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A NOTE ON SYMMETRY IN THE VANISHING OF EXT

SAEED NASSEH AND MASSOUD TOUSI

ABSTRACT. In [2] Avramov and Buchweitz proved that
for finitely generated modules M and N over a complete
intersection local ring R, ExtiR(M,N) = 0 for all i � 0

implies ExtiR(N,M) = 0 for all i � 0. In this note we give
some generalizations of this result. Indeed we prove the above-
mentioned result when (1) M is finitely generated and N is
arbitrary, (2) M is arbitrary and N has finite length and (3) M
is complete and N is finitely generated.

1. Introduction. Throughout the paper, R is assumed to be a
commutative Noetherian ring with unity and dim (R) < ∞. When R

is a local ring, for each R-module M , M̂ denotes the completion of M
with respect to the maximal ideal.

In [2, Theorem III] Avramov and Buchweitz proved that for finitely
generated modules M and N over a complete intersection local ring
R, ExtiR(M,N) = 0 for all i � 0 implies ExtiR(N,M) = 0 for all
i � 0. They were interested in determining a class of local rings which
satisfy this property. Then Huneke and Jorgensen [6] defined a class
of Gorenstein local rings, which they called AB rings, and they showed
that AB rings satisfy the above-mentioned property (see [6, Theorem
4.1]).

Using the notation of [1], for given nonzero R-modules M and N , we
define pR(M,N) to be

pR(M,N) = sup{i ∈ N | ExtiR(M,N) �= 0}.

Following [6], define the Ext-index of ring R, denoted by Ext −
index (R), to be the supremum of finite values of pR(M,N) for finitely
generated R-modules M and N . Furthermore, R is called an AB ring
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if it is a Gorenstein local ring of finite Ext-index. Notice that finiteness
of the Ext-index is a stronger condition than Auslander’s condition on
vanishing of cohomology that has been studied for several years and
recently is discussed in [4] (rings that satisfy Auslander’s condition,
are called AC rings).

Our aim in this note is to give some generalizations of the above-
mentioned result of Avramov and Buchweitz.

In Section 2 of this paper we introduce a special class of AB rings and
show that every complete intersection local ring belongs to this class.
Then we show the following theorem:

Theorem A. Let R be a d-dimensional complete intersection local
ring. Assume that M and N are two R-modules such that M is finitely
generated and N is arbitrary. Then:

ExtiR(M,N) = 0 for all i � 0 =⇒ ExtiR(N,M) = 0 for all i > d.

In Section 3 we are concerned with the property of symmetry in the
vanishing of Ext over complete intersection local rings when the module
which appears on the left-hand side is not necessarily finitely generated
and the right-hand side module is finitely generated. As we see in [9],
it is a general feeling that completeness is a kind of finiteness condition.
In this direction we prove the following theorem:

Theorem B. Suppose that R is a d-dimensional complete intersec-
tion local ring and M , N are two R-modules. If either M is of finite
length and N is arbitrary, or M is finitely generated and N is complete,
then:

ExtiR(N,M) = 0 for all i � 0 =⇒ ExtiR(M,N) = 0 for all i � 0.

2. Preliminaries and Theorem A. Let R be a Gorenstein local
ring and M a finitely generated R-module. Let M∗ denote the dual
R-module HomR(M,R). If M is a maximal Cohen-Macaulay (MCM
for short) R-module, then there exists a long exact sequence

C(M) : · · · −→ F2
∂2−→ F1

∂1−→ F0
∂0−→ F−1

∂−1−→ F−2
∂−2−→ F−3

∂−3−→ · · ·
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of finitely generated free R-modules such that M = Ker ∂−1 (see [6]).
Define the syzygies of M by Mi = Ker ∂i−1 for every integer i.

Lemma 2.1. Let R be a Gorenstein local ring. Suppose that M is
an MCM R-module and N is an arbitrary R-module. Then for fixed
t ≥ 3 and for 1 ≤ i ≤ t− 2 we have

ExtiR(M−t, N) ∼= TorRt−i−1(M
∗, N).

Before proving this, we should remark that this lemma was shown in
[6, Lemma 1.1] when N is a finitely generated R-module.

Proof. Let t ≥ 3 be an integer. By the above explications, there
exists an exact sequence of R-modules

0 −→ M −→ F−1
∂−1−→ F−2

∂−2−→ · · · −→ F−t −→ M−t −→ 0,

where each Fi is a finitely generated free R-module. Thus, we have an
exact sequence

F ∗
−t

∂∗
−t+1−→ · · · ∂∗

−1−→ F ∗
−1 −→ M∗ −→ 0

of R-modules. Therefore, the complexes

0 −→ HomR(M−t, N) −→ HomR(F−t, N) −→ · · · −→ HomR(F−1, N)

and

F ∗
−t ⊗R N −→ · · · −→ F ∗

−1 ⊗R N −→ M∗ ⊗R N −→ 0

of R-modules exist. Since each Fi is a finitely generated free R-module,
the natural maps

hi : HomR(Fi, R)⊗R N −→ HomR(Fi, N)

given by hi(f ⊗ n) = {a �→ f(a)n} are isomorphisms. For each i it is
easy to check that the diagram

HomR(Fi, R)⊗R N �

∂∗
i ⊗N

�

hi

HomR(Fi+1, R)⊗R N

�

hi+1

HomR(Fi, N) �

HomR(∂i+1,N)
HomR(Fi+1, N)
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is commutative. Hence for 1 ≤ i ≤ t− 2 we have

ExtiR(M−t, N)

= H
(
HomR(F−t+i−1, N) → HomR(F−t+i, N) → HomR(F−t+i+1, N)

)
∼= H

(
F ∗
−t+i−1 ⊗R N −→ F ∗

−t+i ⊗R N −→ F ∗
−t+i+1 ⊗R N

)
= TorRt−i−1(M

∗, N).

Definition 2.2. Set ξ(R) to be the supremum of finite values of
pR(M,N) where M and N are R-modules and M is finitely generated,
i.e.,

ξ(R) = sup
{
pR(M,N) | pR(M,N) < ∞ where M is

a finitely generated R-module} .
We say that the ring R has finite ξ (or is of finite ξ) if it satisfies
ξ(R) < ∞.

The following proposition contains some obvious properties of this
type of ring.

Proposition 2.3. (1) Suppose that R is a ring with ξ(R) < ∞.
Assume that x is a nonzero divisor on R. Then ξ(R/xR) < ∞.

(2) If R is a d-dimensional Gorenstein local ring with ξ(R) < ∞,
then ξ(R) = d.

(3) Every complete intersection local ring (R,m) has finite ξ.

(4) Every Gorenstein local ring with finite ξ is an AB ring.s

(5) Suppose that R is a ring with finite ξ. Then, for every p ∈
Spec (R), Rp is of finite ξ.

The proofs of (1), (2) and (3) are completely similar to the proofs of
[6, Propositions 3.3 (1), 3.2 and Corollary 3.5], respectively. However,
we give below the proofs for the convenience of the reader.

Proof. (1) Set n = ξ(R). Suppose that M is a finitely gener-
ated R/xR-module and N is an arbitrary R/xR-modules such that
ExtiR/xR(M,N) = 0 for all i � 0. By [8, 11.65], we have the following
change of rings long exact sequence

0 −→ Ext1R/xR(M,N) −→ Ext1R(M,N) −→ Ext0R/xR(M,N)

−→ Ext2R/xR(M,N) −→ Ext2R(M,N) −→ Ext1R/xR(M,N)
−→ · · ·
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and this gives ExtiR(M,N) = 0 for all i � 0. By our assumption we
have ExtiR(M,N) = 0 for all i > n. Using again the above change of
rings’ long exact sequence we obtain ExtiR/xR(M,N) ∼= Exti+2

R/xR(M,N)

for i > n − 1. Since by the assumption ExtiR/xR(M,N) = 0 for all

i � 0, we have ExtiR/xR(M,N) = 0 for all i > n − 1 and this shows

that ξ(R/xR) ≤ n− 1.

(2) Since id (R) = d, there exists a finitely generated R-module K
such that ExtdR(K,R) �= 0 and ExtiR(K,R) = 0 for all i > d. Thus,
ξ(R) ≥ d.

Suppose that ξ(R) > d. So there exist a finitely generated R-module

M and an arbitrary R-module N such that Ext
ξ(R)
R (M,N) �= 0 and

ExtiR(M,N) = 0 for all i > ξ(R). Since Md is a maximal Cohen-
Macaulay R-module, for all i > d we have the isomorphisms

Exti+1
R ((Md)−d−1, N) ∼= Exti−d

R (Md, N) ∼= ExtiR(M,N).

Thus, Ext
ξ(R)+1
R ((Md)−d−1, N) �= 0 and ExtiR((Md)−d−1, N) = 0 for

all i > ξ(R) + 1, which contradicts the definition of ξ(R).

(3) Suppose that M and N are two R-modules such that M is finitely
generated, N is arbitrary and ExtiR(M,N) = 0 for all i � 0. Since

R ↪→ R̂ is a faithfully flat homomorphism, we have ExtiR(M,N) = 0

for all i � 0 if and only if Exti
R̂
(M̂,N ⊗R R̂) = 0 for all i � 0. So we

can suppose that R is complete, i.e., R = S/(x1, . . . , xn) where S is
local regular and x1, . . . , xn is a S-sequence. Every finitely generated
S-module has finite projective dimension ≤ dim (S) and this shows that
ξ(S) ≤ dim (S). Now the assertion follows from (1).

(4) is trivial.

(5) Suppose that M is a finitely generated Rp-module and N is
an arbitrary Rp-module such that ExtiRp

(M,N) = 0 for all i � 0.

Write M = Rpy1 + · · · + Rpyt. Let M ′ = Ry1 + · · · + Ryt. We have
Mp

∼= M ∼= M ′
p. Thus, if F. → M ′ → 0 is a free resolution for M ′ as an

R-module, then F.⊗R Rp → M ′
p → 0 is a free resolution for M ′

p as an

Rp-module. So, we have ExtiR(M
′, N) ∼= ExtiR(M

′,HomRp(Rp, N)) ∼=
ExtiRp

(M,N). Therefore, ExtiR(M
′, N) = 0 for all i � 0. By the

assumption, there exists an integer c ≥ 0 such that ExtiR(M
′, N) = 0

for all i > c. Thus, ExtiRp
(M,N) = 0 for all i > c and this shows that

ξ(Rp) ≤ c.



334 S. NASSEH AND M. TOUSI

Remark 2.4. (1) Suppose that R and S are two rings and T is
an additive contravariant left exact functor from the category of R-
modules to the category of S-modules. Let Q → M → 0 be a left
resolution for the R-module M such that for all i > 0 and j ≥ 0 we
have (RiT )(Qj) = 0, where RiT is the ith right derived functor of T .
Then for all i ≥ 0 we have (RiT )(M) ∼= Hi(T (Q)).

(2) Let R be a ring and 0 → M ′ → M → M ′′ → 0 be an exact
sequence of R-modules such that idR(M) < ∞. Then for every R-
module N we have ExtiR(N,M) = 0 for i > idR(M). Thus, using the
long exact sequence

ExtiR(N,M) −→ ExtiR(N,M ′′) −→ Exti+1
R (N,M ′) −→ Exti+1

R (N,M),

we obtain that ExtiR(N,M ′′) ∼= Exti+1
R (N,M ′) for all i > idR(M).

Consequently, if there exists an integer c (respectively h) such that
ExtiR(N,M ′′) = 0 for all i > c (respectively ExtiR(N,M ′) = 0 for
all i > h), then ExtiR(N,M ′) = 0 for all i > sup{c + 1, idR(M)}
(respectively ExtiR(N,M ′′) = 0 for all i > sup{h− 1, idR(M)}).

Theorem 2.5. Let R be a d-dimensional Gorenstein local ring with
ξ(R) < ∞. Assume that M and N are two R-modules such that M is
finitely generated and N is arbitrary. Then:

ExtiR(M,N) = 0 for all i � 0 =⇒ ExtiR(N,M) = 0 for all i > d.

Proof. Let L be the dth syzygy of M in a free resolution. We know
that L is an MCM R-module and ExtiR(M,N) ∼= Exti−d

R (L,N) for all
i > d. This shows that ExtiR(L,N) = 0 for all i � 0. Thus, for
each t ≥ 1, ExtiR(L−t, N) = 0 for all i � 0. Since ξ(R) < ∞, then
for each t ≥ 1 and i > d, ExtiR(L−t, N) = 0. On the other hand
ExtiR(L−t, N) ∼= Ext1R(Li−t−1, N) for all i ≥ 1. Thus, for each t ≥ 1
and i > d, Ext1R(Li−t−1, N) = 0. Now by suitable changing of i and
t, we will have Ext1R(L−t′ , N) = 0 for each t′ ≥ 1. Therefore, by
Lemma 2.1, TorRt′−2(L

∗, N) = 0 for each t′ ≥ 3.

Therefore, if F. → N → 0 is a free resolution for N , then F.⊗RL∗ →
N ⊗R L∗ → 0 is an exact sequence. Also, L∗ is an MCM R-module.
Thus, for i ≥ 1 and every free R-module F , ExtiR(F ⊗R L∗, R) = 0. So
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by Remark 2.4, for i ≥ 1 we have ExtiR(N⊗RL∗, R) = Hi(HomR(F.⊗R

L∗, R)). Hence for i ≥ 1 we get the following isomorphisms

ExtiR(N ⊗R L∗, R) ∼= Hi(HomR(F.,HomR(L
∗, R)))

= Hi(HomR(F., L
∗∗))

∼= Hi(HomR(F., L))

= ExtiR(N,L).

But R is Gorenstein, so ExtiR(N ⊗R L∗, R) = 0 for i > d. Therefore,
ExtiR(N,L) = 0 for i > d. Now since id (R) = d, by Remark 2.4 (2) we
obtain that ExtiR(N,M) = 0 for i > d.

3. Theorem B. Let (R,m) be a local ring and E(R/m) the injective
envelope of the residue class field R/m. Recall that the Matlis dual
of an R-module T is HomR(T,E(R/m)) and is denoted by T∨. We
say that T is Matlis reflexive if T∨∨ ∼= T . Note that if T has finite
length, then T is Matlis reflexive. Furthermore, we have the following
isomorphisms for R-modules V and W :

TorRi (V,W )∨ ∼= ExtiR(V,W
∨)

and

ExtiR(V,W )∨ ∼= TorRi (V,W
∨) when V is finitely generated.

Proposition 3.1. Suppose that (R,m) is a d-dimensional Gorenstein
local ring with finite ξ. Then for every R-modules M and N , where M
has finite length and N is arbitrary, we have

ExtiR(N,M) = 0 for all i � 0 =⇒ ExtiR(M,N) = 0 for all i > d.

Proof. We have

ExtiR(N,M) ∼= ExtiR(N,M∨∨) ∼= TorRi (N,M∨)∨ ∼= ExtiR(M
∨, N∨).

Thus, by assumption and Theorem 2.5, ExtiR(N
∨,M∨) = 0 for all i >

d. Since ExtiR(N
∨,M∨) ∼= TorRi (N

∨,M)∨, we have TorRi (N
∨,M) = 0
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for all i > d. On the other hand TorRi (N
∨,M) ∼= ExtiR(M,N)∨.

Therefore, ExtiR(M,N) = 0 for all i > d.

By Theorem 2.5 and Proposition 3.1 we have the following corollary.

Corollary 3.2. Let R be an Artinian Gorenstein local ring with
ξ(R) < ∞. Assume that M and N are two R-modules where M is
finitely generated and N is arbitrary. Then:

ExtiR(N,M) = 0 for all i � 0 =⇒ ExtiR(M,N) = 0 for all i > 0.

Theorem 3.3. Suppose that R is a d-dimensional Gorenstein local
ring with ξ(R) < ∞. Assume that M is a finitely generated R-module
and N is a complete R-module. Then:

ExtiR(N,M) = 0 for all i � 0 =⇒ ExtiR(M,N) = 0 for all i � 0.

To prove this theorem, we need the following preliminaries.

Definition 3.4 [9]. Let (R,m) be a local ring and N an arbitrary R-

module. Let τN : N → N̂ be the natural morphism. We say that N is
quasi-complete if τN is surjective and N is separated if τN is injective.
Now N is complete when τN is bijective.

Remark 3.5. Suppose that (R,m) is a local ring and N is an arbitrary
R-module. Let 0 → K → L → L/K → 0 be an exact sequence of R-
modules. From [7, Section 8], recall that

(1) N is separated if and only if ∩nm
nN = 0 for all n ∈ N ∪ {0}.

(2) L/K is separated if and only if K is closed in L.

(3) Using [9, 1.2, Corollary] and (2), we get that if K is closed in L
and L is quasi-complete then L/K is complete.

(4) Suppose that J is a set of indices and {Mn}n∈J is a set of R-
modules. By [9, 9.4], the completion of M = ⊕n∈JMn is

M̂ =
{
(mn)n∈J ∈

∏
n∈J

M̂n| for all s,

but finitely many mn belong to msM̂n

}
.
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Lemma 3.6. Let (R,m) be a local ring. Then every complete flat
R-module is the completion of a free R-module.

We remark that the converse of this lemma is also true (see [9, 2.4]).

Proof. Suppose that F is a flat R-module. Then by [10, Proposition
2.1.12 (i)] there exists a free R-submodule L ⊆ F such that the natural
injection ρ : L → F is pure (i.e., ρ ⊗ IdH : L ⊗R H → F ⊗R H is
injective for every R-module H) and L is dense in the m-adic topology
of F (i.e., ∩n≥1(L+mnF ) = F or L+mnF = F for all n). This implies
that L/mnL ∼= F/mnF for all n. Therefore, when F is a complete flat

R-module we have F ∼= L̂.

Lemma 3.7. Let (R,m) be a local ring and x ∈ m is a nonzero divisor
on R. If F is a complete flat R-module, then F/xF is complete, i.e.,
xF is closed in F .

Proof. It is mentioned in Lemma 3.6 that F is the completion of
a free R-module L. As we see in Remark 3.5 (4), L̂ is a submod-

ule of S =
∏

n∈J R̂n where, for each n, R̂n = R̂. But S/xS ∼=
R/xR⊗R S ∼= ∏

n∈J(R̂n/xR̂n). Since R̂n/xR̂n is complete, by [9, 1.5],∏
n∈J (R̂n/xR̂n) is complete. Hence S/xS is complete and by Remark

3.5 (1), we have ∩n≥0m
n(S/xS) = 0. On the other hand, by [9, 2.4],

the map L̂/xL̂ → S/xS is one to one. Now since ∩n≥0m
n(L̂/xL̂) →

∩n≥0m
n(S/xS) is one to one, we have ∩n≥0m

n(L̂/xL̂) = 0. Thus, by

Remark 3.5 (1), (2) and (3), F/xF ∼= L̂/xL̂ is a complete module.

Lemma 3.8. Let (R,m) be a local ring and M a complete R-module
in m-adic topology. Suppose that x ∈ m is a nonzero divisor on both R
and M . Let

0 −→ T −→ F −→ M −→ 0

be an exact sequence of R-modules where F is a complete flat R-module.
Then both T and T/xT are complete in their m-adic topology.

Before proving the lemma, we should remark that M/xM is not
necessarily complete, because xM is not necessarily closed in M . The
following is an example of A.M. Simon.
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Example 3.9. Let R = k[[X,Y, Z]], where k is a field. Put
Mn = R/(XY − Zn), and let M be the completion of ⊕∞

n=1Mn as
described in Remark 3.5 (3). In fact

M =
{
(mn)n≥1 ∈

∞∏
n=1

Mn | for all s,

all but finitely many mn belong to msMn

}
.

Thus, M ⊂ ∏∞
n=1 Mn. Note that X is regular on R and M . De-

note the images of X , Y , Z in Mn with xn, yn, zn. Let wt =
(z1, z

2
2 , z

3
3 , . . . , z

t
t , 0, . . . ) for each t. We have that wt = X.vt, where

(vt)i = yi if i ≤ t and (vt)i = 0 otherwise. Thus, wt ∈ XM . The
Cauchy sequence wt has its limit in M −XM ; indeed, we have

lim
t→∞wt = (z1, z

2
2 , z

3
3 , . . . , z

t
t , z

t+1
t+1 , . . . )

and (z1, z
2
2 , z

3
3 , . . . , z

t
t , z

t+1
t+1 , . . . ) = X(y1, y2, y3, . . . , yt, . . . ) which is

not in XM because by the above-mentioned structure of M , (y1, y2, y3,
. . . , yt, . . . ) is not an element of M .

Proof. Since M is complete, T is closed in F and thus complete
(see [9, 1.3, Proposition]). With our hypothesis, we also have an exact
sequence

0 −→ T/xT −→ F/xF −→ M/xM −→ 0.

Thus, xT = T ∩xF and xT is closed in T because T → F is continuous.
Consequently, by Remark 3.5 (3), T/xT is complete.

Lemma 3.10 [5, page 85, Corollary 3.2.7]. Suppose that S is a
Noetherian ring with dim (S) < ∞. Then for every flat S-module F we
have pdS(F ) ≤ dim (S).

Lemma 3.11 [3, page 79, 3.3.4]. Let R be a Gorenstein local ring.
Then an R-module X has finite flat dimension if and only if it has
finite injective dimension.

Lemma 3.12 [9, 1.5, Lemma]. Let S be a ring and a an ideal of S.
Let M be a complete S-module in a-adic topology. For each S-module N
and for some i, if ExtiS(N,M) = aExtiS(N,M), then ExtiS(N,M) = 0.
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Now we can give the proof of Theorem 3.3:

Proof. We proceed by induction on d. The case d = 0 has been
proved in a stronger form in 3.2.

Assume that d ≥ 1. Suppose that P. → M → 0 is a free resolution
of M . Consider the short exact sequence Λ : 0 → M1 → P0 → M → 0.
Since idR(P0) = d, using the short exact sequence Λ, hypothesis and
by Remark 2.4 (2), we have ExtiR(N,M1) = 0 for all i � 0.

On the other hand, by [9, 2.5, Proposition], there exists a complete
flat resolution F. → N → 0 for the R-module N . By Lemma 3.8,
N2 is a complete R-module. Also by Lemma 3.10, for all j we have
pdR(Fj) ≤ d. Using the exact sequences Ωj : 0 → Nj → Fj−1 →
Nj−1 → 0 for j = 1, 2 and the fact that pdR(Fj−1) ≤ d, we obtain
ExtiR(N2,M1) = 0 for all i � 0. Since depth (R) ≥ 1, there exists an
element x of m which is a non-zero divisor on R, M1 and N2. Thus, we
have the long exact sequence

ExtiR(N2,M1) −→ Exti+1
R (N2/xN2,M1) −→ Exti+1

R (N2,M1)

obtained from the short exact sequence

(‡) 0 −→ N2
x.−→ N2 −→ N2/xN2 −→ 0

By hypothesis, we have ExtiR(N2/xN2,M1) = 0 for all i � 0.
Therefore, by [7, page 140, Lemma 2], ExtiR/xR(N2/xN2,M1/xM1) = 0
for all i � 0.

Now R/xR is a (d− 1)-dimensional Gorenstein local ring with finite
ξ (see Proposition 2.3). Also by Lemma 3.8, all Ni/xNi are complete
for i ≥ 2 and consequently by the inductive hypothesis we have
ExtiR/xR(M1/xM1, N2/xN2) = 0 for all i � 0. Therefore, again by

[7, page 140, Lemma 2], ExtiR(M1, N2/xN2) = 0 for all i � 0. Using
again the short exact sequence (‡), we obtain the long exact sequence

ExtiR(M1, N2/xN2) −→ Exti+1
R (M1, N2)

x.−→ Exti+1
R (M1, N2)

−→ Exti+1
R (M1, N2/xN2).

So, we have ExtiR(M1, N2) = xExtiR(M1, N2) for all i � 0. Therefore,
by Lemma 3.12, ExtiR(M1, N2) = 0 for all i � 0. Now, because
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R is a Gorenstein ring, by Lemma 3.11, idR(Fj) < ∞. So, using
the exact sequences Ωj (j = 1, 2) and by Remark 2.4 (2), we have
ExtiR(M1, N) = 0 for all i � 0. Now using again the exact sequence Λ,
we obtain ExtiR(M,N) = 0 for all i � 0.

As another application of Lemma 3.12, we close this note by proving
the following proposition with the same method as above.

Proposition 3.13. Let (R,m) be a d-dimensional Gorenstein com-
plete local ring with finite ξ. Set

ξ′(R) = sup
{
pR(N,M) | pR(N,M) < ∞
where M is finitely generated and N is arbitrary} .

Then we have ξ′(R) = d.

Proof. By Corollary 3.2 and Theorem 2.5, the claim obviously holds
for d = 0. Suppose that d > 0. Since id (R) = d, there exists an R-
module L such that ExtdR(L,R) �= 0 and ExtiR(L,R) = 0 for all i > d.
Thus, ξ′(R) ≥ d.

Let M be a finitely generated R-module, and let N be an arbitrary
R-module such that ExtiR(N,M) = 0 for all i � 0. Since id (R) = d, by
Remark 2.4 (2), we can replace M and N by their first syzygies in their
R-free resolutions. Thus, there exists a nonzero divisor x on R, M and
N . Also using the short exact sequence 0 → M

x.→ M → M/xM → 0,
we obtain ExtiR(N,M/xM) = 0 for all i � 0. Therefore, by [7, page
140, Lemma 2], ExtiR/xR(N/xN,M/xM) = 0 for all i � 0. Now by

the inductive hypothesis we have ExtiR/xR(N/xN,M/xM) = 0 for all
i > d − 1. Therefore, using again the above exact sequence, we have
ExtiR(N,M) = xExtiR(N,M) for all i > d. But M is a complete R-
module, so by Lemma 3.12, ExtiR(N,M) = 0 for all i > d. This shows
that ξ′(R) ≤ d.
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de “platification” d’un module, Invent. Math. 13 (1971), 1 89.

6. C. Huneke and D.A. Jorgensen, Symmetry in the vanishing of Ext over
Gorenstein rings, Math. Scand. 93 (2003), 161 184.

7. H. Matsumura, Commutative ring theory, Cambr. Stud. Adv. Math. 8, Cam-
bridge University Press, Cambridge, 1989.

8. J. Rotman, An introduction to homological algebra, Academic Press, Inc., New
York, 1979.

9. A.M. Simon, Some homological properties of complete modules, Math. Proc.
Camb. Phil. Soc. 108 (1990), 231 246.

10. J.R. Strooker, Homological questions in local algebra, London Math. Soc.
Lect. Note Ser. 145, Cambridge University Press, Cambridge, 1990.

Department of Mathematics, University of Nebraska Lincoln, Lincoln,
NE 68588
Email address: saeed.nasseh@gmail.com

Department of Mathematics, Shahid Beheshti University, G.C., Tehran,
Iran and School of Mathematics, Institute for Research In Fundamen-
tal Sciences (IPM), 19395-5746, Tehran, Iran
Email address: mtousi@mail.ipm.ir



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize false
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /DEU <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [432.000 648.000]
>> setpagedevice


