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ABSTRACT. In 1997, Haukkanen showed that, if f is
a completely multiplicative arithmetic function, then fα =
μ−αf for any real number α, where μα is the Souriau-Hsu-
Möbius function. In 2002, Laohakosol, Pabhapote and Wech-
wiriyakul established that the converse holds (under certain
conditions). In the present paper, we provide a very short
and simple proof for this converse result using the ideas of
Haukkanen from 1997.

1. Introduction. An arithmetic function is a complex-valued
function defined on the set of positive integers Z+. Let A denote the
set of arithmetic functions. The Dirichlet product (or convolution) of
f, g ∈ A, denoted by f ∗ g ∈ A, is defined by

(1.1) (f ∗ g)(n) =
∑
ab=n

f(a)g(b)

for all n ∈ Z+, where the sum on the right-hand side of (1.1) runs over
all ordered pairs (a, b) of positive integers satisfying ab = n. The usual
product of f, g ∈ A, denoted by fg ∈ A, is defined by

(1.2) (fg)(n) = f(n)g(n)

for all n ∈ Z+.

An arithmetic function f with f(1) = 1 is said to be multiplicative
if f(mn) = f(m)f(n) for all m,n ∈ Z+ with (m,n) = 1. Here,
as usual, (m,n) denotes the greatest common divisor of m and n.
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mic operator.

Received by the editors on January 12, 2010.

DOI:10.1216/RMJ-2012-42-4-1197 Copyright c©2012 RockyMountainMathematics Consortium

1197



1198 P. HAUKKANEN AND V. SITARAMAIAH

A multiplicative function f is said to be completely multiplicative if
f(mn) = f(m)f(n) for all m,n ∈ Z+.

In 1966, Lambek [14] showed that f ∈ A with f(1) �= 0 is completely
multiplicative if and only if f distributes over every Dirichlet product;
that is, f ∈ A with f(1) �= 0 is completely multiplicative if and only if
f(g ∗ h) = fg ∗ fh for all g, h ∈ A.

Subsequently, several mathematicians showed interest in character-
izing completely multiplicative functions involving distributivity. In
1970, Sivaramakrishnan [27] showed that a multiplicative function f is
completely multiplicative if and only if f distributes over ϕ ∗ 1, where
ϕ is the Euler totient function and 1 denotes the constant function 1
defined by 1(n) = 1 for all n ∈ Z+. In 1971, Carlitz [3] showed that
f ∈ A with f(1) �= 0 is completely multiplicative if and only if f dis-
tributes over 1 ∗ 1. In the same year, Apostol [1, Theorem 2] proved,
among other results, that a multiplicative function f is completely mul-
tiplicative if and only if f−1 = μf , where μ is the Möbius function and
f−1 denotes the inverse of f with respect to the Dirichlet convolution ∗,
or equivalently, a multiplicative function f is completely multiplicative
if and only if f distributes over μ ∗ 1.
In 1973, Langford [19] obtained sufficient conditions on distributivity,

which ensure the complete multiplicativity of an arithmetic function.
His [19] results contain the results of Lambek [14], Sivaramakrishnan
[27], Carlitz [3] and Apostol [1] as particular cases.

It is also interesting to note that there are certain other characteri-
zations of completely multiplicative functions that appear in the liter-
ature. For example, Carroll [5] characterized completely multiplicative
functions by using Rearick’s [21] logarithmic operator; Haukkanen [10]
characterized these functions by using Ivić’s [12] extended von Mon-
goldt’s function. It may be noted that Haukkanen [8] also characterized
completely multiplicative functions by using the logarithmic operator
of Carlitz and Subbarao [4]. Further, Ivić [13] found necessary and
sufficient conditions for a multiplicative function to be completely mul-
tiplicative in terms of Ramanujan’s sum. The results of Ivić [13] have
been generalized by Redmond [23] and Haukkanen [7]. For further,
recent papers on characterizations of completely multiplicative func-
tions involving distributivity, logarithmic operators and extended von
Mongoldt’s function, we refer to [15, 16, 25, 26, 29].
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For any real number α, let μα denote the multiplicative function
defined by μα(1) = 1 and

(1.3) μα(p
k) = (−1)k

(
α
k

)

for all primes p and k ∈ Z+, where

(1.4)

(
α
k

)
=

α(α− 1) · · · (α− k + 1)

k!
.

The function μα has been studied by the authors in [2, 11], and it is
called the generalized Möbius function. The authors in [18] refer to this
Möbius function as the Souriau-Hsu-Möbius function, see [28]. Clearly,
μ1 = μ, the usual Möbius function, μ−1 = 1, the constant function 1,
and μ0 = e, the identity under the Dirichlet convolution, where e ∈ A
is defined by

(1.5) e(n) =

{
1 if n = 1,

0 if n > 1.

A basic property of the function μα is

(1.6) μα ∗ μβ = μα+β

for all real numbers α and β (see [2]). It appears that Popovici [20]
introduced and studied μα when α is a positive integer (see also Sándor
and Bege [24]).

In [6], among other results, Carroll and Gioia explicitly evaluated
the rth roots of completely multiplicative functions. Surprisingly,
Haukkanen [9] found in a simple way the value of fα for any completely
multiplicative function f . He [9] proved that

(1.7) fα = μ−αf

for all real numbers α (for the definition of fα we refer to Section 2 of the
present paper). In 2002, the authors in [17] investigated the converse
of (1.7). They [17] established the following interesting results.
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Theorem. Let f be a multiplicative function.

(a) Let α ∈ R \ {0} be fixed. Then f is completely multiplicative
if and only if (μαf)

−1 = μ−αf , the inverse being under the Dirichlet
convolution.

(b) Let α ∈ R \ {0, 1} be fixed. If fα = μ−αf and if, in addition,
f(p−α−1) = (f(p))−α−1 for all primes p in the case α is an even integer
≤ −4, then f is completely multiplicative.

The proofs of parts (a) and (b) in [17] involve large calculations in
binomial coefficients and Rearick’s [21] logarithmic operator. Also, the
proof of part (b) is divided into many cases: integral and nonintegral
etc.

As an easy consequence of the above theorem and the property
(fα)−1 = f−α (see (2.13)), we note that for a fixed α ∈ R \ {−1, 0},
a multiplicative function f is completely multiplicative if and only if
fα = (μαf)

−1 and, in addition, f(pα−1) = (f(p))α−1 for all primes
p in the case where α is an even integer ≥ 4. This property has not
previously been presented in the literature.

The purpose this note is to provide a more simple proof for the
above theorem (see Section 3) without tedious calculations. This is
accomplished by invoking a result of Langford [19] and an idea of
Haukkanen [9].

In Section 2 we present preliminaries and in Section 3 the proof of
the theorem.

2. Preliminaries. Let

(2.1) A1 = {f ∈ A : f(1) ∈ R}
and

(2.2) P ′ = {f ∈ A1 : f(1) > 0}.
Let L : (P ′, ∗) → (A1,+) be defined by

(2.3) (Lf)(1) = log f(1),

and, for n > 1,

(2.4) (Lf)(n) =
∑
ab=n

f(a)(log a)f−1(b),
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the inverse of f being with respect to the Dirichlet convolution ∗. In
(2.3), log denotes the usual real logarithm function.

Rearick [21] showed that the operator L is an isomorphism. Let E
denote the inverse of L. For f ∈ P ′ and α ∈ R, Rearick [21] defined
fα by

(2.5) fα = E(αLf).

On the other hand, for r ∈ Z+, f r is defined by f1 = f and f r = f r−1∗f
if r ≥ 2. As usual, f0 = e. Further, f−r = (f−1)r if r ≥ 1. It is not
difficult to see that, for any integer r, f r coincides with fα defined by
(2.5) when α = r.

Let Log : (P ′, ∗) → (A1,+) be defined by

(2.6) (Log f)(1) = log f(1),

and, for n > 1,

(2.7) (Log f)(n) =
1

logn

∑
ab=n

f(a)(log a)f−1(b).

From (2.4) it is clear that Lf(n) = (log n)Log f(n) if n > 1. Thus, Log
is also an isomorphism. Let Exp denote the inverse of the isomorphism
Log. Then fα can also be defined by

(2.8) fα = Exp (αLog f),

where α ∈ R and f ∈ P ′ (see [22]).

It has been shown by Rearick [22, Theorem 6] that Exp (αLog f) and
E(αLf) are the same. Therefore, fα can either be defined by (2.5) or
(2.8). The latter definition (that is, (2.8)) has been used by Haukkanen
[9] to establish (1.7). The advantage in using (2.8) lies in the fact that
the Exp operator can be written inductively (see [22]):

For f ∈ A1,

(2.9) Exp f(1) = exp f(1),

and, for n > 1,

(2.10) Exp f(n) =
1

logn

∑
ab=n
a<n

Exp f(a)(log b)f(b).
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In (2.9), exp denotes the usual real exponential function.

We have

(2.11) fα(1) = (f(1))α,

and, for n > 1,

(2.12) fα(n) =
α

logn

∑
ab=n
a<n

fα(a)(log b)Log f(b)

for all f ∈ P ′ and α ∈ R. Note that (2.12) is obtained by replacing
f with αLog f in (2.10). From the property (Exp g) ∗ (Exph) =
Exp (g + h) for all g, h ∈ A1, it follows that f

α ∗ f−α = e, that is,

(2.13) (fα)−1 = f−α

for all f ∈ P ′ and α ∈ R.

Definition 2.1 (Langford [19]). The Dirichlet product g ∗ h of
g, h ∈ A is said to be partially discriminative if, for any prime power
pk > 1, (g ∗ h)(pk) = g(1)h(pk) + h(1)g(pk) implies that k = 1.

Proposition 2.1 (Langford [19, Theorem 2]). A multiplicative
function f ∈ A is completely multiplicative if and only if f distributes
over a partially discriminative product.

3. Proof of Theorem. (a) Let α ∈ R \ {0} be fixed. We
have (μαf)

−1 = μ−αf if and only if μαf ∗ μ−αf = e. The second
equality is equivalent to saying that f distributes over the Dirichlet
product μα ∗ μ−α. This is a partially discriminative product according
to Definition 2.1. In fact, for any prime p and positive integer k ≥ 2,

(μα ∗ μ−α)(p
k) = 0

and

μα(p
k) + μ−α(p

k) = (−1)k
((

α
k

)
+

(−α
k

))
�= 0,
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since α ∈ R \ {0}. Therefore, by Proposition 2.1, f is completely
multiplicative if and only if (μαf)

−1 = μ−αf .

(b) Let α ∈ R \ {0, 1} be fixed. We assume that fα = μ−αf and, in
addition, that f(p−α−1) = (f(p))−α−1 for all primes p in the case α is
an even integer ≤ −4, and we show that f is completely multiplicative.

Since f is multiplicative, it suffices to show that

(3.1) f(ps) = (f(p))s

for all primes p and s ∈ Z+.

Let p be an arbitrary but fixed prime. We proceed by induction on s
to show that (3.1) holds. Clearly (3.1) holds when s = 1. We assume
that (3.1) holds for all s with 1 ≤ s ≤ k− 1, where k ≥ 2, and we show
that (3.1) holds for s = k.

Let r be an integer ≥ 2. From (1.1) it is clear that

(3.2) f r(pk) =
∑

a1+a2+···+ar=k

f(pa1)f(pa2) · · · f(par ),

where the summation on the right-hand side of (3.2) is over all r-tuples
(a1, a2, . . . , ar) of nonnegative integers, whose sum is k. Using the
induction hypothesis, we obtain

(3.3)

f r(pk) = rf(pk) + (f(p))k
∑

a1+a2+···+ar=k
ai<k
1≤i≤r

1

= rf(pk) + (f(p))k Σ′,

say. (Compare with [16, equation (3.3)].) In particular (for f ≡ 1),

(3.4) μ−r(p
k) = 1r(pk) =

∑
a1+a2+···+ar=k

1 = r +Σ′.

Substituting (3.4) into (3.3), we obtain

(3.5) f r(pk) = rf(pk) + (f(p))
k {

μ−r(p
k)− r

}
.

We now prove that, for any real number β,

(3.6) fβ(pk) = βf(pk) + (f(p))
k {

μ−β(p
k)− β

}
.
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We use the idea of Haukkanen [9]. From (2.11) and (2.12), it follows
by induction on n that fβ(n) is a polynomial in β. Thus, for each fixed
prime p and k ∈ Z+, both sides of (3.6) are polynomials in β. By (3.5)
it follows that these polynomials are satisfied by all integers r ≥ 2.
Thus (3.6) holds for all real β.

By assumption, fα = μ−αf . Therefore, using (3.6) with β = α we
obtain {

μ−α(p
k)− α

}
f(pk) =

{
μ−α(p

k)− α
}
(f(p))k

or {
(−1)k

(−α
k

)
− α

}
f(pk) =

{
(−1)k

(−α
k

)
− α

}
(f(p))k.

It is not difficult to show that, for α �= 0, 1,

(−1)k
(−α

k

)
− α = 0

if and only if k is odd and k = −α − 1. Thus f(pk) = (f(p))k, that
is, (3.1) holds for s = k. Note that if k is odd and k = −α − 1, then
f(pk) = (f(p))k is the additional assumption in (b). This completes
the proof of part (b).

The proof of the theorem is complete.
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