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EXISTENCE-UNIQUENESS OF THE SOLUTION FOR
NEUTRAL STOCHASTIC FUNCTIONAL
DIFFERENTIAL EQUATIONS

LINGYING TENG, LI XIANG AND DAOYI XU

ABSTRACT. The main aim of this paper is to develop
some basic theories of neutral stochastic functional differential
equations (NSFDEs). Firstly, we establish a local existence-
uniqueness theorem under the local Lipschitz condition for
the right side and a lower Lipschitz condition for the left side
of the equation. Then continuation theorems and global ex-
istence theorems for NSFDEs are obtained. Some classical
results, such as the Picard local existence-uniqueness theo-
rem, continuation theorems and the Wintner global existence
theorems for deterministic differential equations, are extended
to the NSFDEs. Two examples are given to illustrate the ef-
ficiency of our results.

1. Introduction. Many physical phenomena can be modeled by
stochastic dynamical systems whose evolution on time is governed by
random forces as well as intrinsic dependence of the state on a finite part
of its past history. Such models may be identified as SFDEs. Neutral
stochastic functional differential equations (NSFDEs) not only depend
on past and present values but also involve derivatives with delays. In
recent years, investigation of NSFDEs has attracted the considerable
attention of researchers, and many qualitative properties of solutions
to NSFDEs have been obtained [1, 7, 8].

Mao [8] considered the following NSFDE of It6-type with finite delay

(1)  dlz(t) — G(z)] = f(t,z) dt + g(t, xy) dw(t), to <t <T,

with the initial condition
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(2) Tty = ga

where z4(s) = z(t + s),s € [-7,0], 7 > 0, T is a constant, or T = o0.

Under G satisfying uniform Lipschitz condition with Lipschitz coef-
ficient k < 1, Mao obtained the existence-uniqueness of solutions of
the initial value problem (1) with (2) if f and g satisfy linear growth
condition and f, g satisfy uniform Lipschitz condition [8, Theorem
2.2, page 202] or quasi-local Lipschitz condition [8, Theorem 2.5, page
207]. Wei and Wang [11] gave the existence-uniqueness of solutions
for SFDEs with infinite delay under uniform Lipschitz condition and
weakened linear growth condition. Bao and Cao [1] extend the above
results to the NSFDE (1) and (2) with infinite delay. However, the
linear growth condition is strict, and many equations do not obey it
such as the examples in Section 6. Xu et al. [13, Lemma 3.1] obtained
the existence-uniqueness of solutions for SFDEs if f and g only sat-
isfy uniform Lipschitz condition. On the other hand, Xu et al. [15]
presented the Picard local existence-uniqueness theorem, continuation
theorems and the Wintner global existence theorems for SFDEs under
local Lipschitz condition.

Motivated by the above discussions, a natural question then is that
of asking whether the Picard theorem holds for general NSFDEs? That
is, is the local Lipschitz condition alone sufficient to prove a local
existence-uniqueness theorem for NSFDEs? Our first objective is to
give a positive answer of the above question under a lower Lipschitz
condition for the operator D. A local existence-uniqueness theorem
is given for NSFDEs by the contraction mapping principle. Under
the lower Lipschitz condition of D, our new theorems need only the
local Lipschitz condition without the linear growth condition; therefore,
the theorems cover a wider class of nonlinear NSFDEs. Our second
objective is to give some continuation and global existence theorems
for NSFDEs [15], which extend the related results in [1, 8, 11].

This paper is organized as follows. In Section 2, we introduce some
notations and definitions. Section 3 is devoted to obtaining the local
existence-uniqueness of solutions of NSFDEs. In Section 4, we will
establish some continuation theorems for NSFDEs. In Section 5, we
shall give the global existence theorems for NSFDEs. Two examples
are given in Section 6 to illustrate the efficiency of the obtained results.
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2. Preliminaries. In this section, we introduce some notations and
recall some basic definitions.
C(X,Y) denotes the space of continuous mappings from the topo-

logical space X to the topological space Y. Especially, let BC 2
BC([—T,0], R™) be the space of all bounded continuous R™-value func-
tions ¢ defined on [—7, 0] with the norm ||@|| = sup_,«s<q |¢(s)|, where
|-| is any norm in R™ and 7 is a fixed number or 7 = co. When 7 = 00

we mean, of course, that BC' 2 BC((—0,0], R™).

Let (Q, F, {Fi}t>1,, P) be a complete probability space with a filtra-
tion {F:}i>¢, satisfying the usual conditions (i.e., it is right continuous
and F;, contains all P-null sets in F). w(t) = (wi(t),... ,wm(t)T is
an m-dimensional Brownian motion defined on (Q, F, {F;}i>t,, P)-

For Banach space LP(€Q2, R"™), p > 0, we define the norm
elo = (Bla|)'/7, p> 0.

We also employ |- |q to denote the norm of Banach space LP(Q, R"*™),
p>0.

We shall adopt the usual manner (see [5, 8, 15]) and let LP(2, C'(J,
R™)), p > 0, be the space of (F, Borel C)-measurable maps Q —
C(J, R™) which are LP in the Bochner sense. Give LP(Q2, C(J, R™)) the

norm

1/p
el = [ [ swlewrar@)| = EBswletw)Pl e, p>o
O teJ teJ

where J C R. Especially, when J = [—7,0],
LP(Q,C(J,R™)) = LP(Q,C).
For convenience, we denote the norm of £ € LP(Q2, C) by
I€lle = €llai-ro = BIEI?, p>o0.
Let LY (Q,C([to — 7,a], R™)) be the space of all processes z(t) €

LP(Q,C([to — T,a], R™)) such that z(t) is Fy,-measurable for all ¢ €
[to — 7, to] and x(t) is Fi-measurable for all ¢ € [tg, a].
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Consider the following NSFDE of Tto-type
(3) dD(t,z¢) = f(t, @) dt + g(t, ) dw(t), to <t < T,
with the initial condition

(4) Lty = &,

where x4(s) = z(t + s) and s € [—7,0] can be regarded as a BC-valued
stochastic process. Since we only consider function z(¢) bounded on
[to — 7,t], then ||z:]| = sup_, .o |z(t + $)| always exists as a finite
number almost surely whenever 7 is a fixed number or 7 = co. For
convenience, we always define |||z¢||| = sup_,ocs<o|z(t + s)|; then
llze]| < |||x¢]|]- T is a constant, or T = co. B

Throughout this paper, we always set p > 2 and suppose ¢ €
LP(Q, BC) in (4) is an Fi,-measurable process and, for (3), let
f:[to, T) x LP(Q2, BC) — LP(Q, R™),
g:[to, T) x LP(Q, BC) — LP(Q), R™*™),
D: [ty,T) x LP(Q, BC) — LP(Q, R").

Definition 1. An R"-valued stochastic process x(t) defined on
to —7 <t < T is called a solution of (3) with initial data (4) if it
has the following properties:

(i) o(t) € L3 (@, C(lto — 7.T), R));

(ii) {f(tvxt)} € L%(ch([tO’T)’Rn)) and {g(t’xt)} € L%(Q’
C([to, T), B™™));

(ii) z¢, = € and, for each to < ¢t < T, D(t,z:) = D(to,&) +
ftto f(s,xs)ds + ftto g(s,25) dw(s) a.s.

Solution x(t) of (3) and (4) is said to be unique if any other solution
Z(t) is indistinguishable from it, that is,

P{a(t) =(t) forallte[to—7T)} = 1.

Definition 2. Let z(¢) on J; and Z(t) on Jy both be solutions of (3)
and (4) If J, C JQ, J1 75 Ja and P{x(t) = E(t) for allt € Jl} = 1,
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we say T(t) is a continuation of x(t), or (t) can be continued to J. A
solution z(t) is non-continuable if it has no continuation. The existing
interval of non-continuable solution z(t) is called the maximum existing
interval of x(t).

Definition 3. It is said that a sample path z(¢,w) explodes in
[to — 7, T) if, for any integer k > 0, there exists a time s € [to — 7,T)
such that |z(s,w)| > k. And the solution z(¢,w) of (3) and (4) explodes
in [to — 7, T) if there exists a measurable subset S C Q with P(S) >0
such that the sample path z(t,w) explodes in [tg — 7,T) for almost all
weSs.

Definition 4. The solution z(t) of (3) and (4) for ¢ € [tg, 5) is said
to be bounded if there exists a constant a = a(tg, &) > 0 such that

|z(t)|a < «, for all t € [tg, B).

Definition 5. The functional F' : [to, T) x LP(2, BC) — LP(Q2, R™)
is said to be quasi-bounded if, for any constant 8 € (t9,T") and o > 0,
there exists a positive constant M such that

|F(t, 9)lo < M,

provided that
t € [to, f] and [[¢llo <a.

Definition 6. The functional F : [to, T) x LP(Q2, BC) — LP(Q), R™)
is said to satisfy the local Lipschitz condition at point (Zo, &) if there
exist positive constants b, r and K such that

[E(t,¢) = F(t,9)lo < K¢ = ¢llo,

for all t € [to — b, to+b] N [to, T) and ¢,9 € S(&,r). Moreover, F is said
to satisfy the local Lipschitz condition in the region [tg, T') x LP(£2, BC)
if F satisfies the local Lipschitz condition for any point (, &) € [tg,T) x
LP(Q, BC).
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Definition 7. The functional D(t,a¢) : (—o0,T) x LP(Q, BC) —
LP(Q,R™) is said to satisfy the lower Lipschitz condition in J x
LP(Q, BC), J C (—o00,T) if there exists a positive constant K such
that

sup  [D(u+ 7, 2ytr) — D0+ 7, yp1r)| > Kllww — 30,
—oo<r<0
for all u,v € J and z,,y, € LP(Q, BC).

3. Local existence and uniqueness.

Lemma 3.1. Let p > 2. For any ty € R and 8 > 0, we let g be
a process in LP([tg, to + 8]; R™*™) such that EftOJFB lg(s)|[Pds < oo,

then
to+3 p
/ 9(5) du(s)

to+p
E < C,8"-2/°E / lg(s)[Pds,

to

where

Proof. The proof is similar to that of Theorem 7.1 [8, page 39], except
letting

t
:/ 19(5)[Pdw(s), Yt € [to, to + ],

and noting z(tg) = 0. So it is omitted. O

Lemma 3.2. Under the same assumptions as Lemma 3.1, then

/t:g<s> duo(s)|

E sup
to<t<to+8

to+p
< c,fPI2E / lg(s)[Pds,

to

where
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Proof. The proof is similar to that of Theorem 7.2 [8, page 40], so it
is omitted. ]

Theorem 3.1 (Local existence-uniqueness theorem). Assume that:

(i) f, g are continuous in [to,T) x LP(Q, BC) and satisfy the local
Lipschitz condition at (to,£).

(ii) D is continuous and satisfies the lower Lipschitz condition in
[to, T) x LP(2, BC) if we set x(t) = £(—7) fort < to—T when the delay
is finite and D(t,z¢) = D(to, &) for t <tp.

Then there is an h > 0 such that the initial problem (3) and (4) has
a unique solution on [to,to + h)

Proof. Since f and g satisfy the local Lipschitz condition at (¢o, &),
there exist positive constants by, r; and K7 such that

(5) |f(t,0) = f(t,¥)]la < Kill¢ — ¢,
(6) |g(ta¢)_g(tvw)|9 SKl”(b—’@[JHQ,
for all ¢ € [to,to + b1], and ¢, € S(&,r1).

From the lower Lipschitz condition, for all u,v € [tg, T) and ., ¥, €
LP(Q, BC), there exists a positive constant K, such that

(7) Sup<0 |D(’LL +, qurr) - D(’U +, yv+r)| > KOqu - yv”
—oo<r<

It implies that there exists a constant K > 0 such that
®) E sup [D(u+r,2usr) = DO+ 7 5040)[" 2 Kllzw = ollg-

—oo<r<

For £ € LP(Q), BC) and r; > 0, we will find an h > 0 and M* > 0,
and consider the complete metric space

9) Sh={x € LP(Q.BC(lto — 70 + ), R")) :
xy € S(&,ry) fort € [tg, to + hl;
|2(t2) — x(tr)]o < M|ty — t1]'/?

for t1,ts € [to,to +h]v Lt :g}
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The metric p of S}, is defined by
1/p

plz,y) = |E  sup |z(t) —y(t)”
to<t<to+h

Since f and g are continuous, |f(¢,&)|q and |g(t,{)|a are continuous
on t for the above given £ € LP(Q2, BC)). So, there exists a positive
constant M such that

(10)  [f(t, 8] < M, lg(t,&)]la < M, forallt e [to,to+ 1].

Firstly, we choose M* = [4P~Y(K!r{ + MP)(2 + ¢, + Cp,)/K]*/P and
0 < h < min{1,b;} satisfying that

1
= [T D M)+ )] <o

Later, h will be further restricted.

Let T" be the following transformation:

(11)
I(z(t)) : D(t,Txy) = D(t0,§)+f:0 F(s,25)ds
+ [ g(s,ws) dw(s), t € [to, to + ), x € Sh.
D(x(t) = &(t — o), t € [to — T, to),

Next, we prove

(12) I':S, — S

From (8) and (11), for any ¢ € [to, to + h], we have

K|Tay — €)% = K| Ty — x4, ||

<E sup [D(t+rTzer) — D(to + 7, 2e04r) [
—oo<r<0

<E sup |D(t+nrTxiy,)— D(to,§)"

to—t<r<0
(13) t+r p
<2P7'E  sup f(s,x5)ds| +2P'E
to—t<r<o0 to
t+r p
< s | gl duts)
to—t<r<0| Jto
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By Holder’s inequality, Jonson’s inequality and the local Lipschitz
condition, we obtain

O
< (-t B [ [f(s, 2 )lPds
to
< pr-lgp-1 / E[|f(s,25) = f(5. ) +1f(5,6)7] ds

t
<w12t [ (KY€l + M7 ds

to

< 2P RP (KT 4+ MP).

By Lemma 3.2, we obtain

p

t+r
19 B sw | [ gls.m)du(s
to—t<r<0| Jtq

t
< et — 1) P=2)/?E / lg(s, )P ds
to

t
<2227 [ Blg(s,2) - g(s. €7 + a5, P ] ds

to

t
< =2 [ Ko, — €]l + b7 ds

to

< 2PTLRP 2, (KPP + MP).
Thus, it follows from (13)—(15) that

1
Iz — €l1%, < = |47 (KTrE + MP)(WP + ¢, h/?)

<.

(16)
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From (8) and (11), for all ¢ty <#1 < t2 <to+ h, we have

(17)  K|Ta(t2) — Tx(t)[q
< K”Fxl‘a - Fxtl ||€1

<E sup |D(t2+7nTzt,4r) — D(t1 +r,Day,40) [P
—oo<r<0

<E sup |D(ts + r,Tz1,40) — D(to, &)P

to—t2<r<to—t1

+E sup |D(t2 + 7, F$t2+r) - D(tl + F$t1+r)|p

to—t1<r<0
to+1r to+1r p
<E sup / f(s,zs)ds + / g(s,x5)dw(s)
to—ta<r<to—t1 | Jto to

p
+E sup
to—t1<r<0

to+r
< 2P~ lRg sup H / f(s,xs)ds
to

to—ta<r<to—t1

to+r totr
/ f(s,zs)ds —|—/ g(s,zs) dw(s)
t

1+7r t1+r

p

to+r P
[ st |
to
to+r p
+2771'E  sup [/ f(s,zs)ds
to—t1<r<0 t1+r
to+1 p
+ / g(s,xs) dw(s) }
t1+7r
to+ta—11
<2 -ty B[ fse)ls
to
to+ta—11
+ep(ts —tl)(p’Q)/QE/ lg(s, )|Pds
to
to+1r
Hla—nrt sw B[ |f(sards
to—t1<r<0 ti+r

to+1r
+ Cp(ta —tl)(””)/2 sup E/ lg(s, zs)|Pds|.
to—t1<r<0 t14r
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Using local Lipschitz conditions like (14) and (15), we can get
(18)

4p71 KP p MP

Pa(tz) — Dty < LA AT
X [Q(tg — tl)p + Cp(tg — tl)p/2 + Cp(tg - tl)p/2]
< AP~ (EPr] + MP)(2+ ¢p + Cp)
- K

= [M*(t2 — t1)"/?]P.

(t2 _tl)P/Q

So, (12) holds.
On the other hand, from (8) and (11), for all u,v € S}, we obtain

(19)
KpP(Tu,I'v) = KE sup |[Tu(t) — Tv(t)|P
to<t<to+h
—K s |Tu—Tulf,
to<t<to+h
<E sup [D(to+h+rTugintr)
—oo<r<0

— D(t() + h + T, F’Ut0+h+7«)|p

<E sup [D(to+h+7Tusihir)
—h<r<0

— D(to + h+ 7, Lo i)

to+h+r
/ f(s,us) — f(s,vs)ds

to

=E sup
—h<r<0

to+h+r P
4 / 95, 4s) — g(s,vs) dw(s)

to

P
<2'"'E sup
—h<r<0

to+h+r
/ f(s,us) — f(s,vs)ds

to

P
+2P7'E sup
—h<r<0

to+h
< or-ipp-t / Bl f (s, us) — f(s, v,)Pds

to

to+h+r
/ 95, 1) — g(s, v,) dw(s)

to

to+h
+ 2P~ Lo, n(P=2)/2 / Elg(s,us) — g(s, vs)[Pds

to
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to+h
< 2P MRt 4 cph@/?)*l)/ KP|lus — vs|Bds
to
< 2PTLKP(RP £ c,hP)E sup  [Jug — ve||P
to<t<to+h

= 2P KP(hP 4 c,h?/2)E  sup [u(t) —v(t)[P.
to—T<t<to+h
For a given 0 € (0, 1), we may choose h such that
PIKP(hP 4 ¢,h?/?) < OK;
then, we can get

(20)  KpP(Tu,Tv) <OKE sup |u(t) —v(t)|]” = 0KpP(u,v).
to<t<to+h

Thus, I' : S, — Sp, is a contraction mapping in LP(Q, BC([ty — T,
to + h],R™)). Then I" : S; — Sj has a unique fixed point z in
LP(Q, BC([to — 7,to + h], R™)) which, as is easy to see, is a solution
of (3) with initial data (4). The proof is completed. O

Remark 3.1. Condition (ii) of Theorem 3.1 is general and reachable
because a similar assumption is required in many works on the qual-
itative analysis of NSFDEs. For example, in [1, 7, 8], D(t,z;) =
x(t) — G(z¢) and G(x¢) satisfies the uniform Lipschitz condition with
Lipschitz coefficient k < 1; then D(t, ;) satisfies condition (ii) of The-
orem 3.1.

In fact, since G satisfies the uniform Lipschitz condition, for all
¢, € BC([-,0],R")

(21) |G(¢) — G()| < kll¢ =4[, re(0,1).
Then, for all u,v € [to,T) and z,,y, € LP(£2, BC), we have

(22) sup  [D(u+ 7, Tyyr) — D(V 47, Yoir)]

—oo<r<0

> sup fr(utr)—yw+r) = sup [G(@utr) = Gyosr)]
—oo<r<0 —oo<r<0

Zlzw —yolll =5 sup [lzusr = yosr|

—oo<r<0

> (1= #)[[zw = yoll-



STOCHASTIC FUNCTIONAL DIFFERENTIAL EQUATIONS 631

Remark 3.2. Theorem 3.1 is also a generalization of the Picard local
existence-uniqueness theorem for NFDEs given by Driver in [3].

4. Continuation theorems. In this section, we will establish
some continuation theorems for the NSFDE (3) and (4). We will give
the conditions under which the trajectory (¢,z) of a noncontinuable
solution of [tg, 8) approaches the boundary of [tg,T) x LP(Q2, BC) as
t— B

Theorem 4.1. Let condition (ii) of Theorem 3.1 hold. Assume
that f and g are continuous and satisfy the local Lipschitz condition in
[to,T) x LP(Q, BC'). Then the following conclusions are true.

(I) The initial value problem (3) has a unique non-continuable solu-
tion x(t), whose mazimum existing interval is assumed to be [to— T, 3).

(II) For any compact set D1 C [to, T) x LP(Q, BC'),

(23) (t,x¢) ¢ Dy, for somet € [to, B).

Proof. From Theorem 3.1, the initial value problem (3) has a unique
solution z(t) € LP(Q, BC([to — T,t1], R™)). Note that a;, € LP(Q, BC)
and f, g and D satisfy the local Lipschitz condition and lower Lipschitz
condition in [tg,T) x LP(, BC). Thus, applying Theorem 3.1 to (3)
with the initial condition (t1,¢,), the solution z(¢) of (3) can be
continued to [tg — 7,t; + d1], where 47 is a positive constant satisfying
t1 + 01 < T. Furthermore, x(t) is the unique solution of (3) on
[to — 7,t1 + 01]. Repeat the above procedure, and define

B =sup{s € R: z(t) can be continued to [ty — T, s]}.

Then 8 € (to,T], xz(t) is the unique non-continuable solution of the
initial value problem (3) and its maximum existing interval is [to — T, 3).
Obviously, its maximum existing interval must not be [to — 7, 5] by the
same continuation method of x(t) at ¢t = ¢;.

Then, the proof of (I) is completed.

In (IT), the case 8 = T is trivial. So we suppose 8 < T. If
the conclusion of (IT) is not true, there are a compact set D; C
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[to, T) x LP(Q2, BC), a sequence of real numbers ¢, — S~ as k — +o00,
and a ¢ € LP(€2, BC) such that

(tg,xt,) € D1, (b,9) € Dy, (tr,xt,) — (B,9), as k — 400 a.s.
Thus, for any € > 0,

lim E sup |2, (0) — ¥(0)|P =0.
k—=+oc  ge[—r,—e]

Since z;(0) = x(t +6), —7 < 6 <0, and 7 > 0, this implies
Elz(8+0) —¢(0)" =0, —-T<6<0.

Hence lim,_,5- (t) exists. So, x(t) can be continued to [to — 7, 3].
This contradicts the fact that the maximum existing interval of x(t) is
[to — 7, 8). So, (I) is true.

Then, the proof of Theorem 4.1 is completed. i

Theorem 4.2. In addition to the conditions in Theorem 4.1, if
f and g are quasi-bounded, then for any closed bounded set A C
[to,T) x LP(Q, BC), the non-continuable solution x(t) of the initial
value problem (3) on [to — T, B) satisfies that:

(24) (t,x) ¢ A, for some t € [to, B).

Proof. The case § = T is trivial. So we suppose § < T. If the
conclusion of the theorem is not true, there must exist a closed bounded
set A C [to,T) x LP(Q, BC') such that

(25) (t,xy) € A, forall t € [to, 5).

From the boundedness of A, there exists a constant oy > ||£]|q such
that

(26) lzillo < aq, for all ¢t € [to, B).

By the quasi-boundedness of f and g, there is a positive constant u
such that

27 |fGadle <p, gt ze)la < p,  forall t € [to, B).
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By the uniqueness of the local solution of initial value problem (3) on
[to — 7, B), we have

t ¢
28)  Dltw) = Ditvae) + [ flsads+ [ gls,n)dus),
t1 t1
where to < t; <t < . So, by the same way in (17), we obtain for all
to <t <ty <p,

(29)  Kla(tz) —=(t)lg

to+tz2—11
<2 —apt [ B pas
to
to+ta—1t1

+ep(ts — 1) P22 / Elg(s, z)["ds

to

to+r
+(t—t)P sup / E|f (s, 2.)Pds
t

to—t1<r<0Jt,4r
to+1r
+ Cp(ta — tl)(””)/2 sup / Elg(s,zs)|Pds
to—t1<r<0Jty+r
< 2PpP(ty — t1)P + 2P (e + Cp)piP (b2 — 1)/,

This implies that {(¢t,z;) : to < t < B} belongs to a compact set
in [to,T) x LP(Q, BC). This contradicts Theorem 4.1, and we have
proved the theorem. ]

5. Global existence theorems. In this section, we will give some
global existence theorems for the NSFDE (3) and (4).

Theorem 5.1. With the same conditions as in Theorem 4.2, the
following conclusions are true.
(I) If solution x(t) of the initial value problem (3) is bounded, x(t)
exists on [to — 7,T).
(I1) If B < T, the solution x(t) of the initial value problem (3)
explodes in [to — 7, 3).

Proof. If conclusion (I) of the theorem is not true, we must have
B < T. From the boundedness of the solution of (3), there exists a
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constant «; such that
lztllo < aq, for all t € [to, B).

Then the non-continuable solution z(t) of the initial value problem (3)
satisfies that
(t,xy) € A, forall t € [to, 5),

where A = [to, 8] X {z: : ||zt < a1} is a closed bounded set in
[to,T) x LP(2, BC'). This contradicts Theorem 4.2, and conclusion (I)
is true. Conclusion (II) obviously holds by conclusion (I). Thus, the

proof is completed. a

Remark 5.1. In the BC space, a result similar to Theorem 5.1 is given
by Xu et al. [14]. Therefore, the following results still hold under the
local Lipschitz condition in BC' if the drift and diffusion coefficients are
square-integrable with respect to ¢ when the state variable equals zero.

In the following, we shall extend the main results in [1, 11]. To this
end, we shall introduce some notations and lemmas. For the vector
functions z(t) = (z1(t),... ,zm(t))T € C(R, R™), we denote

T(t) = (F1(t), ..., Tm(t)T,

T;(t) = sup x(t+s), i=1,2,...,m,
—7<s5<0

and define the Dini upper right derivative as follows:
DFa(t) = (DT ay(t), ..., DT an(t)",

D x;(t) = limsup ilt+h) - i(t)

- L i=1,2,...,m.
h—0+

Lemma 5.1 (Lemma 8.2 in [9, page 72]). Let h € C(R x R, R).
Assume that x(t) and y(t) are continuous. Furthermore, z(t) is a
solution of

Dta(t) < h(t,z(t)), t>to,

and y(t) is the mazimal solution of

y(t) = h(t,y(t), t=to.
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Then, for all t > tg,
z(t) < y(t),

provided that x(to) < y(to)-

Theorem 5.2. Let the conditions of Theorem 4.2 hold. Assume that
there exists a function F(t,u) € C([to,T) X Ry, Ry) such that, for all
t € [to,T) and ¢ € LP(Q, BC),

(30) lf &) +g(t, )P < F(&, [|0]7),

where F(t,u) is monotone nondecreasing and concave with respect to
u € Ry for each fized t € [to,T). If, for any v > 0 and arbitrary given
initial condition, the solution of the scalar differential equation

(31) u'(t) = yF(t,u),

exists on [to,T). Then any solution of (3) and (4) also exists on
[t() — T, T)

Proof. From Theorem 4.1, the NSFDE (3) with the initial condition
(4) has a solution z(t) = xz(t;tp,&) with maximum existing interval
[to — 7, 51). Now, we only need to prove 5, = T. If 81 < T, by
Theorem 5.1 there exists a measurable subset S C Q with P(S) > 0
such that z(t) explodes in [t — 7, 51) for all w € S. For any sufficiently
large integer n, we define the stopping times

Tn = ﬁl A lnf{t S [t()vﬁl) : |x(t)| Z TL},

where, as usual, we set inf @ = co. Clearly, the 7,,’s are increasing. So
they have the limit 8, = limy, oo 7.

Since D satisfies the lower Lipschitz condition in [ty, T') x LP(2, BC),
for any ¢ € [tg,T), there exists a positive constant Ky such that

sup  |D(t + 1, 2e4r) — D(to + 7, Ttg )| = Kolle — 24, ||
(32) —oo<r<0
> Ko(|lz]| — [1€]])-
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Let K = K{; then we can get

(33)
KE sup |z(t+7)]P < 2p*1KE||£||p
—7<r<0
+2P71E  sup |D(t + 7, 1yr) — D(to, &)|P.

—oo<r<0

Since
tATH
Dt Arvitine,) = Dlta &)+ [ Flsw)ds
(34) tATH 0
[ glem)dule). e lto, ).
to

By the assumptions, we obtain that
(35)
KEIglz(t A1p)|P < KEIg sup |z(t A1, +7)P

—7<r<0
< 2P KEIs|¢||P + 2P Els

x sup |D(t ATy + 7, Tipr,40) — D(to, §)IP
—oo<r<0

< 2P KEIs|¢||P + 27 Bl
tATHL+T
/ f(s,zs)ds

to

tAT+T
+ / o5, 24) dw(s)

to

< 2P KEIs|¢||P + 477 Els
tATHL+T
/ f(s,zs)ds

to
tAT+T
/ o5, 24) dw(s)

to

X sup
to—tAT, <r<0

p

p

X sup
to—tAT, <r<0

p

+4P7 1Bl sup
to—tAT, <r<0

< 2" 'KEIs|¢|”

tATh
+ 4718, — 1) 'Els / 1 (s, 25)Pds

to

tATH
447, (B1 — to) P PElg / l9(s, 2,)[Pds

to
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< 2'KEIg|¢|?
+ 4Pt {(51 — )" 4 cp(BrL — to)(p_Q)/Q] Elg

tATh
x / Fs, [l2:7) ds

to

< 2 KEIs (&P
+ 47! {(ﬁl —t0)P "+ (B — to)(p_Q)/Q]

tATH
« / F(s, Bls||z,||P) ds.

to

So, we can obtain

(36) ElIs sup |z(tAT1,+71)]P
—7<r<0

tATH
< M+ Mg/ F(s,EIs sup |z(s+7)|P)ds,

to —7<r<0

where My = 2P—1EIS||€||P and My = (4;"_1)/K[(61 — to)p_l + Cp(ﬁl —
to)(P—Q)/Q].

Define v(t) = Elssup_, <, <o |2(t + )P and

t
w(t) = My + MQ/ F(s,EIs sup |z(s+7)|P)ds.
to —7<r<0

Since F'(

tv
v(t) <w(t

u) is monotone nondecreasing with respect u, (36) yields that
) and

& {w’(t) = MyF(t,0(t)) < MyF(t, w(t)),

w(ty) = M.
For every ty <t, Lemma 5.1 shows that

vEAT) SwitAT) <ultAT), tE [ty f1), for each n > 1,
where wu(t) is the maximal solution of the equation

u'(t) = MaF(t, u(t)),
(38) {’U,(t()) = Ml.
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So,

(39) Els|z(81 A )P < u(By A1), for each n > 1.

Since the solution of (31) exists in [tg—7,T"), we have u(f1 A7,) < oo.
However, the left side of (39) approaches co as n — oo, which is a
contradiction. Consequently, the proof is completed. u]

By Theorem 5.2 and Lemma 5 in [15], we can get the following
generalization of the Wintner global existence-uniqueness theorems.

Corollary 5.1. Suppose that all the conditions of Theorem 5.2
are satisfied except that conditions (30) and (31) are replaced by the
following inequality:

(40) [F (&, @) +1g(t, @)IP < alt) + b(O)E(|[4]"),

where a(t), b(t) € C([to,T), R+) and k(u) € C(R4, Ry) is monotone
nondecreasing, concave and satisfies

teo du
(41) A Tk(u) = +o00.

Then any solution of (3) and (4) exists on [to — 7,T).

Remark 5.2. Corollary 5.2 is a generalization of Theorem 3.4 in [1]. In
fact, conditions (i) and (iii) of Theorem 3.4 in [1] imply that D satisfies
the lower-Lipschitz condition in [tg,T) x LP(Q2, BC) (see Remark 3.1),
and f and g satisfy the local Lipschitz condition in [tg, T) x LP(£2, BC).
Taking a(t) = b(t) = K(T) and k(u) = u, condition (40) becomes (ii)
of Theorem 3.4 in [1], which can guarantee that (41) holds.

The following theorems on global existence of the solution of (3), (4)
can be implied by the analogous methods in [15].

Let C12(R x R™, R) denote the family of all nonnegative functions
V(t,u) on R x R™ which are twice continuously differentiable in « and
once in t. For each V (t,u) € CY?(Rx R", R), we define an Ito operator
LV, associated with the NSFDE (3), from R x R™ to R by

LV(1,D) = Vilt, D) + Vi(t, D) (t,) + givacelg” (t2)Vong(t, )],
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ov(t,D
v, p)= 6D
ov(t,D ov(t,D
o) = (P5P 2R,
oV23(t,D
Voot.2) = (G550, )
? J nxn

Theorem 5.3. Let the conditions of Theorem 4.2 hold. Suppose
that there are functions V. € C%2([to — 7,T) x R",RT) and F €
C([to,T) x RY* x R, R") such that

(12) wox { 1 | iy vie.0)| | =,

1<ism | |D]|—oo [tg—7<t<T
(43) L
ELV(t,D) < F(t,EV(t,D),EV(¢,D)), forallte€ [ty,T), D € R",

where LV = (LV4,... ,LV;y,)T, EV = (EVi,... ,EV,,))T and Ry =
[0, 00).

Assume, moreover, that F' is an H,,-function and, for an arbitrary
given initial condition, the solution u(t) of the delay differential equa-
tion

(44) u(t) = F(t, u(t),u(t))
exists on [to — 7,T). Then any solution of (3) and (4) also exists on

[t() —T,T).

Proof. The proof is similar to that of Theorem 3 in [15] except for
establishing the relationship between x and D by the lower Lipschitz
condition

(45) 1Dt — Dy, ||| > Kollze — x4, ||, for all t € [to, T),
where Dy = D(t+ s) = D(t + s, 24+5). From (45), we can get

(El[|D: = Do [I7)V? > Kol — @rolle > Kollztlla — Kollze, o,

(46)
for all ¢ € [to, T).
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This implies that
(47)
Kollzsllo < BIID)? + (B[ De 1) + Kollat,

< (BlIDIP)"/? + | D(to, &)l + Kol |l for all ¢ € [to, T).

If the conclusion is not true, that is, x(t) explodes in the interval
[to — 7, T), then D also explodes in [tg — 7,T) by |z(t)|a < ||zt]|q and
(47), which contradicts the solution u(t) of (44) existing on [to—7,T'). O

Theorem 5.4. Let the conditions of Theorem 4.2 hold. Suppose
that there are functions V.€ CY%([ty — 7,T) x R",Ry) and F €
C([to,T) x Ry, Ry) such that

lim [inft0_7—<t<TV(t, D)] = 00,
(48) |D|—00 -
ELV(t,D) < F(t,EV(t,D)), forallt€ [ty,T), D € R".

Assume, moreover, that for an arbitrary given initial condition, the
mazximal solution u(t) of the differential equation

(49) u(t) = F(t, u(t))

exists on [to,T). Then any solution of (3) and (4) also exists on
[to - T, T)

6. Examples. To illustrate the efficiency of the results we obtained
above, in this section we will give two examples to which the existing
results cannot be applied.

Example 6.1. Consider the following NSFDE
(50)
dlz(t)+ax(t—7)] = —2?[x(t) +ax(t —7)] dt +a[z(t) + ax(t —7)] dw(t),

where a is a constant and « € (0, 1).

Clearly, here f does not obey the linear growth condition. But f and
g satisfy the local Lipschitz condition in [tg,T) x LP(2, BC) and D
satisfies the lower Lipschitz condition in [tg,T) x LP(§2, BC). Choose
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V(t,u) = u?; then we can compute the operator LV associated with
the NSFDE (50) as follows

(51) LV = —22%[z(t) + ax(t — 7)]* + a*[z(t) + azx(t — 7)]* < a*V.

Since the solution of the linear equation u(t) = a?u(t) is a global
unique existence, from Theorem 5.4 we can conclude the solution

of equation (50) is a global unique existence for any initial data
(to,€) € R x LP(Q, BC).

Example 6.2. Consider the following NSFDE

t

(52) d[x(t)—o.5 / ea<8*t>x(s)ds]

— 00

= [— xB(t) —xz(t)+ 0.5 /t e("(sft)x(s) ds| dt

—0o0

+ [0.5 /t 57 22 (s) ds} dw(t).

o0

Clearly, f and g do not obey the linear growth condition. But
f, g and D satisfy all the assumptions in Theorem 5.1. Let us set
V(t,D) =V, + Va + V4, where

t 2
e () ds| |

Vi = D(ta) = [a(t) - 0.5/

t s—t
Vo = / / e*z(s)|Pduds, p=2,4.

Computing the It6 operator LV associated with the NSFDE (52), we
have

(53)

v :2{33—0.5/

— 0o

X {—x3—x+0.5/

— 0o

+0.25[/t eV 22 () dsr

— 00

t

e p(s) ds}

t

e p(s) ds}
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t
=—22% — 222 + xg/ eV (s) ds

t t 2
+ 2x/ eV g(s)ds — 0.5 {/ e g (s) ds}

_ + 2
+0.25 / e 22 () ds]

LJ —00

< —1.25z% — 22

rrt 4 t 2
+0.25 / et (s) ds] +0.5 [/ ey (s) ds]

LJ —o0 -

_ + 2
+0.25 / e"‘(s_t)xQ(s)ds] .

LJ —00

By Holder’s inequality, we have

t 2 t 2
[/ e"‘(s_t)x(s) ds} = {/ e"‘/z(s_t)eo‘/Q(s_t)x(s) ds}

t t
(54) S/ ea(s_t)ds/ eo‘(s_t)xQ(s) ds

— 0o

1t
= —/ e 22 (s) ds.

& J oo

In the same way, we also get

t 4 1 t
55 et Na(s)ds| < = (5= g4 (g ds,
3

o o0
1

(56) [ [ ; e(a=0)32 ) dsr <1 / : e(5=024 (5 ds.

@ J

By the definition of V},, we can get

0 t
V= / s ds|a (b)) — / =0 |3(s)[Pds
(57) —o0 —o0

1 t
= Loy - / €+~ |z(s) P ds.

« —00
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From (53)—(57), we can obtain

LV =LV +Vy + V)

1 1
< —<1.25— —>a:4 - (1 - —)x2
[0 [0

t
(58) - (1 _025 %> / e a4 (s) ds

a3 a oo
0.5Y [
- (1 - —) / e 22(s) ds
« — 00
<0, fora>1.

By the It6 formula, we have
(59)

V(t, D(t, ) =V(to,D(to,xto))+/ LV (s, D(s,x5))ds

+/t Vb(s,D(s,xs)) - g(s,xs) dw(s), t € [to, B).

From the definition of V', we observe that, for any ¢t > to,
(60)  E|D(t,z;)|> <EV(t,D(t,x:)) < EV(to, D(to,x1,)) = H.

Clearly, H is a positive constant independent of t. Since D satisfies the
lower Lipschitz condition, from (45)—(47), we can get

0T Q> o0l|Tt||Q = vato Q 0 xto Q-
(61)  Kolz()la < Kollzella < H'Y? + |D(to, x1,)la + Koz, |

Therefore, we get the boundedness of the solution z(t). From Theo-
rem 5.1, the solution of equation (52) is a global unique existence for
any initial data (to,&) € R x LP(2, BC)).
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