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ON THE DISTRIBUTIONS OF o(n)/n AND n/p(n)

EMRE ALKAN

ABSTRACT. We prove that the distribution functions of
o(n)/n and n/e(n) both have super-exponential asymptotic
decay when n ranges over certain subsets of integers, which,
in particular, can be taken as the set of I[-free integers not
divisible by a thin subset of primes.

1. Introduction. Let o(n) be the sum of divisors function, and let
©(n) denote Euler’s totient function. The existence and continuity of
the limiting distribution of o(n)/n were first established independently
by Behrend [3], Chowla [4], Davenport [5] and Erdos [7]. Precisely,

they proved that the density
1
{n <o 2 tH
n

F(t) .= lim —

T—00 I

is a continuous function for all values of t. The analogous statement
for the close relative n/¢p(n) was obtained earlier by Schoenberg [13]
who showed that the density

Gt) = lim ~

T—00 I

e

is also continuous. Historically, these two results are special cases of
a general phenomenon and led to the celebrated theorem of Erdos
and Wintner [10] which completely determines the real additive (and
also multiplicative) functions with continuous distributions. Erdés and
Wintner proved that a real additive function f has a continuous limiting
distribution only when the three series over primes

1 fp) f2(n)
Zp’zp’zp

[f(p)|>1 [f(p)|<1 [f(p)I<1
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all converge and the series

K=

f(p)#0

diverges. Erdos [8] studied the density of integers satisfying o(n)/n >t
asymptotically and showed that

F(t) = exp { e (1+0(1))}

as t tends to infinity, where  is Euler’s constant. This was recently

sharpened to
te Y ].
F(t) =exp{ —e 1+0 7]

by Weingartner [19]. Concerning short interval estimates, Erdés [9]
proved that the number of integers n < x for which 0 < a <
on)/n < a+ 1/t for 2 < t < z is < ciz/logt for a suitable
constant ¢; > 0. For the current record on short interval estimates
for the densities, we refer the reader to the work of Toulmonde [15,
16]. As a consequence of the Erdos-Wintner theorem, the functions
log(n/¢(n)), log(o(n)/n) and log(o(n)p(n)/n?) all have continuous
distributions, and one can use the values of n/p(n), o(n)/n and
a(n)p(n)/n? for Diophantine approximation in the appropriate ranges.
In connection with this, the author, Ford and Zaharescu [1] obtained
strong Diophantine approximation results concerning the values of a
general family of additive and multiplicative functions including n/y(n)
and o(n)/n. By a completely different approach, the author, Ford and
Zaharescu [2] showed that Diophantine approximation with normalized
Fourier coefficients of newforms is possible. Inspired by the approach of
Erdos [8] and modifying the method of Weingartner [19], in this paper
we give upper and lower bounds for the distribution of o(n)/n > t when
n is restricted to certain subsets of integers which in particular can be
taken as the set of I-free numbers for every [ > 2 not divisible by a thin
subset of primes and at the same time n ranges over specially chosen
arithmetic progressions. Our results confirm a super-exponential rate
of decay for the distribution function of o(n)/n (and also for n/p(n))
asymptotically as ¢ tends to infinity. Recall that a set of integers A is
divisor closed, if all divisors of elements of A belong to A. The support
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of A refers to the set of primes that appear in the prime factorization of
elements of A. We also say that A is multiplicative closed if, for any two
relatively prime integers m,n € A, mn € A holds. A typical example
of a set A which is both divisor closed and multiplicative closed is the
set of [-free integers for [ > 2.

Theorem 1. Let A be a divisor closed set of integers with positive
density such that

Na(z) = Z 1 =azx+0('F)
neh

for some 0 < e <1, where 0 < a < 1 is the density of A. Assume that
the characteristic function of A, denoted as Xa(n), satisfies

Xam) =Y V(%)h(d)

ds|n

for some s > 2, where h is multiplicative with |h(n)| < 1 for all n and
v is the characteristic function of the set of all integers (including 1)
supported on a subset U of primes with the property that

ZlgClogx

p<z
p¢U

for some constant 0 < C < 1/log2(1 — (1/s)). Let k € A be fized. If

(b,k) =1 and
e 1
p>T T (1+3)

p¢ Aor p
plk

(empty products are taken to be 1), then as t tends to infinity,

{neA:nEb (modk),#w}

contains a set whose density is at least exp {—eZ(1+ o(1))}.
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We first remark that, if A is divisor closed and multiplicative closed,
then X4 is forced to be a multiplicative function. Indeed, taking
relatively prime integers m,n and assuming first mn € A, one has
Xa(mn) = 1. Since A is divisor closed, m € A, n € A, and consequently
Xa(mn) =1 = Xa(m)Xa(n) follows. On the other hand, if mn ¢ A,
then X4(mn) = 0. Assuming m € A and n € A gives mn € A,
since A is multiplicative closed, this gives Xa(mn) = 1, which is
not possible. Therefore, at least one of m or n is not in A and
Xa(mn) = 0 = Xa(m)Xa(n) follows in this case as well. Conversely,
if X4 is a multiplicative function, then A is multiplicative closed since,
taking relatively prime integers m,n € A, X4(mn) = Xa(m)Xa(n) =1
and mn € A follow. Nevertheless, it is not in general true that A is
divisor closed. In particular, choosing A = {27 : j > 2} U {1}, it is
easy to see that X 4 is multiplicative but A is not divisor closed since
2 ¢ A. Note that, despite the restrictive conditions imposed on set A
in Theorem 1, one can give plenty of examples of such sets meeting the
requirements. Precisely, let U be a subset of primes, and let A be the
set of square-free integers with support U. Using the identity

ST )

peU

_ (mi 7(;n>> (iu;;2<j>)
G ()

pgU

among Dirichlet series (¢ denotes the Riemann zeta function) for
Re(s) > 1, where puy(n) is the Mobius function with support U and v
is the characteristic function of the set of integers with support U, we

obtain that
) = S v )o@

d?|n

If we assume that

Z 1< Clogz,
p<z
p¢U
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then the product

I1(+5)

pgU

is convergent and defines an analytic function for Re(s) > 1/2. Em-
ploying a standard shift of contour argument using a truncated version
of Perron’s formula (see the proof of Theorem 2 below), one can show
that

Na(z) = Z Xa(n) =az+ O (z'7°)

n<x

for some 0 < € < 1, where

6 1
__II 1— —
o} 5 ( 1)>O

p¢U

is the density of A. A similar construction can be given for the set of
[-free integers, all of whose prime factors are in U for every [ > 2. In
order to obtain the desired super-exponential type upper bounds for
the densities, unlike Theorem 1, we need to exploit the finer structure
of set A and have convenient Euler products for the Dirichlet series of
X 4 which makes an analytic approach possible to the problem when X 4
is multiplicative. This is exactly the reason for us to state the result
below only for the set of I-free numbers supported on a subset of primes
having a thin complement rather than using the more general setting
of Theorem 1. Precisely, the following theorem holds.

Theorem 2. Let A be the set of all l-free integers supported on a
subset U of primes such that

Z 1< Blogzx
p<z
p¢U

for some constant 0 < B < 1/log2(1 — (1/1)). Put

oI ()

pgA pgU
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where empty products are taken to be 1. Let y = e'® ', and assume
that k € A is fized. If (b,k) = 1, then as t tends to infinity,

n
neA:n=>b (mod k), —Zt}
{ ¢(n)
is contained in a set whose density is at most

T I

p<y
peEA
(p,k)=1

exp | —(log Cax)lylogy] — > 10gp+0( y2 )
log”y

p<y

pEA

(p,k)=1

where

Cag = exp(— > log <1—%)> > 1.

p¢ Aor
plk

Let us remark that, since o(n)/n < n/p(n) and C4 > 0, we have

> logp~y

p<y
peEA
(p,k)=1

by the prime number theorem. Therefore, Theorems 1 and 2 provide
the promised upper and lower bounds of super-exponential decay for
the distributions of both of o(n)/n and n/¢(n) when n € A is subject
to the conditions given above. Moreover, in the case of square-free
numbers, by taking [ = 2 in Theorem 2 and using Mertens’ estimate,

the product
pi-1
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tends to zero at the rate of a constant multiple of 1/logy as y tends
to infinity since Cy > 0. On the contrary, this product is uniformly
bounded below by a positive number for all [ > 3. Lastly, the density
of A in Theorem 2 is easily seen to be

CAH<1—]%>>O.

pEA

2. Proof of Theorem 1. Since v is multiplicative (in fact it is
completely multiplicative) and & is multiplicative, it follows from the

relation
Xam)=> v <dﬁ) h(d)

ds|n

that X 4 is multiplicative and, therefore, that A is multiplicative closed.
The basic idea of the proof is to find a relatively small square-free
number in A which is almost t-abundant. To this end, let & € A be
fixed, and put y = e’ and

(2.1) n=n(t):= [] »
p<y
peEA
(p,k)=1

Since A is multiplicative closed, n € A and (n,k) = 1 follow. Using
(2.1), we have

(2.2) @: 11 <1+1).

Py p
pEA
(p.k)=1
As a consequence of Mertens’ estimate, one has
1 6e”
2.3 1+4-)=|— 1) | log x.
e () = (G e

The fact that A has positive density forces [,¢ (1 — (1/p)) > 0 and

consequently
1
11 (1 + —)
p

p¢A
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converges. Therefore, for any constant

~1
v 1
v<SS T (1+3)
™ p
p¢ Aor
plk
one obtains from (2.2) and (2.3) that

(2.4) szlogy:Mt
n

when ¢ is large enough. Next we show that the set A is well distributed
among arithmetic progressions with modulus in A. Precisely, using the
orthogonality of Dirichlet characters modulo k, we have

1 1 _
(2.5) 3 == 3 1+MZX(6)ZX(U),

u<lz u<z X#Xo u<z
u€A u€A ueA
u=b (mod k) (u,k)=1

where X is the principal character modulo k. For the main contribution
in (2.5), consider

(2.6)
D= "> uld =) ud) 1
u<zx u<z dlu d|k u<lz
u€eA u€A d|k de A u€eA
(u,k)=1 d|u
ax xl—e
=) ud) > 1= Zu(d)<7 +0<d1_5>>.
dlk a<z/d dlk
deA geA deA

Since A is divisor closed and k € A, the conditions d | k and d € A
reduce to d | k, and the rightmost term of (2.6) simplifies to

(2.7) axz @ + O(z'7%) = @ + Op(x'79).
dlk

It follows from (2.6) and (2.7) that

1 ax 1—e
(2.8) 0 g L= —+Ok('™).

uceA
(u,k)=1
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For the error term in (2.5), note that

1 —
(2.9) o0 X;OX(I?) ;X(U) < max UZ:IX(U) ~
u€A u€A

We may now use the fact that

ds|u
to obtain
(2.10) D> x(w) =D x(u)xa(u)
u<zx u<x
u€A a

Y xw) Y y(%)h(d}

u<lz ds|u
= > h(dx(d) Y v(g)x(q)
d<zl/s q<z/d*

for any non-principal X. Recall that v is supported on U, and put

P=1]»

p<z
pgU

so that w(P) < Clogz by our assumption on U, where 0 < C <
1/log2(1 — (1/s)) and w(P) is the number of distinct prime factors of
P. Using this, one can deduce

(2.11)
S vlax@ = > x(@)=> X)) _ ud)
= B =
= ZM(d)X(d) Z X(]) =0y (20.)(}’)) = O (xC log2) ’
d|P j<z/d

where we used the fact that

> X() = 0x(1)

j<a/d
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since X is non-principal (or it is O(vklog k) by the Polya-Vinogradov
estimate). As a consequence of (2.10) and (2.11),

(212) max Z X(u) — Ok (x(l/s)+c log 2)

XF#X
#Xo i<e
ueA

follows. Combining (2.5), (2.8), (2.9) and (2.12), one sees that

(2.13) > 1=+ 0,

u<lx
u€A
u=b (mod k)

where 0 = max((1/s) + Clog2,1 —¢) < 1. Next consider

(2.14) o= pua > L
d|n

u<zw m<z/d
u€A meA
u=b (mod k) dm=b (mod k)

(u,n)=1

Since u = dm and (u, k) = 1, we see that (d, k) = 1. Using (2.13) and
(2.14), we have

(2.15)

Suw Y 1s d};uw(% +ou(%))

m<z/d
meA
m=bd (mod k)
o(n)ax

_ §
= 7nk +Ok,n($ )

Note that, if u € A and (u,n) = 1, then un € A since n € A and A is
multiplicative closed. Moreover using (2.4), it is easy to see that

o(un) > w > M.

un n

(2.16)

If un <z, then u < z/n, and using (2.15), we have

(2.17) Yoo~ plmaz

n2k
ucA
u=bn (mod k)
(u,m)=1
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so that the set

{veA:va (modk),@>Mt}

contains a set of density ¢(n)a/n%k by (2.17). Note that ¢(n)/n? >

1/nloglogn and, to estimate n = n(t), we use the prime number
theorem with de la Vallée Poussin error term to get
(2.18)
logn= Y logp< ) logp=y (1 +0 (e’cv logy)) =e'(1+0(1))
P<y p<y
peEA
(pk)=1

for some constant ¢ > 0. Therefore, replacing ¢ by ¢t/M and absorbing
both a/k and loglogn = O(t) into the exponential, one can deduce
from (2.17) and (2.18) that the set

v

{veA:va (mod k), ”(”)>t}

contains a set whose density is at least

exp {—eEt(l + 0(1))}

for any constant

1 m2e™ 1
E=—> II (1 + —).
M
6 p¢ Aor p
plk

This completes the proof of Theorem 1. o

3. Proof of Theorem 2. Let k € A be fixed, and let A be the set
of [-free numbers not divisible by a thin subset of primes. Note that,
using Rankin’s method, we have

(3.1) Y o< Y (%)m

n<zx n<zx
ncA neA
n=b (mod k) n=b (mod k)

n>tp(n)
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for every integer m > 0. Again, by the orthogonality of Dirichlet
characters modulo k, the right side of (3.1) becomes

52 n \" 1 n \"
Z (tw(n)) o) Z (w(n))
nzbn(if;d k) (Jf;f)i1
+ X;O X X X <tcpT(Ln) ) "

neA

To study the main contribution in (3.2), consider

(33) ) (ﬁ)m: ) mm(ﬁ)m.

n<lx n<lx
( nE)A L (n,k)=1
n,k)=

Since X 4 is multiplicative, the partial sums on the right side of (3.3) can
be determined with the help of its Dirichlet series and Euler product
(3.4)
X m —1)m —1)m
> a(n)(n/om)™ _ 11 <1+ (p/p=1)" (/P —1) >

s s I—1)s
n>1 n peEA p p( Y
(n,k)=1 (pk)=1
-] <1+ (p/p—1)™(1 - (1/p(”)s))>
pEA p* = 1
(pk)=1

which is valid for all complex numbers s with Re (s) > 1. To complete
the product on the right side of (3.4), note that it can be written as

p

m — S -1
I (1+ (p/p—1)"(1 = (1/p"") )))
s 1 .
p¢ A or p
plk
Since the primes p ¢ A form a thin subset and satisfy

Z 1 =0O(logx),

p<z
p¢A
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we see that 1

s
pgA p

converges for any 1/2 <y < 1. Fix such an ny and consider the half
plane of complex numbers s with Re (s) > no. Since

P \"_om 1
G25) |=2 e g2
we have
5 [(p/p =)™ (1 = (1/p"D))] <y 2mH
lp* — 1] p*® —1|
PEA PEA
<<mz Res_ <<’”Z_<
peA pééA
Observe that
—1)m(1 = (1 (I-1)s
11 o /e =) (S_l(/p ))'
p¢ A or p
plk
_ I ‘1 L /=" - (1/p”‘”s))‘
p¢ A or pr-1
plk
I(p/p—1)™ (1= (1/pt= %)) | >[p*—1]
—1)™(1 - (1 (I-1)s
" I ’1+(p/p "= (1/p ))‘.
p*—1
p¢ A or
plk

|(p/p—1)™ (1= (1/p" %)) |<|p*~1]

Note that the condition

Kﬁ)m(l‘lﬁﬂﬂzf—u

can hold for only finitely many primes p, since

im (P (1oL )=
p—oo \p—1 pl=1)s
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and

lp* =1 >[p°|-1>p—1
>VE—-1>1

when p > 5. Taking into account the finitely many prime divisors of k
as well, we see that

H 1+ (p/p - 1)m(1 — (1/p(l—1)s)) ‘

p¢ A or pr-1
plk
Zno.k,m, A
" 11 <1 /D)™ - (1/p(l1)s))|)
P or lps — 1]
plk
[(p/p—1)™ (1—(1/p" D)) |<|p*—1]

1

> -
Z S Ay >0

where C(no, k,m, A) > 0 is a constant depending only upon 79, k, m, A.
Consequently, one obtains that

(p/p—1)™(1 = (1/p"- Do)\~
(3.6) pgllr <1+ po— ) < C(no, k,m, A)
plk

for all complex numbers s with Re (s) > 79 and some fixed 1/2 < g <
1. We remark that the full force of the assumption on p ¢ A will be
exploited in the estimation of the error term in (3.2). We may now
write, for Re (s) > 1,

—_1\Ym(1 — (I-1)s
I | e R OLC)

p
where

(38)  F(s)=]] (1 _ ig) (1 L pp=1)"(1 - (1/p(l1)s)))

PP =1
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in (3.7). It turns out that F'(s) is analytic more to the left of the half
plane Re(s) > 1. To make this precise, note that, if we expand the
product

then the terms

and

1
= O<lee (9))

dictate a half plane of analyticity for F'(s) in (3.8). Therefore, F(s)
is analytic for Re (s) > 1/I (note that 1/l < 1/2). Now we may use a
truncated form of Perron’s formula (see [6]). Precisely, let f(n) be an
arithmetic function with the corresponding Dirichlet series

‘ (p—1)mpts

o0
v f()
P=3 L0
n=1
having finite abscissa of absolute convergence o,. Then, for any
¢ > max(0, 0,), non-integer value of > 1 and T' > 0, the formula

1 c+iT xs
gf(") =5 /C_iT ~F(s)ds + R(x,T)

holds, where

oS Ul
Bz, T)| < 7 > ne [log(z/n)|’

n=1

In particular, if [f(n)] < n* for any A > 0 and z is chosen as the
average of two consecutive integers, then one further obtains

\R(z,T)| = 0A<xc;>
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for any A > 0. Since

for any A > 0, one arrives at the formula

n m c+iT Z‘S
(3.9) 3 <—) ! L) F()P(s) ds

n<x (p(n) B 2mi c—iT
neA
(n,k)=1
chr)\
Oxk;m ;
+ O\ i, ,A( T )

for any A > 0, where ¢ > 1, T" are to be chosen later and

(310) P(S) _ H (1 i (p/p — l)m(l — (l/p(l—l)s))>1.

L
p¢ A or p 1
plk

Let C; be the line segment connecting ¢c—iT and c¢+4T'. Also, let Cy, C3

and Cy be the line segments connecting ¢ + i1 to ng + i1, 1o + i1 to

1o — i1 and ng — T to ¢ — iT', respectively. Let C* be the rectangular

contour oriented in the positive direction whose sides are the Cj’s.

Applying Cauchy’s residue theorem to C'*, one obtains:

(3.11)
i

%{ / . / E / -+ / 4 }””— ((s)F()P(s) ds = F(1)P(1)z.

Using well-known estimates on the Riemann zeta function (see [14]) in
the form

()] <o [E]' 0 < /1],

since 19 > 1/2, which is uniform for [¢| > 1, and then combining
this with (3.6), (3.10) and the fact that F(s), P(s) are both uniformly
bounded in terms of 79, k,m,A for Re(s) > ny, one derives the
estimates

(3.12) ‘/C/C

c

< ! /C Pdp < ’
— x _.
VT o r VTlogz
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To estimate the line integral over Cs, one can first refer to symmetry
and then partition the interval [0,T] as [0,1] U [1,T]. It follows that
Je
T .
¢ (no +it)]| ‘ ‘
—l—x”"/ —————=|F(no + it)||P(no + it)| dt.

[ L + 1) [P+ )

Clearly, the integral over [0,1] is bounded by a uniform constant in

terms of 79, k,m, A. Also, by the uniform estimate on the Riemann
zeta function given above for [t| > 1, we see that

T T
t
/ Sl / 7\/— dt < 2™ VT.
1 1

no + it|
Gathering these estimates finally gives

J-

for T > 1. In (3.12) and (3.13), the implicit constants all depend upon
no, k,m, A. Let T = 2¢ with £ > 0 such that 19 + (£/2) < 1. Then we
may choose ¢ > 1 to satisfy ¢ < 1+ (£{/2). As a consequence of (3.9),
(3.11), (3.12) and (3.13), one can deduce the asymptotic formula:

1 n \" 1 L
(3.14) D) > <W) —mF(l)P(l)x‘FOno,km,A(ﬂf)

1 .
¢ (no + it)] : :
< g ——— | F(ng +it)||P(ng + it)| dt
/0 o + 7] |F'(no + it)||P(no + it)]

(3.13) < 2™ 4 2™VT < 2T

n<x
nc€A
(n,k)=1
for some 0 < p < 1. To rewrite the constants on the right side of (3.14),
observe that

1
(3.15) — s FOP()

1 1 (p/p—1)"(1—-(1/p1)
-z 1l (1_5> 11 <1+ p—1 )
_Ca 1 (p/p—1)™(1—(1/p"h)

ok pg (1 p><1+ p—1 >

(p,k)=1
_Ca (1-(/p) 1=/ -1
== ,E, <1+ . )



730 EMRE ALKAN

Combining (3.14) and (3.15), one obtains that

1 n \"
19 o5 2 (o)
neA
(n,k)=1
c 1-(/p) Q- (/") -1
RS )
(pk)=1

for some 0 < 1 < 1. To estimate the error term in (3.2), note that
n
(3.17) Xa(n) ZZl/(E),uU(d),
dt|n

where v is the characteristic function of the set of integers all of whose
prime factors are in U, and py is the Mo6bius function supported on U.

Using (3.17) and denoting by [v1, ... ,v;,d'], the least common multiple
of vi,...,vj,d', we have
n m
319 3 x0)(s)
; p(n)
n€A

=) So(§ )@

Il
]
=

S
=
]
=
S
S
A/~
SH
~—
A/~
s
—

q<z/[v1,... ,v5,d]

— Ok (xBlog2+(1/l)(10gx)m) _ O(LC)
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by estimating the sum over ¢ similarly as in (2.11), where we further
used the fact that v is completely multiplicative. Collecting (3.1), (3.2),
(3.16) and (3.18) together gives

(3.19)
lim su l Z 1] < lim 1 Z ( n )m
rc—>oop z n<z el n<z th(’I’L)
neA neA
n=b (mod k) n=b (mod k)
n>tp(n)
_ R(m)
tm

for every integer m > 0, where there is no further need to distinguish
between integer and non-integer values of = on the left side of (3.19),
and

m) e CA 1-Q1/p)ma-(0/p'h) -1
(3:20) R(m):= = ,E, (1+ 5 )
(p,k)=1

Next we take m = m(t) = [ylogy], where y = e'*" . To estimate the
product in (3.20), let us write

(3.21) I =10 Il =~-Pr

PEA p<y P>y
(p,k)=1 peEA pEA
(p.k)=1 (p.k)=1

Using log(1 + z) < z, one obtains
(3.22)
log P, = Z log

p>y
pEA
(p,k)=1

(1 L a=Qa/p) A= (/") - 1)
p

1—(1/p)) ™ —1
)

P>y

1—(1/p) ™ -1 1-(1/p) ™ —1
Z( (1/p)) +Z( (1/p)) .

p p

y<p<m p>m
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Observe that

(3.23) <1 _ l) T mmlog(1-(U/p) _ gm((1/0)+0(1/5)
p

Using (3.23) and the fact that e* = 1+ O(z) when |z| is bounded, one
gets

1—(1 -m—1
(3.24) 3 (1={1/p) <Y Z=o)
p>m p p>m
and
(3.25)
Z 1-Q@1/p)™-1 < Z L m/m+oam?)
y<p<m p y<p§mp
1
= Z = exp <@ + O(l))
y<pSmp b
> e [T
< —eMP & ™" dt
By v tlogt
logy Lu
Y
<L — —du < )
logy J; U (logy)?

where we used the change of variable u = m/t. Therefore, combining
(3.22),(3.24) and (3.25), we have

(3.26) log Py < —%—.
log”y

Next observe that

L G- )y <1/pl—1>>>.

p

(3.27) log P, < Z log(
p<y
pEA
(p,k)=1
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Using log(1 + z) <logx + (1/x), one gets from (3.27) that
(3.28)

-1
1
log P, < — Z logp + mlog H (1——)

p<y p<y p
pEA peEA
(p,k)=1 (p,k)=1
+ log H ( )
p<y
pEA
(p,k)=1
m 1 —1
=2 () (o)
p<y
peEA
(p,k)=1

Similarly as above, one can show that

(3.29)
1 m 1 —1 1 m—1
S o(1-3) (1-55) = X (-5
p pit p
= =
P P
(p,k)=1 (p,k)=1
—m/p Yy
< e < .
Zp 1og2y
p<y

Moreover, using a strong form of Mertens’ estimate due to Vinogradov
[17, 18] (see also [12] and the recent work of Languasco and Zaccagnini
[11] for even stronger forms), we have

(3.30)
1 _
log H (1——) 1ogH <1——> + log H (1——)
p<y P<y p<y
pEA p¢A or
(p.k)=1 plk

= log (e'y logy + O (e‘cﬂ\/@))
—logCar +o(1)

e—¢o logy
logt o<7v>
logy

—logCa +o(1)
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for some constants cp > 0 and C4 ; > 1. One has to look for a finer
estimate for the o(1) term in (3.30). To this end, note that

(3.31)
3 1og<1__> T 1og(1__)
p<y p¢ A or
p¢ A or plk
plk
1
+Ok<z log <1——)D.
P>y p
p¢A
Since

D

P>y

1
log <1——>’ —0
p
PEA

as y tends to infinity, it follows that

1
—logCa = Z log (1 - }_9)

p¢ A or
plk
Clearly,
1
(3.32) Zlog(l——)‘2—<22—
P>y p p>y P P>y
pgA pEA pEA

holds. Let p,, be the nth prime not in A. Since

Zl: Zl:nSBlogpn,

P<pn p<pn
pgA pgU

pn > n? holds for all n large enough. Therefore,
1
3.33 — + - —
(3.33) Z > Z 7

psy P n>f n<f
p¢A
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follows. Gathering (3.30)—(3.33), we see that

(3.34)
-1
mlog H (1——) :mlogt—i—O(ye*cOVlogy)
P<y
peEA
(p,k)=1

— (log Ca)[ylogy] + O (Vylogy) .
Combining (3.28), (3.29) and (3.34), we have

(3.35)
log P, < mlogt— (logCax)lylogy] — Z log p
p<y
peEA
(p,k)=1
+log ] (1——)+O( )

o<y log® y

pEA

(p,k)=1

It follows from (3.19), (3.20), (3.21), (3.26) and (3.35) that

C
limsup | — 1] <=2 exp (log Py + log P, — mlogt)
T—00 x n<w k
€A
n=b (mod k)
n>te(n)

Ca 1
<+ 1l <1—ﬁ>
p<y
peEA

(p,k)=1

> 10gp+0(10g y))

p<y
pEA
(p,k)=1

This completes the proof of Theorem 2. O

X exp < (log Cak)[ylogy] —

Acknowledgments. The author is thankful to the referee for helpful
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