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ASYMPTOTIC DISTANCE AND ITS APPLICATION
JAROSLAV HANCL, LADISLAV MISIK AND JANOS T. TOTH

ABSTRACT. We define the concept of asymptotic distance
of two disjoint sets of positive integers. Some properties of
this concept are investigated and, as an application, a new
criterion for an infinite series to be a Liouville number is
derived.

1. Introduction. In this paper we introduce the concept of asymp-
totic distance between two disjoint infinite sets of positive integers.
We will relate it to asymptotic density, and we will use this to obtain
some results about Liouville numbers. First let us recall some basic
definitions.

For a set A C N and n € N, denote A(n) as the number of elements
of the set AN{1,2,...,n}. The lower and upper asymptotic densities
of the set A are defined and denoted by

d(A) = lim inf A(n) and d(A) = limsup M

’
n—0o0 n n—00 n

respectively. In the case when these values are equal, the common value
is called the asymptotic density of set A and denoted by d(A).

For two infinite disjoint sets X, Y C N, set

Di(X,Y)= liminf (¥ -1).
zeX,yeY,x<y \ T

Definition 1.1. Let A, B C N be disjoint infinite sets. We call
D(A, B) =min{D;(A, B),D:(B,A)}

the asymptotic distance of the sets A and B.
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Let a be a real number. If for every positive real number r there
exist integers p and ¢ such that 0 < |a —p/q| < 1/¢", then the number
a is called Liouwille.

A survey of results concerning Liouville numbers can be found in
the book by Nishioka [4]. Also the results of Petruska [5] establish
several interesting results about strong Liouville numbers, first defined
by Erdés in [1]. In 1975 Erdés [2] proved a criterion for Liouville
numbers.

Theorem 1.1 (Erdés). For a strictly increasing sequence {an,}22 4,

suppose that

. 1/t"
lim sup a;;

n—oo

=00
for every t > 0, and that there exist €9 > 0 and ng(eg) € N such that
a, > ntteo

if n > no(eo). Then
=1
=32
n=1
is a Liouville number.

Recently, Han¢l [3] introduced the concept of Liouville sequences and
improved Theorem 1.1. Other related results can be found in [6].

In the sequel, by [z] and {z} we will denote the integer and fractional
parts of real number x, respectively.

2. Main results. We will start by proving some upper bounds of
asymptotic distances of two sets.

Lemma 2.1. Let AC N, and let B=N— A =U>2,(¢cp,d,] NN
with 0 < ¢, < d, < ¢py1 for every n € N. Then for every set X C N
disjoint from A we have

(1) D(A,X) <limsup 4/ dn _ 1.
n—o0 Cn
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Proof. Set I = {n € N; (cp,dn]NX # @}. Then X C Uper(cp,dn]N
N. Choose an arbitrary # € X. Then there is a unique n = n(z) € N
such that z € (cp,d,]. Consequently, for every aj,as € A such that
a1 < T < ay we have

a d
Z > and 22 n
a1 ¢y T T
Set
.z dy
m, =ming —, —; = € (¢p,dy]N By, nel.
Cn T

Suppose, for example, that m,, = x,,/c, for a particular z,, € (¢, d,]N
B. Then m,, = z, /¢, < dp /Ty, ie., T, < v/cpd, and, consequently,

Tn /d,,
2 = — < 4/—.
( ) My o Ve,

Notice that the assumption m,, = d,,/yy,, for a particular y, € (¢, d,]N
B leads to the same inequality. Using (2) we have

D(A, X) = min{D (4, X), D1 (X, A)}

[dn
= liminf(m,, — 1) < limsup 4/ — — 1. o
nel n— oo Cn

The next example shows that the upper bound in the previous lemma
is the best possible.

Example 2.1. Let A C N be arbitrary. Write B = N — A =
Us 1 (en, dn] NN with 0 < ¢, < dp, < Cpy1. Also, let {n;}7° | be some
increasing sequence of positive integers such that

o dny dn,
lim — = limsup —,
k—oo Cp,, n—oo Cpn

and choose X = {[\/cn,dn,]; k¥ € N}. Then, from the proof of the
previous lemma, it can be seen that

D(A,X) = lim dﬂ—l:limsup d—"—l,
k—o0 Cn n—oo Cn

k



180 J. HANCL, L. MISIK AND J.T. TOTH

Sometimes it is useful to estimate the asymptotic distance of two sets
in terms of asymptotic densities. We need the following lemma.

Lemma 2.2. Let B = U2 (cp, dy] NN with 0 < ¢, < dp, < Cpp1
for every n € N. If d(B) < 1, then the inequality

(3) lim sup d = ok < d(B) — d(B)
ko o 1-d(B)

holds.

Proof. From the definition of asymptotic density we obtain that, for
every € > 0, there exists an N such that, for every k£ > N,

B
(4) d(B) —e < Bler)
Ck
and
B(d -
(5) (dr) _ d(B) +¢
dy,
We also have
(6) B(dk) :B(Ck)+dk — C-
Inequality (5) and equation (6) yield
B — -
Ber) +di —cr <d(B)+e.

dr —cp + ¢,

Hence,
B(Ck,)/ck + (dk, — Ck)/ck —
((dr — cn)jor) +1 < d(B) +¢,

and therefore,

B dp — _ dj —
(o) | de—cn (d(B)+s)< k Gk +1>.
Cl Ck Ck
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From this and (4) we obtain

di — _ di —
d(B) —e+ 2% - (d(B)+s)( b Gk +1>.
Ck Ck
Thus,
dn — _ _
%% (1 -4(B) — &) < d(B) — d(B) + 2
Ck
and (3) follows. The proof of Lemma 2.2 is complete. O

The following theorem provides the upper estimate of the asymptotic
distance in terms of asymptotic densities.

Theorem 2.1. Let A C N be an infinite set with d(A) > 0. Then,
for every infinite X C N disjoint from A, we have

d(A) —d(A)
DA X) < =Sq@y

Proof. Set B =N — A, and write B in the form B = U (¢, d,]NN

with 0 < ¢, < d, < ¢up1. Then d(B) = 1 — d(A) and d(B) =
1—-d(A) <1 and, using Lemmas 2.1 and 2.2, we have

\/dn_\/n . \/dn_\/ n\/dn Vv tn
D(A, X) < limsup Vin — Ven < lim sup ¢ +ve
n—o00 VCn n—oo0 Vv Cn 2\/cn
dp —cn _ d(A) —d(A)

=1i < .
M e = 2d(A) -

The next corollary is a straightforward consequence of the previous
theorem.

Corollary 2.1. Let A C N be a set of positive asymptotic density.
Then for every X C N disjoint from A, we have D(A,X) = 0.

The next example shows that D(A, X) can be any nonnegative value,
including oo, in the case when d(A) = 0.
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Example 2.2. Define A = {222n; n € N} and X = {222"“; n e
N}. Also define

X, = {[222n(1 + q)] +1;ne N} for every q € [0, 00).

Then, using ideas similar to those in Lemma 2.1 and Example 2.1, one
can show that D(A, X,) = ¢ holds for every g € [0, 00].

Now we are going to apply the concept of asymptotic distance to
prove that the sum of a certain series are Liouville numbers.

Theorem 2.2. Let {a,}°; be a nondecreasing sequence of positive
integers with

o1
(7) v = hnn_1)1£f - log, log, ar, > 0.
Assume that there are numbers o > > v such that the sets

1
A= {n € N; —log,log, an, > oz},
(®) "
B = {n € N; — log, logs a, < B}
n

are infinite and D(A,B) = 0 holds. Then the sum of the series
Yoo 1 1/ay is a Liouwville number.

Proof. Set =" | 1/a,,. We prove that, for every positive integer
K, there are positive integers p and ¢ such that |z — (p/q)| < 1/¢%. To
prove this we find a positive integer M such that

oo

(9) Zi<+,(

n=p+1 o (Hj:I a;)

Let N be a sufficiently large positive integer. First of all, we estimate

> N411/an. From (7) we obtain that aj > 2¥ for every k > N. This

fact and the fact that {a,}>2; is a nondecreasing sequence of positive
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integers imply that
(10)

o0

D VLD D

a
n=N+1 N<n<log,ant+1 logy an+1<n

log, a 1 log, a 1
< 0B20N+1 3 o< 9820N41 oo

a an ~ a 2n
N+1 logyant1<n n N+l logy ant1<n
< logzan+1 2 < 2logyan1
= AN+ 210g2 anN+1 — AN+1 ’

Set z, = 1/nlog,log, a, for n € N and notice that, as {a,}5>; is
nondecreasing, the inequality

Ty < n+1
Tpy1 0N
holds for all n € N. Then, for every pair m € A, n € B, with m <n
we have

(11)

8

s

<Im <

3=

™| R

which yields
Di(A,B) = liminf <9—1> >2 1>
r€A,yeEB,z<y \ T ﬁ

That is why D(A, B) = D;(B, A) = 0. Consequently, for every ¢ > 0

and positive integer Ny, there are integers Ny > Ny > Ny with Ny € A,

N7 € B such that
Ny — N,

12 —<

(12) N, €

Let us define the finite sequence {b,}> n, as follows.

[ it = N,
T QM ERTT ey N LN 42, Ny

Let T denote the integer for which by = max;—n, n,+1,...,n, bt Let us
note that br # by, , otherwise from (8) and (12) we obtain that

2BN1

oN: gl (™)

> ay' = by, > by, =
< 927Nz /((K+2)N2 M)

S 92V /(K +2)M1%)
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Hence, applying log, twice to the above inequality, we get
BNy +logy N1 > aNy — Nielogy (K + 2),

and this is a contradiction for a sufficiently large N7 and a sufficiently
small €. Thus, by > b; for every t = Ni,N; +1,...,7 — 1. From
this and from the fact that the sequence {a,}2 ; is nondecreasing, we
obtain that

>(K+2)TN1

ar > max by
t=N1,N1+1,...,T—1

(K+1) ZJ_T;ONI “HK+2)
( max bt>

t=N1,N1+1,...,T—1

T—1 - T-1 K+1
(L) e (1)

t=N;

Y

This implies that
-1 K
(13) ap — o/ HDH/ D) @/”‘“’( I at> _

From (10) and (13) we obtain that

i 1 < 2log2 ar _ 2log, ar 1
[ - a;/(K-'rl)( ;.;[':711 at)K (Ht ) at)

for sufficiently large T'. Thus, (9) follows for M =T — 1. The proof of
Theorem 2.2 is complete. u]

n=T

Example 2.3. As an immediate consequence of Theorem 2.2, we
obtain that the number

n=1

is Liouville.

<1/9<3+Z 4 ((Wlog i1~ 1o (i~ [1og i) /llog 41~ (1/3)m |
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Proof. Let us put

(/0@ (Hog 4)—Dox (i~ llog sDD)/log 1= (1/3)))n
a, = 2

Then we have

1 1
~1 = liminf — log, log, a,, < limsup — log, log, a,, = a;.
n—oo n n—soo N

Set 8 = 1/4(3y1 + a1) and a = 1/4(y1 + 3a1). Now we have
0 < v < B <a< a. If we define A and B as in Theorem 2.2,
then we obtain that

1
D(A,B) < lim 8"

n—o0o N

=0.

So all the assumptions of Theorem 2.2 are fulfilled. Thus, the number
H is Liouville. ]

Open problem. Is the number

n=1

l22(1/9(3+lognZj=1(1/j)))"]

Liouville?

Corollary 2.2. Let {¢,}52,; be a sequence of real numbers such that
> en =00 and 0 < ¢, < 1/n holds for every n € N. Then the

n=1
i [221&(2{2;‘1 Cj})n]
n=1

number

is Liouville.
Proof. One can easily show that

o1 1 . 1 2
11nn_1)1£f - log, log, ap, = 3 and hrILILS;p - log, logy ay, = 3
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Choose § < « any numbers in the interval (1/3,2/3) to fulfill the
assumptions of Theorem 2.2. o

The next two examples follow from Corollary 2.2.

Example 2.4. The number

o[ Eeh ]

n=1

where p; is the jth prime, is Liouville.

Example 2.5. The number

e 1
Z [221/3(2—{10g nPn| "

n=1

is Liouville.

Example 2.6. Another Liouville number can be defined as follows.
Let z; > 0 be arbitrary. Let us define the sequence {z,,}2 ; as follows

T 3 3 1
- L3 =71, T4 = -T1, T5 = -T1, Te = 5T1, L7 = T1y---

275 4 5 2

such that xy = x; forall k=%, =2 -1, m=1,2,3,... and

k

m
= — 1=0,1,2,...kp,.
Lkt km-f‘lxl y Ly 4y m

Define a,, = [22""]. Then the number "> | 1/a, is Liouville.

Proof. Notice that a, = 22""" = 22" is constant for all n €
[km, km+1) NN and

1
~ = liminf — log, log, a,, = liminf z,, = o
n—oo M n—00 2
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One can easily prove that all the assumptions of Theorem 2.2 hold for
any 1/2z; < B < a < z1. Thus, the sum of the series > 7~ | 1/a, is a
Liouville number. O

Remark 2.1. Denote

o0 n - - . . .
(w(3+2 ., (([log j]—[log(j —[log j])])/[log j]1—(1/4))))n
=3
H(z) =) |2° ?

n=1

Then, for all z € R", we obtain that the number H(z) is Liouville. To
prove this fact, follow the proof of Example 2.3. So the function H(z)
maps RT to the set with the zero Lebesgue measure. We find similar
phenomena in Corollary 2.2 and Example 2.6.
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