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MULTIPLIERS ON Lp-SPACES FOR HYPERGROUPS

SINA DEGENFELD-SCHONBURG AND RUPERT LASSER

ABSTRACT. LetK be a commutative hypergroup. At first,
we characterize the space of multipliers on Lp(K,m). Then,
we investigate the multipliers on L1(S, π) and L2(S, π), where
S is the dual space of K, i.e., S = suppπ, π is the Plancherel
measure of K.

1. Introduction. There are a lot of results on multipliers defined
on translation-invariant Banach spaces on a locally compact group G.
The standard reference for that is the book by Larsen [6]. In this paper
we investigate multipliers in the hypergroup setting. Hypergroups
generalize locally compact groups. For the theory of hypergroups, we
refer to [1, 5]. A hypergroup K is a locally compact Hausdorff space
with a convolution, i.e., a map K × K → M1(K), (x, y) �→ δx ∗ δy,
(M1(K) is the space of probability measures on K) and an involution,
i.e., K → K, x �→ x̃, satisfying certain axioms, see [1].

Many results of harmonic analysis can be shown for hypergroups, in
particular, for commutative hypergroups. In the following, we assume
throughout thatK is a commutative hypergroup. For a locally compact
Hausdorff space X let C(X), Cb(X), C0(X) and C00(X) be the spaces
of all continuous functions on X , those that are bounded, those that
vanish at infinity and those that have compact support. M(X) denotes
the space of all regular complex Borel measures on X which can be
identified with C0(X)∗, the dual space of C0(X).

The convolution allows us to define a translation operator on C(K)
by setting

Txf(y) =

∫
K

f(z) d(δx ∗ δy)(z)
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for f ∈ C(K). Spector [12] has proved that each commutative
hypergroup possesses a Haar measure m, which is characterized by∫

K

Txf(y) dm(y) =

∫
K

f(y) dm(y)

for all x ∈ K and f ∈ C00(K). The Banach spaces Lp(K,m),
1 ≤ p ≤ ∞, are invariant under the translation actions Tx, x ∈ K, and
under the convolution operators Tμ, μ ∈M(K), where Tμ is defined by

Tμ(f)(x) =

∫
K

Tỹf(x) dμ(y).

f ∈ Lp(K,m), Tx and Tμ are bounded linear operators on Lp(K,m),
1 ≤ p ≤ ∞, and ‖Tμ(f)‖p ≤ ‖μ‖ ‖f‖p. Moreover, L1(K,m) is a Banach
∗-algebra which is an ideal in M(K), where we embed L1(K,m) into
M(K) by f �→ fm. In particular, L1(K,m) acts on Lp(K,m) via

g ∗ f(x) = Tgm(f)(x) =

∫
K

g(y)Tỹf(x) dm(y)

for g ∈ L1(K,m), f ∈ Lp(K,m), 1 ≤ p ≤ ∞.

There exists a net (gi)i∈I of functions gi ∈ C00(K), gi ≥ 0,∫
K

gi(x) dm(x) = 1

such that limi ‖gi ∗ f − f‖p = 0 for all f ∈ Lp(K,m), 1 ≤ p < ∞, see
[11, Lemma 1].

The symmetric structure space of the commutative Banach ∗-algebra
L1(K,m) can be identified with

K̂ = {α ∈ Cb(K) : α(e) = 1, Txα(y) = α(x)α(y)

and α(x̃) = α(x) for all x, y ∈ K},

where K̂ is equipped with the compact-open topology which is equal
to the Gelfand topology. The Fourier transform of f ∈ L1(K,m) (the
Fourier-Stieltjes transform of μ ∈M(K)) is defined by

f̂(α) =

∫
K

f(x)α(x) dm(x) (μ̂(α) =

∫
K

α(x) dμ(x) respectively)
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for α ∈ K̂. f̂ and μ̂ are bounded continuous complex-valued functions
on K̂ and f̂ vanishes at infinity. Considering the Hilbert space L2(K,m)

there exists a positive Borel measure π on K̂ (called a Plancherel
measure), such that∫

K

|f(x)|2 dm(x) =

∫
K̂

|f̂(α)|2 dπ(α)

for all f ∈ L1(K,m) ∩ L2(K,m). We emphasize that (in contrast

to the group case) K̂ does, in general, not bear a dual hypergroup
structure. Moreover, whereas suppm = K, the support of π can be
a proper closed subset of K̂. We denote suppπ by S. The extension
of the Fourier transform from L1(K,m) ∩ L2(K,m) to L2(K,m) is
called the Plancherel transform. We denote the Plancherel transform
of f ∈ L2(K,m) by P(f). The Plancherel transform is an isometric
isomorphism from L2(K,m) onto L2(S, π) and, for f, g ∈ L2(K,m),
the following holds:∫

K

f(x)g(x) dm(x) =

∫
S
Pf(α)Pg(α) dπ(α),

and hence, ∫
K

f(x)g(x) dm(x) =

∫
S
Pf(α)Pg(α) dπ(α)

(Parseval’s formula).

The inverse Fourier transform of f ∈ L1(S, π) (the inverse Fourier-

Stieltjes transform of μ ∈M(K̂)) is defined by

f̌(x) =

∫
S
f(α)α(x) dπ(α) (μ̌(x) =

∫
K̂

α(x) dμ(α) respectively)

for x ∈ K.

f̌ and μ̌ are bounded continuous complex-valued functions on K,
and f̌ vanishes at infinity. An inversion theorem holds. That means
if f ∈ L1(K,m) and f̂ ∈ L1(S, π), then f = (f̂)∨ with equality
in L1(K,m). We will also use an inverse uniqueness theorem: If

μ ∈M(K̂) and μ̌ = 0, then μ = 0.
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As a special class of hypergroups we will deal with polynomial
hypergroups. In that case K is equal to N0 equipped with the discrete
topology. The convolution is generated by an orthogonal polynomial
system (Rn(t))n∈N0

on the real axis, see [8, 9], which has nonnegative
linearization coefficients g(m,n; k) of the product Rm(t)Rn(t), i.e.,

Rm(t)Rn(t) =
n+m∑

k=|n−m|
g(m,n; k)Rk(t).

Furthermore, we assume that Rn(1) = 1. Then, putting

δm ∗ δn =

n+m∑
k=|n−m|

g(m,n; k) δk,

a convex combination of the point measures δk, we get a convolution
on N0. Together with ñ = n as the involution and n = 0 as the unit,
this convolution defines a hypergroup structure on N0. In this way,
every orthogonal polynomial system (Rn(t))n∈N0

with g(m,n; k) ≥ 0
and normalized by Rn(1) = 1 generates a hypergroup on N0.

There are a lot of orthogonal polynomial systems enjoying g(m,n; k) ≥
0, see [1, 8, 9]. The Haar measure on the polynomial hypergroup
N0 is the counting measure with weights h(n) = g(n, n; 0)−1 at the
points n ∈ N0. The symmetric structure space of the Banach ∗-algebra
l1(N0, h) can be identified with the set

Ds = {t ∈ R : |Rn(t)| ≤ 1 for all n ∈ N0}

via the mapping t �→ αt, αt(n) = Rn(t), see [1, 8]. Hence, we consider

N̂0 as a compact subset of R that contains t = 1 ∈ R. The Plancherel
measure π onDs is exactly the orthogonalizationmeasure of the orthog-
onal polynomial system (Rn(t))n∈N0

. Notice that S = suppπ ⊆ Ds,
and so the orthogonalization measure is (up to a multiplicative con-
stant) uniquely determined. Important examples of polynomial hy-

pergroups are generated by Jacobi polynomials (R
(α,β)
n (t))n∈N0

, which
are orthogonal with respect to dπ(t) = (1 − t)α(1 + t)βχ[−1,1](t) dt.
If α ≥ β > −1 and α + β + 1 ≥ 0, then g(m,n; k) ≥ 0 and hence,

in that case, (R
(α,β)
n (t))n∈N0

generates a polynomial hypergroup on
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N0. In fact, the parameter region for the parameters (α, β) such that
g(m,n; k) are nonnegative is a little bit larger. We notice that, for
α ≥ β > −1 and either β ≥ −1/2 or α + β ≥ 0, the symmetric struc-
ture space Ds = [−1, 1] = S bears a dual hypergroup structure, see [1,
8]. Furthermore the Jacobi polynomials (with (α, β) from the region
above) are exactly those orthogonal polynomials with this property, see
[1, Corollary 3.6.3]. The case α = β corresponds to the ultraspherical
(or Gegenbauer) polynomials.

2. Multipliers on Lp(K,m). A multiplier T : Lp(K,m) →
Lp(K,m), 1 ≤ p <∞, is a bounded linear operator from Lp(K,m) into
Lp(K,m) (i.e., T ∈ B(Lp(K,m)), that commutes with all translation
operators Tx, x ∈ K, i.e., T ◦ Tx = Tx ◦ T . We denote the space
of multipliers on Lp(K,m) by M(Lp(K,m)). We briefly recall results
already shown for multipliers on hypergroups. In [7] one of the authors
already generalized Wendel’s classical result and Helson’s result for
multipliers on L1(K,m) in the case of K being commutative, see [7,
Corollary 2.2]. For the sake of completeness, the characterizations of
T ∈M(L1(K,m)) are formulated here again.

Theorem 1. Let K be a commutative hypergroup, T ∈ B(L1(K,m)).
The following conditions are equivalent:

(i) T ∈M(L1(K,m)).

(ii) T (f) ∗ g = T (f ∗ g) = f ∗ T (g) for all f, g ∈ L1(K,m).

(iii) There exists a unique measure μ ∈M(K) such that

T (f) = μ ∗ f for allf ∈ L1(K,m).

(iv) There exists a unique measure μ ∈M(K) such that

̂T (f)|S = μ̂f̂ |S for all f ∈ L1(K,m).

(v) There exists a unique function ϕ ∈ C(S) such that

̂T (f)|S = ϕf̂ |S for all f ∈ L1(K,m).
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Moreover,
‖ϕ‖S ≤ ‖μ‖ = ‖T ‖.

The correspondence between T and μ defines an isometric algebra
isomorphism from M(L1(K,m)) onto M(K).

The proof of the equivalence of (i) (v) is in [7]. The statement on
the norm is standard, compare Corollary 0.1.1. of [6]. It should be
noted that the implication (v) ⇒ (iv) actually establishes that ϕ is a
bounded function.

In [3] the equivalence of (i) and (iii) in Theorem 1 above is shown for
general hypergroups and weights on the measure algebra of K, see [3,
Proposition 1]. The main topic of [3] is on compact multipliers. In [11],
multipliers from L1(K,m) into Lp(K,m), 1 < p ≤ ∞, are characterized
as convolutors by some f ∈ Lp(K,m), see [11, Theorem 6]. Moreover,
compact multipliers are investigated in [11], too.

Now we consider p > 1. Denote by

A(K) := {ϕ̌ : ϕ ∈ L1(S, π)}.

By the uniqueness theorem for the inverse Fourier transformation
‖ϕ̌‖A := ‖ϕ‖1 is a norm on A(K), see [1, Theorem 2.2.35]. With
this norm, A(K) is a Banach space. The space of all continuous linear
functionals on A(K) is denoted by P (K), the elements σ of P (K) are
called pseudomeasures on K and ‖σ‖P = sup{|σ(ϕ̌)| : ‖ϕ̌‖A ≤ 1} is
the norm on the dual space P (K). P (K) is isometrically isomorphic
to L∞(S, π), the space of π-essentially bounded Borel functions on
K, where the functions are identified which differ only on locally π-
zero sets. (We recall that the dual space of L1(S, π) is isometrically
isomorphic to L∞(S, π), see [4, Theorem 12.18].) The mapping Ψ :
P (K) → L∞(S, π) where, for each σ ∈ P (K), the element Ψ(σ) ∈
L∞(S, π) is uniquely determined by∫

S
ϕ(α)Ψ(σ)(α) dπ(α) = σ(ϕ̌) for ϕ ∈ L1(S, π),

defines an isometric isomorphism Ψ from the Banach space P (K)
onto L∞(S, π). A convolution of σ1, σ2 ∈ P (K) is determined by
σ1 ∗ σ2 = Ψ−1(Ψ(σ1)Ψ(σ2)), so that Ψ is also an algebra isomorphism
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from P (K) onto L∞(S, π). The proof of these facts is exactly as in [6,
Theorem 4.2.2]. We shall call Ψ(σ) the Fourier transform of σ ∈ P (K).
If μ ∈M(K), then∫

K

ϕ̌(x) dμ(x) =

∫
K

∫
S
α(x)ϕ(α) dπ(α) dμ(x)

=

∫
S
ϕ(α)μ̂(α) dπ(α)

for all ϕ ∈ L1(S, π). Hence, each measure μ ∈ M(K) is a pseudomea-
sure and μ̂ = Ψ(μ). Moreover, we have ‖μ‖P = ‖μ̂‖∞ ≤ ‖μ‖. Further-
more,∫
S
ϕ(α)Ψ(μ1∗μ2)(α) dπ(α) =

∫
K

ϕ̌(x) dμ1∗μ2(x) for all ϕ ∈ L1(S, π).

Hence, the convolution μ1 ∗ μ2 of two measures μ1, μ2 ∈ M(K) agrees
with the convolution of μ1 and μ2 seen as pseudomeasures. Obviously,
we have

Ψ(σ1 ∗ σ2) = Ψ(σ1)Ψ(σ2) for σ1, σ2 ∈ P (K).

The above conclusions are summarized as follows.

Proposition 1. Let K be a commutative hypergroup. Then the
Fourier transform Ψ : P (K) → L∞(S, π) determined by∫

S
ϕ(α)Ψ(σ)(α) dπ(α) = σ(ϕ̌) for all ϕ ∈ L1(S, π),

is an isometric algebra isomorphism of P (K) onto L∞(S, π).

We shall say that a pseudomeasure σ ∈ P (K) belongs to L2(K,m) if
there is a g ∈ L2(K,m) such that

σ(ϕ̌) =

∫
K

ϕ̌(x)g(x) dm(x) for all ϕ ∈ L1(S, π) ∩ L2(S, π).

Since {ϕ̌ : ϕ ∈ L1(S, π) ∩ L2(S, π)} is dense in L2(K,m), the g is
uniquely determined. If σ ∈ P (K) belongs to L2(K,m) and g is the
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corresponding element from L2(K,m), then Parseval’s formula yields,
for ϕ ∈ L1(S, π) ∩ L2(S, π),∫

S
ϕ(α)Ψ(σ)(α) dπ(α) = σ(ϕ̌)

=

∫
K

ϕ̌(x)g(x) dm(x)

=

∫
S
ϕ(α)Pg(α) dπ(α).

Hence, we conclude Ψ(σ) = Pg ∈ L2(S, π) ∩ L∞(S, π), that is, the
Fourier transform of the pseudomeasure σ agrees with the Plancherel
transform of g.

Conversely, let σ ∈ P (K) be such that Ψ(σ) ∈ L2(S, π) ∩ L∞(S, π).
Then σ belongs to L2(K,m). Indeed, putting g = P−1(Ψ(σ)) ∈
L2(K,m), we obtain, using Parseval’s formula,

σ(ϕ̌) =

∫
S
ϕ(α)Ψ(σ)(α) dπ(α) =

∫
K

ϕ̌(x)g(x) dm(x)

for all ϕ ∈ L1(S, π) ∩ L2(S, π).
We may summarize the latter discussion in the following proposition.

Proposition 2. Let K be a commutative hypergroup. A pseu-
domeasure σ ∈ P (K) belongs to L2(K,m) if and only if Ψ(σ) ∈
L2(S, π) ∩ L∞(S, π). Moreover, the Fourier transform of σ as a pseu-
domeasure coincides with the Plancherel transform of the corresponding
g ∈ L2(K,m).

It should be noted that every g ∈ L1(K,m)∩L2(K,m) determines a
pseudomeasure σ ∈ P (K) such that σ(ϕ̌) =

∫
K ϕ̌(x)g(x) dm(x) is true

for all ϕ ∈ L1(S, π) ∩ L2(S, π). Indeed, put σ = Ψ−1(ĝ). Then

Ψ−1(ĝ)(ϕ̌) =

∫
S
ϕ(α)Ψ(Ψ−1(ĝ))(α) dπ(α)

=

∫
S
ϕ(α)Pg(α) dπ(α)

=

∫
K

ϕ̌(x)g(x) dm(x).
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In particular, the convolution σ ∗ g = Ψ−1(Ψ(σ)ĝ) of σ ∈ P (K)
and g ∈ L1(K,m) ∩ L2(K,m) is well defined as a convolution of
pseudomeasures.

If σ ∈ P (K) belongs to L2(K,m) we will further designate the
corresponding element of L2(K,m) also by σ.

In order to establish a complete characterization of the multipliers
for Lp(K,m), we derive that the space M(Lp(K,m)) coincides with
the space of convolutors of Lp(K,m), where T ∈ B(Lp(K,m)) is called
convolutor if T (f ∗ g) = f ∗ T (g) for all f, g ∈ L1(K,m) ∩ Lp(K,m).

Proposition 3. Let K be a commutative hypergroup and T ∈
B(Lp(K,m)). Then T is an element of M(Lp(K,m)) if and only if

T (f) ∗ g = T (f ∗ g) = f ∗ T (g) for all f, g ∈ L1(K,m) ∩ Lp(K,m).

Proof. Basically, with the arguments used for the proof of The-
orem 4.1.1 in [6], we obtain that for T ∈ M(Lp(K,m)) we have
T (f) ∗ g = T (f ∗ g) = f ∗ T (g) for all f, g ∈ L1(K,m) ∩ Lp(K,m).

Conversely, choose fi ∈ C00(K), i ∈ I, with limi ‖fi ∗ g − g‖p = 0.
Since Txfi ∗ g = Tx(fi ∗ g), we obtain for a convolutor T and any
g ∈ L1(K,m) ∩ Lp(K,m)

T (Txfi ∗ g) = Txfi ∗ T (g) = fi ∗ TxT (g) −→ TxT (g)

and, by the continuity of T and Tx,

T (Txfi ∗ g) = T (Tx(fi ∗ g)) −→ T Tx(g)

for all g ∈ L1(K,m) ∩ Lp(K,m). Now it is obvious that T ∈
M(Lp(K,m)).

Now we can give the following description of the multipliers for
L2(K,m).

Theorem 2. Let K be a commutative hypergroup, T ∈ B(L2(K,m)).
The following conditions are equivalent:
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(i) T ∈M(L2(K,m)).

(ii) T (f)∗g = T (f ∗g) = f ∗T (g) for all f, g ∈ L1(K,m)∩L2(K,m).

(iii) There exists a unique pseudomeasure σ ∈ P (K) such that σ ∗ f
belongs to L2(K,m) and

T (f) = σ ∗ f for all f ∈ L1(K,m) ∩ L2(K,m).

(iv) There exists a unique pseudomeasure σ ∈ P (K) such that

P(T (f)) = Ψ(σ)P(f) for all f ∈ L2(K,m).

(v) There exists a unique ϕ ∈ L∞(S, π) such that

P(T (f)) = ϕP(f) for all f ∈ L2(K,m).

Moreover, ‖ϕ‖S = ‖σ‖P = ‖T ‖.

The correspondence between T, σ and ϕ defines isometric algebra
isomorphisms between M(L2(K,m)), P (K) and L∞(S, π).

Proof. (i) ⇔ (ii) is already shown in Proposition 3.

(v) ⇒ (i). We have

T̂xf(α) = α(x)f̂ (α) = ε̂x̃(α)f̂ (α) for all f ∈ L1(K,m), α ∈ K̂,

and hence P(Txf) = ε̂x̃P(f) for all f ∈ L2(K,m). Therefore, it follows
by (v) that

P(Tx(T (f))) = ε̂x̃P(T (f)) = ε̂x̃ϕP(f)

= ϕP(Tx(f)) = P(T (Tx(f)))

for all f ∈ L2(K,m), and hence T ∈M(L2(K,m)).

(i) ⇒ (v). (The proof follows the lines of [6, Theorem 4.1.1] for
groups.) (i) is equivalent to (ii). Hence, we have

(∗) P(T (f))ĝ = f̂P(T (g))
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for all f, g ∈ C00(K). For α ∈ S, choose f ∈ C00(K) such that f̂(α)
is nonzero on a neighborhood of α, and define on this neighborhood
ϕ = P(T (f))/f̂ . By identity (∗), ϕ is independent of the choice of
f , and it follows that there is a unique locally measurable function
ϕ on S such that P(T (f)) = ϕf̂ for all f ∈ C00(K). If f ∈
L2(K,m), there exists a sequence (fn)n∈N, fn ∈ C00(K), such that
limn→∞ ‖f−fn‖2 = 0. Then limn→∞ ‖P(T (f))−P(T (fn))‖2 = 0 and,

replacing (fn)n∈N by a subsequence, we can suppose that f̂n → P(f)
π-almost everywhere and P(T (fn)) → P(T (f)) π-almost everywhere.
It follows that P(T (f)) = ϕP(f) π-almost everywhere.

It remains to prove that ϕ ∈ L∞(S, π). (We will even show that
‖ϕ‖S ≤ ‖T ‖). Assume, on the contrary, that there is a compact subset
C ⊆ S such that π(C) > 0 and |ϕ(α)| > ‖T ‖ for π-almost all α ∈ C.
Put g ∈ L2(K,m) such that P(g) = χC . Then ‖ϕχC‖2 > ‖T ‖(π(C))1/2
and, on the other hand,

‖ϕχC‖2 = ‖ϕP(g)‖2 = ‖P(T (g))‖2
= ‖T (g)‖2 ≤ ‖T ‖‖g‖2 = ‖T ‖(π(C))1/2,

a contradiction. Hence, ϕ ∈ L∞(S, π) and ‖ϕ‖S ≤ ‖T ‖. In addition,
we have ‖T (g)‖2 = ‖P(T (g))‖2 = ‖ϕP(g)‖2 ≤ ‖ϕ‖S‖g‖2, and we get
‖T ‖ ≤ ‖ϕ‖S .
(iv) ⇔ (v). The equivalence of (iv) and (v) is true by Proposition 1.

(iv) ⇒ (iii). We have already shown that the convolution σ ∗ f of
σ ∈ P (K) and f ∈ L1(K,m) ∩ L2(K,m) yields a pseudomeasure. For
pseudomeasures σ enjoying property (iv), we have

Ψ(σ ∗ f) = Ψ(σ)f̂ = P(T (f))

for all f ∈ L1(K,m)∩L2(K,m). Hence, Ψ(σ∗f) ∈ L2(S, π)∩L∞(S, π)
and (iii) follows by Proposition 2.

(iii) ⇒ (iv). Using Proposition 2 once again, we conclude

P(T (f)) = P(σ ∗ f) = Ψ(σ ∗ f) = Ψ(σ)f̂

for all f ∈ L1(K,m)∩L2(K,m). Since T is continuous and L1(K,m)∩
L2(K,m) is dense in L2(K,m), statement (iv) is shown.
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Now we investigate multipliers on Lp(K,m), p �= 1, p �= 2. Basically,
with the same arguments used for abelian groups, we obtain inclusion
results forM(Lp(K,m)). Following the proof of [6, Theorem 4.1.2], we
get:

Proposition 4. Let K be a commutative hypergroup, 1 < p < ∞,
1/p+ 1/q = 1. Then there exists an isometric algebra isomorphism of
M(Lp(K,m)) onto M(Lq(K,m)).

Using a form of the Riesz-Thorin convexity theorem we can derive
just as in [6, Theorem 4.1.3, Corollary 4.1.3] the next result.

Proposition 5. Let K be a commutative hypergroup, 1 < p ≤ r ≤
2. Then there exists a norm-decreasing algebra isomorphism J from
M(Lp(K,m)) into M(Lr(K,m)). Moreover, J can be interpreted as
an inclusion, since J(T ), T ∈ M(Lp(K,m)), is the unique extension
to Lr(K,m) of the restriction T |Lp(K,m) ∩ Lr(K,m).

With a slight abuse of terminology, we have the following inclusions
for 1 ≤ p < r ≤ 2:

M(K) ∼=M(L1(K,m)) ⊆M(Lp(K,m))

⊆M(Lr(K,m)) ⊆M(L2(K,m))
∼= P (K),

and the inclusion mappings are norm-decreasing.

We now apply Theorem 1 and Theorem 2, respectively, to polynomial
hypergroups. In that case K = N0 is discrete. Hence, the measure
space M(N0) can be identified with l1(N0). Moreover, S = suppπ
is compact. Thus, L∞(S, π) ⊆ L2(S, π), and so every pseudomeasure
σ ∈ P (N0) belongs to l

2(N0, h).

Let (τ(m,n))m,n∈N0
be an infinite matrix of complex numbers. Con-

sider the linear transformations T defined by

(1) Tf(m) = g(m) =
∞∑

n=0

τ(m,n)f(n)h(n).
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Then g = (g(m))m∈N0 is defined at least whenever f = (f(n))n∈N0
∈

lfin, i.e., f(n) �= 0 for at most finitely many n ∈ N0. We begin with a
simple observation.

Lemma 1. Define T by (1) for f ∈ lfin. Then we have T ◦Tn = Tn◦T
for all n ∈ N0 if and only if τ(m,n) = Tnσ(m) for all m,n ∈ N0, where
σ(k) = τ(k, 0).

Proof. Let εl(k) = δk,l for k, l ∈ N0. Then Tnε0(k) = 0 for k �= n
and Tnε0(n) = 1/h(n), and Tε0(k) = τ(k, 0) = σ(k). Therefore,
T ◦ Tnε0(m) = τ(m,n) and Tn ◦ Tε0(m) = Tnσ(m). It follows that
T ◦ Tn = Tn ◦ T implies τ(m,n) = Tnσ(m). Conversely, τ(m,n) =
Tnσ(m) yields T ◦ Tnε0 = Tn ◦ Tε0, and then

T ◦ Tnεl = h(l)T ◦ Tn ◦ Tlε0 = h(l)Tl ◦ Tn ◦ Tε0 = Tn ◦ T εl,

for each l ∈ N0. Thus. the converse implication is also true.

In view of Lemma 1, we confine our attention to the case τ(m,n) =
Tnσ(m), where σ = (σ(k))k∈N0 . Notice that τ(m,n) = Tnσ(m) =
Tmσ(n) = τ(n,m). From Theorems 1 and 2 we can conclude the
following characterizations.

Proposition 6. Let K = N0 be a polynomial hypergroup.

(i) A necessary and sufficient condition that T is a bounded linear
operator from l1(N0, h) into l

1(N0, h) is that σ = (σ(n))n∈N0
∈ l1(N0).

(ii) A necessary and sufficient condition that T is a bounded linear
operator from l2(N0, h) into l

2(N0, h) is that σ = (σ(n))n∈N0
is given

by σ(n) = f̌(n) for some f ∈ L∞(S, π).

One should compare Proposition 6 (ii) with [13, Chapter IV, Theorem
9.18].

Considering compact hypergroups, we want to point out that The-
orem 2 generalizes Theorem 1.1, Corollary 3.1 and Lemma 4.1 of [2],
where the dual hypergroup K = [−1, 1] of the ultraspherical polynomi-

als R
(α,α)
n (t) is investigated.
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3. Multiplier for L1(S, π) and L2(S, π). The dual spaces K̂ or
S, in general, do not bear a dual hypergroup structure, and hence
hypergroup-translation-operators do not exist on S. Nevertheless,
using the inverse Fourier transform we can characterize those functions
f on K such that f ϕ̌ ∈ L1(S, π)∨ for all ϕ ∈ L1(S, π). Even more,
applying the Plancherel transform we can define a translation operator
for L2(S, π) and derive five equivalent conditions for multipliers on
L2(S, π).
Let f be a continuous function on K such that fϕ̌ ∈ L1(S, π)∨ for

all ϕ ∈ L1(S, π). Then f is called a multiplier for L1(S, π). Since the
inverse Fourier transform is one-to-one, defining Tϕ ∈ L1(S, π) by the
equation (Tϕ)∨ = fϕ̌ determines a well-defined linear operator from
L1(S, π) to L1(S, π). Moreover, T is a closed mapping. In fact, if
limn→∞ ‖ϕn − ϕ‖1 = 0 and limn→∞ ‖Tϕn − κ‖1 = 0 for ϕn, ϕ, κ ∈
L1(S, π), then κ̌(x) = limn→∞(Tϕn)

∨(x) = f(x) limn→∞ ϕ̌n(x) =
f(x)ϕ̌(x) for all x ∈ K. From the closed graph theorem we conclude
that T is continuous.

Lemma 2. Let K be a commutative hypergroup, and assume that 1 ∈
S = suppπ. Then there exists a net (ki)i∈I of functions ki ∈ C00(S)
such that ki ≥ 0, ‖ki‖1 = 1 and ǩi(x) → 1 for all x ∈ K.

Proof. Consider

Vε,C = {α ∈ S : |α(x) − 1| < ε for all x ∈ C},
where C ⊆ K is compact and ε > 0 is a member of the neighborhood
basis of 1 ∈ S. Put kε,C = χVε,C/π(Vε,C), introduce a corresponding
index set i ∈ I with the usual order and observe that k∨ε,C(x) → 1,
whenever x ∈ C and ε→ 0. Now the statement follows.

Theorem 3. Let K be a commutative hypergroup, and assume that
1 ∈ S. If f ∈ C(K) is a multiplier for L1(S, π), i.e., fϕ̌ ∈ L1(S, π)∨
for all ϕ ∈ L1(S, π), then there is a unique measure μ ∈ M(K̂) such
that μ̌ = f .

Proof. We already know that the linear operator T determined
by fϕ̌ = (Tϕ)∨ is continuous, and so there is some M ≥ 0 with
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‖Tϕ‖1 ≤ M‖ϕ‖1 for all ϕ ∈ L1(S, π). Consider a net (ki)i∈I as in
Lemma 2, and let h ∈ C00(K). Then

∫
K

f(x)h(x̃) dm(x) = lim
i

∫
K

(f ǩi)(x)h(x̃) dm(x)

by Lebesgue’s theorem of dominated convergence. We have with
Fubini’s theorem∫

K

(f ǩi)(x)h(x̃) dm(x) =

∫
K

(Tki)
∨(x)h(x̃) dm(x)

=

∫
K

∫
S
Tki(α)α(x) dπ(α)h(x̃) dm(x)

=

∫
S
Tki(α)ĥ(α) dπ(α),

and then ∣∣∣∣
∫
K

(f ǩi)(x)h(x̃) dm(x)

∣∣∣∣ ≤ ‖ĥ‖S‖Tki‖1 ≤M‖ĥ‖S .

Therefore, ∣∣∣∣
∫
K

f(x)h(x̃) dm(x)

∣∣∣∣ ≤M‖ĥ‖S

for all h ∈ C00(K). Now it is routine to finish the proof in the

following way. The space (C00(K))∧ is dense in C0(K̂). Hence, the

linear functional F (ĥ) =
∫
K f(x)h(x̃) dm(x) defined on (C00(K))∧ can

be continuously extended to a continuous linear functional on C0(K̂).

Riesz’s representation theorem yields a unique measure μ ∈M(K̂) such
that ∫

K

f(x)h(x̃) dm(x) = F (ĥ) =

∫
K̂

ĥ(α) dμ(α)

for all h ∈ C00(K). By Fubini’s theorem, it follows that

∫
K

μ̌(x)h(x̃) dm(x) =

∫
K̂

ĥ(α) dμ(α) =

∫
K

f(x)h(x̃) dm(x)

for all h ∈ C00(K), and hence μ̌ = f .
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Remark. Theorem 3 establishes that every multiplier f for L1(S, π) is
a bounded function. The reader should notice that f = μ̌, μ ∈M(K̂),
is, in general, not a multiplier for L1(S, π). The reason is that there
is, in general, no dual hypergroup structure on S. So the space of
multipliers for L1(S, π) is, in general, smaller than M(K̂)∨.

The proof of Theorem 3 tells us that the operator T ∈ B(L1(S, π))
induced by the multiplier f satisfies ‖μ‖ ≤ ‖T ‖.
We investigate this situation briefly in the case of polynomial hy-

pergroups, since (as we already know) the Jacobi polynomials are the
only ones in that class which possess a dual hypergroup structure, and
there are many others; for example, generalized Chebyshev polynomi-
als, associated ultraspherical polynomials, Pollaczek polynomials, lit-
tle q-Legendre polynomials, and so on, see [1, 8, 9]. Let K = N0

be a polynomial hypergroup generated by (Rn(t))n∈N0
. Applying the

inversion theorem, we can easily show that each f ∈ l1(N0, h) is a
multiplier for L1(S, π). In fact, for every ϕ ∈ L1(S, π), we have
ψ := (fϕ̌)∧/S ∈ C(S) ⊆ L1(S, π) and fϕ̌ = ψ̌.

If the space of multipliersM(L1(S, π)) is equal toM(Ds)
∨ and if the

correspondence between M(L1(S, π)) and M(Ds) is isometric, then
dual product formulas for Rn(t) are valid. We denote the multiplier
operator corresponding to μ ∈M(Ds) by Tμ. Recall that ‖μ‖ ≤ ‖Tμ‖.

Proposition 7. Let K = N0 be a polynomial hypergroup. Assume
that 1 ∈ S. If the space of multipliers M(L1(S, π)) is equal toM(Ds)

∨,
and if ‖Tμ‖ = ‖μ‖, then S = Ds and for all s, t ∈ Ds, there exists a
probability measure μs,t ∈M1(Ds) such that

Rn(s)Rn(t) =

∫
Ds

Rn(u) dμs,t(u) for all n ∈ N0.

Proof. Consider the points ps and pt of s ∈ Ds and t ∈ Ds,
respectively. There exist Tps , Tpt ∈ B(L1(S, π)) such that

Tps(ϕ)
∨(n) = p̌s(n)ϕ̌(n) = Rn(s)ϕ̌(n)

and
Tpt(ϕ)

∨(n) = Rn(t)ϕ̌(n)
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for all ϕ ∈ L1(S, π) and n ∈ N0, and therefore

(Tps ◦ Tpt(ϕ))
∨(n) = Rn(s)Rn(t)ϕ̌(n)

is valid for all ϕ ∈ L1(S, π), n ∈ N0. Now choose a net (ki)i∈I with
ki ∈ C(S) ⊆ L1(S, π), ‖ki‖1 = 1 and k∨i (n) → 1 for all n ∈ N0, see
Lemma 2.

Since ‖Tps‖ = ‖ps‖ = 1 for all s ∈ Ds, (Tps ◦ Tpt(ki))i∈I is a norm-
bounded net in L1(Ds, π) ⊆ M(S). Thus, there is some subnet (we
denote its index set again by I) such that Tps ◦ Tpt(ki) converges in
the σ(M(S), C(S))-topology to some regular complex Borel measure
μs,t ∈M(S), where ‖μs,t‖ ≤ 1. Hence, we have∫

S
Rn(u) dμs,t(u) = lim

i

∫
S
Rn(u)Tps ◦ Tpt(ki)(u) dπ(u)

= lim
i
(Tps ◦ Tpt(ki))

∨(n)

= Rn(s)Rn(t) lim
i
k∨i (n)

= Rn(s)Rn(t)

for all n ∈ N0. Putting n = 0, we have ‖μs,t‖ = μs,t(S) = 1, and, in
view of the Jordan-Hahn decomposition of μs,t, it follows that μs,t is a
probability measure on S. Finally, notice that μs,t ∈M(S) is uniquely
determined by Rn(s)Rn(t) = μ∨

s,t(n) for all n ∈ N0. In particular, for
t = 1, we have μ∨

s,1(n) = Rn(s) = p∨s (n), and therefore each s ∈ Ds is
an element of S = suppπ.

We shall say that the polynomial hypergroup K = N0 fulfills the
continuous property (P) if, for all s, t ∈ Ds, there exists a probability
measure μs,t ∈M1(Ds) such that

Rn(s)Rn(t) =

∫
Ds

Rn(u) dμs,t(u).

If the continuous property (P) is satisfied we get a weak dual structure
on Ds.

Proposition 7 states that continuous property (P) is necessarily sat-
isfied if M(L1(S, π)) and M(Ds) are isometric and isomorphic (as Ba-
nach spaces), provided 1 ∈ S. We shall now prove the converse impli-
cation.
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Lemma 3. Let K = N0 be a polynomial hypergroup fulfilling the
continuous property (P). Then (s, t) �→ μs,t, Ds × Ds → M1(Ds), is
continuous, where M1(Ds) bears the σ(M1(Ds), C(Ds))-topology.

Proof. Given any ϕ ∈ C(Ds) and ε > 0, choose f ∈ l1(N0, h) with

finite support such that ‖ϕ− f̂‖∞ < ε. Given s0, t0 ∈ Ds, we obtain

∣∣∣∣
∫
Ds

ϕ(u) dμs,t(u)−
∫
Ds

ϕ(u) dμs0,t0(u)

∣∣∣∣
≤ 2ε+

∣∣∣∣
∫
Ds

f̂(u) dμs,t(u)−
∫
Ds

f̂(u) dμs0,t0(u)

∣∣∣∣
≤ 2ε+

∣∣∣∣ ∑
k∈ supp f

f(k)h(k)

∫
Ds

Rk(u) d(μs,t − μs0,t0)(u)

∣∣∣∣
≤ 2ε+

∑
k∈ supp f

|f(k)||Rk(s)Rk(t)−Rk(s0)Rk(t0)|h(k).

Now it is obvious that we can find neighborhoods Us0 , Ut0 of s0 and t0
such that ∣∣∣∣

∫
Ds

ϕ(u) dμs,t(u)−
∫
Ds

ϕ(u) dμs0,t0(u)

∣∣∣∣ ≤ 3ε,

for all s ∈ Us0 , t ∈ Ut0 .

We can now define the translation of any function ϕ ∈ C(Ds)
by s ∈ Ds. We define Tsϕ(t) = μs,t(ϕ). By Lemma 3, we have
Tsϕ ∈ C(Ds). The orthogonalization measure π behaves like a Haar
measure on Ds.

Proposition 8. Let K = N0 be a polynomial hypergroup fulfilling
the continuous property (P). Then

∫
Ds

Tsϕ(t) dπ(t) =

∫
Ds

ϕ(t) dπ(t)

holds for all ϕ ∈ C(Ds) and s ∈ Ds.
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Proof. For s ∈ Ds, let αs(n) = Rn(s). For f ∈ l1(N0, h) and
s, t ∈ Ds, we have

Tsf̂(t) =

∫
Ds

f̂(u) dμs,t(u)

=

∫
Ds

∑
n∈N0

f(n)Rn(u)h(n) dμs,t(u)

=
∑
n∈N0

f(n)Rn(s)Rn(t)h(n)

= (αs · f)∧(t),
and then∫

Ds

Tsf̂(t) dπ(t) =

∫
Ds

∑
n∈N0

f(n)Rn(s)Rn(t)h(n) dπ(t)

= f(0)

=

∫
Ds

f̂(u) dπ(u).

For any ϕ ∈ C(Ds) and ε > 0, there exist f ∈ l1(N0, h) (even with

finite support) so that ‖ϕ− f̂‖∞ < ε. Then ‖Tsϕ− Tsf̂‖∞ < ε, and it
follows that ∫

Ds

Tsϕ(t) dπ(t) =

∫
Ds

ϕ(t) dπ(t).

The next step is to consider Borel measurable functions on Ds. Based
on Lemma 3 and Proposition 8 using the methods in [5], one can prove
the following result.

Proposition 9. Let K = N0 be a polynomial hypergroup fulfilling
the continuous property (P). Let ψ : Ds → [0,∞] be a Borel measurable
function. Then (s, t) �→ μs,t(ψ), Ds × Ds → [0,∞] is Borel mea-
surable. For each complex-valued, Borel measurable function ψ with∫
Ds

|ψ(t)| dπ(t) <∞ and s ∈ Ds, Tsg(t) := μs,t(g) satisfies∫
Ds

Tsψ(t) dπ(t) =

∫
Ds

ψ(t) dπ(t).
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By Proposition 9, we know that Tsψ is a well-defined element of
L1(Ds, π) for each ψ ∈ L1(Ds, π). Furthermore, we have ‖Tsψ‖1 ≤
‖ψ‖1. Let μ ∈M(Ds) and ψ ∈ L1(Ds, π). It is routine to show that

μ ∗ ψ(t) :=
∫
Ds

Tsψ(t) dμ(s)

is a well-defined element of L1(Ds, π) with ‖μ ∗ ψ‖1 ≤ ‖μ‖‖ψ‖1.

Theorem 4. Let K = N0 be a polynomial hypergroup, and suppose
that 1 ∈ S. Then the following two conditions are equivalent.

(i) The space of multipliers M(L1(S, π)) is equal to M(Ds)
∨, and

the correspondence between M(L1(S, π)) and M(Ds) is isometric, i.e.,
‖Tμ‖ = ‖μ‖.

(ii) S = Ds and the continuous property (P) are fulfilled.

Proof. (i) ⇒ (ii) is already shown in Proposition 7. If (ii) is satisfied,
we have proven: if ν ∈M(Ds) and ψ ∈ L1(S, π), then ν ∗ψ ∈ L1(S, π)
and ‖ν ∗ ψ‖1 ≤ ‖ν‖‖ψ‖1. If T ∈ M(L1(S, π)) and μ ∈ M(Ds), such
that (Tϕ)∨ = μ̌ϕ̌ for all ϕ ∈ L1(S, π), then the inverse uniqueness
theorem yields Tϕ = μ ∗ ϕ. Furthermore, we have ‖T ‖ ≤ ‖μ‖.

Now we investigate multipliers for L2(S, π). Applying the Plancherel
transform, we can define a (rather weak) translation operator for
L2(S, π). This translation is already introduced by one of the authors
in [10]. For every f ∈ L∞(K,m), define Mf ∈ B(L2(S, π)) by means
of

Mf (ϕ) = P(fP−1(ϕ)) for ϕ ∈ L2(S, π).
Mf is a bounded linear operator satisfying ‖Mf(ϕ)‖2 ≤ ‖f‖K‖ϕ‖2.

Proposition 10. Let K be a commutative hypergroup. If f, g ∈
L∞(K,m), then Mfg = Mf ◦Mg, Mf̄ = (Mf )

∗ and ‖Mf‖ = ‖f‖K.
Furthermore, Mf = 0 if and only if f = 0.

The proof is straightforward, see [10].

Lemma 4. Let ϕ ∈ L2(S, π). The mapping α �→ Mα(ϕ), K̂ →
L2(S, π) is continuous.
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Proof. Let α0 ∈ K̂, ε > 0. Since P−1(ϕ) ∈ L2(K,m), there is a
compact subset C ⊆ K such that∫

K\C
|P−1(ϕ)(z)|2 dm(z) <

ε

8
.

Let M =
∫
C
|P−1(ϕ)(z)|2 dm(z) and

V (α0) =

{
α ∈ K̂ : |α(z)− α0(z)|2 < ε

2M
for z ∈ C

}
.

For every α ∈ V (α0),

‖Mα(ϕ) −Mα0(ϕ)‖22 = ‖αP−1(ϕ)− α0P−1(ϕ)‖22
=

∫
C

|α(z)− α0(z)|2|P−1(ϕ)(z)|2 dm(z)

+

∫
K\C

|α(z)− α0(z)|2|P−1(ϕ)(z)|2 dm(z)

<
ε

2
+
ε

2
= ε.

We call Mα, α ∈ K̂, a translation operator on L2(S, π).
Now we can introduce an action of L1(S, π) on L2(S, π). Given

ψ ∈ C00(S) and ϕ ∈ L2(S, π), we use an L2(S, π)-valued integral to
define

ψ ∗ ϕ :=

∫
S
ψ(α)Mα(ϕ) dπ(α) ∈ L2(S, π).

We have ‖ψ ∗ ϕ‖2 ≤ ‖ψ‖1‖ϕ‖2 and, for any ψ ∈ L1(S, π), choose a
sequence (ψn)n∈N, ψn ∈ C00(S), with ‖ψ − ψn‖1 → 0 as n→ ∞. It is
easily shown that

ψ ∗ ϕ := lim
n→∞ψn ∗ ϕ ∈ L2(S, π)

is a well-defined action of L1(S, π) on L2(S, π) with ‖ψ ∗ ϕ‖2 ≤
‖ψ‖1‖ϕ‖2.
Now we proceed as before to introduce pseudomeasures on K̂. Denote

by
A(K̂) := {f̂ : f ∈ L1(K,m)}.
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Take ‖f̂‖A := ‖f‖1 as the norm on A(K̂). Then A(K̂) is a Banach

space, and the dual space A(K̂)∗ is denoted by P (K̂), the elements

s ∈ P (K̂) are called pseudomeasures on K̂. The mapping Φ : P (K̂) →
L∞(K,m) where, for each s ∈ P (K̂), the element Φ(s) ∈ L∞(K,m) is
uniquely determined by∫

K

f(x)Φ(s)(x̃) dm(x) = s(f̂) for f ∈ L1(K,m),

is an isometric isomorphism from the Banach space P (K̂) onto L∞(K,m).

A convolution of s1, s2 ∈ P (K̂) is determined by s1∗s2 = Φ−1(Φ(s1)Φ(s2)),
and Φ is then an algebra isomorphism. Φ(s) is called inverse Fourier

transform of s ∈ P (K̂). If μ ∈M(K̂), we have∫
K̂

f̂(α) dμ(α) =

∫
K̂

∫
K

f(x)α(x) dm(x) dμ(α)

=

∫
K

f(x)μ̌(x̃) dm(x),

for all f ∈ L1(K,m). Hence, each measure μ ∈M(K̂) is a pseudomea-
sure, μ̌ = Φ(μ) and ‖μ‖P = ‖μ̌‖∞ ≤ ‖μ‖.
In conclusion, we have

Proposition 11. Let K be a commutative hypergroup. Then the
inverse Fourier transform Φ : P (K̂) → L∞(K,m) determined by∫

K

f(x)Φ(s)(x̃) dm(x) = s(f̂) for all f ∈ L1(K,m),

is an isometric algebra isomorphism of P (K̂) onto L∞(K,m).

Remark. The convolution μ1 ∗ μ2 of two measures μ1, μ2 ∈ M(K̂)
makes sense if we interpret μ1 and μ2 as pseudomeasures, and so
μ1 ∗ μ2 ∈ P (K̂). However, in general, μ1 ∗ μ2 is not a member of

M(K̂).

Next, we shall say that a pseudomeasure s ∈ P (K̂) belongs to
L2(S, π) if there is a ψ ∈ L2(S, π) such that

s(f̂) =

∫
S
f̂(α)ψ(α) dπ(α) for all f ∈ L1(K,m) ∩ L2(K,m).
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Similarly, as in Section 2, one can derive the following properties of the
ψ ∈ L2(S, π) belonging to s ∈ P (K̂) : ψ is uniquely determined and∫

K

f(x)Φ(s)(x̃) dm(x) = s(f̂)

=

∫
S
f̂(α)ψ(α) dπ(α)

=

∫
K

f(x)P−1ψ(x̃) dm(x),

for all f ∈ L1(K,m) ∩ L2(K,m).

In particular, we have Φ(s) = P−1(ψ) ∈ L2(K,m) ∩ L∞(K,m).

Conversely, every s ∈ P (K̂) with Φ(s) ∈ L2(K,m)∩L∞(K,m) belongs
to L2(S, π). For that, put ψ = P(Φ(s)) ∈ L2(S, π). Hence, the
following “dual” statement of Proposition 2 is valid.

Proposition 12. Let K be a commutative hypergroup. A pseu-
domeasure s ∈ P (K̂) belongs to L2(S, π) if and only if Φ(s) ∈
L2(K,m) ∩ L∞(K,m). Moreover, the inverse Fourier transform of
s as a pseudomeasure coincides with the inverse Plancherel transform
of the corresponding ψ ∈ L2(S, π).

Furthermore, every ψ ∈ L1(S, π)∩L2(S, π) determines a pseudomea-

sure s ∈ P (K̂) such that

s(f̂) =

∫
S
f̂(α)ψ(α) dπ(α)

is true for all f ∈ L1(K,m) ∩ L2(K,m). For that, put s = Φ−1(ψ̌). In

particular, the convolution s ∗ ψ = Φ−1(Φ(s)ψ̌) of s ∈ P (K̂) and ψ ∈
L1(S, π)∩L2(S, π) is well defined as a convolution of pseudomeasures.

Now we have all the tools to give a complete characterization of
multipliers on L2(S, π). We say that T ∈ B(L2(S, π)) is a multiplier
on L2(S, π) whenever

P−1(Tϕ) = fP−1(ϕ)

for all ϕ ∈ L2(S, π), where f is an element from L∞(K,m). We denote
the space of multipliers on L2(S, π) by M(L2(S, π)).
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Theorem 5. Let K be a commutative hypergroup, and let T ∈
B(L2(S, π)). The following conditions are equivalent:

(i) T ∈M(L2(S, π)).
(ii) T ◦Mα =Mα ◦ T for all α ∈ K̂.

(iii) ψ ∗ Tϕ = T (ϕ ∗ ψ) = ϕ ∗ Tψ for all ϕ, ψ ∈ L1(S, π) ∩ L2(S, π).
(iv) There exists a unique pseudomeasure s ∈ P (K̂) such that s ∗ ϕ

belongs to L2(S, π) and Tϕ = s ∗ ϕ for all ϕ ∈ L1(S, π) ∩ L2(S, π).
(v) There exists a unique pseudomeasure s ∈ P (K̂) such that

P−1(Tϕ) = Φ(s)P−1(ϕ) for all ϕ ∈ L2(S, π).

Proof. The equivalence of (i) and (v) follows from Proposition 11.
Proposition 12 yields (iv) ⇔ (v).

(i) ⇒ (ii). We have P−1(Mαϕ) = αP−1ϕ for all ϕ ∈ L2(S, π).
Therefore, assumption (i) implies

P−1(MαTϕ) = αP−1(Tϕ) = αfP−1(ϕ)

= fP−1(Mαϕ) = P−1(TMαϕ),

for all ϕ ∈ L2(S, π). Hence, statement (ii) is valid.

(ii) ⇒ (iii). Let ψ ∈ C00(S), ϕ ∈ L2(S, π). Since ψ ∗ Tϕ and ψ ∗ ϕ
are defined as L2(S, π)-valued integrals, and since T is continuous, we
have

ψ ∗ Tϕ =

∫
S
ψ(α)Mα(Tϕ) dπ(α)

=

∫
S
ψ(α)T (Mαϕ) dπ(α)

= T

(∫
S
ψ(α)Mαϕdπ(α)

)
= T (ψ ∗ ϕ).

If ψ ∈ L1(S, π), approximate ψ by a sequence (ψn)n∈N in C00(S) such
that ‖ψ−ψn‖1 → 0. It follows that ψ ∗Tϕ = T (ϕ∗ψ) for ψ ∈ L1(S, π)
and ϕ ∈ L2(S, π). Interchanging the roles of ψ and ϕ, it follows that
for all ϕ, ψ ∈ L1(S, π) ∩ L2(S, π),

ψ ∗ Tϕ = T (ϕ ∗ ψ) = ϕ ∗ Tψ.
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(One should notice that ϕ ∗ ψ = ψ ∗ ϕ for ϕ, ψ ∈ L1(S, π) ∩ L2(S, π),
see [5].)

It remains to prove “(iii) ⇒ (i).” One can proceed along the lines of
the proof “(i) → (v)” of Theorem 2 to obtain f ∈ L∞(K,m) such that
P−1(Tϕ) = fP−1(ϕ) for all ϕ ∈ L2(S, π).
Remark. We want to point out that Theorem 5 generalizes results of

[13] to a vastly bigger class of orthogonal polynomials, viz., those that
generate a polynomial hypergroup on N0.
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