) as its unique immediate
base point and the transform J® of J in R’ is given by

It follows that JE is a complete 9V-primary ideal of order 1 in R/;
thus, Jf has a unique Rees valuation, which we denote by w.

Consequently,
T(J) C {vgm,w} and weT(J).

Since J has base points only on the chart R'[9% /] and J® R[NV /1]
= x1 (21, (z2/23)), the unique quadratic sequence corresponding to J%
is as follows:

(R/,ml) < (R//’m«t//),

where R" = R'[9'/x1]p; with M{ = (1, (z1/27)) and the maximal
ideal M = (21, (z2/23))R". Tt follows that

w = ord gr-valuation

(see, for example, [11, page 608]). Since I = .J, we have that

hence,
T(I) C {vgm,w} and w e T().

This shows that I is quasi-one-fibered with (R’,9%) as its unique
immediate base point. Moreover,

IRI — JR,7
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implying that ordg (I®) = 1. As ordg(I) = 2, it follows that the impli-
cation “ordp/ (I) =1 = ordgr(I) = 1”7 does not hold in this example
and thus at least one of the hypotheses in Proposition 3.2 is not satis-
fied. We already know that I is a quasi-one-fibered normal 9t-primary
ideal of order 2, and the unique quadratic sequence corresponding to
is
(R, M) < (R, M) < (R",M"),

and I®" = 9M”. Hence,

T(I) C {vm,w} and weT(),

where w = ord g-valuation.

Now, it is readily seen that w(?) = 1 and w(9M’') = 1, and thus the
condition “w(9M) = w(M')” is satisfied.

Using this and the fact that e(91) = 2, it follows from the reciprocity
relation

that
d(I,von) +d(I,w) = 4.

Further, in the two-dimensional regular local ring (R’, ') we have the
reciprocity relation ,
dyr () = dog (IT).

Since ordgr/ (I™) = 1 and e(9) = 1, this implies

d(I% w) =1.

Since I is a normal quasi-one-fibered 9-primary ideal with unique
immediate base point (R, 9"), we have by Lemma 3.1 (i) that

d(I,w) < d(I', w).
As w € T(I), and hence d(I,w) > 0, this implies
d(I,w) = 1.

So
d(I,von) = 3,
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and this shows that the condition “d(I, vor) = e(9t) —1" is not satisfied
here, since e(M) = 2.

Summarizing, this example shows that the condition “d(I,ven) =
e(9M) — 1”7 cannot be omitted from Proposition 3.2.

Example 3.5. Let (R, M) be a two-dimensional Muhly local domain
with minimal multiplicity. Suppose there exists a minimal ideal basis

T1,22,.-.,%q
of M such that z1 ¢ rad (z2, ... ,24). We then consider the immediate
quadratic transform
(Rla ml)
where Ry = R[M/x1]y, with My = (z1,22/21,...,24/71), and
(possibly after renumbering s, ... ,xq)
My = (331, E) Ry
T
Let
(V,my)

denote the valuation ring of the ordg-valuation vgy. For any natural
number s there exists a unique quadratic sequence

(Rvm) < (Rlvmtl) < (R279~n2) << (Rsams)a
such that (R;,9M;) is contained in (V, My ) (i.e., (R;, M;) is prozimate

to (R,9M)) for i = 1,2,...,s. Following Lipman in [8, page 240], we
then have

N
R =R {—1}
252/%1 (—2L__ =2
12/1171 xq
fori=2,...,s.
In particular,
M
Rs = Rsfl |: - 1:|
xg/x]_ ( T T
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and

X1 i)
f)ﬁs — (ﬁ’ —> .
T2/T1 T

Let I;_1 denote the inverse transform of Mg in Rs—q (ie., Iy—1 =
(xo/x1)Ms N Rs—1). Then we have

2
T To
Iy 1=——=,| — Re_q.
' <~732/’J731S_2 <$1>) '

Descending the quadratic sequence step by step, we find that the inverse
transform I; of 9, in R, is given by

= (o (2)
T

Note that I; is the simple complete 9t;-primary ideal in the two-
dimensional regular local ring (R1,91;) that corresponds to the prime
divisor w := ordp, -valuation of R; under Zariski’s one-to-one corre-
spondence. It follows that w is the unique Rees valuation of Iy, hence

T(h) = {w}.
Now let us consider the following ideal I in R:
I:=ziLNR.

Then we have
e [ is a complete 9M-primary ideal,
e ordgp(I) = s,
e the transform of I in Ry is Iy,
e (Ry,9;) is the unique immediate base point of I.

It follows that the complete 9-primary ideal I is quasi-one-fibered and
T(I) C {vom,w} with w € T(I).

Since w = ordg,-valuation and M = (z1,22,...,24), M =
(x1,22/x1)R1, we have that

w(M) = s
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and
wM') = 1.

Next we determine the degree function coefficients d(I,w) and
d(I,ven) of I.

The two-dimensional Muhly local domain (R,9t) has minimal mul-
tiplicity, so it is a rational singularity (see [3, Theorem 3.1]). This
implies that the complete 91-primary ideal I is in fact normal. Thus,

d(I,w) < d(IRl,w),

by Lemma 3.1 (i).

Since I™ = I, is a simple complete 9;-primary ideal in the two-
dimensional regular local ring (Rq,2%;), we have

d(If w) =1,

by [5, Corollary 3.6].

Since w € T'(I), we have d(I,w) > 0, and thus

d(I,w) = 1.
In order to determine d(I,vor), we consider the reciprocity relation
dr(ON) = don ().
Since T'(I) C {von, w}, this becomes
d(1,ven)vem (M) + d(I, w)w(ON) = d(M, von )von (I).

We already know that

e vop(l) = ordg(l) = s,

o w(M) = s,

e d(I,w)=1.

Using this together with the fact that d(97, vop) = (M) and vop (M) =
ordr(9M) = 1, the reciprocity relation becomes

d(I,vam) + s = se(IM).
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Hence,
d(I,von) = s(e(MM) —1).

Note, if (R, ) is not regular (thus e(9) > 1), then this shows that
d(I,ven) > 0, which means that voy € T'(I), and hence T'(I) = {von, w}
in that case.

From the previous discussion, we can conclude:

e If s = 1, then both the conditions “w(M) = w(M')” and
“d(I,v9m) = e(M) — 17 are satisfied.

e If s > 1, then neither of these conditions is satisfied.

In the next result a stronger version of Proposition 3.2 will be given
in the case that the two-dimensional Muhly local domain (R,9) is
regular and the quasi-one-fibered complete 9-primary ideal I is simple
(and hence one-fibered).

Proposition 3.6. Let I # M be a simple, complete M-primary
ideal of the two-dimensional reqular local ring (R, M) with algebraically
closed residue field. Let (R',9) denote the unique immediate base
point of I, and let w be the unique Rees valuation of I (so that
T(I) ={w}). Then the following assertions are equivalent:

(i) ordg(I) = 1.
(ii) ordp (IF) =1 and w(IM) = w(9').

(iii) There exists a height-one prime ' in R’ such that p’ C IT and
R/ N R is a DVR.

Proof. (i) = (ii). Since I # 9N is an M-primary ideal of order 1, we
have that
I= (Zﬂlla 1‘2)

for some integer n > 1 and with z1,z2 an ideal basis of M. It follows
that I has immediate base points only on the chart R[9/z1], since
IR[M/xo] = (x2)R[OM/x2]. Hence, the unique immediate base point
(R',9) of I is given by

R = R[%} with M, = (x1%>
M

Z1 T1
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since IR[M/x1] = z1 (271, (x2/21)). Thus, we have in R’ that

m = (xl,ﬁ)R’ and I% = (x’lll,ﬁ)R’.

T T

Hence,
Ol“dR/(IR ) =1.
So it remains to show that w(M) = w(M').

o If n = 2, then I®' = MV, and this implies that the unique Rees
valuation w of I is ordg:. So it is readily seen that w(9) = w(M') =
1.

e If n > 2, then I® = (27!, (xo/x1)) has its unique immediate base
point lying on the chart R'[90V /x1]. Since this immediate base point of

I% is dominated by the valuation ring W of w (see Section 2 and the
Background section), it follows that

This implies that w (M) = w(M').

(ii) = (iii). In order to prove this implication, we begin by recalling
the following properties of the ideal I.

e [ is one-fibered since T'(I) = {w},

e | is normal because, in a two-dimensional regular local ring, any
product of complete ideals is complete (see [6, Theorem 3.7]).

e Since I # M, we have that

w # vop

because of Zariski’s one-to-one correspondence between the simple com-
plete 9M-primary ideals of R and the prime divisors of R. Hence,
vam ¢ T(I), implying that d(I,vge) = 0. Thus, the condition
“d(I,vom) = e(M) — 1”7 is satisfied since e(M) = 1.

Because of assumption (ii) we also know that the condition “w() =

w(M')” is satisfied. Hence, the ideal I satisfies all the conditions of
Proposition 3.2, and thus there exists an element x5 € I such that
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xy ¢ M2, Tt follows that there exists an ideal basis x1, 22 of 9 such
that

I= (.73?, xQ)R

for some n > 1.

This implies that I has a unique immediate base point (R’,9t') given

by
R = R[%} with M’ = <x1ﬂ)
1 A 1

and thus

Further, the transform I R of I 'in R’ is given by

’ _ 1‘2
T = (a:’f 1,—>R’.
I

[ % /
P (m)R

is a height-one prime ideal that is contained in I% .

Hence,

Moreover, we have
]J/ NR= (LCQ)R,

implying that R/p’ N R is a one-dimensional regular local ring (i.e., a
DVR). This proves the implication (ii) = (iii). O
(iti) = (i). Let p’ be a height-one prime in R’ such that p’ ¢ I% and
R/’ N R is a DVR. It follows that there exists a minimal ideal basis
1, o of M such that
X9 € p/ N R,

and thus
]JI NR= (iCQ)R

This implies that the unique immediate base point (R’, M’) of I cannot
be lying on the chart R[9t/xs] (since otherwise x1/x2 would be an
element of R’, implying that x1 € p’N R = (x2)R, which is impossible).
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So R’ is a localization of R[9/x1], and thus z2/x; is an element of R'.
It follows that
T2 ’
T1— =T2€P,
Z1
and since x1 ¢ p’, we have that zo/21 € p' C I7.

As we have already observed, R’ is of the form

ol
X1 M

with M; a maximal ideal of R[9t/x1] lying over 9. Now zo/z1 € M;
(since wa/xy € I® C 9M') and 1 € M; (since M; is lying over IN);

thus,
(xl, Q)R{%] C M.
I X1

Since (z1,x2/x1)R[M /1] is a maximal ideal, we have that

M, = <x1, E)R[%].
X1 X1

This shows that the immediate base point (R’,9") of I is given by

R = R[%} and M = <x1, E)R'.
X1 M, X1

Since xy/x; € I® and R'/[(z2/21)R'] is a DVR, we have that
IR, — xn ﬁ R/
1> 21

From the Zariski-Lipman theory of complete ideals in two-dimensional
regular local rings, we know that a simple complete 91-primary ideal 1
is the inverse transform of its transform I% in the unique immediate
base point (R',M’) of I. Hence,

for some n € N..

I=uI% NR= (27", 2)R' N R.
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So zg € I, and thus ordr(I) = 1, which completes the proof of (iii) =

(i). O

If a two-dimensional Muhly local domain (R,9) is regular, then it
is easily seen that any complete 9-primary ideal I of order one has
the very simple form (27, z2) with n € N4 and 21,22 a minimal ideal
basis of 9.

By contrast, if (R, 99%) is not regular, then this does not hold in general
as we will see in Example 3.8 below.

But, first, we will prove a result (partly inspired by the previous
proposition) giving necessary and sufficient conditions for a quasi one-
fibered complete IM-primary ideal of order one in a two-dimensional
Muhly local domain (R,9), to be of the form (a7}, xo,...,x4) with
x1,T2,...,Tq aminimal ideal basis of M such that x1 ¢ rad (zo, ..., zy).
We therefore begin by recalling some facts needed in what follows.

e The above condition “r; ¢ rad(xa,...,z,)” is equivalent to
“(xa,...,xzy)is a prime ideal of R”, and is also equivalent to “R/(z2, . .
xq) is a one-dimensional regular local ring.” It implies that

(@ E)R{%} AR=(2o,...24).

r 1

m
M1 = ({I?l, %,.. . ,E>R|:—:|
X1 X1 X1

is a maximal ideal of R[9/z4] lying over M (i.e., M1 N R = M), and
the ring

el

It follows that

Rl = R[%]
L1

is an immediate quadratic transform of R that is a two-dimensional
regular local ring.

o Let I := (27, 22,... ,24) with n > 1 and x1,29,... ,24 & minimal
ideal basis of M such that z1 ¢ rad (x2,...,xq). Since the transform
I™ £ Ry, we see that (Ry,91;) is an immediate base point of I. In
fact it is the only immediate base point of I.

e [T is a simple complete M -primary ideal, so I = (27,2, ... ,T4)
is quasi one-fibered (see [4, Proposition 1.5]). Hence,

T(I) C {vm,w} and weT(),
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where vogy = ordp-valuation and w denotes the unique Rees valuation
of I,

e [ is contracted from R[M/x1] (i.e., IR[IM/x1) N R = I), implying
that I is complete.

Now we are ready to state and prove our result.

Proposition 3.7. Let I # 9 be a quasi one-fibered complete M-
primary ideal of order one of the two-dimensional Muhly local domain
(R,9M). Then the following assertions are equivalent:

(i) I = (2%, za,...,24) withn > 1 and z1,22,... ,x4 a minimal
ideal basis of M such that x1 ¢ rad (x2,... ,xq).

(ii) There exists a height-one prime py in the unique immediate base
point Ry of I such that

p1 C I™  and RR is a DVR.

P1

(iii) There exists a prime ideal p in R such that p C I with pu(p) =
embdim R — 1 and with R/p a DVR.

(iv) There exists a height-one ideal Iy in R such that Iy C I and

c(lp) = ¢(I) = P, with P a homogeneous prime ideal of height one in
grop(R).

Proof. (i) = (ii). It is clear that ordg(I) = 1 and, as we have
recalled above, I is a quasi one-fibered complete 9i-primary ideal
having a unique immediate base point (Ry, ) and T(I) C {von, w}
with w € T(I), where vop = ordg and w denotes the unique Rees
valuation of 7,

Since Ry = R[M/x1]|p, with My = (z1,22/21,... ,24/%1), we have
that the transform I™ of I in R, is given by

I = (x’;l,@,... ,E>R1.
I I
As we have observed earlier, it follows from the condition z; ¢
rad (z2,...,xq) that

(@ E)R{%} AR=(2o,...24).

r T m 1
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This implies that

(va/x1,... ,xa/71)  (T2,...,74)

)

and it follows that (x2/x1, ... ,zq/x1)R[9N/z1] is a prime ideal of height
one in R[M/xz1]. Hence,

is a height-one prime in R; such that p; C I™ and py N R =
(z2,...,2q). Thus, R/p1 N R is a DVR.

(ii) = (iii). Since R/p1 N R is a DVR, there exists a minimal ideal
basis 1, xa, ... ,zq of M such that (x2,... ,z4) C p1NR. It follows that
R/(z2,... ,2z4) is a one-dimensional regular local ring. This implies
that p1 NR = (22, ... ,x4) and thus the prime ideal p := p; N R satisfies
the following conditions from (iii):

w(p) =embdimR—1 and g is a DVR.

So, in order to show that (iii) holds, it only remains to prove that p C I.

Since R; is the unique immediate base point of I and I is complete,
we have that I is contracted from Ry, i.e.,

IRTNR=1.
It therefore suffices to show that p = (x2,...,24) C IR;. Since
x1 ¢ p1, we see that (Ry,9%) cannot be lying on the chart R[9/x;]
for i =2,...,d. Hence, (Ry,9%) is lying on R[9t/z4], implying that

x2 Td

yeee,— € Ry.
z1 z1
Using this, together with the fact that xs,... ,zq4 € p1 and x1 ¢ p1, we
have . .
2 d
—, ..., — € P71.

X1 X1
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Since p; C I™ and IR; = 2, 1™, it follows that
p=(z2,...,2q4) CIR;.

This completes the proof of the implication (ii) = (iii). O

(iii) = (i). Now, there is given a prime ideal p of R such that p C [
with p(p) = embdim R — 1 and R/p is a DVR. It follows that there
exist d — 1 elements in R

T2y... ,qd
such that
p= ('va"' axd)'

Since R/p is a DVR, the maximal ideal 9t/p is generated by a single
element, say T, := z1 + p. Consequently,

M = (xl,xg,... ,Z‘d),

and the minimal ideal basis 1, x2,... ,xq of 9N certainly satisfies the
condition z1 ¢ rad (xe, ... ,x4) since (x2,... ,xq) is the prime ideal p.

Finally, I/(x2,... ,x4) is some power of M/(xa,... ,x4), and thus
I=(z},22,... ,24),

with n > 1 (since I # 9). So (iii) = (i) holds.

(i) = (iv). Assume (i) holds, i.e., the ideal I # 9 is of the form
I = (2}, xa,...,2x4), where x1, 22, ... ,x4 is a minimal ideal basis of I
such that 1 ¢ rad(xa,...,zq). Let Iy := (22,... ,24)R. Then Iy is
an ideal of height one such that Iy C I. It follows from [10, page 214]
that

c(Ip) =c(I) = (x5,...,2)),

where z5,...,x) denote the leading forms of zo,...,zq and c¢(Iy)
(respectively, ¢(I)) is the characteristic ideal of Iy (respectively, I).
In order to prove that (iv) holds, we only have to show that the

homogeneous ideal (3, ... ,z}) is a prime ideal of the associated graded
ring gron(R).
Since (x3,...,2}) is a homogeneous ideal of gron(R), it suffices to

prove that if the product of two homogeneous elements belongs to
(23,...,25). Then at least one of the factors belongs to this ideal.
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Therefore, let a* := a + 9" with a € M \ M+ and B* := § + M®
with 3 € M* \ M+ be homogeneous elements of orders r and s, and
suppose that

a* B e (xy, ..., xh).

Then we have to show that a* or 8* belongs to (z3,...,z}). Suppose
not; then we have to show that this leads to a contradiction.

First, we make the following observation. Let y* := y + 9" with y €
I\ M1 a homogeneous element of order r in gron(R). The assertion
that y* € (x3,...,2}) amounts to the same thing as saying that the
natural image § of y in R/(xz, . .. ,x4) belongs to (Z, T R/(z2, ... ,xq).
Let us briefly explain this claim.

If y* € (z3,...,2%), then y — (a2xa + ... + agzq) € M for some
elements as,...,aq of R. It follows that y — (abzs + ... + ajjzq) €
(27T R, where d), ... ,a!; denote certain elements of R. This implies

that 7 € (T, TR/ (22, ... ,Ta).

Conversely, suppose that 7 € (Z7 ") R/(xa, ... ,24). Then y— (agzs+
..+ agrq) € (27THR for some as, ... a4 € R. Hence,

y* = (agwa + ...+ agzq) + o

This implies that asxa+. . .4+aqzy is an element of the ideal (xa, ... ,xq)
of order r. From [10, page 214]|, we then know that its leading
form (agwa + -+ + agrq) + M1 belongs to the characteristic ideal
o(z2,...,xq) = (z5,... ,2%). Thus, y* € (z5,... ,2%), and this proves
our observation.

Because of this observation, the assumption that a* and 8* do not

belong to (z3,...,7}), means that @ ¢ @ ™HR/(xz,... ,x4) and
B¢ (T gJrl)R/_(acQ,... ,Zq). On the other hand, o*f* € (23,...,2})
means that @3 € (T, R/(2a,... ,24). Since R/(x2,...,2q) is a

UFD and 7; is a prime element, the desired contradiction follows.

(iv) = (i). Now we assume that there exists a height-one ideal Iy in
R such that Iy C I and ¢(ly) = ¢(I) is a homogeneous prime ideal P in
gron (R) of height one.

Since the residue field k = R/ is algebraically closed, there exists
a minimal ideal basis x1, o, ... , x4 of 9 such that

27 ¢ P and P =(x3,...,x}5).



QUASI-ONE-FIBERED IDEALS OF ORDER ONE 87

(See, for example, [9, page 100].)

Using the fact that P is contained in ¢(Ip), this minimal ideal basis
T1,T2,...,2Tq of M can be modified so that a new minimal ideal basis

e / /
T1 =21, Ty, ..., Ty

of M is obtained such that

(h,...,2)) C Iy and P = (ab,...,2}).
In other words, we may suppose that the minimal ideal basis of 901
above (thus with z ¢ P and P = (z35,... ,x})), satisfies the additional
condition
To,...,xq € Iy.
Since height I is one and (x2, ... ,z4) C I, no power of x; belongs to
the ideal (z2, ... ,zq), i.e.,
x1 ¢ rad (22, ... ,xq).

As we have already observed, this means that R/(xo, ... ,2z4) is a DVR.
So, theideal I/(z2,... ,zq) of R/(x2, ... ,xq) is some power of the max-
imal ideal 9/ (x2, ... ,xq), say, I/(x2,... ,xq) = (M/(x2,...,2q))"
with n > 1 (since I # 9M). It follows that I = (2, xz2,... ,24) with
n > 1, and this completes the proof of the proposition. ]

In the two-dimensional regular case, every complete 9i-primary ideal
of order one has the very simple form (27, 2z2), n € Ny, for a suitable
ideal basis x1,zo of 9. By contrast, if a two-dimensional Muhly local
domain (R,9M) is not regular, then it does not hold in general that any
quasi-one-fibered complete 9M-primary ideal of order one is of the form
(xV,x9,...,xq4), n € Ny, with x1,22,... ,24 a minimal ideal basis of
M such that z1 ¢ rad (x2,... ,xq).

In fact, using Proposition 3.7 we will see in Example 3.8 below that
this can occur in a two-dimensional Muhly local domain (R, 1) that
is the local ring at the vertex of the affine cone over a projective curve
in projective 3-space over an algebraically closed field k.

Example 3.8. Let

k[X1;X27X3](X1,X27X3)
(X?+ XPXo — X7 — X1X3)(x1,X5,X5)
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with k an algebraically closed field.

Then
R = k‘[l‘l, T2, 3)3](931@2@3)

with x? = (22 —x%)xg +x123, where x1, x2, 3 denote the natural images
Xl,XQ, Xg. It follows that

M= (__)R[%]
r1 I1 X1

is a maximal ideal of R[9/x1] lying over 9, and

R = R[%}
T1 | p

is an immediate quadratic transform of R with maximal ideal

m = <x1, E)R’.
1

We now consider the following 9i-primary ideal of order one in R

I:= (x%,xlxg,xg).

2
IR =2, <x1, (%> >
T

Thus, the transform I of I in (R, 90%) is given by

2
= (o (2))
T

which is a complete 9-primary ideal or order one in the two-
dimensional regular local ring (R’, )

In R’ we have

In particular, this shows that (R',9%) is an immediate base point
of I. In fact, it is the only immediate base point of I. To see this,
note that since (z1,x3) is a minimal reduction of 9, all immediate
base points of I are lying on R[9/x1] or R[N /xs]. Since IR[IM/x3] =
(x3)R[M/x3], I has no immediate base points on R[M/x3]. Further,
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IRM/x1] = x1(21, 22, (x3/21))R[IN/21]). Thus, the transform of I in
R /x4] is contained in only one maximal ideal of R[9t/x1], namely,
M = (z1,(x2/x1), (x3/71)). Hence, R’ = R[M/x1]p is the unique
immediate base point of I. This, together with the fact that I R ig an
' -primary ideal of order one, implies that I is quasi-one-fibered.

Next, we claim that I is complete. To see this, consider the following
inclusion

I= (x%axleaxB) c (x%,xg,xg).

Since (2%, z2,73) = 219’ N R, we have that (27, x2,z3) is complete.
Hence,
I = (22 2120,23) CT C (22, 29, 23).

Since (22, z172,23) C (22, 72, 23) are adjacent ideals, we have I = I or
1 = (22,29, 73). If follows that I = I, for otherwise (22, 2172, z3) would
be a reduction of (2%, 29, 23) and thus the transform of (2%, zx2, 23)
in R’ would also be a reduction of the transform of (2%, zo,z3) in R’
(that is, MM = (z1, (x2/x1))R’), which is impossible.

So, I = (2%, 2172, x3) is a quasi-one-fibered complete M-primary ideal
of order one in the two-dimensional Muhly local domain (R, 901).

We now show that I cannot have the simple form (z*, x5, %),
where 2, z}, 25 denotes a minimal ideal basis of 9 such that z} ¢
rad (x4, 25). Tt therefore suffices to show that I does not satisfy
condition (iv) of Proposition 3.7. To do so, we begin by observing that
the characteristic ideal ¢(I) of I = (22,2172, x3) is the homogeneous
ideal (z3) in gron(R) = k[X1, X2, X3]/(X3 + X1X3), where 23 denotes
the leading form of z3 in gron(R). Using the fact that gron(R) =
k[X1, Xo, X3]/(X2 + X1X3), it is easily seen that P := (x5, 23) is
the only homogeneous prime ideal of height one in grop(R) containing
c(I) = («%). So ¢(I) cannot be a homogeneous prime ideal of height
one in grop(R). Thus, I does not satisty Proposition 3.7 (iv), which
proves our claim.

REFERENCES

1. R. Debremaeker, First neighborhood complete ideals in two-dimensional Muhly
local domains, J. Pure Appl. Alg. 213 (2009), 1440-1151.

2. , First neighborhood complete ideals in two-dimensional Muhly local
domains are projectively full, Proc. Amer. Math. Soc. 137 (2009), 1649-1656.




90 RAYMOND DEBREMAEKER

3. R. Debremaeker, Muhly local domains and the Zariski’s theory of complete
ideals in dimension two, J. Commutative Algebra 5 (2013), 507-526.

4. , Quasi-one-fibered ideals in two-dimensional Muhly local domains, J.
Algebra 344 (2011), 14-46.

5. R. Debremacker and V. Van Lierde, The effect of quadratic transformations
on degree functions, Beitr. Alg. Geom. 47 (2006), 121-135.

6. C. Huneke, Complete ideals in two-dimensional regqular local rings, in Com-
mutative algebra, Springer-Verlag, New York, 1989.

7. J. Lipman, On complete ideals in regular local rings, in Algebraic geometry and
commutative algebra (in honor of M. Nagata), vol. I, Academic Press, New York,
1987.

8. , Adjoint and polars of simple complete ideals in two-dimensional
regular local mngs Bull. Soc. Math. Belg. 45 (1993), 223-244.

9. H.T. Muhly, On the existence of asymptotically irreducible ideals, J. Lond.
Math. Soc. 40 (1965), 99-107.

10. H.T. Muhly and M. Sakuma, Some multiplicative properties of complete
ideals, Trans. Amer. Math. Soc. 106 (1963), 210-221.

11. S. Noh, The value semigroups of prime divisors of the second kind in 2-
dimensional regular local rings, Trans. Amer. Math. Soc. 336 (1993), 607—619.

12. D. Rees, Degree functions in local rings, Proc. Cambr. Philos. Soc. 57 (1961),
1-7.

13. D. Rees and R.Y. Sharp, On a theorem of B. Teissier on multiplicities of
ideals in local rings, J. Lond. Math. Soc. 18 (1978), 449-463.

14. J.D. Sally, One-fibered-ideals, in Commutative algebra, Springer-Verlag, New
York, 1989.

15. I. Swanson and C. Huneke, Integral closures of ideals, rings, and modules,
Lond. Math. Soc. Lect. Note Ser. 336, Cambridge University Press, Cambridge,
2006.

MONITORAAT WETENSCHAPPEN, K.U. LEUVEN, CELESTIJNENLAAN 200I, 3001
HEVERLEE, BELGIUM
Email address: raymond.debremaeker@wet.kuleuven.be




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


