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GREEN’S FUNCTION FOR
THIRD-ORDER DIFFERENTIAL EQUATIONS

YUELI CHEN, JINGLI REN AND STEFAN SIEGMUND

ABSTRACT. Existence of positive periodic solutions of
third-order differential equations is established using an ex-
plicit Green’s function and a fixed-point theorems on cones.

1. Introduction. The study of periodic solutions plays a major
role in the theory of differential equations, in particular the existence
of positive periodic solutions of these equations. Currently there are
plenty of existence results for periodic solutions (or positive periodic so-
lutions) for second-order differential equations, but there are relatively
few results on higher order differential equation. On the other hand,
in the study of higher order differential equations, the naive idea to
translate the equation into a first order system of differential equations
by defining ©; = x, 2 = 2, x3 = 4", ..., which works well for show-
ing existence of periodic solutions, does not obviously lead to existence
proofs for positive periodic solutions, since the condition z = x; > 0
of positivity for the higher order equation is different from the natu-
ral positivity condition (z1,z2,...) > 0 for the corresponding system.
An approach which is frequently used is to transform the higher-order
equation into a corresponding integral equation and to establish the
existence of positive periodic solutions based on a fixed point theorem
in cones. Following this path one needs an explicit representation of the
Green’s function which is rather intricate to compute. In this paper,
we provide the Green’s function for third-order differential equations
with constant coefficients. This should be helpful for further studies of
this type of equations.

The remaining part of the paper is organized as follows. In Section 2,
the Green’s function for third-order constant-coefficient linear differen-
tial equation

(1.1) u" + au'" + bu' + cu = h(t),
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will be given. Here a, b, ¢ € R and h € C(R, (0, +00)) is an w-periodic
function with period w > 0. In Section 3, some useful properties
for the Green’s function are obtained. Finally, Section 4 is devoted
to applications of the computed Green’s function, we establish the
existence of positive w-periodic solutions for the following third-order
nonlinear differential equation

(1.2) u" +au +bu' + cu = f(t,u(t)),

where f € C(R x [0,+00),[0,+0)) and f(¢t,u) > 0, for v > 0. Our
approach is based on the Guo-Krasnoselskii fixed point theorem [1, 2].

The associated homogeneous equation of (1.1) (or (1.2)) is
(1.3) u" +au’ +bu' 4+ cu=0.
Its characteristic equation is
(1.4) N+ aN?+bA+c=0,

and the roots A1, A2, Az of (1.4) satisfy one of the four cases:
(i) Ar # Aa # A,
(ii) A1 = Ao # As,
(i) A = Ay = A3 = A,
(iv) M=a+ib, a=a—1i8, A3 =],

where o, 8, A € R. If ¢ = 0, then at least one of the roots of (1.4)
is 0, in this case we call equation (1.1) degenerate. This case will be
discussed elsewhere. In this paper, we always assume ¢ # 0.

2. Finding Green’s functions.

Theorem 2.1. If \; # A2 # A3, then the equation (1.1) has a unique
w-periodic solution which is of the form

t+w
(2.1) u(t) = /t G1(t, s)h(s) ds,
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where

2 D)

exp(Ay w—s

Gt 8) = 5 O — he) (1= exp(ue))
exp(Az2(t +w — s))

(}\2 — )\3)()\2 — )\1)(1 — exp()\zw))
exp(As3(t +w — s))

()\3 — )\2)()\3 — )\1)(1 — exp()\gw))’

+

+

for s € [t,t + w].

Proof. If Ay # A2 # Ag, it is easy to check that the associated
homogeneous equation of (1.1) has the solution

u(t) = c1 exp(Ait) + c2 exp(Aat) + c3 exp(Ast).
The only periodic solution of the associated homogeneous equation of
(1.1) is the trivial solution, i.e., ¢1, ¢, c3 =0.
Applying the method of variation of parameters, we get
& (t) = h(t) exp(—A1t) 7
(A1 — A2) (A1 — A3)
() = h(t) exp(—Aat) ’
(A2 = A3) (A2 — A1)
&(t) = h(t) exp(—Ast) ,
(A3 = A2)(As — A1)

and hence

t+w
cl(t+w):cl(t)+/t (

exp(—A1s)
AL — A2)(A1 — A3)

h(s)ds,

t+w exp(—Aas
ca(t +w) = ea(t) +/t O = Ei)(i; z >\1)h(8) ds,

tw exp(—Ass
c3(t +w) = c3(t) +/t O = iz()(;s z )\l)h(s) ds.

Since we are looking for w-periodic solutions of (1.1), i.e., u(t +w) =
u(t), v'(t + w) = u'(¢t) and u”(t + w) = u”(t), this implies

i h(s)exp(Ai(w —s))
alt) = /t (A1 = A2) (A1 = Ag)(1 - eXp()‘lw))dS,
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i h(s)exp(Az(w — s))
R A e o f e (e

(

)
s h(s) exp(As(w — s))

cs(t) = /t (A3 — A2)(Az — A1) (1 — exp(A3w))

ds.

Therefore,

u(t) = c1(t) exp(Ait) + ca(t) exp(Aat) + c3(t) exp(Ast)
= o G1(t, s)h(s)ds,

where G1(t, s) is as defined in (2.2).

On the other hand, since G(t +7,s + 1) = G(t,s) for any r € R, it
follows that

t+2w
u(t + w) :/ G1(t +w,s)h(s)ds
t+w

t+w
:/ Gi(t+ w,0 4+ w)h(6 +w)db
t

t+w
=] Gilt:9)h(s)ds = u(d),

showing that u(t) is an w-periodic function. Assume that u; and s
are two w-periodic solutions of (1.1). Then v(t) = uy(t) —uz(t) is an w-

periodic solution of the associated homogeneous equation of (1.1) and
hence v(t) = 0, proving uniqueness of the w-periodic solution w. O

Theorem 2.2. If \y = Ay # A3, then equation (1.1) has a unique
w-pertodic solution

t+w
(2.3) u(t) = Ga(t,s)h(s) ds,
¢
where
_ expO (thw—5))[(1—exp(uw)) ((s—8) As — A1)~ 1) — (As —A1)w]
(2.4) Galtys) = =22 AP (—ep Ol =

exp(Az(t+w—s))
+ (Al—)i)23(1_exp()\3w))a fors e [t,t + w]_
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Proof. First it is easy to see that the associated homogeneous equation
of (1.1) has solutions

u(t) = c1 exp(A1t) + catexp(Art) + cs exp(Ast).
Applying the method of variation of parameters, we get

Rt — Mt —1)

10 = 5, 0 FexpOut)’
i h(t)
() = g epind)
& (6) hlt)

" (N3 = \)Zexp(Nst)

Since u(t), u'(t), u”(t) are supposed to be periodic functions, we get

T h(s) expn (w=s)[(1—expAw) Ass=Ars=1) = (a=du] g,
t s A2 expOne))? :

/ eprMiiliifL))ds’
AN

exp()\g(w —5))

)2(1 — exp(Asw)) ds.

Therefore
u(t) = c1(t) exp(Ait) + ca(t)t exp(A1t) + c3(t) exp(Ast)
_ / T Gt $)h(s)ds.

where G (t, s) is defined as in (2.4).

Similar as in the proof of Theorem 2.1, we can prove the uniqueness
and the periodicity of the w-periodic solution u(t). O

Theorem 2.3. If Ay = A2 = A3 = A, then equation (1.1) has a
unique w-periodic solution which is of the form

t+w
(2.5) u(t) = /t Gs(t, s)h(s) ds,
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where

(2.6)

_ [(s=t) exp(w) +w—s+1*+w* exp(\w)
G(t,s) = 2(1 — expOw))?

for s € [t,t + w].

xp(A(t+w—3s)),

Proof. In this case, the associated homogeneous equation of (1.1) has
solutions

u(t) = c1 exp(Mt) + cat exp(At) + c3t? exp(At).

Analogously, by applying the method of variation of parameters we get

Fopy R
alt) = 2exp(At)’
’ _ _h(t)t
02(t) - exp()\t)’

oy o D)
es(t) = 2exp(At)’

Noting that u(t), u'(t), u"(t) are periodic functions, we get

_ [T h(s) exp(A(w—5))[(s exp(Aw) +w—5)? +w? exp(\w)]
al) = /t 2(1 — exp(Aw))® ds,
[ h(s) exp(A(w — 8))(w — s + sexp(Aw))
ca(t) = /t (1 = exp(w))? ds,
_ [T h(s) exp(A(w — 5))
c3(t) = /t 2(1 — exp(w)) ds.
Therefore,

u(t) = c1(t) exp(At) + ca(t)t exp(At) + 03(t)t2 exp(At)
t+w
- / G (t, s)h(s)ds,

where G3(t, s) is as defined in (2.6). One can prove the uniqueness and
the periodicity of the w-periodic solution u in the same way as in the
proof of Theorem 2.1. ]
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For convenience, we define the abbreviations

li(t,s) =sin Bt +w — s), I3(t, s) = cos B(t + w — s).

By(t) =sinB(t + w — s) — exp(aw) sin B(t — s).

Theorem 2.4. If \; = a+i83, Ao = a — i3, A3 = A, then equation
(1.1) has a unique w-periodic solution which is of the form

t+w
(2.7) u(t) = Ga(t,8)h(s) ds,

where
exp(a(t +w — s))[(a = A)Ba(t) — B42(t)]
Bl(a = X)2 + B2](1 4 exp(2aw) — 2 exp(aw) cos fw)
(2.8) exp(A(t +w —9))
(1 — exp(Aw))[(a = A)? + B2’
for s € [t,t + w].

G4 (t, S) =

Proof. It is easy to see that the associated homogeneous equation of
(1.1) has solutions

u(t) = ¢ exp(at) cos Bt + co exp(at) sin St + ¢z exp(At).
Applying the method of variation of parameters, we get

h(t) exp(—at)[(a — \) sin Bt + [ cos St]

@l == Bl T (o V7 |
&(t) = h(t) exp(—at)[(a — A) cos Bt — B sin 5t]

? BIB* + (= A)?] ’

3

BIB* + (= AT
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Noting that u(t), u'(t), v”(t) are periodic functions, we obtain
C1 (t)

t+w
:/ h(s) exp(a(w=s)){[(a=A) A1 (£)=BBi (t)]l1 (t,8){(a=N) B1 (tHB A1
t

t)]lz(tvs)}ds
B(AT(t)+BI(1))[(a—A)2+82] )
c2(t)
t+w
_ h(s)exp(a(w—s)){[(a—A)Al(t)—BBl(t)}lz(t,sH(a—A)Bl(tHBAl(t)}ll(tvs)}ds
t B(A3(t)+B%(t))[(a—A)2+B2] )
ST G CCEL]
T 0 exp(w))[(a - N2+ 57
Therefore,
u(t) =

c1(t) exp(at) cos Bt + co(t) exp(at) sin Bt + c3(t) exp(At)
t+w

= Ga(t, s)h(s) ds,

t

where Gy(t,s) is as defined in (2.8). Similarly as in the proof of
Theorem 2.1, we get the uniqueness and the periodicity of u(t). ]

3. Properties of the Green’s functions (2.2), (2.4), (2.6),
(2.8). First, we denote

CH={ueCR,(0,+00)) : ult +w
C, ={ueCR,(—00,0)) : u(t +w)

~—

=u(t)},
= u(t)}.

Case (i): A1 # A2 # A3. For the sake of convenience, we use the
following abbreviations

B exp()q(t‘f’w - 5))

g1(t,s) = (A1 — A2) (A1 — A3)(1 — exp(Aw))’
B exp()\g(t‘l'w - S))

g2(t,s) = (A2 = A3)(A2 — A1)(L — exp(Aaw))’
B exp()\g(t‘f'w - 5))

g3(t,s) = (As — A1)(As — Ag)(1 — exp()\sw»,
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g1 = (A1 — A3) + (A1 + A2 — 2A3) exp((A2 + A3)w)
+ (2A1 = A2 — Az) exp((M1 + A2)w),
g2 = (A1 — A3) + (A1 — A2) exp((A2 + Az)w) + (A2 — Az) exp((A1 + A2)w)
+2(A1 — Az) exp((A1 + As)w),
p1 = (A2 — Az) exp(Asw) + 2(A1 — Az) exp(Aaw) + (A1 — A2) exp(Ajw)
+ (A1 = Az) exp((A1 + A2 + Az)w),
P2 = (A1 + A2 — 2X3) exp(Aw) + (2A1 — Ay — A3) exp(Asw)
+ (A1 — Az) exp((A1 + A2 + A3)w),

A3 — exp(A1w) + 1
(A1=22) (A1 =A3)(1—exp(h1w)) ()\2 — )\3)()\2 — )\1)(1 — exp()\gw))
N exp(Asw)
(A3 = A2)(Az — A1)(1 — exp(Asw))’
1 exp(A2w)
B3 = s dmen s +
( 1 2)( 1 3)( exp( 1w)) ()\2 — )\3)()\2 — )\1)(1 — exp()\zw))
. 1
(A3 — A2)(Az — A1)(1 — exp(Asw))
Theorem 3.1.
t+w 1
Gi(t,s)ds = —
/t 1(t5) A1A223
forallt € [0,w] and s € [t,t + w].
Proof. By a simple calculation we have
t+w 1
3.1 t,s)ds = — ,
( ) /t gl( ) AI(AI*)\Q)()‘I*)\S)
t+w 1
3.2 / t,s)ds = — ,
( ) : 92( ) )\2(}\2_)\3)()\2_)\1)

t+w 1
t,s)ds = — ,
/t galt:s) A3(A3 = A1)(Az — A2)
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and then

t+w t+w t+w
[ Gsas= [ awsast [ s
t t t

t+w 1
+ t,s)ds = — .
l g3( ) )\1)\2)\3

(3.3)

Theorem 3.2. If p; < q1 and one of the following conditions
(1) A1 > A2 > A3 >0, or
(ii) A1 > 0 and X3 < A2 <0, is satisfied, then

Az < Gl(t,s) < B3 <0.

Proof. If (i) or (ii) is satisfied, we have

0g1(t, s) _ =X exp(A(t+w — s)) 50
ds (A1 — A2)(A1 — A3)(1 — exp(Aw)) ’
0ga(t, s) _ =Xy exp(Aa(t + w — s)) <0
Os (A2 = Az)(A2 — A1) (1 — exp(Xow))
0gs(t,s) _ —Azexp(As3(t +w —s)) 50
s (A3 = A1)(As — A2) (1 — exp(Asw)) = 7

which implies that g¢;(¢,-), g2(t,-), g3(t,-) have no extreme points.
Hence, we have g1(¢,t) < g1(¢,3) < g1(t,t +w), g2(t, t +w) < ga(t, s) <
gZ(tat)a 93(t7t) < gB(ta S) < g3(t,t + w) for any s € [tat + UJ] anda
using these inequalities together with the assumption p; < ¢;, one gets
A3SG1(t,S)§Bg<0. ]

Corollary 3.1. Ifh € C,, p1 < ¢ and one of the following
conditions s satisfied

(i))\1>)\2>)\3>0, or
(11) A1 >0 and A3 < A2 <0,

then equation (1.1) has a unique positive w-periodic solution

t+w
u(t) = /t G1(t, s)h(s) ds.
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Example 3.1. Counsider the equation
u" —0.601u" + 0.0506u’ — 5 - 10*u = h(t);

here, h(t) is a given continuous and 2m-periodic function. The char-
acteristic equation is (A — 0.5)(A — 0.1)(A — 0.01) = 0, with roots:
A1 = 0.5, Ay = 0.1, A3 = 0.01. We compute p; = 33.8217 < ¢; =
40.2525, and hence the equation has a unique 27-periodic solution
u(t) = tt+27r G(t, s)h(s)ds, where

250 exp()
49(1 — exp(m))

250 exp(0.27)
9(1 — exp(0.27))

10* - exp(0.027)
441(1 — exp(0.027))’

G(t,s) = exp(0.5(t — s))
—exp(0.1(¢t — s))

+ exp(0.01(¢ — s))

s € [t,t + 2]

with [T G(t,5) ds = —2000, —345.9189 < G(t, s) < —290.3633 < 0.

t
Example 3.2. Consider the equation
u” 4+ 0.49u” + 0.055u’ — 6 - 10*u = h(t)

with a continuous, 27-periodic function h. The characteristic equation
is (A=0.01)(A+0.2)(A+0.3) = 0, with roots A; = 0.01, Ay = —0.2, A5 =
—0.3. We compute p; = 0.4295 < gq; = 0.4853, and hence the equation
has a unique 2w-periodic solution u(t) = tt+27r G(t, s)h(s) ds, where
10000 exp(0.027)
651(1 — exp(0.027))
1000
21(exp(0.471) — 1)
1000
31(exp(0.67) — 1)’

G(t, s) = exp(0.01(t — s))

—exp(0.2(s — t))

+ exp(0.3(s — t)) s € [t,t + 2m].

with [("*7 G(t,s)ds = —5000/3, —313.0275 < G(t,s) < —217.7894 <
0.
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Analogously the following result holds.

Theorem 3.3. If ps > g2 and one of the following conditions is
satisfied

(1) A3 < A2 <A1 <0, or

(il) A1 > A2 > 0 and A3 < 0, then

0< A3 < G’l(t,s) < Bs.

Proof. Similarly as in the proof of Theorem 3.2, we get As <
G1(t, s) < Bs and, using the assumption pa > go, it follows that 0 < Aj,
proving that 0 < A; < G4(t,s) < Bs. |

Corollary 3.2. If h € C}, po > g2 and one of the following
conditions is satisfied
(1) A3 < A2 <A1 <0, or

(ii) A1 > A2 > 0 and A3 < 0, then equation (1.1) has a unique positive
w-periodic solution

t+w
u(t) = /t G (t, s)h(s) ds.

Example 3.3. Counsider the equation
u” 4 0.1u" +2.3-10 % + 1.4 - 10 5u = h(t)

with a continuous and 2m-periodic function h. Its characteristic equa-
tion is (A 4+ 0.01)(A 4+ 0.02)(X\ 4+ 0.07) = 0, has the roots: A\; = —0.01,
A2 = —0.02, A3 = —0.07. A computation yields ps = 0.1804 >
q2 = 0.1797, and hence the equation has a unique 2m-periodic solu-
tion u(t) = tt+27r G(t, s)h(s) ds, where
Git,s) = 5-10°% exp(0.01(s — t)) 2 103 exp(0.02(s — t))
’ 3(exp(0.027) — 1) exp(0.047) — 1
10° exp(0.07(s — t))
3(exp(0.147) — 1) ’
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for s € [t,t+27] with ftt+27r
G(t,s) < 1.3368 - 10%.

Example 3.4. Counsider the equation

G(t,s)ds = (5/7)-10° and 0 < 9.3682-103 <

" —2.9u" + 1.74 + 0.2u = h(t),

with a continuous, 27-periodic function h. The characteristic equation
is (A—2)(A—1)(A+0.1) = 0, with roots: A\ =2, Ag =1, A3 = —0.1.
We compute py = 1.7295 - 10® > ¢y = 1.6955 - 10® and therefore the

equation has a unique 27-periodic solution u(t) = tt+27r G(t, s)h(s)ds,
where
10 exp(4m) 10 exp(2m)
G(t,s) = 20t — §)) ——"-"---—""L— t— )
(8,5) = exp(2(t = 8)) 57— oiam TP~ ) ez = 1)
100

+exp(0.1(s — t)) s € [t,t + 27,

231(exp(0.2w) — 1)’

with [/7*7 G(t, s)ds = 5, 0 < 0.0206 < G(t,5) < 1.8387.
Case (ii): Ay = A2 # A3. For convenience, define the abbreviations
Ay = exp(A1w)—14+(A1 —A3)w exp(Asw)
47 a2 (T—exp(hiw))? T (Ai—23)2(1—exp(Rsw))
A = ZPCMw)—expOaw)+ (M —Az)wexp(2hw) | exp(A3w)
5 (A1—A3)*(1—exp(A1w))? (A1—23)?(1—exp(Asw))’
Ar — exp(A1w) =1+ (A1 —A3)wexp(A1w) + exp(Asw)
6— (A1—23)?(1—exp(A1w))? (A1—23)?(1—exp(Asw))’

_ exp(2Ahi1w)—exp(Ar1w)+ (A1 —A3)wexp(2A1w) 1
B4 - - ()\17}\3)12(178X}1)()\13J))2 : + (/\17)\3)2(1fexp()\3w))’

B: — exp(A1w)—1+(A1—A3)w 1
5= u-re2(l—exp(w))? T (a2 (1-ep(se))’

_ exp(2hiw)—exp(A1w)+ (A1 —A3)wexp(A1w) 1
BG - - (Al—A3)21(1—eXpl(A1:J))2 - + (Al—A;;)z(l—exp(A;;w))’

p3 = exp(AMw) + (A — A3)w + (exp(AMw) — 3)

x exp((A1 + Ag)w) + (2 + (A3 — Ar)w) exp(Asw),
pa= (83— (A1 — A3)w)exp(Aw) + (A1 — Ag)w — 1)

x exp((A1 + Az)w) + (exp(Azw) — 2) exp(2A1w).

Theorem 3.4.
1

t+w
Ga(t,s)ds = ———
/t 2( ) )\%)\3

forallt € 0,w] and s € [t,t + w].
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Proof. A direct computation yields

t+w B
(3.4) / exp(A\i (t +w — s))ds = M,
t )\1
t+w B
(3.5) / exp(As(t +w — ) ds = M
¢ 3

exp(Aw) — A\w — 1

t+w
(3.6) /t (s —t)expM(t+w—s))ds = pe

On the other hand,

t+w
/ Ga(t,s)ds
t

_ /t+w (1= exp(Aiw))((s = )(As = A1) = 1) = (As = A)w
‘ (A1 = Ag)*(1 — exp(Aiw))?
x exp(A1(t +w —s))ds

e exp()\g(t +w—3s))
AR i
B fttw(s—t)exp()\l(t+w—s))ds ft exp(Ai(t+w —s))ds
(A3 = A1)(1 — exp(Aw)) (A3 = A1)?(1 — exp(Aiw))
W tt+w exp(A1(t+w —s))ds tt+w exp(A3(t +w —s))ds

(A3 — A1) (1 — exp(A\w))? (A3 — A1)2(1 — exp(Asw)) ’

and by substituting (3.4), (3.5), (3.6) into the above equality, we get

t+w 1
Gs(t,s)ds = ———.
/f: 2( ) )\%)\3

Theorem 3.5. If \; > 0,3 <0, then 0 < Ay < Gs(t,s) < By.

Proof. For t € [0,w], s € [t,t + w], define

9a(t,s) = (s —t)(1 —exp(A1w)) (A3 — A1) + (exp(Aw) — 1) + (A1 — Az)w.
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Then
0ga(t, s)
Js

Hence, g4(t,-) has no extreme point; moreover,

= (exp(Aw) — 1)(A1 — A3) > 0.

ga(t, t) = exp(Mw) — 1+ (A — A3)w,
ga(t,t+ w) = exp(Aw) — 1 4+ (A1 — A3)w exp(Aw),

and 0 < g4(¢,t) < ga(t,t + w). We denote

exp(As(t +w — s))

H = '
1(t, s) (A1 — A3)2(1 — exp(Asw))
Then
OHi(t,s) _ _—AsexpAslt+w —5)) _
0s (A1 — 23)2(1 — exp(A3w)) '
Using the fact that
exp(Azw)
Hi(t, t) =
1( ) ) (}\1 _ )\3)2(]_ — exp(>\3w))
and
1
Hi(t,t+w) =

()\1 - )\3)2(1 - exp()\gw))’
we get 0 < Hy(t,t) < Hi(t,s) < Hi(t,t +w). For Ay > 0, we have
1 <exp(A1(t +w —s)) < exp(Mw), and hence

g4(t, t)
(A1 — A3)*(1 — exp(Aw))
94(t,t + w) exp(Aw)
~ (A1 = A3)%(1 — exp(Mw))

i.e., 0< A4 < Gg(t, S) < B4. O

0<

p) + Hl(t)t) < G2(t75)

;T Hi(t,t +w),

Corollary 3.3. If \; > 0,A\3 < 0 and h € C, then equation (1.1)
has a unique positive w-periodic solution

t+w
u(t) = /t Ga(t, s)h(s) ds.
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Example 3.5. Consider the equation v’ — u” — u’' + u = h(t), with
a continuous, 2m-periodic h, i.e., w = 2w. The characteristic equation
(A =1)2(A+ 1) = 0 has the roots \; = Ay = 1, A\3 = —1. Hence the
equation has a unique 27-periodic solution u(t) = f:”” G(t,s)h(s)ds,
where

Gt s) = exp(2m)(t — s)exp(t —s)  exp(2m)exp(t — s)
’ 2(1 — exp(2m)) 4(1 — exp(2m))
mexp(2m) exp(t — ) exp(s —t)
(1 — exp(27))? 4(exp(2m) — 1)’

for s € [t,t + 27] and 0 < 9.4647 - 10™* < G(¢, 5) < 3.6543.
Analogously, one can prove the following result.
Theorem 3.6. If \3 > 0, \; <0, then Ay < Ga(t,s) < By < 0.

Corollary 3.4. If A3 > 0, Ay < 0 and h € C_, then the equation
(1.1) has a unique positive w-periodic solution

t+w
u(t) = /t Gt s)h(s) ds.

Example 3.6. Consider the equation v +u” — u' 4+ u = h(t) with
continuous, 27-periodic h. The characteristic equation is (A + 1)%(\ —
1) = 0, with roots: Ay = A2 = —1, A3 = 1. Hence, the equation has a
unique 27-periodic solution u(t) = tt+27r G(t, s)h(s)ds, where
(s —t)exp(s — t) exp(s — t)

2(exp(2r) —1)  4(exp(2m) — 1)

mexp(2m)exp(s —t)  exp(2m)exp(t — s)

(exp(2m) — 1)2 4(1 — exp(2m)) ’

G(t,s) =

for s € [t,t + 27] and 0 < —3.6543 < G(t,s) < —9.4647 - 10~*.

Theorem 3.7. If A\3 > A1 > 0, and exp(Aw) < 14 (A3 — A1 )w, then
As < GQ(t, 8) < Bs <O0.
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Proof. Since

0ga(t, s)

95 = (exp()\lw) — 1)()\1 — )\3) < 0,

ga(t,t + w) < ga(t,t) and if exp(Mw) < 14+ (A3 — A1)w, we get
ga(t,t + w) < ga(t,t) < 0. Because of \y > 0, we have 1 <
exp(A1(t +w — s)) < exp(Mw), and

OHi(t,s) _ —Asexp(Ms(t+w—3)) _
ds (A1 — As)2(1 —exp(Aaw)) ~

Hence 0 < H; (t,t) < Hy(t,s) < Hy(t,t + w) and therefore

exp(Mw)ga(t, t +w)
(A — A3)2(1 — exp(Mw))

2 +H1(t7t) < G2(t7 5)

94(t7t)
= n — 2a)?(1 - exp(ne)

3 +H1(t,t+w).
It follows that A5 < Ga(t,s) < Bs < 0. O

Corollary 3.5. If A3 > A1 > 0, exp(Aw) < 1+ (A3 — A\)w and
h(t) € C, , then equation (1.1) has a unique positive w-periodic solution

t+w
u(t) = Ga(t,s)h(s) ds.

t

Example 3.7. Consider the equation v —5.2u” + 1.01v" — 0.05u =
h(t) with continuous, 2m-periodic continuous h. The characteristic
equation (A — 0.1)2(\ — 5) = 0 has the roots A\; = A2 = 0.1, A3 = 5.
Since exp(0.27) = 1.8745 < 1 + 9.8 = 31.7876. The equation has a

unique 27-periodic solution u(t) = :+27r G(t, s)h(s)ds, where

G(t 8) _ 10(s—t) exp(0.1(t—s)) exp(0.27) 100 exp(0.1(t—s)) exp(0.27)
’ 49(1—exp(0.27)) 2401(1—exp(0.27))
207 exp(0.27) exp(0.1(t—s)) + 100 exp(107) exp(5(t—s))
49(1—exp(0.2m))2 2401(1—exp(10m)) ’

for s € [t,t + 27] and —5.8443 < G(¢,s) < —1.6293 < 0.
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Theorem 3.8. If\; < A3 <0, andps > 1, then0 < Ay < Ga(t, s) <
By.

Proof. Similarly as in the proof of Theorem 3.5, we get
Ay < Gat,s) < By,

and if p3 > 1 then A4 > 0 and hence 0 < A4 < G(t,s) < By. O

Corollary 3.6. If A\ < A3 <0, p3 > 1 and h(t) € C}, then the
equation (1.1) has a unique positive w-periodic solution

t+w
u(t) = /t Ga(t, s)h(s) ds.

Example 3.8. Consider the equation v’ + 0.07v" + 1.5 - 10~3u/ +
91075 = h(t) with continuous, 2m-periodic h. The characteristic
equation is (A+0.03)2(A+0.01) = 0 and has the roots \; = Ay = —0.03,
A3 = —0.01. We get ps = 1.0096 > 1 and hence the equation has a
unique 27-periodic solution u(t) = tt+27r G(t, s)h(s)ds, where

_ 50(s — t) exp(0.03(s —¢)) 2500 exp(0.03(s — ))

G(t, s)

exp(0.067) — 1 exp(0.067) — 1
1007 exp(0.067) exp(0.03(s —¢)) | 2500 exp(0.01(s —¢))
(exp(0.067m) — 1)2 exp(0.02m) —1

for s € [t,t + 27], moreover, 1.3355 - 10 < G(t,s) < 2.1698 - 10%.

Theorem 3.9. If \y > A3 > 0 and py < 1, then Ag < Ga(t,s) <
Bg < 0.

Proof. Define
95(t, 8) =exp(A1 (t+w—s))[(1—exp(A1w)) ((s—t) (A3—A1)—1)—(A3— A1 )w],
Then

% = [()\% —MA3)(s —t) + As]exp(Mi(t +w — 8))

x (1 —exp(Mw)) + (MAz — Awexp(Ai(t +w —s)) < 0.
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Moreover,

g5(t,t) = exp(Mw)(exp(A1w) — 1+ (A1 — A3)w),
g5(t, t +w) = exp(Aw) — 1 + (A1 — A3)wexp(Aw).
Hence 0 < g5(t,t + w) < g5(¢,t). Similarly

OH (t, s)
5 >0,

and 0 < Hy(t,t) < Hy(t,s) < Hy(t,t + w). Consequently,

gs(t, t+w)
(A — A3)2(1 — exp(Mw))

2 +H1(t7t) < G2(t7 5)

< gg,(t,t)
~ (A1 — A3)?(1 — exp(Mw))?
+ Hl (ta t+ w)a

i.e., Ag < Go(t,s) < Bg. If py < 1, then Bg < 0 and therefore

A6§G2(t,5)§B6<0- O

Corollary 3.7. If \y > X3 > 0, pa <1 and h € C,, then equation
(1.1) has a unique positive w-periodic solution

t+w
u(t) = /t Gia(t, s)h(s) ds.

Example 3.9. Consider the equation u'”’ — 0.21v" + 0.0124' —
0.0001z = h(t) with continuous, 27-periodic h. The characteristic
equation is (A —0.1)2(A — 0.01) = 0 which has the roots A\; = Ay = 0.1,
A3 = 0.01. We get py, = 0.4104 < 1, and hence the equation has a

unique 27-periodic solution z(t) = tt+27r G(t, s)h(s)ds, where

G(t _ 100exp(0.27)(t—s) exp(0.1(t—s)) 10000 exp(0.27) exp(0.1(t—s))
(t,5) = 9(1—exp(0.27)) - 81(1—exp(0.2m))
2007 exp(0.27) exp(0.1(¢t—s)) 10000 exp(0.027) exp(0.01(¢t—s))
+ 9(1—exp(0.27))2 + 81(1—oxp(0.027)) ,

for s € [t,t + 2] and —1.7149 - 10® < G(t,s) < —1.4680 - 103.
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Case (iii): A\; = A2 = A3. For convenience, define

w? exp(2Aw)(1 + exp(Aw)) w?(1 + exp(\w)

A; = d Bp=———-——=-.
7 2(1 _ exp(\w))® M T T 90 expOw))?
Theorem 3.10.
t+w 1
Gs(t,s)ds = 3
t

forallt € 0,w] and s € [t,t + w].

Proof. As a preparation we compute the following expressions
(3.7)

e exp(Aw)—1

/t exp(A(t +w — s)) ds = ZR5—,
(3.8)

t+w

/ sexp(AMt+w—s))ds = % exp(Aw) — A(t-&;;))ﬂ,
t
(3.9)

t+w
/ s*exp(A\(t +w — 5))ds = — ()‘(t+w/\);r1)2+1 + ()‘H)\lf“ exp(Aw).
¢

On the other hand,

t+w
Gs(t,s)ds

t

t+w
:/t Tt (s = )(exp(Aw) = 1) +w]* + w” exp(Aw)} ds

1 the
:ﬂgax;jﬁl‘ s?exp(A(t +w — 5)) ds
—t w t+w
i [exp(/\w) 1" eoiw) - 1)2] /t sexp(A(t +w —s))ds

N [ t2 3 tw w?(exp(Aw) + 1)
2(exp(Aw) — 1)  (exp(Aw) —1)2 = 2(exp(Aw) —1)3

t+w
X / exp(A(t +w — s))ds.
¢
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Substituting (3.7), (3.8), (3.9) into the above equality, we get

t+w l
/t Gg(t,s)ds:fﬁ. O

Theorem 3.11. If A > 0, then A7 < G5(t,s) < By < 0.

Proof. Define
ge(t,s) =[(s — t)(exp(Aw) — 1) + w]2 + w? exp(Aw)
for s € [t,t + w]. Then

0gs(t, s)
0s

= 2(exp(Aw) — 1)[(s — t)(exp(Aw) — 1) + w] > 0,
i.e., g(t,-) has no extreme points. Since

g6(t,t) = w?(1+ exp(Aw)) > 0,
ge(t,t +w) = w? exp(Aw)(1 + exp(Aw)) > 0,

0 < g(t,t) < ge(t,t + w). For

exp(A(t +w —3))

Hj(t,s) =
2(65) = S0 = exp))®
we get
OHy(t,s) —Aexp(A(t+w —s)) 50
0s (1 —exp(\w))? ’
and hence
HZ(t,t) = % S HQ(t,S) § H2(t,t+w) = m < 0.

We get Ha(t,t)ge(t,t + w) < Gs(t,s) < Ha(t,t 4+ w)gs(t,t) < 0, and
hence
A7 < G3(t,8) < B; < 0. O
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Corollary 3.8. If A\ > 0, and h € C, then equation (1.1) has a
unique positive w-periodic solution

t+w
u(t) = /t Gi(t, s)h(s) ds.

Example 3.10. Consider the equation v’ —3u" +3u'—u = h(t) with
continuous, 2m-periodic h. The characteristic equation is (A — 1) = 0
and has the roots A\; = Ay = A3 = 1. Hence the equation has a unique
2m-periodic solution u(t) = tt+27r G(t, s)h(s)ds, where
[(s —t) exp(27) + 2 — s + t]? + 472 exp(27)

2(1 — exp(2m))3

G(t,s) = exp(t — s+ 2m),

for s € [t,t +w] and —19.8873 < G(t,s) < —6.9354 - 1072,
Similarly we can prove the following result.
Theorem 3.12. If A\ <0, then 0 < A7 < G3(t,s) < Br.

Corollary 3.9. If A < 0, and h € C}, then equation (1.1) has a
unique positive w-periodic solution

t+w
u(t) = /t G3(t, s)h(s) ds.

Example 3.11. Counsider the equation v’ + 3u” + 3u’ + u = h(t)
with continuous, 27-periodic function h. The characteristic equation is
(A+1)? = 0 and has the roots A\; = Ay = A3 = —1. Hence the equation
has a unique 27-periodic solution u(t) = ;HW G(t, s)h(s) ds, where
[(s—t) exp(=27) +2m — s +t]2 +4m? exp(-27)

2(1—exp(—2m))3

G(t,s) = exp(s —t — 2m),

for s € [t,t +w] and 0 < 6.9354 - 107° < G(t, s) < 19.8873.
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Case (iv): Ay = a+i8, A2 = a — i, A3 = A. For the sake of
convenience, define
m = (o — B)(cos(Bw) — exp(aw)) + B sin(Bw),
n = (a — B) sin(Bw) — B(cos(Bw) — exp(aw)),

A — — exp(aw)
B\/[(a — A)2 + B2](1 + exp(2aw) — 2 cos(Bw) exp(aw))
n exp(Aw)
[(c = X)2 + B2](1 — exp(Aw))’
By — exp(aw)
B+/[(a — A2 + B2](1 + exp(2aw) — 2 cos(Bw) exp(aw))
1
Tl N7 A exp(w))”
-1
Ag =
B\/[(a — A)2 + B2](1 + exp(2aw) — 2 cos(Bw) exp(aw))
n exp(Aw)
[(c = X)2 + B2](1 — exp(Aw))’
By = L
B\/[(a — A)2 + B2](1 + exp(2aw) — 2 cos(Bw) exp(aw))
1
+

[(r = )2 + B%|(1 — exp(Aw))

Theorem 3.13.
1

t+w
A G4(t,5)dS: *W

for allt € [0,w] and s € [t,t + w].

Proof. A simple calculation yields

t+w
exp(A(t+w—s)) o
(3.10) /t G0+ (o)) 95 = ~ X@=n 7

t+w
(3.11) /t exp(a(t + w — s))sin(B(t — s))ds

_ Bcos(Bw)+asin(Bw)—pB exp(aw)
= aZtf? )
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t+w
(3.12) /t exp(a(t +w — s)) cos(B(t — s)) ds

_ Bsin(Bw)—acos(Bw)+aexp(aw)
= 21 P2 )

t+w
(3.13) /t exp(a(t +w — s))sin(B(t + w — s)) ds

_ Bexp(aw)(asin(Bw)—p cos(Sw))
- aZ+ 32 )

t+w
(3.14) /t exp(a(t +w — s)) cos(B(t +w — s)) ds

_ exp(aw)(acos(Bw)+Bsin(Bfw))—a
- a?+p? )

On the other hand,

t+w
/ Ga(t,s)ds
t

_ (=) ftt-w exp(a(t+w —s))sin(B(t+w — s))ds
Blla = A)2 + B?](1 + exp(2aw) — 2 exp(aw) cos(Sw))
(a — ) exp(aw) f:+w exp(a(t+w — s))sin(B(t — s))ds
Bl = A)? + 82](1 + exp(20w) — 2 exp(aw) cos(Bw))
B Bf:ﬂ) exp(a(t+w — s))cos(B(t +w — s))ds
Bl(a = A)2 + B2](1 + exp(2aw) — 2 exp(aw) cos(Bw))
B exp(aw) f:—W exp(a(t + w — s)) cos(B(t — s))ds
Blla— N2 + FJ(1 + exp(2aw) — 2 exp(aw) cos(Bw))
fter exp(A(t+w — s))ds

t

[(r = 2)? + B (1 — exp(Aw))’

+

and substituting (3.10), (3.11), (3.12), (3.13), (3.14) into the above
equation, we get

t+w 1
Gyu(t,s)ds = —————+. O
/t a(t,s)ds Aa? + 32)
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Theorem 3.14. If a >0, >0, A <0, and

1+ exp(2aw) — 2 exp(aw) cos(Bw) S [(a = A)? + B%](1 — exp(\w))?
exp(2aw) B2 exp(2\w) ’

then 0 < Ag < G4(t,s) < Bs.

Proof. Define

H;(t,s) = (a— A\)(sin(B(t + w — 8)) — exp(aw) sin(B(t — 9)))
~ Bleos(B(t +w — 5)) — exp(aw) cos(B(t  5)))
= [(ae — A)(cos(Bw) — exp(aw)) + B sin(Bw)] sin(B(t — s))
+ [(a = A) sin(Bw) — B(cos(Bw) — exp(aw))] cos(B(t — 5))
=msin(B(t — s)) + ncos(B(t — s))

=+vm? +n?sin(B(t — s) + ¢), where tanp = n
m

We get

—vm?2+n? < H(t,s) < v/m?+n2.
Because of a > 0, A < 0, we have

1 <exp(a(t+w-—23))
exp(Aw)
(1 — exp(Aw))[(a = A)? + 57|
exp(A(t+w —9))
= (e =22+ 82](1 — exp(Aw))
1
= [l = N+ 21 — exp(w))

< exp(aw),

and get Ag < G4(t,s) < Bg. If

1+ exp(2aw) — 2 exp(aw) cos(Bw) S [(a = A)2 + B%](1 — exp(Iw))?
exp(2aw) B? exp(2Aw)

then 0 < Ag §G4(t,8) < Bs. O
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Corollary 3.10. Ifa >0, 3>0, A <0, and

1+ exp(2aw) — 2 exp(aw) cos(Bw) S [(a = A)? + B%](1 — exp(\w))?
exp(2aw) B2 exp(2)\w) ’

and h € CF, then equation (1.1) has a unique positive w-periodic
solution

t+w
u(t) = /t Galt, s)h(s) ds.

Example 3.12. The equation v’ — 0.1u" 4 0.0525u" + 0.00725u =
h(t) with continuous, 27-periodic h. The characteristic equation is
(A = 0.1 —0.253)(A — 0.1 + 0.25¢)(A + 0.1) = 0 which has the roots
AL = 0.1+ 0.256, Ay = 0.1 — 0.254, A3 = —0.1, and @ = 0.1, § = 0.25,
A = —0.1. Hence

14exp(0.47)—2exp(0.2m) cos(0.5m) _ 0.1025(1—exp(—0.27))?
exp(0.4m) = 1.2846 > 0.0625 exp(—0.4m)

= 1.2541,

and therefore the equation has a unique 27-periodic solution u(t) =
[?7 G(t, s)h(s) ds, where

t

80 exp(0.2m) exp(0.1(t—s
G(t’ 8) = Z§(1+e)xp(%(.47r)() J
[(445 exp(0.27)) cos(0.25(t—s))+(5—4 exp(0.27)) sin(0.25(t—s))]
41(14-exp(0.4m))

X
400 exp(0.1(s—t
+ 41(ex§((0.27(r)—1)))’

for s € [t,t +27] and 0 < 0.1334 < G(t, s) < 31.9362.
Similarly we can prove the following result.

Theorem 3.15. Ifa <0, A <0, 3>0, and

[(r = 2)? + B%](1 — exp(Aw))?
B2 exp(2\w) ’

1+ exp(2aw) — 2 cos(Bw) exp(aw) >

then 0 < Ag < G4(t,s) < By.
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Corollary 3.11. Ifa <0, A <0, 8 >0, and

[(r = 2)? + B%](1 — exp(Aw))?
B2 exp(2\w) ’

1+ exp(2aw) — 2 cos(Bw) exp(aw) >

and h € CF, then equation (1.1) has a unique positive w-periodic

solution
t+w

u(t) = Ga(t,8)h(s) ds.

Example 3.13. Consider the equation u”’ + 0.3u” + 0.0925u" +
0.00725u = h(t) with a continuous and 2m-periodic function h. The
characteristic equation is (A4 0.1 —0.25i)(A+0.1+0.257)(A+0.1) =0
has the roots \; = —0.1 + 0.257, Ay = —0.1 — 0.25¢, A3 = —0.1 and,
a=—-0.1, 3 =0.25, A = —0.1. In this condition,

1+ exp(—0.47) = 1.2846 > (exp(0.27) — 1)% = 0.7647.

So the equation has a unique 2w-periodic solution

t+27
o(t) = /t G(t, s)h(s) ds,

where

G(t, S) _ 16 exp(O.l(s—t))[exp(Of}:rp)(sOi.I;g)).ii(t—s))+cos(0.25(t—s))]
16 exp(0.1(s—t
+ eprEE).QW()—I))’

for s € [t,t + 27] and 0 < 4.1803 < G(t, s) < 48.4138.

Theorem 3.16. If o >0, A >0, 8> 0 and

1+ exp(2aw) — 2 cos(Bw) exp(aw) S [(a = X)? + B%](1 — exp(Iw))?
exp(2aw) B2 ’

then Ag < G4(t,s) < Bg < 0.

Corollary 3.12. Ifa >0, A >0, 8 >0 and

1+ exp(2aw) — 2 cos(Bw) exp(aw) S [(a = A)? + B%](1 — exp(Iw))?
exp(2aw) B2 ’
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and h € CJ, then equation (1.1) has a unique positive w-periodic
solution

t+w
u(t) = /t Galt, s)h(s) ds.

Example 3.14. Consider the equation u”' — 0.21u” + 1.012u" —
0.0101u = h(t) with a continuous, 2w-periodic function h. The charac-
teristic equation is (A — 0.1 — i)(A — 0.1 +4)(A — 0.01) = 0, which has
the roots Ay = 0.1 +1¢ A2 = 0.1 —¢, A3 = 0.0l and @« = 0.1, 8 =1,
A = 0.01. Consequently,

(1 — exp(—0.27))* = 0.2176 > 1.0081(exp(0.027) — 1)? = 0.0042.

Hence, the equation has a unique 27-periodic solution

t+27
z(t) = /t G(t, s)h(s)ds,

where

G(t, S) __ exp(0.2m) exp(lo_i)lo(él_(i),)g;g?oslizng)_S)_COS(t_S)]

+ exp(0.027) exp(0.01(t—s))
1.0081(1—exp(0.027)) 7

for s € [t,t + 27] and —18.4237 < G(t, s) < —13.1619 < 0.

Theorem 3.17. Ifa <0, A >0, 83> 0 and

[( = A)? + B%](exp(hw) — 1)
p? ’

1+ exp(2aw) — 2 cos(Bw) exp(aw) >

then
Ag < G4(t,8) < By < 0.

Corollary 3.13. Ifa <0, A >0, 8> 0 and
[(a = A)? + B%](exp(Aw) — 1)
B2 ’

and h € C, then the equation (1.1) has a unique positive w-periodic
solution

1+ exp(2aw) — 2 cos(Bw) exp(aw) >

t+w
u(t) = /t Ga(t, s)h(s) ds.
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Example 3.15. Consider the equation v’ 4+ 0.1u” + 0.0525u" —
0.00725u = h(t) with continuous, 27-periodic function h. The char-
acteristic equation is (A + 0.1 — 0.25¢)(X + 0.1 4+ 0.25¢)(A — 0.1) = 0,
which has the roots Ay = —0.1+0.25¢, Ay = —0.1 —0.25¢, A3 = 0.1 and
a=-0.1, 8 =0.25, A = 0.1. Hence

41(exp(0.27) — 1)2
25

1+ exp(—0.47) = 1.2846 > = 1.2541,

and therefore the equation has a unique 27-periodic solution u(t) =
ftt+27r G(t, s)h(s)ds, where

G(t,s)
_ 80exp(0.1(s—t))[(5—4 exp(0.27)) cos(0.25(t—s))+(5 exp(0.27)+4) sin(0.25(t—s))]
- 41(exp(0.4m)+1)

400 exp(0.27) exp(0.1(t—s))
+ Al(1—exp(0.2m) 7

for s € [t,t + 2] and —31.9362 < G(t,s) < —0.1334 < 0.

4. Applications. In order to obtain the existence of positive
periodic solutions of (1.2), we need the following Guo-Krasnoselskii
fixed point theorem [1, 2].

Lemma 4.1. Let X be a Banach space, and let K C X be a cone.
Assume Qy, Qo are bounded open subsets of X with 0 € Qp, Q; C Qa,
and let
be a completely continuous operator such that either

(i) || Tul| < ||ul| for w e KNy, and || Tul] > ||u|| for u € K N ON;

or

(i))|| Tul| > ||u|| for w e K NOQy, and [|Tul] < ||ul| for u € K N ON;

then T has a fized point in K N (Qa\ Q).
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Denote

fo= lim sup f(t,u)’ f = lim inf
u—=0t te[o,w] U —° u—ocotell,w] U

Theorem 4.2. If A3 < Ao < A1 <0, or Ay > X2 >0, A3 <0 and
D2 < q2, then the equation (4.1) has at least one positive solution in the

case _
(i) fo=0and f_ =o0; or

(ii) fo = oo and f.=0

Proof. Let X = {u € C(R,R) : u(t + w) = u(t), t € R} with norm

lu|| = sup |u(?)|, then (X, -||) is a Banach space. A cone K is
te[0,w]

defined by K = {u € X : u(t) > As/Bs||ul| for all ¢ € [0,w]}.
For u € K, we define

t+w
Tul(t) = / G (t, 5) f (5, u(s)) ds;

then it follows from Theorem 3.3 that
t+w t+w
0 < Tu(t) = / G1(t,s)f(s,u(s))ds < Bg/ f(s,u(s))ds.
t t

So || Tu|| < Bs [*7 f(s,u(s)) ds. On the other hand,

t

t+w t+w
Tu(t) = / Ga(t, 5)f (s, u(s)) ds > Ay / f(au(s))dsz%ZnTun,

which shows that TK C K. Moreover, it is easy toseethat T': K — K

is completely continuous and that a fixed point of T" is a solution of
(4.1).

(i) First, we consider the case: f, =0 and [, =0

Since f, = 0, we may choose 0 < 71 < 1, so that f(¢t,u) < eu, for
0<wu<ryte[0,w], where € > 0 satisfies Bywe < 1.
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Thus, if v € K, and ||u|| = 71, then we have

t+w
Tut) = [ Grlt)f (o u(s)) ds

t+w
(42) < B3/t f(s,u(s))ds

< Bwe||u|| < r1.

Now, if we set Q1 = {u € X : |lul|] < r1}, then (4.2) shows that
ITu|| < ||u|| for u € K NoQy.

On the other hand, since
f(t,u) > nu, for u > 7, t
(A3wn)/Bs = 1.

Let ro = max{2ry, (Bsr/As)}, and Qo = {u € X : ||u|| < ro}; then
u € K and ||u|| = ry implies that u(t) > (As/Bs)||u|| = (A3/Bs)rs > r.
And so

= 00, there is an r > r; such that

fe
€ [0,w] where n > 0 is chosen so that

t+w
Tut) = [ Grlt)f (s u(s)) ds

(4.3) > A, /t T (s .u(s)) ds

A2wn
> 2320y > ||ull.
B, [Jull = [Jull

Hence, (4.3) shows that [|Tu|| > ||u|| for u € K N 08y.

Therefore, it follows from the first part of Lemma 4.1 that 7" has a
fixed point u* € K N (Q2 \ Q1). Consequently, equation (4.1) has a
positive w-periodic solution 0 < r; < u(t) < ro.

(ii) Next, we consider the other case: f, = oo and f.,=0.

We first choose r3 > 0 such that f(u) > Au for 0 < u < r3, where
A > 0 satisfies (AA%w)/Bs > 1.

Then for u € K and ||u|| = r3, we have

t+w
Tult) = /t G (t, 5)f (s, u(s)) ds

4.4
(44) )\Agw

3

[Jull = [ull.

t+w
Z&A £(s,u(s)) ds >
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Thus, if we set Q3 = {u € X : ||u]| < rs}, (4.4) shows that | Tu| > ||ul],
for u € K N 0Ns.

Now, since f_ = 0, there exists an M > 0, such that ft,u) < &u
for u > M, “where & > 0 satisfies €Bsw < 1. We choose ry =
max{2rz, (BsM/A3)}; then u € K and |ju| = r4 implies that u(t) >
(A3/Bs)|lul| > M, and so

t+w
Tu(t) = / Gr(t, 5)f (s, u(s)) ds
! t+w
(4.5) < B3/ f(s,u(s))rm ds
! t+w
< Byt / u(s) ds < Bywe ul] < [lul].

Therefore, we put Q4 = {u € X : ||u]| < r4}, and for any u € K N Oy,
we have ||Tul| < ||ul|.

By the second part of Lemma 4.1, we know that equation (4.1) has
at least one positive solution 0 < r3 < u(t) < ry. O
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