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THE LAGUERRE-SOBOLEV-TYPE
ORTHOGONAL POLYNOMIALS.
HOLONOMIC EQUATION AND

ELECTROSTATIC INTERPRETATION

HERBERT DUENAS AND FRANCISCO MARCELLAN

ABSTRACT. In this paper we find the second order linear
differential equation satisfied by orthogonal polynomials with
respect to the inner product

(p,q) = / p(z)q(x)z*e™"dz + Np'(0)q'(0)
0

where o > —1, N € R4 and p, q are polynomials with real
coefficients. We also find some numerical results concerning
the distribution of their zeros and their electrostatic interpre-
tation in terms of a logarithmic potential with an external
field. We deduce the hypergeometric expression of these poly-
nomials. Finally, the analysis of asymptotic behavior of such
polynomials is presented.

1. Introduction. The Laguerre orthogonal polynomials are defined
as the polynomials orthogonal with respect to the inner product

(1) (p,q) :/ pgze dx, o> -1, p,qeP.
0

If {L},>0 are the Laguerre polynomials and p the corresponding
orthogonality measure, we define an inner Sobolev-type product as
follows

(2) (0, q)s = /Ooo pgdp + Np'(0)¢'(0), N eR,.
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Let {Eg}nzo be the Laguerre-Sobolev-type orthogonal polynomials
corresponding to the above inner product. Such a kind of Sobolev-type
orthogonal polynomials have been introduced in [10].

The main goal of the paper is to find a second order linear differential
equation which is satisfied by L¢ for every n € N. This differential
equation will allow us to give an electrostatic interpretation of the
zeros of LS. Additionally, we will give a hypergeometric expression
of Eg On the other hand, we analyze the asymptotic behavior of the
Laguerre-Sobolev-type orthogonal polynomials.

In Section 2, we present some preliminary results about Laguerre
orthogonal polynomials. In Section 3, we find a connection formula
which expresses the Laguerre-Sobolev-type orthogonal polynomials as
a combination of three consecutive Laguerre polynomials. This formula
will be our principal tool in this paper.

In Section 4, we find a holonomic equation that Eg satisfies. The
hypergeometric representation of Zg is done in Section 5. The location
of the zeros is analyzed in Section 6. In particular, some numerical
experiments using Maple Software are presented. An electrostatic
interpretation is done in Section 7. Finally, the asymptotic behavior
of the Laguerre-Sobolev-Type orthogonal polynomials is studied in
Section 8.

2. Preliminaries. Let {{,}n>0 be a sequence of complex numbers
and p a linear functional defined in the linear space P of the polyno-
mials with complex coefficients, such that

(y ™) = p, n=0,1,2....

L is said to be a moment functional associated with {Hn}nzo- Moreover
I is said to be the moment of order n of the functional p.

Given a moment functional p, a sequence of polynomials {P, },>¢ is
said to be a sequence of orthogonal polynomsials with respect to p if

(i) The degree of P, is n.
(ii) (u, Po(x)Pp(z)) =0, m # n.
(i) (i P2(2)) £0,n =0,1,2, ...

If every polynomial P,(z) has 1 as leading coefficient, then {P,}»>0
is said to be a sequence of monic orthogonal polynomials. It is clear
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that for every sequence of orthogonal polynomials there exists the
corresponding family of monic orthogonal polynomials. In the sequel
we will work with monic polynomials

The next theorem, whose proof appears in [5], gives necessary and
sufficient conditions for the existence of a sequence of monic orthogonal
polynomials { P, },>o with respect to a moment functional y associated
with {Mn}nzo.

Theorem 1. Let p1 be a moment functional associated with { i, }n>0.
There exists a sequence of monic orthogonal polynomials {Pp}n>o
associated with p if and only if the leading principal submatrices of
the Hankel matriz [pi4 ;i jen are non singular.

A moment functional such that there exists the corresponding se-
quence of orthogonal polynomials is said to be regular or quasi-definite
([5]). If ¢(z) is a complex polynomial, we define the moment func-
tional ¢u, the left multiplication by a polynomial ¢ and Dy, the usual
distributional derivative of u, as follows

(Pu,p(x)) = (1, ¢ (z)p(2)), (Dp,p(x)) = — (1, p'(2))-

A sequence of orthogonal polynomials {P,},>0 is said to be classical
if there exist polynomials ¢ and 1, with deg ¢ < 2 and deg = 1, such
that p satisfies the Pearson differential equation:

D (¢p) = Yp.

Classical orthogonal polynomials (Hermite, Laguerre, Jacobi and
Bessel) are extensively used in the literature taking into account their
applications in Mathematical Physics. Indeed, one of the most popular
applications is the study of problems involving hypergeometric differ-
ential equations (see [3, 8, 11, 16, 18]).

The sequence of polynomials {P,},>0 is said to be semiclassical
if there exist polynomials ¢ and ¢ with degy¥ > 1, so that the
corresponding moment functional p satisfies D(¢pu) = Yu.

In order to find the second order linear differential equation that the
Laguerre-Sobolev type polynomials satisfy, we will need to summarize
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some properties of the Laguerre monic orthogonal polynomials that we
will use in the sequel. The details of the proof can be founded in [3, 5,
8, 18].

Proposition 1. Let {L}},>0 be the sequence of Laguerre monic
orthogonal polynomials.

1. For everyn € N,
(3) wLy(x)=Ly () +@2n+14+a)Ly(x) +n(n+a)L,_(x)

with L () =1, LY (z) =2 — (e +1).
2. For everyn € N,

(4) z (Ly(x))" = nLy(z) +n(n+a) Ly (x).

3. For every n € N, L%(x) satisfies the differential equation
(5) zy’' +(a+1—2z)y =\y

with A\, = —n.

4. For every n € N,

(6) L3(@) = (-1)"(a+ 1)",62_0%%
5. For every n € N,
(7) Lz(x) — Lz+1 (.’L‘) + nLZfi (m) ‘

6. For everyn € N,

(8) L2 = n!T(n + a + 1).
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7. For everyn € N
o 2T(n+a+1
(9 Lao) = -y et

Ia+1)

8. If

=~ L§(y) L5 (x)

Kala) = 32 HWL )
=0 Ll

denotes the nth kernel polynomial then, for every n € N,

Lyi(@)Ly(y) — Ly (y)La(z) 1

10 Ky(z,y) =
(10 (5:9) T -y ER

and

(11) Kn(ac,O) = %sztl(m)‘

9. Let J, be the Bessel function defined by

o~ (—1)(2/2)%F
Jo(T) = =
() ;J TG +a+1)
Then
(a) (Asymptotic formula of Hilb’s type). For every n € N,

(12) e o)

r —a/2
_ (n+a+1) n+a+1 7. (2 n+a+1 .
n! 2 2

+ O(na/273/4)’

uniformly on compact subsets of (0,00).

(b) (Perron’s formula). For every n € N

(13) 2v/me*/2(-ap/2 ) o

P
=n®/2 V4 exp (2(*77,1‘)1/2) [Z Ci(z)n=9/% + O(n=P/?)

i=0

99
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where C;(x) is independent of n and regular in C\[0, 00). This formula
holds uniformly when x € C\[0,c0).

We will use the following notation for the partial derivatives of
K, (z,y) evaluated in y =0

OEn(@y) | _ 101y )
81- - n I )
OEn(@y) | _ o)y )
ay y:0 n I )
PE@Y) | _ a0
oxdy |, "

If p(x) is a polynomial with degp < n, we can write it as a linear
combination of the Laguerre polynomials as follows

p(z) = Z MH( ).

\x
. ||l C,ZH
=0 J

As a consequence,

p/(y) _ <L?($),p2(£l?)> (L?)I (y)’

=0

and, taking into account that

(KD (@,9),p(@)) = <Z W,p@

then

(14) (KD (,9),p(2)) = ' (9).
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Using (11) we have

Fn+a+1)

(15) Kna(0.0) = Fo e n = 11

If we compute the partial derivative with respect to z in (11), we obtain

Ly—1(0)
Kl,O)OOZ n—1 La+20.
n—l( ) ) (n_2)'1-\(n+a) n—2( )
Therefore,
r 1
(16) K190,0)= o ratdy

F(a+1)(a+3)(n—2)"

In the next section, the values of K7(117,11) (0,0) will be deduced.

3. Connection formula. In order to find the second order linear
differential equation that the Laguerre-Sobolev-type polynomials L (z)
satisfy, we will write them as a linear combination of some monic
Laguerre polynomials. Notice that this is an alternative approach to
the connection formula described in [1, 10]. Indeed, we get

La( = +Zan3
where for j =1,2,... ,n—1

LS (x), LY (x)
( )

On,j =

1251
N (L) 0 @)
151,

Thus,

“a o « () (0L5(x)
L3(x) = L3(x) - N (£5) (0) Z ||L“|| .

Jj=0
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In other words,
i 7o) (o\ kO
(17) L5() = Li(e) - N (L3) (0)K\%)(w,0).

We know that K, ;(z,0) is a monic Laguerre polynomial up to a
constant factor. So, we want to find a similar expression for K ,(Lofl) (z,0).
If we denote (p,q)q+2 the inner product associated with the Laguerre
weight 2*T2e~%dzx and using the fact that

(L2 et o S o
m it (2,0) = L3t (z) + ; by 1,5 L5+ ()
where
(sl (Ea ) @KL @00, 542 (@)
e 125+,
[ 1 o
PRI (KD (@0, L5 @)
n—1 J a+2
according to (14), for 0 < j < n — 3 we get
<KT(LO_’11)(32,0),LJ‘?‘+2(:U)> = / KT(lO_’ll) (:U,O)L]‘?‘H(:v):v”‘”e_zd:v
a 0
:/ Ks)gll)(:v,O)xQL?“(:B):B"‘e_””da:
0
Thus,
Ly 1) (0)
KO (2 0) = (Lo, ot
n—1 ( ) HL%71||Z n 1(1.)
(B @0, L B@)
at2|[2 L3255 ().
12555 ]
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On the other hand,

<K Oy, 0) Lala) (L3)'(0) La+§(x)>
a+2

ILgl

_ 0,1 a+2 _ Ly (z) (Lf{)l 0) oi2 *

= (K0, 155 ), < E )>a+2

(KO (.0),22L542(0)) — E) Q) pay p2pas,
<K 2L3H (@) T (L@ L @),

As a consequence, we get

Proposition 2. For everyn € N,

K% (2,0) = a1 LOT3(2) + b, L3 2(2)

(18) 2 .
= Qp-1 (thl(x) + ani—Z (l‘))

where

R ) () (=

Tl BoPTe)
and

1= — (La),(o) _ (=)"n = NGp_1-
T )k, (oMt

Taking into account (18) we obtain

K2 (@,0) = (n = Dan 1 L35 (2) + (n = 2)bu 1 L3T5(2).



104 HERBERT DUENAS AND FRANCISCO MARCELLAN

On the other hand, using (8) and (9)

E8V(0,0) = (n— 1)an_1 LEF3(0) + (n — 2)bu_i LEF3(0)
(-1)*(n—1) (—1)"*21‘(n +a+2)

T m-2)T(a+2) T(o+4)
N (-D)"n(n—-2) (-1)"*I'(n+a+1)
(n—2)I0(a+2) F(a+4)

_T(n+a+1)(n(a+2) - (a+1))
B (n—=2)T(a+2)T(a+4)

As a conclusion,

F'n+a+1)(n(a+2) - (a+1))
(n—=2)T(a+2)I'(a+4)

(19) K&Y(0,0) =

On the other hand, using (7) and (18), we get
~ ~ 14
L5() = Li(@) = N (L3) (0) (an1L573(@) + b 1 L573())
= Ly (2) + nLy(2)
!
= N (Z2) (0) (@01 L5H3 (@) + bu-a L5 FE(2))
= Ly (2) + nLyti(z) + n (L5 (2) + (n = ) LT3 (2))

- N (E2) 0 (onmt LEE3(0) + but L35 @)
Therefore,
@) Tite) = 572() + 20 N (E2) Oana| 257300)

+ [n(n ~1)-~(I3) (O)bnl} Lo (z).

We want to find an explicit expression of (L)'(0). In order to do
that, we can take the derivative in (17) and evaluate in 0

(Eg)' (0) = nLot1(0) — N (Eg)' 0KV (0,0).

n—1
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" ' La—‘,—l 0
(22) O = n?llf))
1+ NK,/(0,0)

n(—1)"" 1T (a+4)T'(n+a+1)(n—2)!
= —2)'T(a+2)I(a+4)+ NI (n+a+1)(n(a+2)—(a+1))’

n > 2.
In such a way, the coefficients in (20) become
~ !
2n =N (I5) (0)an
=2n—-N n(=1)" ' T(a+4)T(n+at1)(n—2)! (—1y"
(n—2)T(a+2)[(a+4)+ NI (n+a+1)(n(a+2)—(a+1)) (n—2)T (a+2)

2n(n—2)IT'(a+2)I'(a+4)+NT'(n+a+1) (2n2a+4n2 +na? +4n+3na)
(n—2)IT'(a+2)T'(a+4)+ NI (n+a+1) (n(a+2)—(a+1)) ’

and
~ \/
n(n—1)— N (Lg) (0)bp_1
_ n(—1)" " 'I'(a+4)T'(n+a+1)(n—2)!
=n(n—1) - N G T+ (@14 TN (it at D) (n(a 12)=(aF1))
(™
m—2)11(at2)
B n!l"(a+2)1"(a+4)+nN1"(n+a+1)(n2a+2n2+na2+3na+3n+a+1)
- (n—2)IT'(a+2)I'(a+4)+NT'(n+a+1)(n(a+2)—(a+1))
but

(n=1)(n(a+2)—(a+1)+n(a+3)(a+2)
=3n+a+ 3na+2n% +na® + n?a + 1.

Thus, we have proved

Theorem 2. Let {L%},>0 be the monic Laguerre orthogonal polyno-

meals and {E%}nzg the monic Laguerre-Sobolev-type orthogonal poly-
nomaals. Then

(21) Ly(2) = Ly (@) + AnLy23(2) + BaLyt3(x),

where

A — 2n(n—2)!F(a+2)F(a+4)+NF(n+a+1)(2n2a+4n2+na2+4n+3na)
n (n—2)T(a+2)I'(a+4)+NL(n+a+1)(n(a+2)—(a+1))
n!F(a+2)F(a+4)+nNF(n+a+1)(n2a+2n2+na2+3na+3n+a+l)

B, = (n—2)IT(a+2)[(a+4)FNT (nfa+1) (n(a+2)—(a+1))
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4. Holonomic equation. In order to find the second order differ-
ential equation that the Laguerre-Sobolev-type polynomials satisfy, we
use (5). Thus,

z (a2 (2))" + (a4 3 — ) (LeH2(2)) = —nLe*?(2)
(L @) + (e +3-2) (L5 (@) = (0 - DL (@)
(o2 " [0 ! [0
z (Lyf3(@) + (a+3 = 2) (LF5(2)) = —(n - 2)L3T5(x)

and, as a consequence,

!

(22) = (I5@) +(a+3-2) (T3@)
= —nLy*?(z) = An(n - 1)L3Z3 (2) = Ba(n - 2) Ly 15 (2).

n

Our goal is to express Lot2(z), L%2(z) and L3 (z) as a combina-
tion of L2 (z) and (L)' (z) with rational functions as coefficients. Then
we take derivatives in (21) and multiply by z in both sides. Using (4)
we get

~ ' )

x (Lg(a:)> =nLot2(z) + n(n + o+ 2)L 3 (x)

An ((n = 1L3T () + (n = D(n+ a + 1) LT3 (x))
By ((n = 2) L5 (x) + (n = 2)(n + o) L3X5(2))

= nL“”(I) +(n(n+a+2)+ An(n 1) — Bn) LyTi(2)
( a(n—1D(n+a+1)

If we denote

H,=nn+a+2)+A,(n—1) - B,
Ci(z;n) =Bz + (n+a+1)(A,(n—1) — B,),

then

v (Es(@)) = nLi™(@) + HL3H (@) + Cala ) L ).
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Taking into account (3)

(2 — (20 +a + 1) Ly*i(z) — L+ ()
(n—1(n+a+1)

(23) Ly*(z) =
Thus, we can write

x (Eg (:c))l = [n = 16)’1((;3;”3[ " 1)] LoH2 ()

T Rt S
If we define
Kn=1- (n—l)(f:—oz—i-l)’
o= e,
h@) =n-= 1)C(;(i)a ¥1)
) — i, 4 Cr@)a = @ntatD)

(n—=1)(n+a,+1)

then, we obtain the following system

L3 () = K L3H2(2) + g1 (2) LoT 3 (2)
o (fz(w)) = fi(z)L3*2(x) + fa(z) LT ().

Solving it

94 Lat2(p) — f2(:v)zg(m) — zg1(z) Eg(x))'

(24) n (7)) = K, f2(z) — fi(z)g1(x) )
Kz (L3(a - (2)Le(a

(25) Lo*2(z) = ( ( )> fi(z) Ly ( ).

Knfa(z) = fi(z)g:(x)



108 HERBERT DUENAS AND FRANCISCO MARCELLAN

From (22) and using (23) we get

x (Eg(x))" +(a+3-12) (zz(ﬂ’?))I
= nL22(z) — An(n — 1) Lo 3(z)
(z — (2n+a +1)) Lo+ (z) — La+2(2)
(n—Dn+atl
Bn(TL - 2) a+2
Ty e
n—2)B,(z— (2n+a+ 1))}
(n—D(n+atl)

— Bp(n—2)

_[H

La+2 (ZL‘),

n—1

- |-+

and, using (25),
z (Eg(x))" +(a+3—a) (Z?i (w))'
) Bin—2) \FR@EE @ (@)
- (‘ "t Dnrart 1)) Ko@) = fi(2)g1(2)
Ba(n—2)(z — (2n+a+ 1)))
(n=1)(n+a+1)

Koz (L3(2)) — @)L

Kofo@) = [i@gi(x)

(a1 +

X

thus

T " Bn(n—2) zg; (z)
T (Ln(x)> [(a +3- m) + (_n + (nfl)(n+a+1)> K, f2(z)—fi1(z)g1(z)
_ B, (n—2)(z—(2n+a+1)) K,z Ta !
+ (An(n — 1) + P ) o ) (La@)
s B, (n—2) f2(x)
[( n+ (n—l)(n+a+1>> KnTo@@) - (001 (7)

B, (n—2)(z—(2n+a+1))
+ (A"(n - 1) + (n—1)(n+a+1) )

(@) () ] o)

X K f2(@)— 1 ()91 (@)
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As a consequence, we have proved

Theorem 3. Let {L%},>0 be the Laguerre monic orthogonal polyno-

mials and {Z%}nzo the monic orthogonal polynomials associated with
the Sobolev-type inner product (p, q>; = fooo pgdp + Np'(0)¢'(0), where
p and q are real polynomials. Then

(26)  Alwin) (I3(@) + Blain) (L3(@)) — Oleim)I3() = 0,

where
A(zin) = z (K f2(z) — fi(z)g1(2)),
B(z;n) = (a + 3 — z) (Kn fa(z) = fi(z)g1(2))

i <n+ (n—1 EZ+Z)+1)>9691($)

B,(n—2)(z—(2n+a+1))
+ (A"(”_l” CENCETES) >K"‘”

in)=( —n Bn(n—2) T
Cles )_< +(7~L1)(n+a+1)>fZ()

Bu(n—2)(z— (2n+a+1))
+ (An(n—1)+ - Dt atD) )fl(w)-

5. Hypergeometric representation. In this section we will show
that the Laguerre-Sobolev-type orthogonal polynomials are hypergeo-
metric functions up to a constant factor.

Using (6) in (21) we have

Ly(@) = (~1)" (@ +3)n ) %%

oo

+ A, (=) N+ 3), 1 Z

k=0

(=n+ g 2"
(a+3)r k!

oo

n—2 (—n + 2); 2*
+ Bn(—1)"" (o + 3)n_2 1;) ar o W
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= (a4 3)n(—n)k
Z (a+3)k

k=0
[1 Ap(=n+k) By (=n+k)(=ntk+1) }

X

ntat2)(—n) T Fat2)(ntatD(—n)(=n¥1)

= (-1)"(a+3). Y t3: (=

o \& +3)k

An(—n+k) Bn(—n+k)(—n+k+1)
X [1 T et (=) T iFat2)(ntatD)(—n)(= n+1):| :

If we introduce the polynomial 75 (k) of degree 2 in k as

_ An(—n+k) Bn(—n+k)(—n+k+1)
’/Tz(k) =1- (n+a+2)(—n) + (n+a+2)(n+a+1)(—n)(—n+1)

= Dn(k‘ + Co)(k + Cl)

where
B,

D = e )t at ) n)en 1)’

then

n)k(1+ co)r(l +c1)r 2
CO)k( 1) (Oé—l—3)k K

L3() = (~1)"(a+ 3D coc12
Thus,

Theorem 4. For every n € N,

(27) L2(x)
= (=1)"(a+ 3)nDncocy 3F3 (=n,1+co,1+ci5c0,c1,0+ 35 2) .

6. Zeros. In order to make the study of the behavior of the zeros
of the Laguerre-Sobolev-type orthogonal polynomials, we are going to
need the next two propositions. The proof of the first one can be found
in [1], and for the second one, it follows the proof of the Proposition 3.2
of the same paper.

Proposition 3. Ifn > 3, the polynomial Eg has at least n — 2
different zeros with odd multiplicity in (0, 00).
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Proposition 4. The zeros of Ez are real, simple, and at least n — 1
of them belong to (0, 00).

Proof. Assume that &, 1,82, .- - ,&n i are the zeros of Eg (z) located
in (0,00). From the last proposition, we have that k > n — 2.

Let ¢(z) = (x — §n71)~(x —&n,2) -+ (x — &n,x). Then the polynomials

¢(z)L2(z) and z¢(z)L%(z) are positive in (0,00). Assuming that
k =n — 2, we have

<x¢(m), zﬁ(x)>~ = /000 xqﬁ(x)zﬁ(x)xae*zdx

m

(¢(@), Ii@). = [ d(@Ii(e)a"e "da

H 0

and given that
/ 2¢(x) L2 (z)z%e dz > 0, / d(z) L2 (z)z%e *dz > 0,
0 0

and (L2)'(0) > 0 (see the proof of Theorem 2), then $¢(0) < 0 and
¢'(0) < 0 which is a contradiction. O

Using (21), we consider some examples of Laguerre-Sobolev-type
orthogonal polynomials in order to show the behavior of their zeros.
First we analyze the cases L3(z) and L3(x). In the first one,

24 N-—-24
0 20

L3(x) = 22 — . )
2(#) ="~ 51" Oy o

Thus, for N > 24, L3(z) has a negative zero; for N = 24, = = 0 is
a zero of L3(z); and for N < 24, L3(z) does not have negative zeros.
Furthermore, their zeros are

2 (60 +/5N2 + 720) .

N +24
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In a similar way we get

D) = a? 10080 - 30240 — 42N
2 N + 1720 N+720

and, as a consequence, the zeros of L3(z) are

5040 + v/42+/N2 + 86 400
N +1720 :

Thus, L3(z) has a negative zero for N > 720.
On the other hand, using (21) and Maple software we get

LY(z) = Ta — 8z — 2zar + 2% 4 o + 12
(2T (a+2)I(a+4)+T(a+3)(30N+22Na+4Na?))
+ T'(a+2)I'(a+4)+T(a+3)(3N+Na)
(e—a—3)(40(a+2)I(a+4)+T(a+3) (24N+14Na+2No?))
+ F(a12)T(atd) T (at3) BN Na) )

and

lim L§(z) = 2% — 30— a® — 2
N—o0

_ (xf (a+2)(a+l)> (x—}— (a+2)(a—|—1)).

Thus,
l=+y(a+2)(a+1),

are the limit points of the least and the largest zero of Eg (z) when
N — oo.
When n = 3, taking the limit when N — oo and using Maple, we get
lim L§(x) = 60z — 47a + 27Tza — 152% + 2 — 120% — o

N—o0

+ 3za® — 32%a

84x—255a+57za—84a% —9a3+9za%—252
20+ 5 ( )

+ 1 660a—384z—312xa+48x2 +273a% +48a%+3a | 60
20+ 5 —T8x0” 427z a—6xa®+32% 0’ +576 ’
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but, an expression showing the dependence of « for the zeros of this
polynomial cannot be deduced in a straightforward way. In order to
see how the zeros of L (z) behave, we present some computations for
L2(z) and L3(z).

L%(w) Zeros

N=1 24z — 1122 + o3 0; 3; 8
N=5 7.058 8¢ — 9.117 6z2 + &> + 28.235 7.7325; 2.7251; —1.340 0
N = 100 0.397 35z — 8.377 522 + z° + 39.338 7.654 1; 2.657 4; —1.934

N = 1000 | 3.9973 x 10~ 2z — 8.3378z2 + 2> + 39.933 | 7.650 3; 2.6542; —1.966 6
N = 5000 | 7.9989 x 10 3z — 8.3342z2 + 2> + 39.987 | 7.6499, 2.6539; —1.969 6
N =10% | 4.0000 x 105z — 8.333 322 + &> + 40.000 | 7.6498; 2.6539; —1.9703
N =100 | 4.0000 x 1079 — 8.333 322 + 3 + 40.000 | 7.6498; 2.6539; —1.9703

Lg(z) Zeros
N=1 164.57z — 23.771z2 + z° — 325.03 13.107; 7.2374; 3.426 3
N =20 118.59z — 20.706z2 + z° — 177.88 12.151; 6.189 8; 2.365 0
N =50 82.286x — 18.2862% + 5 — 61.714 11.708; 5.644; 0.933 92
N =80 63z — 1722 + ° 11.541; 5.458 6; 0
N = 1000 7.694 7z — 13.313z2 + z° + 176.98 11.222; 5.1521; —3.061 1
N = 5000 1.597 5z — 12.90622 + =5 + 196.49 11.196; 5.1309; —3.4206
N =101 | 8.0640 x 10~ 7z — 12.82%2 + x° + 201.60 | 11.190; 5.1252; —3.5152

Notice that zg(x) has a negative zero for N > 1 and Zg(x) has a
negative zero for N > 80. For n = 3 and other choices of a, we can
conjecture that the least zero decreases when N increases.

Our following goal is to determine, for fixed n and «, the values of N
such that the polynomial L%(z) has a negative zero. Thus, let II and
Ny be defined as follows

IT ={N € Ry : L% (x) has a negative zero} and Ny = inf II.

For n = 2, n = 3 and different choices of the parameter a, we obtain
the approximate values of N such that L%(z) has a negative zero.
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I L2 (x) for No
a=-099| N 09944 |z2—1.0100z —3.7657 x 10~7
a=-1/2 | N Z0.883 |z2—1.4999z —3.0920 x 10~°
a=-01| N 2096178 | z2—1.9000z — 1.2595 x 10~5
a=0.1 N 2 1.0465 22 — 2.1z — 1.5621 x 10~°
a=1/2 N 2, 1.3295 | 22 —2.4998z —2.2511 x 104
a=1 N > 2 z? — 3z
a=3 N>24 z2 — 5z
a=5 N > 720 z2 — Tz
a=10 | N > 39916800 z?2 — 12z
i L% (x) for No
a=-099 | N 20.3304 | 1.8154 x 106 + 3.0398x — 5.019 922 + &3
a=-1/2 | N Z0.2533 | 3.1892 x 10~% + 5.249 0z — 5.999 722 + &>
a=—-0.1 | N Z0.2467 | 84155 x 10~% + 7.408 5z — 6.799 7x> + 3
a=0.1 N 2 0.2552 | 7.3646 x 104 + 8.608 9z — 7.199 8z2 + «3
a=1/2 | NZ 02955 | +1.7329 x 1073 + 11.248z — 7.999 722 + =3
a=1 N > 0.4 15z — 922 + 23
a=3 N 2, 3.4286 3.8889 x 10~% + 35z — 1322 + 3
a=5 N >80 63c — 1722 + 2
a=10 | N > 2851200 168z — 272 + 23

It is important to remark that, according the numerical experiments,
we can find the exact value of Ny. Notice that the polynomial expres-
sion of the third column vanishes at x = 0, and, thus, for N > Ny,

L2 (z) has a negative zero.

Another approach is based in a different choice of the parameters.
Indeed, we fix N and «, and we ask for the values of n such that
L% (x) has a negative zero. If we denote ng the lowest n satisfying such
a condition and we make the computation for some values of N, we

obtain (28) and (29).

Finally, from (28) and (29), we see that if N is fixed, then the values
of ng increase as « increase, and if we fix o the values of ny decrease

when N increases.
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N =0.1 n > ng N=05 n>ng N=1 n > ng
a=-099 n>5|a=-099 n>3 |a=-099 n>2
a=-01 n>5 a=-01 n>3 a=-01 n>2
a=0.1 n>5 a=0.1 n >3 a=0.1 n>3
a=1/2 n>5 a=1/2 n>5 a=1/2 n>3
a=1 n>5 a=1 n>5 a=1 n >3
a=3 n>7 a=3 n>7 a=3 n >4
a=>5 n > 10 a=>5 n > 10 a=5 n>"7
a=10 n > 22 a=10 n > 22 a=28 n > 10
(28)
N =35 no N =10 no
a=-099 n>2 |a=-099 n>2
a=—0.1 n>2|a=-0.1 n>2
a=0.1 n>2 |a=0.1 n > 2
a=1/2 n>2 |a=1/2 n>2
a=1 n>2 |la=1 n>2
a=3 n>3 |a=3 n >3
a=5 n>5|a=5 n>5
a=38 n>10 | a=10 n > 14
(29)
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7. Electrostatic Interpretation. We will analyze an electrostatic
model that the zeros of the Laguerre-Sobolev-type orthogonal polyno-
mials satisfy. Assume that {:L';A;)}kzl are the zeros of L%(z) and we
evaluate (26) in these zeros. Thus

A(xs’\;c); n) (iﬁ (:pg\;)

As a consequence,

(30)

B(Nin)

n

)"+ B (Ea@)

(Za@))”

30
AlNin)

(EaT0)"

)
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But, using the explicit expression of A(z, k); n) and B(z i k), n)

w(n=2) )
Blagin)  a+3 (-n+ W) 1(@5,1)
Aailsin)  all) Ko fa(aly) = @) o @l)

) )

(n—l)(n+a+1)
Kofo(z() — fu(@B)gr ()

7

— ac( )— n+ «
<An(n1)+Bn(n 2)(z, ), — (2n+ +1))>Kn

+

In order to find the electrostatic model, we will need some information
concerning the zeros of K, fa(z) — f1(z)g1(z). So

K fa(x) = fi(x)g1(x)
_ K, [Bnz+(nta+l)(A,(n—1)—B,)](z—(2n+a+1))
= KnHy + (n—1)(ntatD)

Bhz+(n+a+1)(A,(n—1)—B,) (z—(2n+a+1))B,,
- (” - =D (nta+1) ) (An + T DntatD) )

= R(n,a)z? + S(n,a)z + T(n,a)

where
K,B, B2
R(n,a) - (n—l)(n+a+1) + (n— 1)2(n+a+1)2
S(n,a) = K,(n+a+1)(A,(n—1)— B,) — B,K,2n+a+1)

(n=1)(n+a+1)
nB, + A, B,
C(n=1Dn+a+1)
N B,(n+a+1)(A,(n—-1)-B,) - B:2n+a+1)
(n—12n+a+1)2
(Ap(n—1)—B,)(2n+a+ 1)K,
(n—1)

T(n,a)=K,H, — — A,n

nB,(2n+a+1)
(n—1(n+a+1)
An (An(n —1) — By)
TR
~ (@2n+a+1)(An(n—1)— B,) B,
(n—1)2(n+a+1) '
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Assume that xia’n) and xga’n) are the zeros of K, fo(z) — f1(z)g1().
Then
B({)in)  a+3 .
N - (N)
A(wi,k% n) mfz,k)
1/R(n,a)(—n+(Bn(n—2)/ (n—1)(n+a+1)))g1 (=)
+ (z(Nk)izga,n)) (z(Nk)iz;a,n))

4 YR(ma)(An(n-1)+(Ba(n-2)(z—(2n+atl))/(n-1)(nta+1)) K,
(w(N)—w(a’")) (z(N)—w(a’")) :
n,k 1 n,k 2

1 By(n —2)
m<_n+ (n— 1)(n+a+l))91(x)

B (n—1)2%n+a+1)?
- K.Bn(n—1)(n+a+1)+ B2
B,(n—2) (x—(2n+ a+1))B,
. <_"+ (n—l)(n+a+1)>(An+ (n—Dnta+l) )
B <Bfl(n ~2)—n(n—-1(n+a+ l)Bn>
~\ K;Bpy(n—-1)(n+a+1)+B2
B,(n—2)—n(n—-1(n+a+1)
+< KnBo(n—1)(n+a+1)+ B2 >
X (Ap(n—1)(n+a+1)—2n+a+1)B,).
On the other hand,
1 . B,(n—2)(z— 2n+a+1))
R(n,a) <A"( D+ (n—1)(n+a+1) >K"
. (n—1)2%(n+a+1)2K,
- K,B,(n—1)(n+a+1)+ B2
B,(n—2)(z — (2n+a+1))
(a0 PO
_(n=1)(n-2)(n+a+ 1)K,
T K.n-Dn+a+l)+B,
(n—13n+a+1)2K,A4,
K,B,(n—1)(n+a+1)+ B2
(=D -2)(n+a+1)2n+a+1)K,
K,(n-1)(n+a+1)+B,

But
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If we denote

1 B, (n —2) B
R(n,a) < T (n-=1)(n+a+ 1)>g1(m) = r(n, @)z + An, )

and

o, Ba(n—2)(z — (2n+a+1))
R(n,a)<An(n D+ n=1)(n+a+1) >Kn

=v(n,a)z+¢&(n,a)

where
k(n, 0) = Bi(n—-2)—n(n—-1)(n+a+1)B,
" KpB,(n—-1)(n+a+1)+B2
B,(n—2)—n(n—-1(n+a+1)
A =
(n,0) < K.Bn(n—D(n+a+1)+ B2
X <An(n —1(n+a+l)—2n+a+ l)Bn>,
(-1 -2)(n+a+ 1)K,
v(m ) = e Dt at )+ By
£(na) (n—13Mn+a+1)2K,A,
’ K,B,(n—1)(n+a+1)+ B2
(=1 -2)(n+a+)2n+a+ 1)K,
K,(n—1)(n+a+1)+ B, ’
then
B(mgﬁ);n) _a+3 - k(n, a)xsﬁg + A(n, a)
A = ) (o) o)
L vma)a) +éma)

N an N a,n
(2 =of") (a2 =<8
a+3 1+ (k(n, a)xga,n) + )\(n’a))/(xga,n) . xéa,n))
- N - o,n
)
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(K?(n Oz)g;ga n) + )\(n, a))/(mga m) wga,n))
(s i)
(v(m, )™ + E(m, )/ (2™ — )
N a,n
(400 )

(v(n, @)75™" +&(n, 0)) /(s = o™

+

+
(N) (a,n)
(mn,k — Tg )
a+3
=——-1
ey
n,k

4 (Ba)el™ PAm,a) by (na)el™ ™ 1e(n,0))/ (21" —ag™™)
2N (esm)
Lok %1

+ (n(n,a)z;a’n)+)\(n,a)+u(n a)z(a’n)-&-{(n,a))/(w(za’n)—z;a’"))
(N,3 Zéa,n) .

Taking into account that

La( (N))
u:_ Z (N) )’

(La( (N) )) J 15%] Tp ¥

and using the last expression of B(z S\Q, n)/ A(wﬁi\g; n) we get

0 i 1 a+3— :cs\i)
= N N) N
Sy - xi,k) 2»”07(1,13
ik

(k(n,0)2{"™ +A(n,0) +v(n,0)z(*™ +£(n,a)) /(™ —al*™)

+ N (e
2(151,3—15 ? ))
n (R (n,@)as™™ +A(n,0) v (n,a)as™ ™ +£(n,a)) /(5™ —a{™™)
o () _ (aom) :
zn,k Lo

If we denote

k(n, a)wga’n) + A(n, @) + v(n, a)mga’") +&(n,a)

Cn: a,n a,n
(4™ = ")

k(n, oz)a:éa’") + A(n,a) + v(n, a)mga’n) +£&(n,a)

mga,n) . xia,n)

D, =

)
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then
n (N)
1 a+3—-z,

B >~ - o

i=1Tnj ~Thi an,k

j#k

+ Cn + Dn =0
2(:8511,\2 — acga’n)) 2 (:US)Q — mga’n)>

Thus, the following electrostatic interpretation for the location of
zeros of L% can be stated. If we consider n charges located in the real
line under a logarithmic interaction with an external field

C

n o, Dn o,
¢ (z) = f(l/z)ln(xa+3e*z)+7111\%955 ™ +71n‘x7xg )

)

(31) means that the gradient of the total energy

B(X)=— Y Infzx—z[+ ) ¢(x)

1<k<j<n j=1

with X = (21, z2,...,2,) vanishes at (mg{),mgg), ... ,x%)). In other
words, it is a critical point. See [7, 9, 11| for a more general study of
the electrostatic interpretation of standard orthogonal polynomials.

The zeros of R(n,a)z? + S(n,a)z + T(n, a), ;ci“’”) and :céa’n), play
an important role in the electrostatic interpretation. So, we would like
to see what is the behavior of these zeros. Therefore, we are going to
make some numerical analysis about it. At the first time, we fix @ and
N, and we will see the behavior when n — oo.

a=1,N=1| R(n,a)z? + S(n,a)z + T(n, ) Zeros

n=2 1.5z2 — 21.0z + 1.0 13.952; 4.7782 x 102
n=>5 1.513922 — 43.772x — 0.472 58 28.924; —1.0792 x 10~ 2
n =10 1.229 522 — 59.668x — 0.101 28 48.532; —1.6973 x 10~3
n = 100 1.020 322 — 416.32z — 8.1896 x 10~% | 408.04; —1.9671 x 10~
n = 1000 1.00222 — 4016.0z — 8.018 7 x 10~ % | 4008.0; —1.996 7 x 10~?

(32)
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a=1/2, N=1| R(n,a)z? + S(n,a)z + T(n, o) Zeros
n=2 1.798z2% — 24.683x + 0.325 17 13.715; 1.318 7 x 102
n=>5 1.512 3z2 — 41.886x — 0.304 09 27.704; —7.258 x 10~3
n =10 1.228 522 — 58.245z — 6.5425 x 1072 | 47.413; —1.1232 x 10~3
n = 100 1.020 322 — 415.29¢ — 5.3672 x 10~% | 407.03; —1.2924 x 10~
n = 1000 1.002z2 — 4015.0z — 5.2616 x 10~% | 4007.0; —1.3105 x 10~?

a=-1/2,N=1

R(n,a)z? + S(n,a)z + T(n, @)

Zeros

n=2

2.0724x2 — 24.647z — 0.028 78

11.894; —1.1676 x 10~3

n=>5

1.4898x2 — 37.437x — 6.1289 x 102

25.131; —1.637 x 10~3

n =10

1.224 122 — 55.245x — 1.4505 x 10~2

45.131; —2.6256 x 10—4

n = 100

1.020 222 — 413.21z — 1.2710 x 10~*

405.03; —3.0759 x 107

n = 1000

1.002z2 — 4013.0z — 1.2521 x 106

4005.0; —3.1201 x 1010

(34)

From the tables (32), (33) and (34), we can infer that the largest zero
of R(n,a)z? + S(n,a)z + T(n,a) grows when n grows, and the lowest
zero tends to 0 when n tends to oco.

On the other hand, if we fix o and n, then we will analyze the behavior

of x&""”) and :péa’") when N tends to oo.
a=1;n=2| R(n,a)z? + S(n,a)z + T(n,a) | Zeros

N=1 1.5z% — 21.0z 4+ 1.0 13.952; 4.778 2 x 102
N=10 3.0z2 — 54.0z — 5.0 18.092; —9.2121 x 10~2
N =100 | 3.4412z% — 65.419z — 8.4775 19.139; —0.128 72

N =1000 | 3.494z2 — 66.838x — 8.946 2 19.262; —0.13293

N =10° 3.49992% — 66.998x — 8.999 5 19.276; —0.133 40

N =107 3.500 0z% — 67.000x — 9.0000 | 19.276; —0.13340

(35)
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a=1n=5| R(n,a)z? + S(n,a)z + T(n,a) | Zeros
N=1 1.513 922 — 43.772x — 0.47258 | 28.924; —1.0792 x 10~ 2
N =10 1.5359x2 — 44.688x — 0.526 26 | 29.107; —1.1772 x 10~ 2
N =100 1.538 222 — 44.782x — 0.53191 | 29.125; —1.1873 x 10~ 2
N =1000 | 1.5384x% —44.792x — 0.53248 | 29.128; —1.1883 x 102
N =10° 1.538 522 — 44.793z — 0.53254 | 29.127; —1.1884 x 102
N =107 1.538 5z2 — 44.793x — 0.53254 | 29.127; —1.1884 x 102

(36)

From (35) and (36) we can infer that there exist real constants a and
b such that

lim mga’n) =a and lim :Uga’n) =b.
N —o00 N—ro0

In fact, using the Maple software, we obtain
lim (R(2,a)z® + S(2, )z + T(2,a))
N —o00
1 49 [
= |z — —a+ -«
20+ 5\ 2 2

1
—-3 V78360 + 365702 + 74603 + 57at + 6164 + 39>]

X |z — L Qa—i—zoﬂ
20+ 5\ 2 2

1
+ 5\/783604 + 365702 + 74603 + 57a* + 6164 + 39)] .

8. Asymptotic behavior. First, we will study the behavior of the
sequences of real numbers A4,, and B,,. Using (21) and making some
computations, we get

Ap 2(n-2)I0(a+2)T(a+4)+NT (nt+a+1)(2n(a+2)+a +4+3a)

n (n=2)T(a+2)T (a+4) +NT (nta+1)(n(a+2)—(a+1))
—94 at3 + (a+3)(a+1)NT'(n+a+1)—(a+3)(n—2)!I'(a+2)I(a+4)
- n nNT (n+a+1)(n(a+2)—(a+1))+(n—2)IT'(a+2)I(a+4)




LAGUERRE-SOBOLEV-TYPE POLYNOMIALS 123

Thus,

A, a+3 (a+1)(a+3) 1
(37) - 2+ - TEDEE O( )

On the other hand, for B,, we have

_Bn

n(n —1)
_ (n—2)!F(a+2)F(a+4)+%F(n—ﬂ—a—ﬂ—l)(n2a+2n2+n(a2+3a+3)+(a+1))
- (n—2)IT(a+2)T'(a+4)+ NI (n+a+1)(n(a+2)—(a+1))
. (nf1)!F(a+2)F(a+4)+NF(n+a+1)(n2a+2n2+n(a2+3a+3)+(a+1))
- (n—1)T'(a+2)T'(a+4)+ N (n+a+1)(n(a+2)—(a+1))(n—1)

1
_ 14 at3 | (a+3)(20+3)
—1+T+W+O<ﬁ>’

as a consequence

(38) ——" =1+

B, a+3  (x+3)(2a+3) 1
n(n—1) n (a+2)n? O< >

From (37) and (38) we get

Proposition 5. Forn € N,

Ay,
(39) lim — =2 and lim —— =1.

n—oo N n— 00 n(n — 1)

In [2] the authors analyze the asymptotic behavior of the Laguerre-
Sobolev-type orthogonal polynomials LeMN) (z) with leading coefli-
cient (—1)"/n!. In the sequel we will present an alternative approach to
such results for L%(z) when M = 0. If we denote by L%(z) the Laguerre

orthogonal polynomial of degree n with leading coefficient (—1)"/n! and
~a

by En (z) the Laguerre-Sobolev-type orthogonal polynomial of degree n
with the same leading coefficient, taking into account(21), we have

~a ~ A, ~ B ~
_ Tat2 _ I Trat2 _—n Tat2
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From (37) and (38) we obtain

~a —~ + 3 ~
Lae) = E3%0) - (24 20 ) Extdo)

3\ ~
+<1+°‘+ >Lﬁ+§(x)

n
Ea—‘,—Q O 1 _/L\a+2 O 1
- nfl(x) ﬁ + n72($) ;
~a oa+3-, o+ 3,
= Ine) - 0w + L

Aa 1Y | 24 1
— Lnﬁ(x)o <ﬁ> + Lnfg(ac)(’) (E) .

Dividing on both sides by Eg (z), we get

Ca+3L5(@) | a+3LiH5)

no o La@)  no Law)
Ta+2 T Aa-‘rg x
N Lfi;;;i))o(%> " Lfg:(i))(o(%)'

But, if h, k € Z, then

Ea+2 T 1
(42) lim A”L() =—-,
mee Ly (x) z

uniformly on compact subsets of C\[0, c0) (see [2, 18]).
Using (41), we have

n—oo L& (x) x x

and, as a consequence, the outer relative asymptotic formula follows.
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Proposition 6. Forn € N,

(43) lim

uniformly on compact subsets of C\[0, c0).

It is known (see [2, 18])that

Lg(x)
no/2

(44) = e*/2 212, (2y/nz) + O (n~¥1)

uniformly on compact subsets of (0,00). We will use this result in
order to find the following result.

From (37) and (38) in (40) we have

o ~ 3~
L,(2) = L%(2) - 22L2t)(a)
n
(a+3) ~ ~
- (o + 1)Lnff(:c) - (2a + 3)Lnf§(x)
(¢ +2)n
Aa 1 AOt 1
- T30 5 ) + 0 )
dividing on both sides for n®/?
L,(x) L) a+3L3t(x)
ne/2 T pa/2 T p1l/2 pletl)/2
(a+3) L3t (@) L3*3(x)
" lara\@ T Ve ~ B IEGR
CLB@) (1Y, Lie) 1
n(at2)/2 n2 nla+2)/2 nZ )’

and using (44) we get
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Proposition 7. Forn € N,

~a

Bl o i) - 1 (T
(45) ez 2y [ Desa (VT =T)
(20 + 3) s (2 n— 2)x)} )
+0 (n*?’/‘l)

uniformly on compact subsets of (0,00).

In order to find a scaled strong asymptotic formula, we use (40) and
~a

introduce the change of variable nz in L, (z). As a consequence,

= T An Ta Bn Ta
L, (nz) = Ly (nz) — 7Lnﬁ(”fﬂ) + ml’ng(”x),

and taking into account (37) and (38) we deduce

Ln(na) = E3(na) — 2D fara () 4 @) Fara
n n

— L2 (nz)O <F> + L2 2 (nz)O (ﬁ) .

Thus
Ly(nx) | (a+3)L3"i(ne)  (a+3) L3"(na)
(46) L& (nx) R +2” L& (nx) R +;"b L& (nx)
L 1 LY 1
- Eatp( L)+ 2o (L),
L& (nz) n Lg(nz) n

We want to find the limit when n tends to oo on the left hand side
of the previous identity. Using that (see [2, 18]

(47) lim 27 =
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uniformly on compact subsets of C\[0,4], where ¢ is the mapping of
C\[—1,1] onto the exterior of the unit circle given by

o) =z + Va2 -1,

Alvarez-Nodarse and Moreno-Balcazar proved in [2] that

_ L% (nx) _ (p((z=2)/2) +1)?
(48) TR e(@ - 2)2)

Then, using (47) and (48) we can conclude

i Daca(nz) o Lyti(n) Ipti(ne)
w Dgnr)  noe Liti(ne) L(nz)
:<_ ! )(_ 30((90—2)/2)>
e (@=2/2)/)\ " (v(@-2)/2)+1)?
1

ez -2)/2)+ 1)

uniformly on compact subsets of C\[0,4]. As a conclusion, from (46)
we get the relative asymptotics for the scaled Laguerre-Sobolev-type
orthogonal polynomials

Proposition 8. Forn € N,

~a

(49) lim E"(m) _ i La(n) _

n—00 L%(nx) I aresy L%(’I’LI) B

uniformly on compact subsets of C\|0, 4].

On the other hand, taking into account the Mehler-Heine type for-
mula

(50) i La@/(+9) _ 2= /2],(2V/7)

n— oo n<
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that holds uniformly on compact subsets of C\[0,4] then, from (37)
and (38), expression (40) becomes

Ln(z)=Lo(x) 23

(Lat2@) - It3w)
(@+1)(@+3) popa,y (0+3)(20+3) 500

- WLn—l(w) + at2)n? noa(z)
- L3(2)0 <%> +L28@)0 (%)
= B3(e) - “ Rt )
(a+3)

" ((2a+3) Lat3(2) — (a+ 1) LT }(x)
(a+2)n

- L2t (z)0 <ﬁ> + L2*3(2)0 ($> .

If we replace z/n in the above identity, dividing in both sides by n?,

S~

Lu(e/m) _ Li(na) _ (o Li*i(e/n)
ne ne na+1
(o +3) L3t () G
" (a+2) <(2a+3) otz @+ ) = )

Let2(, 1 Let2(, 1
- n—:_(2 )O<—> + n—i_(2 )O<—>,
ne n ne n
and taking the limit when n tends to oo, from (50) we get

S

lim Lu(@/n) _ ™% (2v) — (a+ 3)z~@tD/2 ] 1 (2v7)

n—00 n%
(a+3)

(a+2)
~ (@ )o@/, o 2yE))

+ (20+8) 24212, o(21/7)

uniformly on compact subsets of C. Then



LAGUERRE-SOBOLEV-TYPE POLYNOMIALS

Proposition 9. Forn € N,
~a

(51) lim Ly(z/n)

n— o0 n«

(Oé\;-53) Ja+1(2\/5) + -

uniformly on compact subsets of C.

=z 2| J.(2v/z) —

(a+3)

129

Finally, we present some results about the behavior of the norm of the
Laguerre Sobolev-type orthogonal polynomials. Taking into account

that
[E:]
LOt
n B
(52) S+2 — = n 5 1,
atn—1) L2, n( D)
we have 2
[ all2
el e
2 2
n(n — 1) [|[L2]|, ||Lf{f§||a+2
This means that
2
2],
(53) 2
1L l5
But
ILE2/" = (nID(n + o + 1))V/"
~ pZe~?
then
(54) LG e

As a conclusion, from (53) and (54), we obtain

Proposition 10. Forn € N,

~ 111/n
(55) n~! HLg . =
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