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MULTIPLE DIRICHLET SERIES INTERPOLATING
BELL NUMBERS AND STIRLING NUMBERS

HIROFUMI TSUMURA

ABSTRACT. The number of ways that a set of n elements
can be partitioned into nonempty subsets is called the nth Bell
number. An interpolation Dirichlet series of Bell numbers is
well-known classically. In this paper, as its generalization, we
construct a certain multiple Dirichlet series which interpolates
Bell numbers. As another example, we construct a multiple
Dirichlet series which interpolates Stirling numbers of the
second kind.

1. Introduction. Let N be the set of natural numbers, Ny =
N U {0}, Z the ring of rational integers, Z* = Z \ {0}, Q the field
of rational numbers, R the field of real numbers, and C the field of
complex numbers.

The nth Bell number (3, is defined as the number of ways that a set of
n elements can be partitioned into nonempty subsets, see [2]. Formally
we let By = 1. Then {8, | n € Ny} satisfy

n—1
B":Z <n_.1>ﬂj, n € N.

i=o ~ J

By this relation, we can calculate that 5y = 1, B2 = 2, B3 = 5, 84 = 15,
Bs = 52, etc. In the twentieth century, various properties of {3,,} were
studied, for example,
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(1) el = Zoﬂn L
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(2) kz ﬁ = ﬁna n e Na
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see, for example, [1, 4, 7]. Indeed, we can easily see that (2) is derived
from (1).

Now we define

(3) Z4(s) :=

D | =

1
Zk!ks’ se C.
k=1

Then (2) means Z;(—n) = B, for n € N. This result looks like the
well-known formula ((1—n) = —B, /n, n € N, concerning the Riemann
zeta-function ((s) and the Bernoulli numbers {B,,}.

In this decade, as a multiple analogue of the Riemann zeta value, the
multiple zeta value

1
k1y-§r>1 kll)l (k1 + ko)P2 oo (ko A+ - oo + Ky )Pr

(p1,p2,--- ,pr € N; p. > 2) has been actively investigated in various
branches of mathematics and physics. From these considerations, it is
interesting to study multiple analogues of Z;. Hence, for s € C with
Rs>1,r € N withr > 2, g, € C and po,... ,p,—1 € N, we define

(4) ZT(qla 2p2,. .. ,2pr-1, 5)
1 sgn (3521 5)

2pa
& q1 r—1 d T
ked,. kl!kl d=2 (E :le k]) Z]:l k.]

where sgn (x) = 1, respectively = —1, if z > 0, respectively z < 0, and

d
> ki #0, 2§d§r}.

j=1

s

(5) @.= {k = (kj) € N x (z*)" 1

We will prove the following theorem by using a method similar to
that introduced in [3].

Theorem 1.1. Forr € N, withr > 2,q1 € C and ps,... ,pr—1 € N,

r—1
_ r+1
- - E : J
(6) Zr(qla2p2a' e a2pr 178) ( l) Z <Q1 +2 pi+ 5)

i=2
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for s € C with Rs > 1. Note that the lefthand side of (6) can be
analytically continued for all s € C by this equation. In particular, for
n e NU{0}, 1 € Z and pa,... ,pr €N,

r—1

(7) ZT <Q1, 2p27 R a2pr—1, -n —qy — 2 ij> = (—]_)T+1 ﬂn

Jj=2

From Theorem 1.1, we have, for example,

25(2,-3) =B = -1
Z3(-1,2,-4) = B3 =5.

As another example, we consider Stirling numbers of the second kind
{S(n,m) | n,m € Ny} defined by

(e -)" &

(8) oD o3 sm)®

(see, for example, [4, Section 1]). It is known that

9) S(n,m) = S0 Sy (’Z) k", n,m € No,

m.

and .
Bn = Z S(n,j), me€N.
j=1

As well as Z,., we consider a certain multiple Dirichlet series which
interpolates S(n,m) (see Theorem 3.1).

2. Main result and its proof. First we consider a more general
situation as follows. Let

(10) Pa(s) =Y ok
k=1
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be a Dirichlet series which is absolutely convergent for all s € C. As a
multiple analogue of (10), we define

(11) mT(q172p27"' 72p7‘7175)
_ ar,sgn (325 k;)

ked kql r—1 d k. 2pa T k.
€er B [ lg=2 Zj:l J Z]’:l J

for s € CwithRs > 1,r € N withr > 2,¢; € Cand ps,... ,p,—1 € N.
Then we aim to prove the following theorem.

S

Theorem 2.1. Forr € N withr > 2, g1 € C and pa,...,p. € N,
r—1
(12) Y‘]37'(q152p27 o a2pr—1a5) = (71)T+1q31 <Q1 + QZPJ + S>'
j=2

Note that the lefthand side of (12) can be analytically continued for all
s € C by this equation.

We can see that Theorem 1.1 is a special case of Theorem 2.1. In the
rest of this section, we will give a proof of this theorem.

We define

(13)  A.(0;q1,2p2,...,2p,)
= akysgn (3°7_, kj) sin(| Y27, k;6)
Ga R T,y k)2

forr € N, g1 € C and po,...,p, € N, where

d
> ki #0, 2§d§r}.
j=1

feR,

®, = {k = (kj) e N x (Z*)" 1

We have already proved the following.

Lemma 2.2 [3, Lemma 7.6]. Forr € N and p1,...,p. € N,
1

kgr | JP (Zj:l kj)

2pa S H{2C(2pd)} < o0,
d=1
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where

U, = {k— (k;) € (Z*)" ikj £0, 1 gdgr}.

j=1

From this lemma and the assumption on PB;(s), we see that the
righthand side of (13) is absolutely and uniformly convergent with
respect to 8 € R. We will prove the following.

Lemma 2.3. Forr € N withr > 2, ¢; € C and pa,... ,pr € N,

(14) A.(6;q1,2p2, -, 2pr)+(=1)" Ay (9;q1+2 ij> =0, fcR.

Proof. We prove the assertion by induction on r > 2. Let

Zk #0, 2<d<T}

(15) QT:{k (k;) € N x (Z%)"

In the case r = 2, we see that

Z Af, SN (kl + kz) sin(|k1 + k2\6’)
]Cgl (kl + k2)2p2

(kl,kz)EQZ

Z Z a,sgn (k1 + k2) sin(|ky + k2|6)
kql (k‘l + k2)2p2

ki€N ko€Z
k1+ka#0

B akl sgn (N) sin(|N|6)
=2 @ 2 N =0

kiEN 1 NezZ~*

by putting N = k; + k2 and changing the index N into —N. The
lefthand side is equal to

ag,sgn (k1 + ko) sin(|ky + k2|6) ag, sin(k;0)
Z Z k‘h (k +k )2p2 + Z k¢11+2p2 ’
k€N kyez* rrRe
k1+ka#0

kiEN
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by dividing into the case with k2 # 0 and k2 = 0. Therefore, we see
that the case r = 2 holds.

Next we assume that the case of r — 1 holds (for > 2) and consider
the case of r.

3 ak,sgn (327, kj)sin(| 327, k;10)
1 r d
(k;)€Q, ktll Hd:z(Zj:l k-j)de

B ak, sgn (N) sin(|V]6)
- Z k’ql r—1 d k. 2p4 Z N2Pr
(k;)eSt_1 M1 d=2(22j=1 K5)%4 N 70
kr—17#0
=0

by putting NV = k1 + -+ - + k, and changing the index N into —NN. The
lefthand side is equal to

5 ak,sgn (35 kj) sin(| 325 k;10)
=S 8 | PO D L
S ark_ljgn (dE;;i kj) sin((| gg;i k;|0)
(k;)EPr_1 ki [Tama (3o k)2 - (3052, ky)?om—rt2er

by dividing into the case with k. # 0 and k. = 0. By the assumption
of induction, the second term is equal to

1= agsin(kf)
-(-1) —_——
1 k.111+2 Zd=2 Pd

Thus, we see that the case of r holds. By induction, we complete the
proof of this lemma. ]

In order to complete the proof of Theorem 2.1, we quote the following

fact which was given in our previous paper [3].

Let D(s) be the Dirichlet series defined by

(16) D(s)= > =,

3|8
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where {¢,} C C. Let Rs = p, p € R, be the abscissa of convergence of
D(s). We further assume that p < 1.

Theorem 2.4 [3, Theorem 3.1]. Assume that

(17) Z ¢m sin(mt) =0

is boundedly convergent for t > 0 and that, for p < s <1,

(18) lim cm/ t*~Lsin(mt) dt = 0.
m=1 A

A—00

Then D(s) can be continued meromorphically to C, and actually D(s) =
0 for all s € C.

Using this result, we can give the proof of Theorem 2.1 as follows.

Proof of Theorem 2.1. By Lemma 2.3, we have
(19)  Ar(65q1,2p2,-.. ,2p) + (—1)" A (9; a1+ 22%’) =0.
j=2

We can rewrite A, (6; q1,2ps, ... ,2p,) to

(20) A.(6;q1,2p2,... ,2p,)
_ Z af,Sgn (22:1 k;) sin(| 22:1 k;0)
e ML )

= ak,sgn (327, kj) .
Z Z q1 T d 2 Sln(me)’
m=1 ke, Sl ROy
[k1+---+kr|=m
which is absolutely and uniformly convergent with respect to 6 € R.
We put

ak,sgn (>0, kj
b 3 s (S, by

-
ked, ki 2:2(23':1 kj)?Pa| Z;:1 kj|2pets

(21) o
ak
+ kzzl kql+2(z;.=2pj)+s'
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Then, by applying Theorem 2.4 with (19) and (20), we see that D(s)
can be continued meromorphically to C, and actually D(s) = 0 for all
s € C. Hence by (10), (11) and (21), we obtain

B (q1,2p2, .- 20r—1,2pr + 5) = (1) Py <¢Z1 + 22?;’ + 5)

Jj=2

for all s € C. Replacing 2p, + s with s, we complete the proof of
Theorem 2.1. O

Note that if we let P, = Z,. in Theorem 2.1, then we immediately
obtain the proof of Theorem 1.1.

3. Multiple series interpolating Stirling numbers. As another
example, we consider

(22) Wi(s;m) = (=)™ i (_ll);: (T’?), seC.

m/!
k=1

Then (9) means that Wi (—n;m) = S(n,m) for m,n € N. Of course,
Wi (s; m) is absolutely convergent for all s € C. Furthermore, we define

(23) Wr(q172p2a--' 72pr—178;m)
m d
(—1)™ (=1)% (r)sen (35— k)
m! r—1 d pa |
ke®, ., ktlh d=2 (ijl kJ) Zj:l kj

s

for s € C with s > 1, where r € N with r > 2, m € N, ¢; € C and
p2,-..,pr—1 € N, where

@, = {k=(kj) e N x (Z*)"

d
‘1§k1§m, > kj#0,2<d<r
j=1

Then, from Theorem 2.1, we obtain the following.
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Theorem 3.1. Forr € N with r > 2, m € N and ¢ € C,
P2,... yPr—1 € N,

(24) Wr(q172p2a--' 72pr—178;m)

r—1
= (—1)r+1W1 <q1 +2 ij + S; m).

=2

Note that the lefthand side of (24) can be analytically continued for
all s € C by this equation. In particular, forn € N, ¢ € Z and
P2, 3, Pr—1 € N)

r—1

(25) W’I‘ <q17 2p27 v 72p7'717 -n — 221’]3 m> = (_1)T+1 S(n,m)

j=1

Remark. We can also apply the above method to other Dirichlet se-
ries. Indeed, by considering certain Dirichlet series involving hyperbolic
triangle functions, we can give some multiple analogues of Ramanujan’s
result ([6]).

Acknowledgments. The author greatly thanks the referee who
checked this paper carefully and gave him important suggestions about
improvement of the main result.
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