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ULTRAMODULARITY AND COPULAS

ERICH PETER KLEMENT, MADDALENA MANZI AND RADKO MESIAR

ABSTRACT. Ultramodular binary copulas are discussed,
i.e., copulas of a random vector whose components are mu-
tually stochastically decreasing with respect to each other.
The additive generators of Archimedean ultramodular binary
copulas are fully characterized. Finally, a new construction
method for binary copulas based on n-ary ultramodular ag-
gregation functions is proposed.

1. Introduction. Ultramodularity of real functions [21] is a
stronger version of both the convexity and the supermodularity (for
functions in one variable, ultramodularity and convexity are equiva-
lent). In the context of aggregation, ultramodular aggregation func-
tions were studied extensively in [17]. In statistics, where a copula
describes the dependence structure of a random vector (X,Y), the ul-
tramodularity of a copula (i.e., the convexity of all of its horizontal
and vertical sections) means that the random variables X and Y are
mutually stochastically decreasing with respect to each other (this con-
cept of stochastic monotonicity was first introduced in [27], see also [2,
25]). This fact has motivated us to study the ultramodularity of binary
copulas.

2. Preliminaries. We start with the concept of n-ary aggregation
functions, i.e., monotone non-decreasing functions A:[0,1]™ — [0, 1]
which also satisfy the two boundary conditions A(0,0,...,0) =0 and
A(1,1,...,1) =1 (see [3, 12]). For the arguments of such a function in
n variables we shall use the notations x and (1, . .. , z,) synonymously.
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The following definition restricts the notion of ultramodularity of real
functions, as considered in [21], to the class of aggregation functions.

Definition 2.1. An n-ary aggregation function A: [0, 1]™ — [0,1] is
called ultramodular if, for all x,y,z € [0,1]" with x+y +z € [0,1]™,

(2.1) Ax+y+z) - Ax+y) > Ax +2) — A(x).

If yAnz = (0,0,...,0) then (x+y)V (x+2) =x+y+2z and
(x+y) A (x+z) =x. In this case, writing u =x+y and v =x + 2,
(2.1) turns into

(2.2) A(uAv)+A(uVvv) > A(u) + A(v),

which is just the supermodularity of the aggregation function A. This
means that each ultramodular aggregation function is necessarily su-
permodular.

The following characterization of supermodular functions f: [0, 1] —
[0,1] is due to [4, 13]:

Proposition 2.2. An n-ary function f:[0,1]™ — [0, 1] 4s supermod-
ular if and only if each of its two-dimensional sections is supermodular,
i.e., for each x € [0,1]™ and alli,j € {1,2,... ,n} withi # j, the func-
tion fx,i;:[0,1]> = [0,1] given by fx,i;(u,v) = f(y), where y; = u,
y; =v and yr, = i, for k € {1,2,... ,n}\ {4, 7}, is supermodular.

The following result ([21, Corollary 4.1]) states the exact relationship
between ultramodular and supermodular functions f: [0, 1] — [0, 1]:

Proposition 2.3. A function f:[0,1]" — [0,1] is ultramodular if
and only if f is supermodular and each of its one-dimensional sections
is conver, i.e., for each x € [0,1]™ and each i € {1,... ,n} the function
fx,i:[0,1] = [0,1] given by fx:(u) = f(y), where y; = v and y; = x;
whenever j # i, is convex.

Remark 2.4. (i) Because of Propositions 2.2 and 2.3, for an n-ary
aggregation function A:[0,1]" — [0,1], the following are equivalent:
(a) A is ultramodular;
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(b) each two-dimensional section of A is ultramodular;

(¢) each two-dimensional section of A is supermodular and each one-
dimensional section of A is convex.

(ii) For n = 2, the ultramodularity (2.1) of an aggregation function
A:]0,1]% — [0,1] is equivalent to A being P-increasing (see [11]), i.e.,
to

A(ur,v1) + Aug, vg)
> maX(A(UQ,UQ) + A(us, vs), A(us,v2) + A(UQ,Ug))

for all uy,us,us,ug,v1,v2,v3,04 € [0,1] satisfying u; < ugs A ug <
ug Vuz < ug, v1 < 02 Av3 < v Vuz < vg, Ul ug > uz + ug,
and v + v4 > Vo + v3.

Well-known examples of supermodular aggregation functions are cop-
ulas. In this paper, we will consider binary copulas where the super-
modularity can be used as one of the axioms.

Definition 2.5. An aggregation function C:[0,1]> — [0,1] is called
a binary copula (or, briefly, a copula) if it is supermodular and has 1 as
neutral element, i.e., C(x,1) = C(1,z) = z for all z € [0, 1].

Remark 2.6. (i) Given a copula C:[0,1]?> — [0,1], for each ¢ € [0, 1]
the horizontal section h.:[0,1] — [0,1] given by h.(z) = C(z,c)
obviously satisfies ho(0) = 0 and h.(1) = ¢. Then the greatest possible
convex horizontal section h. is given by h.(z) = ¢ - z, corresponding
to the product copula II given by I(x,y) = z -y (hence we have
C(z,c) < c-xz=1I(z,c)). It is easy to verify that II is an ultramodular
copula, and hence II is the greatest ultramodular copula.

(ii) As already mentioned, in statistics, ultramodular copulas de-
scribe the dependence structure of stochastically decreasing random
vectors (see [25, Corollary 5.2.11] and Section 3 below), and thus each
ultramodular copula is negative quadrant dependent (NQD). Note that
stochastically increasing random variables are described by copulas
with concave horizontal and vertical sections. These copulas can be
characterized by the inequality

(2.3) Cla+u,y+b)+C(z+v,y+a) > C(z,y+a+b)+C(z+u+twv,y)
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for all z,y,u,v,a,b € [0,1] with {x +u+v,y+a+b} C [0,1]. Putting
u=1>b=0, (2.3) implies that C is supermodular. Similarly, u =v =0
yields the concavity of the vertical sections of C, and a = b = 0 yields
the concavity of horizontal sections of C.

In [17] the following result extending [9, Theorem 5.2] was given,
which will be the basic tool in a new construction method proposed in
Section 4:

Theorem 2.7. Let A: [0,1]" — [0, 1] be an aggregation function and
k > 2. Then the following are equivalent:

(i) A is ultramodular.

(ii) If By,...,By:[0,1]F — [0,1] are monotone non-decreasing su-
permodular functions, then the composite D:[0,1]* — [0,1] given by
D(x) = A(B1(x),...,Bn(x)) is a supermodular function.

Also the following result from [17] will be applied:

Theorem 2.8. Let A:[0,1]" — [0,1] and By, ..., B,:[0,1]F = [0,1]
be ultramodular aggregation functions. Then the composite function
D:[0,1]* — [0,1] given by D(x) = A(Bi(x),...,Bn(x)) is also an
ultramodular aggregation function.

3. Ultramodular binary copulas. If an ultramodular binary
aggregation function with annihilator 0 also has neutral element 1,
then it necessarily is an ultramodular copula, i.e., a copula with convex
horizontal and vertical sections. Clearly, the set C, of all ultramodular
binary copulas is convex. The greatest element of C, is the product
copula II; and the smallest element of C,, is the lower Fréchet-Hoeffding
bound W given by W (z,y) = max(z +y — 1,0).

Because of [25, 26], each associative copula is an ordinal sum [6,
25, 26] of Archimedean copulas. However, if for a copula C' we have
C(a,a) = a for some a € ]0,1[, then C(x,a) = min(z,a) implies
that there are nonconvex sections, i.e., C' cannot be ultramodular.
Therefore, each associative ultramodular copula C' is a trivial ordinal
sum of Archimedean copulas, i.e., C' itself must be Archimedean. Recall
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that a binary aggregation function C: [0, 1]? — [0, 1] is an Archimedean
copula if and only if there is a continuous, strictly decreasing convex
function ¢: [0,1] — [0, 00] with ¢(1) = 0 such that for all (z,y) € [0,1]
(see [24])

(3.1) C(z,y) =t (min(t(z) + t(y),t(0))).

The function ¢ is called an additive generator of C, and it is unique up
to a positive multiplicative constant.

If we want to see whether an Archimedean copula is ultramodular,

e., has convex horizontal and vertical sections, its symmetry (as a
consequence of (3.1)) and boundary conditions tell us that it suffices
to check the convexity of all horizontal sections for a € ]0, 1].

Theorem 3.1. Let C:[0,1]> — [0,1] be an Archimedean copula with
a two times differentiable additive generator t:[0,1] — [0,00]. Then C
is ultramodular if and only if 1/t is a convex function.

Proof. Suppose that C' is an Archimedean copula with a two times
differentiable additive generator ¢t. Then C' is ultramodular if, and only
if, for each a € ]0, 1[ and ¢ = t(a) € ]0,¢(0)[, the section f:[0,1] — [0, 1]
given by

f(z) = C(x,a) =t (min(t(z) + ¢, t(0))),
is convex, which is equivalent to f”(z) > 0 whenever f(x) > 0, i.e., if
for each = € [0, 1] with t(z) + ¢ < t(0) we have

t"(x) - (¢ (¢ () +¢))? = ('(x)? - "t (E(x) + )
(# (=1 (t(z) + ¢)))?

Since t’ is negative on ]0, 1[, this means

V) ) + )
(3.2) @) = W) + )

Put u = t~!(t(z) + ¢) < x. Because of t"(z)/(t'(x))? = (=1/t'(x)),
(3.2) can be rewritten as

6 () = (7tw)

f(x) =

> 0.
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Since a can be chosen arbitrarily, (3.3) holds for all u,z € ]0, 1] with
u < =z, i.e., the derivative of the function 1/¢' is monotone non-
decreasing implying that 1/¢' is convex. O

Remark 3.2. (i) The requirement that the additive generator ¢ of
C be two times differentiable is not necessary in Theorem 3.1: define
t:[0,1] — [0, 00] by

1) = { —log(8x/9) if z €0, 1],
| —2log(2¢ 4+ 1)/3  otherwise.

Evidently, the additive generator ¢ is not two times differentiable at
1/2. On the other hand, the function 1/t is given by 1/t/(z) =
max(—xz, —(2x 4+ 1)/4), and it is convex. Moreover, the Archimedean
copula C generated by ¢ is ultramodular.

(ii) Theorem 3.1 gives also a hint how to construct ultramodular
Archimedean copulas: if g:[0,1] — [0, 00] is a differentiable, convex,
non-increasing function with g(1) < 0, then ¢: [0, 1] — [0, o] given by

(3.4) Ha) = — / ﬁdu

is an additive generator of an ultramodular Archimedean copula.

(iii) Related results arising from the study of stochastically dependent
random vectors can be found also in [1, 5].

Example 3.3. For each A € ]0, 1], the function gy:[0,1] — [0, 0]
given by gx(z) = —2!~* is differentiable, convex, non-increasing and
satisfies gx(1) < 0. Then (3.4) yields the additive generator ¢5:[0,1] —
[0, 00] given by tj(x) = (1 — 2*)/), and the corresponding copula C)
is given by

Cy(z,y) = (max(x)‘ +yr -1, 0))1/A.
Note that the limit cases for A\ going to 0 and 1 are II and W,
respectively, and that (Cx)gjo,1 is the family of non-strict Clayton
copulas (see [25]).

Note that some constructions involving copulas preserve the convexity
of their horizontal and vertical sections. First of all, for each ultramod-
ular copula C, also the corresponding survival copula C' (see [25]) given
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by 6(;3, y)=z+y—1+C(1 —2z,1—1y)is ultramodular. Also, each
W-ordinal sum (see [10, 15]) of ultramodular copulas is ultramodular.

Example 3.4. (i) For A = 0.5, the survival copula Cps of the
corresponding Clayton copula is given by

Cos(z,y) =z +y—1+ (max(vV1—z+/1—y— 1,0))2;
it is ultramodular (but not associative).
(ii) The copula C' = W-((0,0.5,1I)) is given by

x-(2y—1) if (z,y) €]0,0.5] x [0.5,1],
W(x,y) otherwise;

clen = {

it is also ultramodular (but not associative).

Two types of flipping a copula C, leading to the flipped copulas C'~
and C_ given by, respectively (see [7, 25]),

(3.5) C™ (z,y) =2 —C(x,1 —y),
(36) C’_(x,y):y—C(l—x,y),

turn convex sections into concave ones, and vice versa. Thus, starting
from a copula C' with concave horizontal and vertical sections, the
flipped copulas C'~ and C_ are ultramodular.

As already mentioned, copulas with concave horizontal and vertical
sections describe the stochastic dependence structure of stochastically
increasing random vectors. Thus, starting from an ultramodular cop-
ula C', both C~ and C_ are linked to stochastically increasing random
vectors. Note that even if the ultramodular copula C' is symmetric (i.e.,
it describes the stochastic dependence structure of exchangeable ran-
dom variables), the copulas C~ and C_ are, in general, non-symmetric.
However, the copula D = (C~ + C_)/2 is always symmetric and pos-
sesses concave horizontal and vertical sections. Recall that, as a con-
sequence of [16, Theorem 3] we have the following result for copulas
with concave horizontal and vertical sections.

Theorem 3.5. Let C be an Archimedean copula with additive
generator t, let t' be the left derivative of t on ]0,1] and t'(0) = t/(07).
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Then all the one-dimensional sections of C' are concave if and only if
t'(0) = oo, t' is finite on ]0,1], and 1/t is concave.

Example 3.6. (i) Similarly as in Example 3.3, for each A € ]0, oo,
consider the concave function gx:[0,1] — [0,00] given by gx(z) =
—2 1 Tt is related via gy = 1/t} to the additive generator ty: [0, 1] —
[0, 00] given by t)(z) = (z~* — 1)/, and the corresponding copula Cy
is given by

Ch(w,y) = (max(@ +y~* = 1,0)) 7,

which is exactly a strict Clayton copula (see [25]). Then both (Cy)~
and (C))— are ultramodular (and not associative):

O @y =z — (@ + 01—y —1)"",

O @y =y— (1—a) 4y —1)"

observe that (Cy)_(z,y) = (Cx) (y,x).
(ii) The only Archimedean copulas with the property that also the

flipped copulas given by (3.5) and (3.6) are Archimedean are the Frank
copulas (F)\)xejo,00] given by

Ty if A=1,
Fi(z,y) = {10&(1 +[(A* =1)- (A —1)]/A — 1) otherwise.

Observe that (F\)~™ = (F\)- = Fy/y, and that F) is ultramodular if
and only if A € [1, 00].

Recently, an interesting class of copulas which are invariant under
univariate conditioning was introduced in [8], compare also [23]. For
each continuous, convex and strictly decreasing function f:[0,1] —
[0, 0] with f(1) = 0 (i.e., for each additive generator of an Archimedean
copula, see (3.1)) define the function Cy:[0,1]* — [0, 1] by

0 ifx =0,

(3.7) Cr(z,y) = {x - f~Y(min((f(y)/x), £(0))) otherwise.
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It was shown in [8, Proposition 3.1] that C is a copula, and f was
called a horizontal generator of Cy. In full analogy, we can use f as a
vertical generator to construct the copula C7/:[0,1]2 — [0,1] via

0 ify=20
3.8 Cl(z,y :{ R .
B9 D=y 2 min((f(@) /). F(0) otherwise
Note also that we have C..; = Cy and Cef = O7 for each positive
constant c¢. Using similar reasoning as in the proof of Theorem 3.1, we
obtain the following result.

Theorem 3.7. Let f:]0,1] — [0,00] be a two times differentiable
horizontal or vertical generator. If 1/f" is a convex function, then Cy
and CF are ultramodular.

Because of the similarity between Theorems 3.1 and 3.7, we can give
some examples based on the same functions as those in Example 3.3.

Example 3.8. For each A € ]0,1], define the function fy:[0,1] —
[0,00] by fa(x) = 1 —2*. Then all the requirements of Theorem 3.7
are fulfilled and, therefore, the (non-symmetric) copulas Cy, and C/*
given by

A=l oA oA a1 )\ /A
Cfx(x,y)zmax(x T o ,O) ,

/A
O (2,y) = max (& -y 4y — 2100,

are ultramodular. Observe that Cy, = C/1 = W and that, taking into
account fo = limx\ o fx = —log, we have Cf, = limy\ o CY, , where CY,
is given by

0 ifx=0,

z-y*/*  otherwise.

Cro(@,y) = {

However, Theorem 3.7 provides only a sufficient condition for the ul-
tramodularity of copulas (in contrast to Theorem 3.1 where a necessary
and sufficient condition is given); indeed, if f:[0,1] — [0, 1] is given by
f(z) = (1/2) — 1, then f is two times differentiable and the copulas Cf



198 E.P. KLEMENT, M. MANZI AND R. MESIAR

and C7, given by

2

Ty
o) =Ty

£C2y

Cy(z,y) = T—y+ay

are both ultramodular, but 1/f’ is not convex (in fact, it is concave).

4. Constructing copulas. Theorem 2.8 has important implications
for the construction of binary copulas.

Theorem 4.1. Let A:[0,1]" — [0,1] be a continuous ultramodu-
lar aggregation function. Let Cy,...,Cy:[0,1]> — [0,1] be copulas,
and assume that the continuous monotone non-decreasing functions
fiseeo s frsg1, - 5 9n:[0,1] = [0,1] satisfy fi(1) = g:(1) = 1 for each
ie{l,...,n} and A(f1(0),..., fn(0)) = A(g1(0),...,g,(0)) = 0. De-
fine &, n:[0,1] — [0,1] by

§(x) = sup{u € [0, 1] [ A(f1(u), ..., fu(u)) <z},
n(x) = sup{u € [0,1] | A(g1(w), ... , gn(u)) < x}.

Then the function C:[0,1]2 — [0,1] given by

(4.1) C(z,y) = A(Ci(fr0&(x),g10n0(Y)); - -+ Cu(fn 0 E(x), gn 0 1(y))

s a copula.

Proof. Defining the functions f, g: [0, 1] — [0, 1] by

f(@) = A(fi(2), - ful®),  g(2) = Alg1(), -, gn(2))

it is clear that f and g are surjective monotone non-decreasing functions
(and, therefore, continuous), while £ and n are the (upper) pseudo-
inverses of f and g (see [18, 26]). Consequently, fo& = gon =id ,
proving that 1 is the neutral element of C. Because of Theorem 2.8, C'
is also ultramodular and, therefore, a copula. o

Theorem 4.1 can be used to construct non-symmetric copulas from
symmetric ones, some of which have already been considered in the
literature.
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Example 4.2. (i) If we put n = 2, A = C; = II and define, for
a, 3 € [0,1], the functions fi, fa, 91,92 by fi(x) = 2172, fo(x) = 22,
g1(z) = 2177 and go(x) = 2°, then for each copula C5 the construction
in (4.1) yields the copula Cy g given by

(4.2) Cop = e ylfﬁ . Cg(x(",y'@).

Note that C, g was shown to be a copula in [14] and that a general-
ization of (4.2) based on the n-ary product II was given in [20].

(ii) fweput n =2, A=W, C; = Cy = M defined by M(z,y) =
min(z,y) and define the four functions f1, fo2, g1, g2 by fi(x) = ga(z) =
(x+2)/3 and fa(z) = g1(z) = (22 + 1)/3, then the construction in
(4.1) yields the copula C' given by

1
C(z,y) = 3 ' Tmax (min(z + 1,2y) + min(2z,y + 1) — 1,0).

(iii) If Cy and Cy are arbitrary copulas and f,g:[0,1] — [0,
1-Lipschitz monotone non-decreasing functions with f(1) = g(
then A:[0,1]% — [0, 1] given by

1] are
) =1

Az, y) = W(C1(f(2),9(y)), Ca(x +1 = f(z),y +1—g(y)))

is a copula. If, e.g., C1 = C; =T and f(z) = (1 +4x)/5 and g(z) =
(2 +z)/3 then A(z,y) = max([(2z + 3)(2y + 3)]/10,0). Observe that
A is an Archimedean copula, its additive generator ¢ being given by
t(r) = —log(2x 4+ 3)/5. In fact, each Archimedean copula whose
additive generator t, for some ¢ € ]0, 1], is given by ¢(x) = — log(c-z+1—
¢) can be obtained in this way, and all these copulas are ultramodular.

(iv) Let A:[0,1]* — [0,1] be the n-ary extension of a binary ultra-
modular Archimedean copula with additive generator ¢: [0, 1] — [0, oo,

ie.,
Alx) =t71 <min (t(O), > t(xi)) )
i=1
Assume that C; = --- = C, = D, D being an Archimedean copula
with additive generator v:[0,1] — [0,00], and f1 = -+ = f, =
g1 = -+ = gn = idp,. Then the construction in (4.1) yields an

Archimedean copula C' whose additive generator p:[0,1] — [0, 00] is
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given by o(x) = v(t~1(t(x)/n)). If the additive generator ¢ is two times
differentiable (implying that 1/t' is convex because of Theorem 3.1),
then it is not difficult to check that the function ¢: [0, 1] — [0, 1] given by
¢(z) = t~(t(x)/n) is concave, strictly increasing and satisfies (1) = 1.
Therefore, C' is a (-transform of D, i.e.,

C(z,y) = ¢~ (max(¢(0), D(¢(x), (y))));

note that the concavity of ( is sufficient to show that C is a copula
[19].

Note that, because of Theorem 2.8, we can also consider the following
construction of ultramodular binary copulas: if A:[0,1]" — [0,1] is an
idempotent ultramodular aggregation function and if Cy,Cs,...,C,
are ultramodular binary copulas, then it is not difficult to check that
the function C:[0,1]? — [0, 1] given by

(4.3) C(z,y) = A(Ci(z,y),Co(x,y),... ,Cn(z,y))

is an ultramodular copula. However, we conjecture that the only idem-
potent ultramodular aggregation functions are just the weighted arith-
metic means, in which case (4.3) would be a standard convex combi-
nation of the copulas C1,Cs, ... ,C, (a construction which obviously
preserves ultramodularity).

5. Concluding remarks. We have studied ultramodular binary
copulas which describe the mutual stochastical decreasingness of two
random variables. Moreover, based on ultramodular n-ary aggrega-
tion functions, we have introduced a new construction method for
binary copulas. Note that binary copulas are closely linked to the
convexity of one-dimensional functions (e.g., additive generators of
Archimedean copulas and their pseudo-inverses [18] are convex). Cop-
ulas of higher dimensions describe the stochastic dependence structure
of k-dimensional random vectors with k > 2, and they are linked to a
stronger form of convexity of one-dimensional functions. For example,
in the case of k-dimensional Archimedean copulas (see [22, 28]), the
pseudo-inverse of the corresponding additive generator has a derivative
of order k — 2 which becomes a convex function when it is multiplied
by (—1)*. Following the idea of ultramodular functions given in (2.1),
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in a next step we will propose and study stronger versions of ultra-
modularity related to that, leading to the stronger forms of convexity
mentioned above in the case of functions in one variable. We expect
that this approach will be of help in constructing copulas of higher
dimensions; so far, only few such methods are known in the literature.

Acknowledgments. The authors would like to thank the anony-
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