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CONVEXITY OF THE INTEGRAL
ARITHMETIC MEAN OF A CONVEX FUNCTION

X.M. ZHANG AND Y.M. CHU

ABSTRACT. In this paper it is proved that the integral
arithmetic mean of a continuous function f is a convex func-
tion if and only if f is a convex function.

1. Introduction. For the convenience of the readers, we recall the
main definitions as follows.

Definition 1. Let D C R" be a convex set (if n = 1, then D is an
interval). A function f: D — R" is called a convex function on D if

f(w+y> < J@+ /W)

2 2

for all z,y € D.

Definition 2. Let I be an interval with nonempty interior. A
function F': I" — R is called a Schur-convex function on I™ if

F(xlax%--' 7mn) SF(ylay%"' 7yn)

for any two n-tuples ¢ = (z1,22,... ,Zn), ¥ = (Y1,Y25--- ,Yn) in I",
such that « < y holds, i.e.,

k k
Z.’L‘[i]fzy[i], k=1,2,...,n—1
i=1 i=1
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and
DT =y,
i=1 =1

where x[;; denotes the ith largest component in z. F'is called a strictly
Schur-convex function on I if a strict inequality holds in Definition 2
whenever < y and z is not a permutation of y.

Definition 3. A set D C R™ is called a symmetric set if P € D for
any permutation P and all z € D.

Definition 4. Let D C R"™ be a symmetric set. A function
f: D — R is called a symmetric function if f(zP) = f(z) for any
permutation P and all z € D.

The theory of convex functions and Schur-convex functions is an im-
portant research field in modern analysis and geometry. It can be used
extensively in global Riemannian geometry [6, 7], operator inequalities
[1], nonlinear PDEs of elliptic type [10], combinatorial optimization [8],
isoperimetric problem for polytopes [15], linear regression [13], graphs
and matrices [2], improperly posed problems [14], inequalities and ex-
tremum problems [3], nilpotent groups [5], global surface theory [12],
and other related fields.

One of the focus problems in convex functions or Schur-convex func-
tions theory is how to distinguish convex function or Schur-convex.

The following two criteria for convexity and Schur-convexity of func-
tions were established in [11].

Theorem A. (1) Let I C R be an open interval. If f: I - R
s a twice differentiable function, then f is convex on I if and only if
f"(x) >0 forallz e I.

(2) Let D C R™ (n > 2,n € N) be a convezx set. If f: D — R has
continuous second partial derivatives, then f is convex if and only if
the matriz

1" "o "
11 12 in
1" 1 "

L(LE) — 21 22 2n
" /N "
nl n2 nn
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1s positive semi-definite for all x € D, where

fll — 82f(£l71,$2, . 7xn)
K 81‘181‘7

for z = (z1,22,... ,2,).

Theorem B. Let D C R"(n > 2) be a symmetric convexr set. If
f: D — R is a symmetric convex function on D, then f is a Schur-
convex function.

The following Theorem C was obtained by Elezovi¢ and Pecarié [4]
in 2000.

Theorem C. Let I C R be an open interval and f : I — R a
continuous function. If

1) Fley) - {%gw) J2 £ at myelety

then F is Schur-convex on I? if and only if f is a convex function on

I.

The main purpose of this paper is to improve Theorem C to the
following result.

Theorem. In Theorem C, the condition that F' be Schur-convex can
be replaced by the condition F' be conver.

2. Proof of theorem. First we shall introduce and establish the
following three lemmas, which will be used in the proof of our main
result.

Lemma 1 [9]. Let f : I — R be conver on an open interval I.
For any subinterval [a,b] of I, there exists a sequence {f,} of convex
infinitely differentiable functions f, which converges uniformly to f on
[a, b].
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The following Lemma 2 can be derived directly from the definition of
convex function.

Lemma 2. Let D C R" be a conver set and f, : D — R (n =
1,2,..) a sequence of continuous convex functions. If lim, . fn(z) =
f(z) for all x € D, then f is convezx on D.

Lemma 3. Let I C R be an open interval and f : I — R a convex
function with continuous second derivatives on I. Then the function F
defined by (1) is convex on I2.

Proof. For any x,y € I, the argument will be divided into the
following three cases.

Case 1. y > z. Then simple computations yield
Yy
Fi= (=22 [ 10d - - 1) - 200 - )1,

Py = By = =)0 + )] - 227 [ s
and
By = (=) 0) - 20— 0) ) + 2 -0 [ f0) e

Let g(t) = (t — 2)2f'(x) +2(t — 2)f(z) — 2 [ f(u) du, t € (z,y). Then
ft) - f(w)}

t—=x

g'(t) =2(t —x) | f'(z) —

making use of the Lagrange mean value theorem we know that there
exist & (t) € (z,t) and & (t) € (z,£1(t)) such that
g'(t) = 2(t — 2)[f'(x) - £'(&(2))]

= —2(t — 2)[&a(t) — )" (E(0)).

Equation (2) and Theorem A (1) imply that g(t) is decreasing in [z, y];
hence g(y) < g(x) = 0 and this leads to

(2)

(3) F{y 2 0.
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Let L(z,y) = (2:% 2% ) Then from (3) we clearly see that L(z,y) is

a positive semi-definite matrix if and only if
F{yF3y — FY3Fy) > 0.
This is equivalent to

4) [fly) = F@P+ (y—2)f () f (x) —2(y — 2)
< W) (@) - F' @) f@)] - 21 @) - £()] / £(t)dt < 0.

Next, let

then simple computations yield

(6) h(z) =0

(1) W) =0t -2 (@) + 2t — o) f —2/ flu du]
Now, taking
(8) H(t) = (t—2)f (@) + 2t —2)f —2/f € [z,
then simple computations yield
(9) H(z) =0,

H'(t) =2(t — ) f'(z) + 2f(z) — 2f(2),

(10) H'(z)=0
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and

H'(t) = 2[f'(z) — f'(¢)].

Theorem A (1) and the convexity of f on I imply that H" (t) < 0 for all
t € [z,y]. Therefore, (4) follows from the convexity of f and Theorem
A (1) together with (5)—(10); hence, L(z,y) is a positive semi-definite
matrix in this case.

Case 2. y < z. The argument is trivial in this case follows from the
symmetry of F' and Case 1.

Case 3. y = z. From the definition of F(z,y) we get

1
Fll(xvx) = FQI(.’E,I) = gfl(l‘)a
1
(11) FZIII(I,I):F{E(JJ,I) = Ef”(x)a

(12) Fi(e,2) = Bhy(w2) = 5 f'(2).

Equations (11) and (12) imply that L(z, ) is a positive semi-definite
matrix.

Lemma 3 follows from the above three cases and Theorem A (2).

Proof of theorem. Necessity. If F(x,y) is a convex function on 12,
then the symmetry of F on symmetric convex set 12 and Theorem B
together with Theorem C imply that f is a convex function on I.

Sufficiency. For any (z1,y1) and (x2,y2) € I?, there exist a,b € I
such that (x1,y1) and (z2,y2) € [a,b]?. Since f is a continuous convex
function on I, there exist convex functions sequences {f,},n =1,2,...,
with continuous second derivatives and converge to f uniformly on

[a,b]. Let

(1/y —z) fj fu(t)dt z,y € [a,b], x # vy,

Fo(z,y) = {fn(l') x =y € [a,b].
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Then Lemma 3 implies that F,, is a convex function on [a,b]? and by
Lemma 2 we know that

(Ly—=) [J fu(t)dt z,y € la,b], x #y,

is a convex function on [a, b]?. Hence, we have

F $1+$2,yl+y2 -G $1+I2,y1+y2
2 2 2 2

< G(x1,91)+G(w2,92)  F(x1,91)+F(x2,y2)
- 2 2 '

From the above inequality and Definition 1 we conclude that F' is
convex function on I2.
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