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STEADY STATE SOLUTIONS OF
A LOGISTIC EQUATION WITH
NONLINEAR BOUNDARY CONDITIONS

ROBERT S. CANTRELL, CHRIS COSNER AND SALOME MARTINEZ

ABSTRACT. We consider the diffusive logistic equation

with nonlinear boundary conditions

Au+Au(l—u) =0 z €,
a(u)(Ou/dv)+ (1 —a(u)u=0 =z € dQ,
u>0 for z € Q,

where Q is a bounded domain in R with v its outer unit nor-
mal and A is a positive parameter. The boundary conditions
of the equation considered are nonlinear, with the function «
satisfying «([0,1]) C [0,1] and increasing. In this work we
will study the case o(0) = 0, a/(0) > 0, which implies that,
as A varies, the above equation has two continua of solutions,
one having Dirichlet boundary conditions, and another one
in which each solution is positive at the boundary. We show
that the second continuum of solutions may contain infinitely
many solutions for a fixed value of .

1. Introduction. The purpose of this article is to continue the
study of the logistic equation with nonlinear boundary condition

Au+Adu(l—u)=0 x €,
(1.1) a(u)(Ou/ov) + (1 —a(u))u=0 x € 09,
u>0 for x € Q.

The domain Q C R is bounded, v denotes its outer unit normal, and
A is a positive parameter. The function « satisfies ([0,1]) C [0, 1] and
is smooth and increasing. The solutions of (1.1) are the steady state
solutions of

(Ou/0t) = Au+ Au(l — u) zeNt>0
(1.2) a(w)(Qu/ov)+ (1 —a(u))u=0 €N, t>0

u(z,0) >0 for x € Q.
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The above evolution problem has been used to model the dynamics of
a population occupying a patch €2 in which the tendency of individuals
to stay in the patch when they reach the boundary increases with the
population density u. In the model behavior at the patch boundary
corresponds to having a(u) increasing. A derivation of the model and
a discussion of its biological interpretation are given in [1]. Since the
carrying capacity within the patch is scaled to 1, the model is relevant
to the biological application only for 0 < u < 1. Note that by the
maximum principle solutions (1.1) can have a maximum that is greater
than 1 only on 09, and only if a(u) > 1 at the point where the
maximum occurs. However, having o > 1 on part of 99 implies that
part of the boundary serves as a source of new individuals entering
the patch, while the situation we want to model is that of an isolated
patch where the rate at which individuals leave the patch depends on
the density within it but where there is no immigration from elsewhere.
Thus, we will focus on solutions with 0 < u < 1.

As was shown in [2, 3], the structure of the set of solutions of ((1.1)
is greatly affected by the behavior of the function a near v = 0 and
u = 1, and in particular (1.1) may have multiple solutions for some
values of A\. In contrast, the uniqueness of the positive solution has
been shown for similar equations under different assumptions on the
nonlinear boundary conditions; see [6]. As in [2] we note that when
a(0) = 0 then the boundary condition of (1.1) can be written as

u(ﬁ(u)% +1—a(u)) =0 on0Q,

with 8(u) = a(uw)/u, for v > 0 and 3(0) = o/(0). Thus, we can
distinguish two distinct sets of nontrivial solutions. One consists of
the solutions of the Dirichlet problem, which we denote by Cp =
{(@x,\)/A > A}}, where A} is the principal eigenvalue of

(1.3) —AY+ X =0 in§, v» =0 on 99,
and u, is the solution of
(1.4) —Au+du(l—u)=0 inQ, u =0 on ON.

It is well known that there is a unique positive solution for the Dirichlet
problem for each A > A}. The other set, if it exists, is denoted by C;
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and consists of the solutions of

Au+Au(l —u)=0 xz €,
(1.5) B(u)(Ou/0v) +1—a(u) =0 for z € 09,
0<u<l1 in Q.

In [2] was proved that the branch Cp does not intersect C; if and only if
Q is not a ball. Indeed, in the case Q = B(0,1) set y(\) = —(9u,/0v)
at |z| = 1. We have that + is increasing in (A}, 00), ¥(A) — 0 as A — A}
and y(A) — 0o as A — oo; therefore there exists a unique A* such that
Uy~ is a solution of (1.5), namely, v(A*) = 1/5(0).

Observe that when (1) = 1 and /(0) > 0 we have that u = 1 is
a solution of (1.5) for any A\. Moreover, as it was proved in [2], we
have that a branch of solutions of (1.5) bifurcate from (g, 1), where
the value )¢ is defined as the principal eigenvalue of

AP — X =0, in ? — /(1) =0 on 99.
v

Moreover, this bifurcating branch can be extended to a continuum of
solutions denoted by C; of (1.1) and of (1.5). The set C; always meets
the trivial branch u = 0 when «(0) > 0, as was shown in [3].

The purpose of this paper is to further examine the behavior of the
set of solutions of (1.1) in the case a(0) = 0. Our main results are that
for A sufficiently large the only nontrivial solutions are the Dirichlet
solutions and u = 1, but for some choices of a there can be infinitely
many nontrivial solutions for some fixed value of \.

Reaction-diffusion equations with nonlinear boundary conditions
have been studied by various authors. We will not attempt to give an
overall review of the literature, but some additional recent references
are [5, 7-10].

Throughout this paper we will assume that:
(H1) a(0) =0 and &/(0) > 0.

In this paper we will sometimes consider the one-dimensional case of
(1.5), i.e., @ = (=L, L). In that case we can write (1.5) as



448 R. CANTRELL, C. COSNER AND S. MARTINEZ

v +Xu(l—u)=0in (-L,L), 0
(1 a(u(L)
(L6) wik) = ( Blu(L)) >

2. Asymptotic behavior of nontrivial solutions for )\ large.
In this section we will show that if (uy,, An) is a sequence of solutions of
(1.5) with A, — 0o, then uy_, — 1 uniformly in Q as n — co. Moreover,
when «(1) = 1 we have that uy, =1 for n large.

Proposition 1. Suppose that uy,, is a solution of (1.5) with A, — oo
as n — 0o0. Then uy, — 1 uniformly in Q.

Proof. To simplify notation we denote u,, = uy,. We will proceed
by contradiction, i.e., we suppose that for all sufficiently small § > 0
there exists a sequence )\, — oo and z, € Q such that u,(z,) <1 — 6.
Without loss of generality we can suppose that z, — z.

For r > 0 we set pg > 0 to be the principal eigenvalue of
(2.1) A+ pp =0 in B(0,r), » =0 on 0B(0,r),

with normalized principal eigenvector 1o > 0, with max,c p(o,r) Yo(y) =
1%o(0) =1 — 6/2. Observe that if n is large enough, then v, satisfies

A¢0 + An¢0(l - wo) Z 0, in B(O,’I‘)

Thus, if B(z,7) C €, then by a simple application of the strong
maximum principle, for n large we have u,(x) > ¥o(0) = 1 — §/2.
Hence this implies that z € 02 and that there exists xz,, € Q such that
Un(zy) =1 —0.

Suppose that /A, dist (z,,, Q) — oco. In this case set r > 0 and po
as above, and we define v, (y) = up (zn + /#/Any) which satisfies

(2.2) Avn+ pon(1—02) =0 on /20 (@~ {a}).
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Then, proceeding as above, taking p = 2u0 /6 we obtain a contradiction

since
An
B(0,r) C 4/ m (@ —A{zn})
for n large.

Suppose now that /A, dist (z,,,0Q) — do. Set y, € 92 such that
lyn — xn| < d/v/ A with d > dy. We can assume, considering a
subsequence if necessary, that y, — 7 € 02. Using the smoothness of {2
there exists an 7 > 0 and a smooth one-to-one map ¢ : B(y,n) — R”,
such that ¢(y) = 0, (02N B(y,n) C {xxy = 0}, (@ N B(y,n) C
{zn > 0}. Moreover ¢ can be chosen such that if w,(z) = u, (¢~ (z))
then w,, satisfies

Lw, + \pwy(l —w,) =0 in W,
own,

Don h(w,) on (W N{zy =0}),

where W = (2N B(y, 7)), h a smooth function, and
92 0
L= ;a“(m)rsiax]— + zi:bia—wi’

a uniformly elliptic operator in W with smooth coefficients independent
of n.

Proceeding as above, we define v,(y) = wn(¢(yn) + y/VAn), that
satisfies

n 0%y, 1 ns \OUp

+wp(l—wy) =0 in A\, W,

ow, 1 _
o = \/—)\_nh(wn) on d(v/ AW N {zn = 0}),

with a7} (y) = aij(¢(yn) + y/VAn) and b7 (y) = bi(e(yn) + y/VAn).
Now, using Schauder estimates (see for instance [4]) we have that if
Bf = B(0,R)N {zx >0} and 7 > 0, then for n large we have

1
||'Un||02+'Y(B;§£) <C \/—)\—HH’UTLHCQJF’Y(B;) + H’U"HC'Y(B;) .
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Using that v,, < 1 and an interpolation inequality we obtain that there
exists a constant Cj such that

||vn||02+~/(3;) < Cp.

Therefore, as n — oo we have that, except possibly for a subsequence,
v, converges to a solution v of

02 )
2 aii(0) 61,"(:;1;]' +o(l-v)=0 in{zy >0},
i i

%:0 on {zy = 0}.

Therefore, after reflecting and making a change of variables, we have
that v > 0 is a solution of Aw + w(1 —w) = 0 in RY. Observe that
1 =6 = un(zn) = va(vVAulp(zn) — ¢(yn))), and since vVAu|zn — yn|
is bounded we have that, except possibly for a subsequence, that
VA (p(x,) — ¢(yn)) converges. Hence, there exists 7 € RV such that
v(Z) = 1 — 4, thus v is positive, which implies that v = 1, which is a
contradiction. O

Remark 1. We note that the result also applies to the case of solutions
to the diffusive logistic equation with fixed Robin boundary conditions,
with the same proof.

The next result states that in the case (1) = 1 and /(1) > 0 we
have that for X\ large enough the only solution of (1.5) is u = 1.

Proposition 2. There exists a Ao depending on Q such that for all
A > Xy the equation (1.5) admits u =1 as its only nontrivial solution.

Proof. The proof of this proposition is similar to the one of Theo-
rem 2.1 in [3]. We include it here for completeness. We proceed by
contradiction. Suppose that we have a sequence uy, of solutions of
(1.5), which for simplicity will be denoted by u,, with A, — oo as
n — 0o. Then by Proposition 1 we have that for § small we have

(2.4) up, >1—9 for n large.
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As in [3], we define h > 0 and smooth satisfying
VPh+1=0 inQ
oh

8_+Kh_0 on 0.

We let z, = (1 — u,)h. It can be checked that z,, satisfies:
(2.5)
{ ~V - ((1/h®)Vz) — (z/h) - V2 (1/h) + Ap(2/B*)u, =0 in Q
(0z/0v) + (K — (1 — a(un)/1 —uy) - (un/a(un))) 2 =0 on ON.
Choose K large enough that the expression multiplying z in the

boundary condition of (2.5) is positive. Multiplying the top equation
in (2 5) by 2z, integrating by parts and using (1.1), we obtain:

A/ d/viv d+/év21d
SUndr = [ 2p 53 Ven | dz L 5 )4z
— 1 2 Zn
— /th\Vzn\ da:—l—/Q v <ﬁVzn> dx
2
Zng2( L
+/Q hV <h> dx
1—a(u,) wu 22
= nl? K— n/,_™m _JIn
/Qh2|vz I"de ~/z9§2( 1—uy, a(un)> h? a5
22
/ 5 (5)
,% 1 2|Vh|2
Then using (2.4) and (2.6) we obtain that

1 1 2|Vh(z)|?
<
An S T Ay <h(x) T Th@e )

which contradicts the unboundedness of \,,. O

3. Existence of multiple equilibria. Asnoted in the introduction,
we will now consider Q = (—L, L). We are interested in describing the
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solutions of (1.1) different from the Dirichlet solutions, i.e., solutions of
(1.4). We start by rescaling the problem considering v(t) = u(t/v/\),
which satisfies

(3.1) V" +o(1—v)=0 in(=LVX LVA), v>0,

with the boundary conditions

) 1 (1—a(v(IVN)
32 ”(L\/X)_\/X< Bu(LVN) >

o 1 (1—a(u(-LVN)
(3.3) V' (—=LV) = \/X< Bo(=LvN) )

We observe that any solution v of (3.1) satisfies

v'2 vr 0?
to -3 = C,

with C' € (0,1/6]. We define f(z,y) = (y*/2) + (z%/2) — (z*/3). To
start the study of (3.1), (3.2), (3.3), it is useful to define a time map. Set
U ={(z,y)/f(z,y) € (0,1/6),0 <z < 1,y > 0}. For any (z,y) € U
we define v(-;z,y) to be the solution of (3.1) with v(0;z,y) = =,
v'(0;z,y) =y. We set T'(x,y) the first time such that v(¢; z,y) satisfies
o(T(2 ), 2,y) = 0. Observe n(z,y) = v(T(z,y),z,y) is given by
n(z,y) = v~ 1(f(z,y)), where y(u) = (u?/2) — (u3/3). Then, we have
the following expression for T'(z,y):

1 n(z,y) 1
T(l’, y) = 5

V2 Viz,y) —(z) &

With a change of variables, using s = z/n(z,y) and the fact that
f(z,y) = v(n(z,y)) we obtain:
(3.4)

T( 1

1 1
=7 /z/n Y Y Py [ o
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Proposition 3. The following hold:
(i) For all z,y € U we have 0T /0y > 0.
(ii) There exists a 6 > 0 such that for (z,y) e U, 2 < ¢

oT
%<0.

Proof. The proof of (i) follows easily from differentiating 7' and
observing that by a simple computation dn/dy > 0.

To prove (ii) we differentiate to obtain:

3.5
1 ot 1
0x V3 Or /T (e [e/n+ 172 () (o /m) - DI/3

(s + 5 +1)(9n/0x)

N 1 /1 1 ds.
V2L VI=S (VT D2 W s+ 013)

It can be checked that 9n/0x(0,y) = 0 and 7(0,y) > 0 for all y > 0.

Thus we obtain
O(z/n) _ n—x(@n/0z) _,
Oz n? ’

if z is close to zero. O

Remark 2. We observe that since dn/dy > 0 if t € (7/2,00) then
the equation T'(z,y) =t can be solved in a unique way, with y = y(z)
defined for z € [0, 1]. Moreover, since 07'/0z < 0 at z close to zero, we
have that y'(z) > 0 for small z.

Going back to our problem, we observe that (v, ) is a solution of
(3.1), (3.2), (3.3), if and only if

(3.6) T(ac, %1_(—0;533)> =LV

Proposition 4. Fiz L > w/2 and A = \g. There exists a function
a strictly increasing with o(0) =0, &’(0) > 0, and § > 0 such that for
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all € [0, 6] we have
(3.7) T(m, 1‘—"‘(5”)> ~L

Thus, for A = X\g and the choice of a there are infinitely many positive
solutions of the one-dimensional case of (1.5).

Proof. Set t = L and y(z) as in Remark 2. We define for 0 < z < §

T

a(z) = m,

where ¢ > 0 is to be chosen and we continue « to be smooth, increasing,
with a(u) € [0,1]. Observe that «(0) = 0 and 1 — a(z)/8(z) = y(x),
thus (3.7) holds. It remains to check that « is increasing in [0, 6]. Since:

z +y(z) — (1 +y'(2))
(z +y(x))? ’

o (z) =
we can chose ¢ small so that o/(z) > 0 in [0, §]. o

We observe that this result gives that for some nonlinearity « in
the one-dimensional case we may have that for some A\ there are a
continuum of solutions of (1.1) bifurcating from the Dirichlet branch
Cp.

Acknowledgements. This work was done while the third author
was visiting the University of Miami. The author wants to thank S.
Cantrell and C. Cosner for their hospitality.

REFERENCES

1. R.S. Cantrell and C. Cosner, Density dependent behavior at habitat boundaries
and the Allee effect, Bull. Math. Biol. 69 (2007), 2339-2360.

2. , On the effects of nonlinear boundary conditions in diffusive logistic
equations on bounded domains, J. Differential Equations 231 (2006), 768-804.

3. R.S. Cantrell, C. Cosner and S. Martinez, Global bifurcation of solutions
to diffusive logistic equations on bounded domains subject to nonlinear boundary

conditions, Proc. Royal Soc. Edinburgh 139 (2009), 45-56.




LOGISTIC EQUATION 455

4. D. Gilbarg and N.S. Trudinger, Elliptic partial differential equations of second
order, Springer-Verlag, New York, 1983.

5. P. Grindrod and E. Tuma, Some semi-linear parabolic equations with nonlinear
fluz boundary conditions, Nonlinearity 20 (2007), 1421-1429.

6. C. Morales-Rodrigo and A. Sudrez, Uniqueness of solution for elliptic problems
with nonlinear boundary conditions, Comm. Appl. Nonlinear Anal. 13 (2006),
69-78.

7. J.D. Rossi, Elliptic problems with nonlinear boundary conditions and the
Sobolev trace theorem, in Handbook of differential equations: Stationary partial
differential equations, vol. 2, M. Chipot and P. Quittner, eds., Elsevier, Amsterdam,
2005.

8. K. Umezu, Global positive solution branches of positone problems with non-
linear boundary conditions, Differential Integral Equations 13 (2000), 669-686.

9. , Local bifurcation analysis and stability of steady-state solutions for
diffusive equations with nonlinear boundary conditions, Comm. Appl. Anal. 8
(2004), 533-547.

10. , Global bifurcation results for semilinear elliptic boundary value
problems with indefinite weights and nonlinear boundary conditions, Nonlinear
Differential Equations Appl. 17 (2010), 323-336.

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF Miami, CORAL GABLES,
FL 33124
Email address: rsc@math.miami.edu

DEPARTMENT OF MATHEMATICS, THE UNIVERSITY OF Miami, CORAL GABLES,
FL 33124
Emalil address: gcc@math.miami.edu

DEPARTAMENTO DE INGENIER{A MATEMATICA, UNIVERSIDAD DE CHILE, BLANCO
ENcALADA 2120, 5° PISO—SANTIAGO, CHILE AND CENTRO DE MODELAMIENTO
MATEMATICO, UMI 2807 CNRS-UCHILE, UNIVERSIDAD DE CHILE, CASILLA 170
CORREO 3—SANTIAGO, CHILE

Email address: samartin@dim.uchile.cl




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.1000
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /CreateJDFFile false
  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
  >>
>> setdistillerparams
<<
  /HWResolution [600 600]
  /PageSize [612.000 792.000]
>> setpagedevice


