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SOLVING A FAMILY OF QUARTIC THUE
INEQUALITIES USING CONTINUED FRACTIONS

ANDREJ DUJELLA, BERNADIN IBRAHIMPASIC
AND BORKA JADRIJEVIC

ABSTRACT. In this paper we find all primitive solutions
of the Thue inequality

lz* +2(1 —n®)2%y® + y*| < 2n + 3,

where n > 0 is an integer.

1. Introduction. In 1909, Thue [15] proved that an equation
F(z,y) = p, where F € Z[X,Y] is a homogeneous irreducible polyno-
mial of degree n > 3 and u # 0 a fixed integer, has only finitely many
solutions. Such equations are called Thue equations. In 1968, Baker
[1] gave an effective upper bound for the solutions of a Thue equation,
based on his theory of linear forms in logarithms of algebraic numbers.

The first infinite parametrized family of Thue equations were consid-
ered by Thue himself in [16]. It was the family (a4 1)z™ —ay™ = 1. In
1990, Thomas [14] investigated for the first time a parametrized family
of cubic Thue equations of positive discriminant. Since then, several
families of cubic, quartic and sextic Thue equations have been studied
(see [8, 9] for references).

In [17], Tzanakis considered Thue equations of the form F(z,y) = u,
where F' is a quartic form which corresponding quartic field K is
the compositum of two real quadratic fields. Tzanakis showed that
solving the equation F(z,y) = p, reduces to solving a system of
Pellian equations. The Tzanakis method has been applied to several
parametric families of quartic Thue equations and inequalities (see
[5-7, 10, 11, 20]).

2010 AMS Mathematics subject classification. Primary 11D59, Secondary
11A55.

Keywords and phrases. Thue equations, simultaneous Pellian equations, contin-
ued fractions.

The first and third authors were supported by the Ministry of Science, Education

and Sports, Republic of Croatia, grant # 037-0372781-2821.
Received by the editors on October 23, 2008, and in revised form on August 5,

20009.
DOI:10.1216/RMJ-2011-41-4-1173 Copyright ©2011 Rocky Mountain Mathematics Consortium

1173



1174 A. DUJELLA, B. IBRAHIMPASIC AND B. JADRIJEVIC

The application of Tzanakis’ method for solving Thue equations of
the special type has several advantages (see [5, 17]). Moreover, the
additional advantages appear when we deal with Thue inequalities of
the same type. Namely, the theory of continued fractions can be used in
order to determine small values of i for which the equation F(z,y) = u
has a solution. We can use classical results of Legendre and Fatou
concerning Diophantine approximations of the form |a — 3| < ﬁ and
lao— 2| < b%, or their generalizations to the approximations of the form
|o — ¢| < g for a positive real number ¢, due to Worley, Dujella and
Ibrahimpasi¢ (see [3, 4, 19]).

In the present paper we will show another advantage of the applica-
tion of the Tzanakis method and continued fractions in solving para-
metric families of quartic Thue equations. Namely, in all mentioned
results of that type, the authors were able to solve completely the cor-
responding system(s) of Pellian equations, and from these solutions it
is straightforward to find all solutions of the Thue equation (inequal-
ity). However, even if the system of Pellian equations has nontrivial
solutions (for some values of the parameter) or the system cannot be
solved completely, the information on solutions obtained from the the-
ory of continued fractions and Diophantine approximations might be
sufficient to show that the Thue equation has no solutions or has only
trivial solutions. Note that the system and the original Thue equa-
tion are not equivalent: each solution of the Thue equation induces a
solution of the system, but not vice-versa.

As an illustration of these phenomena we consider the family of Thue
inequalities

(1) 2t +2(1 - n?)z%y? + y*| < 2n 43,

for an integer n > 3.

In [11, 12], the third author considered the two-parametric family of
Thue equations

(2)  z* —2mna’y +2(m® — n? + 1)2%y? + 2mnzy® +oyt =1

and showed that, using Tzanakis method, it leads to solving the system
of Pellian equations

Vie(m?+2)U%=-2, Z?-(n®*-2)U*=2.
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She proved that if m and n are large enough and have sufficiently
large common divisors, all solutions of the system are (U,V,Z) =
(1, +m, +n), which implies that the Thue equation (2) has only trivial
solutions (z,y) = (£1,0), (0,£1). Note that, inserting m = 0 in (2),
we obtain

(3) zt +2(1 —n?)zy? +y* =1,

which is a special case of (1).

Our main result is

Theorem 1. Let n > 3 be an integer. If 2(n? — 1) is not a
perfect square, then all primitive solutions of Thue inequality (1) are
(z,y) = (0,£1), (£1,0). If2(n? — 1) = v2, then all primitive solutions
of (1) are (z,y) = (0,£1), (£1,0), (£1,£v), (£r,£1).

We may complete our results by giving the information of the inequal-
ity (1) for n = 0,1,2. For n = 0 we have (2% +y?)? < 3 which obviously
has only trivial solutions (z,y) = (0,+£1), (£1,0), while for n = 1 we
have z4+y* < 5, which has solutions (z,y) = (0, £1), (£1,0), (£1,£1).
For n = 2 we have |z%—62%y%+y?| = |(22—22y—y?) (2% +22y—y?)| < 7,
for which it is easy to verify that all solutions are given by (z,y) =
(0,£1), (£1,0), (£1,41), (£1,£2), (£2,£1).

2. The system of Pellian equations. An application of the
Tzanakis method to inequality (1), i.e. to the Thue equations

(4) * +2(1 —n?)z?y? +yt =m
for |m| < 2n + 3, leads to the system of Pellian equations

(5) U? - 2v%=m,
(6) Z? — (n* - 2)U? = 2m,

where U = 22 + 42, V = nxy, Z = |n(z? — y?)|.
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2|m| < 4n +6 U2

Now we can use Worley’s extension [19, Theorem 1] of Legendre’s
theorem. Worley’s result was slightly improved by Dujella in [3,
Theorem 1].

Theorem 2 (Worley, Dujella). Let o be a real number, and let a and
b be coprime nonzero integers, satisfying the inequality

where ¢ is a positive real number. Let py/q denote the kth convergent
in the continued fraction expansion of a. Then (a,b) = (rpy £
SPk_1,Tqk T+ Sqr_1), for some nonnegative integers k, r and s such
that rs < 2c.

By Theorem 2, we conclude that there exist nonnegative integers
k,r,s, rs < 14, such that Z = rpx £+ spr_1, U = rqr £ sqr_1, where
pr/qr denotes the kth convergent in the continued fraction expansion
of vVn? — 2 (see [4] for more restrictive conditions on r and s and an
explicit list of all possible pairs (r, s)).

The continued fraction expansion of y/n? — 2 is periodic with the
length of period equal to 4:

vn2—-2=[n-1,1,n—2,1,2n—2].

In order to determine the values of m for which equation (6) has a
solution, we use the following result (see [6, Lemma 1]):
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Lemma 1. Let aff be a positive integer which is not a perfect
square, and let py,/qx denote the kth convergent of the continued fraction
expansion of \/a/B. Let the sequences (or) and (1) be defined by
(70:0, Tozﬂ and

= {Uk-Fm

Tk

aﬁ_—a’%“ﬁ)rk>&

J ) Ok+1 = AT — Ok, Tk4+1 =
Tk

Then

a(rgesr + sqr)® — B(rprr1 + spr)?
= (—1)k(327k+1 + 2rsogio — r27k+2).

By Lemma 1, we obtain the following formula

(7)  (rpr £ spr—1)® — (n® — 2)(rqx % sqr—1)*
= (—1)’“(3sz +2rs504 11 — T The1),

where (09,70) = (0,1), (01,71) = (n — 1,2n — 3), (02,72) = (n — 2,2),
(03,73) = (n —2,2n = 3), (04,72) = (n — 1,1), (Okta, Tkta) = (Ok, Tk)
for k > 1.

Inserting k = 0, 1, 2, 3 and all possibilities for  and s in (7), we obtain
the following result.

Proposition 1. Let m be an integer such that |m| < 2n+3 and such
that the equation (6) has a solution in relatively prime integers U and
Z. Thenme M ={1,-2n+3,2n+3} ifn >7, me MU {-4n+ 9}
ifn=4,5,6, and m € M U{—6n+ 11} if n = 3.

Furthermore, for n > 3, all solutions of this equation wn relatively
prime positive integers are gwen by (U, Z) = (qug+1,Pak+1) f m = 1;
(U, Z) = (qak — qar—1,Pak —Pak—1) and (U, Z) = (qak+3+qak+2, Pak+3+
Pakt2) if m = =2n 4+ 3; (U, Z) = (qur + 3qak—1, pak + 3pax—1) and
(U,Z) = (3qar+3 — qak+2,3Pak+3 — Part2) if m = 2n + 3, where k > 0
and pr/q. denotes the kth convergent of continued fraction expansion
of Vn? —2 and (p_1,9-1) = (1,0).

For n = 4,5,6 and additional m = —4n + 9, all solutions of
equation (6) are given by (U,Z) = (qar — 3qak—1,Pak — 3Pak—1) and
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(U,Z) = (3qak+3 + qak+2, 3pak+3 + Pak+2). For n = 3 and additional
m = —6n + 11 = —7, all solutions of equation (6) are given by
(U, Z) = (qak+1 + 2k, Pak+1 + 2Pak).

Therefore, we will study equation (4) and the corresponding system
(5)—(6) for m =1, —2n+ 3 and 2n + 3.

First note that in the case m = 1, by a result of Walsh [18] (see also
[12]) equation (3) has only trivial solutions (z,y) = (0,£1), (£1,0),
unless 2(n? — 1) is not a perfect square. If 2(n? — 1) = v?, then all
solutions of (3) are (z,y) = (0,%1), (£1,0), (£1, £v), (£v, £1).

3. Case m = —2n+3. By Proposition 1, all solutions of the equation
(8) Z? — (n* = 2)U? = 2(—2n + 3)

in relatively prime nonnegative integers U and Z are given by (U, Z) =
(Ug, Zy) or (U, Z) = (U}, Z;,), where

Uy =1, Uy =2n%—2n—1, Up =2(n* = 1)Uy 1 — Up_o,
Zo=n—2, Zy=2n*-2n2-3n+2, Z;, =2(n®> - 1)Zx 1 — Zp o,
Ui =1, Uj=2n-1, U, =2(n* - 1)U,_, — Uj_,,
Zy=-n+2,7Z; =2n* —n -2, Z, =2n* - 172 1 — Z}_,
Let us consider the other equation
(9) U? —2V? = —2n + 3.

It should be noted that system (8)—(9) has solutions for some values of
the parameter n. Namely, if n — 1 is a perfect square, say n = v + 1,
then U =1,V = v, Z = v? — 1 is a solution. Also, if (n — 1)(2n + 1)
is a perfect square, then the system has a solution. For example, for
n = 433 we have a solution U = 865, V = 612, Z = 374543.

However, we are able to prove that the corresponding Thue equation
(10) ot +2(1 —n?)z?y? +y* = —2n+3

has no solutions for an integer n > 3. Indeed, assume that (10) has
a solution (x,y). Then the system (8)—(9) has a solution (U,V,Z)
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such that U = 22 + 4%, V = nzy, Z = |n(z? — y?)|. In particular,
V =0 (mod n). On the other hand, it follows easily by induction that
Uy = Uj, = (-1)* (mod n). Hence, U? = 1 (mod n) and (9) implies
2V? = —2 (mod n), a contradiction.

4. Case m = 2n + 3. By Proposition 1, all solutions U of the
equation

(11) Z? — (n* = 2)U% = 2(2n + 3)

in relatively prime nonnegative integers U and Z are given by U = Uy
or U = U}, where

Uy=1, Ui=2n+2n—-1, Up=2n%-1)Us 1 — Uk o,
Uy=-1, Ul =2n+1, U, =2(n? - 1)U_, — Up_,.

Consider the other equation
(12) U? -2V?=2n+3.

Again, the system (11)—(12) might have solutions for some values of
the parameter n. For example, if (n 4 1)(2n — 1) is a perfect square, as
for n = 74.

But, we prove that the corresponding Thue equation
(13) et +2(1 - n?)r?y +yt =2n+3

has no solutions for an integer n > 3. Indeed, assume that (13) has
a solution (z,y). Then the system (11)—(12) has a solution (U,V, Z)
such that U = 22 + 4%, V = nzy, Z = |n(z? — y?)|. In particular,
V =0 (mod n). On the other hand, it follows easily by induction that
Up = (-1)* (mod n) and U}, = (-1)**! (mod n). Hence, U? = 1
(mod n) and (12) implies 2V2 = —2 (mod n), a contradiction.

5. Case gcd(U,Z) > 1. We are working under assumption that
ged(z,y) = 1. In the previous section we have found all solutions of
our Thue equation under assumption that U and Z are relatively prime.
Now we deal with the case when ged(U, Z) =d > 1.
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Let U = dU’, Z = dZ'. Then Z? — (n® — 2)U? = 2m/d?,
ged(U',Z") = 1 and |2m/d?| < n + (3/4). As in the proof of
Proposition 1, we find that the only possibilities for m’ = (2m/d?)

are: m' =land m' =2ifn>4,andm' =1, m' =2and m' = -3
if n = 3. For n = 3, the additional possibility m' = —3, which implies
m = —6, will be treated in the next section.

Consider first the case m’ = 2. By Proposition 1 we find that the
solutions Z’ of the equation Z'2 — (n? —2)U'? = 2 are given by Z' = 2,
where 29 = n, 21 = 2n® — 3n, 2, = 2(n? — 1)2;_1 — 2_o. It follows
easily by induction that Z’ = nz, where z is an odd integer. Now from
Z =|n(z*—y?)| = dnz and U = 2> +y? = dU’ it follows that d divides
2?2 + y? and 22 — y%. But ged(x,y) = 1 and thus d = 2. However,
this implies that 22 = 22 — y?, which is a contradiction since 2z = 2
(mod 4) and so 2z cannot be represented as a difference of two squares.

Assume now that m’ = 1. We have the Pell equation Z'? — (n? —

2)U” = 1 with the solutions Z’ given by Z' = wy, where wy = 1,
wy =n?—1, wy = 2(n? — 1)wg_1 — wg_2. Hence, Z' = £1 (mod n)
and gcd(Z’,n) = 1. But now from Z = |n(z? — y?)| = dZ' we obtain
that n|d. Thus d > n and for n > 6 we have 2m = d?>>n?>2n+3,
and we obtain a contradiction again. For n = 3 and n = 4 there is
an additional possibility that m = 8, which will be treated in the next
section.

6. Cases n < 6. It remains to consider four particular Thue equa-
tions listed in Proposition 1 for n = 3,4, 5,6 and also the equations for
(n,m) = (3,—6), (3,8), (4,8) from the previous section. We can solve
the corresponding systems of Pellian equations by standard methods
(linear forms in three logarithms and Baker-Davenport reduction, see
e.g., [2]).

But we can also use the Thue equation solver in PARI/GP [13] to
solve directly these seven Thue equations. We easily find that the
Thue equations have no integer solutions. Note that the corresponding
system for (n,m) = (4, —=7):

U? -2v?i=-7,
Z% —14U°? = —14,

has an integer solution (U,V,Z) = (1,2,0), but this solution does not
lead to a solution of the corresponding Thue equation.
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