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ON ESSENTIAL SPECTRA OF LINEAR RELATIONS
AND QUOTIENT INDECOMPOSABLE NORMED SPACES

TERESA ALVAREZ

ABSTRACT. We introduce several essential spectra of a lin-
ear relation on a normed space. We investigate the closedness
and the emptiness of such essential spectra. As an applica-
tion we prove two results, the first of which characterizes the
class of quotient indecomposable normed spaces in terms of
F_ and strictly cosingular linear relations, and the second
gives conditions under which a linear relation on a complex
quotient indecomposable normed space is a strictly cosingular
perturbation of a multiple of the identity.

1. Introduction. A Banach space FE is said to be indecomposable
if it does not contain any pair of closed infinite dimensional subspaces
M, N such that E = M @ N. It is hereditarily indecomposable if every
closed subspace of F is indecomposable, and it is quotient indecompos-
able if every quotient is indecomposable. In [9], Gowers and Maurey
gave the first known example of a hereditarily indecomposable Banach
space Xgar- Moreover, they showed that if E is a complex hereditarily
indecomposable Banach space, then every bounded operator on E can
be written as AI + S, where A € C and S is strictly singular. Recently,
Alvarez [2] extended this property to the case of multi-valued linear
operators in normed spaces.

Ferenczi [7] proved that the space X¢as is a quotient indecomposable
Banach space. If the dual E’ of a Banach space F is hereditarily inde-
composable or quotient indecomposable, then E is quotient indecom-
posable or hereditarily indecomposable, respectively. Since the space
X is hereditarily indecomposable and reflexive [9], X(;,, is quotient
indecomposable.

Aiena and Gonzalez proved in [1] that every bounded operator on a
complex quotient indecomposable Banach space is of the form Al 4 5,
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where A € C and S is strictly cosingular. This property together
with the analogous property for hereditarily indecomposable Banach
spaces [9] receives special attention for its connection with the invariant
subspace problem. This connection is a motivation for finding general
properties of hereditarily and quotient indecomposable normed spaces.

In this paper we analyse the validity of the above result of Aiena and
Gonzalez [1] in the context of linear relations.

In Section 2 we introduce three essential spectra of a linear relation.
The closedness of such essential spectra is established, and we also give
conditions under which these essential spectra are non-empty subsets.

A result, essentially due to Weis [12], characterizes the quotient
indecomposable Banach spaces as those spaces F' such that, for every
Banach space E, any bounded operator from F into F' is either F_ or
strictly cosingular. In Section 3 we give a generalization of this result
to multi-valued linear operators in normed spaces. This generalization
will be used in conjunction with spectral properties for linear relations
proved in Section 2 to obtain Theorem 20 following which generalises
a similar result of Aiena and Gonzélez [1] for bounded operators in
Banach spaces.

Notations. We adhered to the notation and terminology of the
book [5]: Let X,Y,... denote infinite-dimensional normed spaces over
K = R or C, and X’ is the dual space of X. Let £(X) denote the
class of all closed infinite codimensional subspaces of X. If M C X
and N C X', then M+ := {2/ € X' : 2/(x) = 0,2 € M} and
NT :={ze€X:2'(z) =0,2' € N}.

A linear relation or multi-valued linear operator T : X — Y is a
mapping from a subspace D(T) C X, called the domain of T, into
the collection of non-empty subsets of Y such that T(ax; + Bxe) =
oTx1 + BT xo for all non-zero scalars «, 8 and z1,z2 € D(T). The
class of such linear relations T is denoted by LR(X,Y), and we write
LR(X):= LR(X, X). If T maps the points of its domain to singletons,
then T is said to be single valued or simply an operator.

Let T € LR(X,Y). The graph G(T) of T is defined by G(T) :=
{(z,y) € XxY :2 € D(T),y € Tz} which is a subspace of X xY". The
inverse of T is the linear relation 71 defined by G(T!) := {(y,z) :
(z,y) € G(T)}. If T~ is single valued, then T is called injective, that
is, T is injective if and only if its null space N(T') := T~1(0) = {0}, and
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T is called surjective if its range R(T') := T(D(T')) = Y. The adjoint
or conjugate 7" of T is defined by G(T") := G(—T~1)*.

If M is a subspace of D(T), then T |y is defined by G(T |u) =
{(m,y) : m € M,y € Tm}, and, if M is a subspace of X such that
M0 D(T) # 9, we write T [x:= T |[yap(r). The completion T

of T is defined by G(T) := G(T) € X x Y, where X denotes the
completion of X. We define a(T") := dim N(T); 5(T) := dimY/R(T);
E(T) == o(T) — a(T") if a(T) or a(T’) are not both infinite and
E(T) :=a(T) — B(T) if either a(T) or B(T) are finite.

For a given closed subspace M of X, let Qa; denote the natural
quotient map from X onto X/M, Jy; denotes the injection from M
into X and Jx is the natural injection from X into its completion. We
shall denote Qm by Qr. Clearly QT is single valued. For z € D(T),

|ITz|| := ||QrTx| and the norm of T is defined by ||T|| := ||QrT|-

For a given linear relation T' € LR(X,Y’), we define the quantities
I(T) and A'(T) as follows:

If YV is finite dimensional, then I''(T) = A(T) = 0, and, if YV is
infinite dimensional, then

I(T) := inf {||QuJyT| : M € E(Y)}
A'(T) :=sup{T"(QuT) : M € E(Y)}.

A linear relation T is said to be closed if its graph is closed, continuous
if |T] < oo, bounded if it is everywhere defined and continuous,
open if its inverse is continuous equivalently if ¥(7T") := sup{A > 0 :
Ad(x, N(T)) < ||[Tz||,z € D(T)} > 0, partially continuous if a finite
codimensional subspace M of X exists for which T |j; is continuous,
F if there is a finite codimensional subspace M of X such that T |y is
injective and open, ¢ if R(T') is closed and N(T') is finite dimensional,
F_if T"is Fy, ¢_ if R(T) is a closed finite codimensional subspace of
Y and strictly cosingular if A'(T) = 0.

The classes of partially continuous, F, ¢4, F_, ¢_ and strictly
cosingular linear relations from X into Y will be denoted by PB(X,Y),
F (X)), o+(X,Y), F_(X,Y), ¢_(X,Y) and SC(X,Y), respectively.

Let ST € LR(X,Y), and let « € K. Relations S + T and oT
are defined by G(S +T) := {(z,y) € X xY 1y = s+ t(x,5) €
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G(S), (z,t) € G(T)} and G(aT) :={(z,ay) € X XY : (z,y) € G(T)}.
Let U € LR(X,Y) and V € LR(Y, Z) where R(U) N D(V) # @. The
composition or product VU is the linear relation defined by G(VU) :=
{(z,2) € X x Z: there exists y € Y, (z,y) € G(U), (y,2z) € G(V)}.

Linear relations made their first appearance in functional analysis
in von Neumann [11], motivated by the need to consider adjoints of
non-densely defined linear differential operators. The adjoints of such
operators are linear relations. One main reason why multi-valued linear
operators are more a convenient means than operators is that one can
define the inverse, the closure and the completion for a linear relation.

The articles of Baskakov and Chernyshov, [3, 4], survey some appli-
cations of the spectral theory of linear relations to important problems
of operator theory. We cite some of them:

1. The pseudoresolvent theory of operators. We note that any
pseudoresolvent of a single valued relation is the resolvent of a certain
linear relation.

2. The spectral theory of ordered pairs of operators. Many properties
of the spectrum of the pair (G, F) of closed operators are obtained as
an application of spectral properties of the linear relations F~'G and
GF—.

3. The solvability of the Cauchy problem. Let us consider the Cauchy

problem
z(0) =xz9 € X

for homogeneous linear differential equation
F2'(t) = Gz(t), te[0,00)

with the pair of closed operators G, F' between Banach spaces under
the condition N(F) # {0}. The spectral theory of multi-valued
linear operators plays an important role in the solvability and in the
construction of solutions to the above equation.

4. The study of linear bundles. Let 7,5 : X — Y be bounded
operators. The map P(\) :=T 4+ A\S, A € C is called a linear bundle.
It is known that many problems of mathematical physics are reduced
to the study of the reversibility conditions of operators P(\), A € C.
The investigation of linear bundles is reduced to the study of spectral
properties of linear relations S~!7T and TS~1.
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It is interesting to note that the investigation of essential spectra of a
linear relation may provide a useful guide to the study of operators
in normed spaces since every continuous operator between normed
spaces is the inverse of an injective Fy-relation, and the class of all
bounded Fredholm operators in Banach spaces coincides with the class
of inverses of closed Fredholm linear relations which are both surjective
and injective.

2. Essential spectra of linear relations. Throughout this section
T will denote an element of LR(X) where X is a complex normed space.
We shall write A\ — T := X — T and T) := (A —T)~ L.

Definition 1 ([5, VI.1.1]). The resolvent set of T is the set
p(T) :={X € C: Ty is everywhere defined and single valued}.

The spectrum of T is the set o(T') := C\ p(T).

It is clear from the closed graph theorem for operators that T} is a
bounded single valued defined on X if and only if A € p(T"). Therefore,
our definition of resolvent set coincides with the standard definition for
bounded or closed operators in Banach spaces.

There are many definitions of essential spectra in operator theory.
Five of these are studied in Edmunds and Evans [6]. We generalize
three of these to linear relations.

Definition 2. The essential resolvents pey (T'), pe— (T) and pe(T') of
T are defined as follows:

pe+(T) i={A€C: A =T € ¢ (X)}
pe(T):={AeC:A=T € ¢_(X)}
pe(T):={AeC:A=T € ¢, (X)N¢_(X) and k(A =T) = 0}.
The essential spectra of T' are the sets o4 (T') := C\ per(T), 0e—(T) :=
C\ pe—(T) and 0. (T) := C\ p(T).
Proposition 3 ([5, V.1.7, V.1.9, V.24, V.15.1], [10, 3.7]). We have:

(i) If T is closed and X is complete, then T € F(X) if and only if
T e QZ5+ (X)
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(i) T € F_(X) if and only if T € ¢_(X). In such a case k(T) =

k(T).
(iii) T € Fy(X) if and only if T € ¢4 (X). In such a case k(T) =

k(T).

(iv) If T is single valued, then T is strictly cosingular if and only if
there is no M € E(Y') such that (QuT)" has a continuous inverse.

Corollary 4. Let A € C. Then
(i) X € pet(T) if and only if N\ — T € F(X).
(ii) X € pe—(T) if and only if N\ — T € F_(X).
(iii) A € pe(T) if and only if \=T € F(X)NF_(X) and k(A=T) = 0.

We conclude from Proposition 3 and Corollary 4 that the definition
of essential spectra of Edmunds and Evans [6] coincides with our
definition (Definition 2) when T is a bounded or closed operator and
X is complete.

It is known (see, for example [1, 4.9]), that for every bounded operator
T on a complex Banach space, the sets o(T), et (T), 0e—(T) and o.(T)
are closed and non-empty. The corresponding properties for multi-
valued linear operators will now be investigated.

Theorem 5. For every T € LR(X), the sets et (T), 0e—(T), 0c(T)
and o(T) are closed.

Proof. Assume that A € pei (T) U pe_ (T) U pe(T). Since R(A —T) is
a closed subspace of X , it follows from the open mapping theorem for
linear relations [5, II1.4.2] and from [5, I11.4.6] that 0 < y(A = T) =
(A= iﬂv’) If |n — A| < y(A = T), then by Proposition 3 and [5, V.3.2
and V.5.1], n—T € ¢4. Similarly, if \=T € ¢_ and | — A| < y(A—T"),
then by Proposition 3 and [5, V.5.12], n — T € ¢_. Therefore, pey (T)
and pe_(T) are open. Furthermore, k(n — T) = k(n — T) = k(A — T)
whenever [ — A| < v(A = T) by virtue of [5, V.15.6]. Hence, p,(T) is
open, as desired. Finally, that o(T) is closed was proved by Cross [5,
VI.1.3]. o
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Proposition 6. o, (T)Uoc._(T) C 0.(T) C o(T).

Proof. The result follows from Corollary 4 upon noting that the
resolvent set of T' coincides with the set {\ € C: A—T is injective, open
and has dense range} and that every open and injective (respectively,
open with dense range) linear relation is Fy by virtue of [5, V.5.1]
(respectively, is F_ by [5, II1.4.6 and V.5.2]). u]

Example 7. A closed densely defined single valued exists whose
essential spectra are empty sets.

Let X =15, and let K be the injective operator defined by
K:(oq,a0,...,ap,...) €lo — (0,1, 00/2,... ,ap/n,...) € la.
In [5, VI.2.7], the author proves that the inverse of K is single valued

and has empty spectrum. This fact, combined with Proposition 6,
yields the fact that ooy (K~!) =0, (K ') =0.(K')=2. O

For p € p(T) and X\ # p, we write S := (n— A)((u — N) 7t = T},).

Lemma 8. Let € p(T), and let A # p. Then
(i) (p— T)a = (u— Nz + T(0) if and only if x = (u — Mz,
x € D(T)\ {0}.
(i) A\—T = S(u—T).
(iii) N(A —T) = N(S) and R(A —T) = R(S).

Proof. (i) Assume that (u—T)z = (u—A)z+T(0). Then, since u—T
is injective (as p(T") = p(T) by [5, VI.1.1]) we have that

@ =Tu(pu—T)x=(u—NTuz+Tpu(p—T)0) = (u — \) T,z
Conversely, suppose that * = (4 — A\)T,,z. Then

(=T =p-Np-T)(p-T) ">
=(u=N{z} N R(p—T)+ (n—T)(0))
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(by [5, 1.3.1 (d)])
=(u—Nz+T(0) (as R(u—T) = X).
(ii) We have that

(w=T)=(=N(p-N"=T)u-T)
= (I = (n=NTu)(n—T)
= (Tu(p=T) = (1= NT)(p—T)

(as p — T is injective )

= (Tu(u =T = (n=A\)(p - T)

(by [5, 1.4.2 ()] as D(T},) = X)

=Tu(p—T)(p—T - (n— X))
=pn—T—(n—2)
=A-T.

(iii) Since R(p — @ =X and A—T = S(u—T) ((ii)) we obtain
trivially that R(A —T') = R(S5).

Now, let z € D(T) \ {0}. Then
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(by (1)) <= (I = (n = N)Tp)x

=0<= 2z € N(9).

Therefore, N(A —T) = N(S), as desired. O

A condition will now be found for T to have non-empty essential
spectra.

Theorem 9. Let T € LR(X) be partially continuous with p(T') # @
and dimT'(0) < co. Then the spectrum and the essential spectra of T
are non-empty subsets.

Proof. We first note that, by virtue of [5, V.11.3], we have that T is
partially continuous with dim7'(0) < oo if and only if T is continuous
with dim 7'(0) < oo.

We shall verify that o.4(T') # @. Let p € p(T'). Then dim N(T},) =
dimT(0) < oo, and, since p — T is continuous, it follows from [5,
I11.4.2] that R(T,) = D(p — T) = D(T) is a closed subspace of X.
Hence, the bounded operator T}, is ¢, that is, 0 € p.4(T},) and since
Oet(T),) # @, there exists 0 # n € oo (T),). Let A :=p— (1/n). We
shall see that A € o4 (T). Assume that A—T € ¢, and thus it follows
from Lemma 8 that S € ¢ ; therefore, (u — A\)™' € pey(T,) which
contradicts 7 € gey (T),). Hence, g4 (T') is non-empty and consequently
0.(T) is also non-empty.

It only remains to show that o.— (T') # @. But, since o.(T) is closed
(Theorem 5) and non-empty, to see that o, (T) # @ it is sufficient to
verify that the boundary of o.(T), 0.(T)?, is contained in o._ (T). Let
A€ 0e(T) = 0.(T)NC\ 0e(T) = 0.(T) NC \ 0.(T)°, and suppose
that A ¢ o, (T). Then A—T € ¢_, so that 0 < y(A—T) = y(A = 1T")
by [5, I11.4.2 and I11.4.6] and so, from [5, V.5.12, V.15.6], we deduce
that n—T € ¢_ and k(n—T) = k(A—T) whenever |n — A| < v(A—=T").

Let us consider two possibilities for k(A — T):

(a) k(A —T) = 0. In that case a(A —T) = B(A — T) < oo, which
implies that A € p.(T), contradicting A € 0.(T)? C 0. (T).
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(b) k(A = T) # 0. In such a situation, k(n — T) # 0 if |p— A <
y(A = T), and therefore A\ € 0.(T)" contrary to the assumption
A€ 0.(T)° € C\ 0.(T)° Now that the spectrum of T is non-empty,

it follows immediately from Proposition 6. O

3. Linear relations on quotient indecomposable normed
spaces. The following elementary results help to define Definition
14 below.

Lemma 10. Let M be a closed subspace of X. We have:
(i) (X/M) is isometrically isomorphic to M.

(ii) If N is a subspace of X containing M, then N is closed if and
only if N/M is closed in X/M. Furthermore, if N is closed, then X/N
is isometrically isomorphic to (X/M)/(N/M) with Qn = Qn/nmQum
and (N/M)* is isometrically isomorphic to N*.

(iii) For any closed subspace A of X/M, the closed subspace N of X
given by N = Q;, (A) satisfies M C N and (X/M)/A is isometrically
isomorphic to X/N.

Proof. See, for example, [5, IV.5.2]. o

Lemma 11. Let M and N be closed subspaces of X. Then:
(i) R(QumJn) = (M-NNH)T.
(ii) (QarJn) is open if and only if M+ + N+ is closed.

Proof. (1) R(QuJNn) = (R@QuJn)")"T = N(@QuJn))" ([5,
IL1.4]) = N(Qu-Jae) " ([5, IIL19]) = (ML A NL)T.

(ii) (QmJIN)" open < R((QumJn)') closed (by the open mapping

theorem for operators) < R(Qy1Jy1) closed ([5, 111.1.9]) <& M++N+
closed (Lemma 10). o

Lemma 12. Let M and N be closed subspaces of a Banach space E.
Then M + N is closed if and only if M+ + N1 is closed if and only if
M+ N=(M+nNHT.
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Proof. This result is well known. A proof can be found in [5, IT1.3.9]. O

Corollary 13. For a Banach space E the following properties are
equivalent:

(i) E is quotient indecomposable.

(ii) There are no closed infinite codimensional subspaces M and N
of E such that E =M + N.

(iii) There are no closed infinite codimensional subspaces M and N
of E such that QprJn has dense range and (QnrJn)’ is open.

Proof. The equivalence (i) < (ii) was proved in [1, 8] and that (ii) is
equivalent to (iii) follows immediately from Lemmata 11 and 12. O

Corollary 13 suggests the following notion.

Definition 14. A normed space X is said to be quotient indecom-
posable (QI for short) if there are no closed infinite codimensional
subspaces M and N of X such that QasJn has dense range and its
conjugate is open.

Proposition 15. Let X be a quotient indecomposable normed space.
Then

(i) X is quotient indecomposable.

(ii) For every M € £(X), X/M ‘s quotient indecomposable.

Proof. (i) Suppose that X is not QI. Then, by Corollary 13, there
are A, B € £(X) such that X = A+ B. Thus AL + Bt is closed and
At N B+ = {0} by virtue of [12, 2.2]. Then it is easy to prove that
M := ANX and N := BNX are closed infinite codimensional subspaces
of X such that M+ + Nt is closed and M+ N N+ = {0}. Tt follows
from Lemma 11 that X is not quotient indecomposable contradicting
the hypothesis.

(ii) Assume that there are U,V € £(X/M) such that QuJy has
dense range and its conjugate is open. We deduce from Lemma 10



1102 TERESA ALVAREZ

that A, B € £(X) exist such that U := A/M, V := B/M, A* + B* is
closed and A+ N B+ = {0}, and thus X is not QI which contradicts
the hypothesis. ]

Proposition 16 ([12]). A Banach space F is QI if and only if,
for every Banach space E and every bounded operator, T : E — F is
Tegpy orT eSC.

We extend (Theorem 19 below) this result to multi-valued linear
operators. To this end, we first establish some auxiliary results.

Proposition 17. Let T : X — F be a bounded single valued where
F is a QI Banach space. Then T'(T) = A'(T).

Proof. Clearly, I"(T) < A'(T) < oo. Suppose that F is a quotient
indecomposable Banach space and let 0 < ¢ < 1 and M, N € E(F).
Then @QprJny does not have dense range with open adjoint and hence
(QrmJIN) = Q1 Jyo is not injective and open. Now, arguing as in the
proof of [5, V.5.5] there are sequences (y/,) in M+, (2,) in N+ and (y,,)
in F such that 1 = [}y, 4, (4m) = num and gllle — 4 < 2/27,
n € N.

Now we can define the nuclear operator

[ee]

K:yeF — K(y):=Y (y, —2,)»)yn € F.

i=1

Then it is clear that K is a compact single valued and its norm
does not exceed &, so that I — K is an isomorphism. Moreover,
(I — K)y,, = «f,, n € N, and consequently (I — K)(sp(z},))T =
(sp(y)) " As ¥, (Ym) = On.m, sp(y),) is infinite dimensional so that
(sp(x),))" and (sp(y,))" are infinite codimensional closed subspaces
of F/N and F/M, respectively. Furthermore, I — K induces an
isomorphism ¢! from W := F/(sp(«/,))" onto V := F/(sp(y'n))’
such that Qv = Qw (I — K). Finally, we obtain by direct computation
that ||(I — K)7!|| < 1+ 2¢ and that, if T is a bounded operator from
X into F, then '] = =1 Qwll = [@uw(I— K)~ < 1+ 2.
Consequently, [QvT]| = [~ 4QuT] < (1 + 29)|Qw(I — K)T|| <
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|QwT| + 1 where g1 := (3 + 2¢)||T||. Since we can take e; > 0
arbitrarily small, it follows that A'(T) < TV(T), as desired. o

We recall one method of reducing an arbitrary linear relation to the
bounded case.

Definition 18 ([5, IV.3.1]). Given T' € LR(X,Y), let X1 denote
the vector space D(T) normed by ||z ||7:= ||z|| + ||Tz||, x € D(T). Let
Gr € LR(Xr,X) be the identity injection of X7 onto D(T). Then
TGr € LR(X7,Y) is a bounded linear relation.

Theorem 19. For a normed space Y the following properties are
equivalent:

(i) For every normed space X and every partially continuous linear
relation T € LR(X,Y) with dimT(0) < oo is T € F_(X,Y) U
SC(X,Y).

(i) Y is quotient indecomposable.

Proof. Assume (i) holds, and let M, N € £(Y). Since Jy ¢ F_ (as
dimY/N = o0), Jy € SC by the hypothesis, and it follows from the
definition of quotient indecomposable normed space and Proposition 3
that Y is QI.

In order to prove that (ii) implies (i), it is enough to consider the
case when Y is complete. To see this, let T' ¢ F_. Then JyT ¢ F_
and Y is a quotient indecomposable Banach space (Proposition 15).
Hence, if we assume that for Y (i) = (i), we have that JyT € SC,
that is, A'(JyT) = 0, and since A'(T) < A'(JyT) ([5, IV.5.12]), we
derive that A’(T) = 0. Accordingly, suppose that Y is a quotient
indecomposable Banach space, and let T € PB(X,Y) such that
dimT'(0) < oo. Furthermore, the proof can be reduced to the single
valued case. Indeed, it is sufficient to apply the following equivalences:

T € PB < Q7T € PB;

TeF & QT cF. (5 V52) e 'QrT) =T'(T) > 0 ([5, IV.5.6
and V.5.17] since dim7'(0) < 00); T € SC & A'(T) =0< A (QrT) =
0 (again, from [5, IV.5.6]) < Q1T € SC.
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Hence, we can assume without loss of generality that T € PB(X,Y)
is single valued and Y is complete. First suppose that T is bounded.
In such a case the result follows trivially from Proposition 17. For the
general case, consider the bounded operator TGr. Then, from what
has been proved, TGy € F_ U SC, and we have the following chain of
implications:

T¢F = TGr¢F_ ([5, V.5.24]) = TGr
€ SC + AN (TGr)=0= A'(T) =0.

The last implication is obtained upon noting that, as 7" is a partially
continuous single valued A’(T) = A'((TG7)G7') < A(TGr)A' (Jx,G7Y)
with A'(Jx, G7') < oo by virtue of [10, 3.7, 3.13, 4.6], and thus the
theorem is proved. ]

Theorem 20. Let X be a complex QI normed space. Then every
partially continuous linear relation T € LR(X) with non-empty resol-
vent set and dimT'(0) < oo can be described as T = A+ S where A € C
and S is a strictly cosingular linear relation.

Proof. Combine Theorems 9 and 19. O
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