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GENERALIZED HARMONIC MAPS
ON NORMAL ALMOST CONTACT MANIFOLDS

D. FETCU

ABSTRACT. We define the ¢-harmonic maps by using
adapted connections on normal almost contact manifolds.
A number of conditions for a map to be ¢-harmonic or
generalized ¢-pluriharmonic are given and some examples
related to these results are found.

1. Introduction. In 1993 Jost and Yau (see [7]) introduced the no-
tion of Hermitian harmonic maps as follows. If f : M — N is a smooth
map between a Hermitian manifold (M, J, g) with complex dimension
dimcM = m, equipped with local complex coordinates (z,)™_,, and
a Riemannian manifold (N, k) of (real) dimension dimg N = n, with
local real coordinates (x;)"_,, then f is called a Hermitian harmonic
map if

_ 82 k o ia 7
(1.1) g°? 7f_+Nr§jii_ =0, k=T1,n,
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where Ffj are the Riemann-Christoffel symbols of the Levi-Civita
connection on N. This equation does not arise from a variational
problem nor has it a divergence form.

Obviously, when (M, J,g) is a Kahler manifold, then (1.1) is the
equation of a harmonic map. Also, when M is a Hermitian manifold
and N is a Kdhler manifold, it is easy to see that any +holomorphic
map f: M — N is a Hermitian harmonic map.

Since the paper of Jost and Yau, the Hermitian harmonic map was
studied by a number of authors, such as Chen [2], Grunau and Kiihnel
[5] and Ni [15]. Their papers are devoted to the study of the rigidity
of Hermitian manifolds by using the notion of Hermitian harmonicity.

In 1999 the Hermitian harmonic morphisms were defined and studied
by Loubeau, see [9].
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Hermitian harmonic maps can be viewed as a special class of gener-
alized harmonic maps, which are defined and studied by Lu [10]. In
the following, let us recall some aspects of Lu’s work. First let V and
V¥ be arbitrary smooth connections on the Riemannian manifolds M
and N, respectively. Let f : M — N be a smooth map. If VM and
VY are torsion-free, an f~ 1T N-valued bilinear symmetric form, Vdf,
can be defined by

(1.2) (Vdf)(X,Y) = VYdfY — df (VY),

for any X,Y € Xx(M), where V¥ is the induced connection on the
induced bundle f~!TN over M of TN, defined by VYV = Vfi\} <V, for
any C'*-section V of f~ITN.

Definition 1.1. Let f : M — N be a smooth map between
Riemannian manifolds M and N. Denote o(f) = trace (Vdf). If
a(f) =0, then f is called a generalized harmonic map.

Remark 1.2. If (M, J,g) is a Hermitian manifold, V¥ is a holomor-
phic torsion-free connection on M, and N is a Riemannian manifold
with Levi-Civita connection V¥; then it is easy to prove that a Her-
mitian harmonic map f : M — N is a generalized harmonic map with
respect to VM and V7V, see [10, 15].

Concerning the existence of generalized harmonic maps, Lu claims
the following

Theorem 1.3. Let M and N be compact manifolds. Assume N
is strictly negatively curved ({(u?, u)0). Let VY be the Levi-Civita
connection on N, and let VM be an arbitrary smooth torsion-free
connection on M. Then there exists a generalized harmonic map in
each homotopy class of maps from M to N, and it is unique if it doesn’t
map to a point or a closed geodesic.

As we have seen, Hermitian harmonic maps is a well-studied sub-
ject. It seems interesting to define a similar notion on almost contact
manifolds.
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In this paper we consider generalized harmonic maps between a
normal almost contact manifold and a Riemannian manifold by using
on the domain an adapted connection defined by Matzeu and Oproiu in
[11, 12]. Working this way was suggested by the fact that, as in the case
of Hermitian harmonic maps, this adapted connection is compatible
with the almost contact structure instead of the Riemannian structure.
We also define a notion analogous to ¢-pluriharmonic maps, (see [6]),
in terms of generalized harmonicity.

2. Basic definitions. In this section we briefly recall some
definitions and results concerning the almost contact manifolds as they
are presented in [1, 11, 12]. Let (p,&,n) define an almost contact
structure on (2n + 1)-dimensional manifold M. Then ¢ is a tensor field
of type (1,1), £ is a vector field on M and 7 is a 1-form, satisfying the
conditions:

(2.1) ’=-T+n®E nE) =1

From (2.1), one obtains by some algebraic computations
(2:2) pE=0, nop=0, ¢’+p=0.

Let us consider the manifold M x R. Denote a vector field on M x R
by (X, f(0/0t)) where X is tangent to M, t is the usual coordinate on
R and f is a function on M x R. Define an almost complex structure
on M x R by

(2.3) J(Kf%) - (gaX - ff,n(X)%)

It is easy to check that J? = —I. If J is integrable we say that the
almost contact structure on M is normal. It is proved that the almost
contact structure is normal if the tensor field S of type (1,2), defined
by

(2.4) S=N,+dn®¢,

vanishes, see [1], where
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No(X,Y) = [pX,0Y] — 0[pX,Y] — [ X, oY ] + ¢*[X, Y],

for X,Y € x(M), is the Nijenhuis tensor field of .

If g is a (semi)-Riemannian metric on M such that

9(pX, pY) = g(X,Y) — n(X)n(Y),

for any X,Y € Xx(M), then we say that (¢,&,7,g) is a metric almost
contact structure and M is called a metric almost contact manifold.
The metric g is called an associated (semi)-Riemannian metric. The
existence of associated (semi)-Riemannian metrics to any almost con-
tact structure is proved in [1].

Consider the vector subbundles in the tangent bundle of M defined
by H = kern and V = span{{}. Then TM = H @V, and let h,v be
the projectors corresponding to this direct sum decomposition. That
is,

v=n®¢ h=I-v, h®*=h, v’ =v, hv=vh=0.

Then
¢ =—h, hp=ph=9p, pv=vp=0.
The almost contact metric manifold (M, ¢,&,n, g) is called a cosym-

plectic manifold if it is normal, dQ2 = 0 and dn = 0; (1,2)-symplectic
manifold if

dQUX,pX,Y)=0, X eI(H), Y ex(M),
where 2 is the fundamental 2-form associated to metric g, which is
defined by Q(X,Y) = g(X,¢Y), for any X,Y € x(M). If Q = dn

then M is called a contact metric manifold. A contact metric manifold
which is normal is called a Sasakian manifold, see [1].

Definition 2.1. An adapted connection to the almost contact
structure (p,€, 1) is a linear connection VM on M, such that, for
any X,Y € x(M),

(VX @)Y =n(Y)hX + (1/4)[dn(pX, hY) — dn(X, V)¢,
(2:5) ¢ (VEn)(Y) = (1/4)[dn(X,Y) + dn(¢X, oY),
Vx§ =X —(1/4) dn(X, )¢
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Note that if M is a Sasakian manifold, then the Levi-Civita connec-
tion on M is an adapted connection.

In [11] it is proved that at least one adapted connection exists on an
almost contact manifold (M, ¢, &, n).

Finally, we must recall the following result related to the adapted
connections, ([11]).

Theorem 2.2. The almost contact structure (p,&,n) is normal if
and only if a torsion-free adapted connection exists.

Remark 2.3. If VM is a torsion-free adapted connection to the normal
almost contact structure (¢, &,n), then the conditions (2.5) becomes

{ (VE@)Y =n(Y)hX + (1/2) dn(pX,Y)E,

(26) (Vn)(Y) = (1/2)dn(X,Y), V€ = pX.

3. A class of generalized harmonic maps.

Definition 3.1. We call a smooth map f : M — N, between a
normal almost contact metric manifold (M, ¢, €, 7, g) and a Riemannian
manifold (N, h) a p-harmonic map if f is a generalized harmonic map
with respect to an adapted torsion-free connection VM on M and Levi-
Civita connection V¥ on N.

The notion of p-harmonicity is well defined since we have the follow-
ing.

Proposition 3.2. The definition of @-harmonic maps does not
depend on the chosen adapted torsion-free connection on M.

Proof. Let VM be an adapted torsion-free connection to the normal
almost contact structure on M. If we consider the decomposition
TM = H®V as in the previous section, one obtains, from Definition 3.1,
for any X € I'(H),

(V¥p)pXx =0, (VM o)X =0.
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It follows that
(3.1) VX + VioX = (VI X — VY 0X) = plpX, X].

Let {e;, pe;, £} be an orthonormal (with respect to associated metric
g) p-basis in M, and let VM 2VM be two adapted torsion-free
connections on M. If f : M — N is a smooth map between M and a
Riemannian manifold (N, h) with Levi-Civita connection V¥, then

o1(f) = trace (V1 df) = Y _[(VNdfe; + VY, dfpe; + VY df¢)
=1

—df("V e+ 'V pei + V),

and
oo(f) = trace (Vo df) = Z[(ﬁfdfel + eﬁeidﬂpei + 6é\,dff)
i=1
—df Ve +7 Vi pei +2 VY E)),

where dim M = 2n+1, and df : TM — TN is the tangent map induced
by f. Since 'V'¢ =* V¢ = 0, from (3.1) one obtains o1(f) = oa(f).
Thus, f is a p-harmonic map with respect to 'V if and only if it is
¢-harmonic with respect to 2VM, |

Remark 3.3. The associated metric g does not interfere in the
definition of p-harmonic maps. Hence, this notion is strictly related to
the normal almost contact structure on M. We still continue to consider
an associated (semi)-Riemannian metric on the manifold M because in
the proofs of some results we will use the orthonormal (with respect
to this metric) p-basis in M. However this metric will be arbitrarily
chosen.

Definition 3.4. Let f : M — N be a smooth map between an
almost contact manifold (M, ¢,£,n) and an almost complex manifold
(N, J). If df p = £Jdf, we call f a (¢, J)-holomorphic map.

Definition 3.5. Let f : M — N be a smooth map between two
almost contact manifolds (M, ¢, &, n) and (N,9,(,0). If df o = £ydf
we call f a £(¢p, ¥)-holomorphic map.
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Now, we can state the following

Theorem 3.6. Let (M, ¢,£,n,g) be a normal almost contact metric
manifold and (N, J,h) a Hermitian manifold with Levi-Civita connec-
tion VN satisfying

(3.2) (VEI)X =0,

for any X € X(N). Then a (¢, J)-holomorphic map f: M — N is a
w-harmonic map.

Proof. Tt is sufficient to study the case when f is a (¢, J)-holomorphic
map. Consider an orthonormal ¢-basis {e;, pe;,{} in M, i = 1,n,
dim M = 2n + 1. Since dfp = Jdf, using (3.2) and the fact that the
Levi-Civita connection on N is torsion-free, one obtains
(3.3)

Ve dfoes = Vi Jdfe; = IV .. dfe;

= J(Vife, Jdfei + [Jdfe;, dfei])
= =Vl dfe; + Jdf[pei, ei] = =V dfei + df o[pei, ei],

i

for any ¢ = 1,n, and

(34)  Viedfé = —J°Viedfe = —JV i Jdf§ = —JV Jredf o€ = 0.

From (3.1) it follows that

(3.5) Vé\fei + Véﬁigoei = p[pei, €], i=1,n.

Taking into account (3.3), (3.4), (3.5) and V¢ = 0, we have

n

o(f) = trace (Vdf) = > (V. dfei + Vi, dfoe:) + Vife dfé
i=1

— df<Z(Vé‘:’ei + VL ve;) + Vi > =0.

i=1

Hence f is a p-harmonic map. O
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Proposition 3.7. Let (M,¢,£,n,9) be a normal almost contact
metric manifold with (dn), # 0, for any x € M, and (N,v,(,0,h)
an almost contact metric manifold. Let f : M — N be a =(p,1)-
holomorphic map such that

(3.6) do(df X, df€) = 0,
for any X € x(M). Then df¢ = a(, where a € R is a constant.

Proof. As above, it is sufficient to consider the case df ¢ = ¥df. One
obtains that df¢ = al, where a : M — R is a function on M. Define
the 1-form f*6 on M, by

fr0(X) = 0(df X),

for any X € x(M).

Then it is easy to see that f*§ = an. By differentiating, one obtains
(3.7) f*df = da A n+ adn.
From the normality of M, we have dn(X,Y) = n([¢X, ¢Y]), for any
X,Y € x(M). Hence, from (3.6), by computing (3.7) in (X, §), with
X € x(M), it follows that da(X) = Lea - n(X), where L denotes the
Lie derivative. One obtains da A n = 0, and then da A dy = 0. Thus,
LeanAdn = 0. In (X,Y,€), with X, Y € M, we have L¢a-dn(X,Y) = 0.
Since (dn), # 0, for any € M, we conclude that L¢a = 0, that is,
da = 0. Thus, a is a constant. a

It is easy to see that, if the target manifold, (N,,(, ), is a contact
manifold or a normal almost contact manifold, then for a +(p,)-
holomorphic map, f : M — N, equation (3.6) holds. We can state the
following

Corollary 3.8. Let M be a manifold as above and (N,¥,(, 6,h) a
contact manifold or a normal almost contact manifold. If f : M — N is
a +(p,9)-holomorphic map, then df¢§ = a(, where a € R is a constant.

Theorem 3.9. Let (M, p,&,1,9) be a normal almost contact metric
manifold with (dn), # 0, for any x € M, and (N,v,¢,0,h) a (1,2)-
symplectic manifold. If f : M — N is a £(p,v)-holomorphic map
satisfying (3.6), then f is a p-harmonic map.
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Proof. In [1] the author proves the following formula for the covariant
derivative of 9 for a general almost contact metric structure (¢, ¢, 0, h),
(3.8)

2((Vx)Y, Z) = 34X, pY, pZ) - 34X, Y, Z) + h(Ny(Y, Z), 6 X)
+ (Lyy0)(Z) = (Lyz0)(Y))0(X)
+2d0(vY, X)0(Z) — 2d0(vZ, X)8(Y),
where L denotes the Lie derivative and  is the fundamental 2-form
associated to the structure.

Consider ' = ker C TN. Then, for X € I'(H’), one obtains, from
(3.8), since (N, 9, (,0,h) is a (1,2)-symplectic manifold,

2h((VEV)YX, Z) = h(Ny($X, Z), $ X)

and
Qh((vggw))’zv Z) = —h(Nw(jZ, Z)a X)a

for any Z € X(N). Hence, 2h((V%¢)¢X - (ngz,b))?, Z) =0, for any
Z € X(N). That means (Vg¢)¢)¥' - (VZ§¢)X = 0. Thus,

(3.9) VEX + vf/}v}?zpi =YX, X].

It can easily be verified that X € T'(H), H = kern, implies df X €
I'(H'). Since from Proposition 3.7 we have that Vé\}gdfﬁ = 0, by
choosing an orthonormal ¢-basis in M, as in the proof of Proposition 3.6
one obtains o(f) = 0, which means that f is a ¢-harmonic map. o

From Proposition 3.9 and Corollary 3.8, one obtains

Corollary 3.10. Let M be a manifold as above and (N,v,(, 6,h) a
contact manifold or a normal almost contact manifold. If f : M — N
is a £(p, ¥)-holomorphic map, then f is a p-harmonic map.

Concerning the possibility that a ¢-harmonic map between a normal
almost contact manifold and a Hermitian (or a (1, 2)-symplectic) mani-
fold is & (¢, J)-holomorphic (or % (¢, ¥)-holomorphic), by Theorem 1.3,
Theorem 1.6 and Theorem 3.9, we can state:
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Theorem 3.11. Let M be a compact normal almost contact mani-
fold. Assume (N, J,h) is a compact Hermitian manifold strictly nega-
tively curved ((u?, u)0) such that the Levi-Civita connection on N ver-
ifies (3.2). If f : M — N is a p-harmonic map homotopic with a
+(p, J)-holomorphic map, fo : M — N, such that neither f nor fo
map to a point or a closed geodesic, then f = fo.

Theorem 3.12. Let (M, ¢,&,n,g) be a compact normal almost con-
tact manifold with (dn), # 0, for any x € M. Assume (N,¢,(,0,h) is
a compact (1,2)-symplectic manifold strictly negatively curved ((u?, u)0).
If f : M — N is a @-harmonic map homotopic with a +(p,)-
holomorphic map, fo : M — N, satisfying condition (3.6), such that
neither f nor fo map to a point or a closed geodesic, then f = fy.

Remark 3.13. All results in this section remain valid in the case when
the metric on the target manifold is not Riemannian but is a semi-
Riemannian metric.

4. Hermitian harmonic maps on tangent bundle of a normal
almost contact manifold. In order to find relations between Hermi-
tian harmonic maps and ¢-harmonic maps, let us consider M to be a
differentiable manifold of dimension m and 7 : TM — M its tangent
bundle. Then T'M can be organized as a 2m-dimensional manifold as
follows. A local coordinate neighborhood (U;z?), i = 1,2m, in M, in-
duces a local coordinate neighborhood (7~ 1(U); z%,y?), 4,7 = 1,m, on
TM, where we denote z* o by z* and y’ are the coordinates of the
vectors on m~ !(U) in natural basis {9/dz}" ;.

If w is a differentiable 1-form on M, then it can be regarded as a
function on T'M which we denote by (w.

If f is a function on M, we define the vertical lift fV of f by
fV = fon and the complete lift f¢ of f by f¢ = 1(df). We have
f¢ =41 (0f/0x') = y'0; f = Of with respect to the induced coordinates
in TM, where 9; denote (9/0z") and O denote y*d;. The vertical lift
(df)V of the 1-form df is defined by (df)" = df"V. For two functions f
and g on M we have (gdf)V = g"(df)V = ¢V (df").
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Let X = X%(9/0z") be a vector field on M. We define the vertical
lift XV of X by XV (w) = (w(X))Y, w being an arbitrary 1-form on
M, and the complete lift X of X by XU f¢ = (X f), f being an
arbitrary function on M. With respect to the induced coordinates in
T M, one obtains

.0 .0 . 0
V _ yi C _ yi i
XV=Xign  XO=X'goroXign

Let n = n;dz’ be a differentiable 1-form on M. We define the vertical
litt ¥ of n by ¥ = nY(dz;)V and the complete lift n¢ of n by
n°(X%) = (n(X)), X being an arbitrary vector field on M. Then
we have, with respect to the induced coordinates in T'M,

17V = md:t:i, nC = 817,'d3:" + mdyi.

The vertical and the complete lifts of a tensor field on M can be
defined, using the conditions
(P+QV=P"+Q", (PeQ)"=P"8Q",
(P+Q)°=P°+Q°% (PeQ=P0Q"+P ®Q°,

where P,(Q are tensor fields on M. Let ¢ = ¢?(9/0z") ® dz' be a
tensor field of type (1,1) on M. Then one obtains, for the complete lift

¢“ of o,
0 ; o) : 5] .
C h % h i h i
P iy h =~ 2d ol ®d
@ wzaxhé@ z +<Pzayh® Y+ %ayh@? x,
with respect to the induced coordinates in T'M.

Let g = g;jdz* ® dz? be a tensor field of type (0,2) on M. Then one
obtains, for the complete lift g© of g,

gC = 8gijd$i ® dad + gijdaci ® dyj + gijdyi ® da’
with respect to the induced coordinates in T'M.

Let (M, p,&,7n) be a (2n + 1)-dimensional almost contact manifold,
and let TM be its tangent bundle. Define the tensor field J, of type
(1,1), on TM, by

(4.1) JM=¢%—n°®¢ +n" ®¢".
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It is easy to check that (JM)? = —1I, see [17]. Thus, (TM,JM) is a
(4n+2)-dimensional almost complex manifold. After a straightforward
computation it can be proved that if the almost contact structure on
M is normal then JM is integrable, (see also Proposition 4.1 in [3],
together with [4]). We just proved

Proposition 4.1. If (M, p,£,n) is a normal almost contact mani-
fold, then (TM,J™ G) is a Hermitian manifold, where G is an arbi-
trarily chosen Hermaitian metric on T M.

Note that every almost complex manifold admits a Hermitian metric,
see, for example, [1].

Now, let us consider a Kihler manifold (N, J, k), and let (TN, JN, H)
be its tangent bundle endowed with the tensor field JN = JC, of
type (1,1) and with semi-Riemannian metric H = h°. From Njc =
(N;)¢ and VOJC = (VNJ)C, where V¢ is the torsion-free torsion
corresponding to semi-Riemannian structure on T'N, see [17], it follows
easily that

Proposition 4.2. If (N, J,h) is a Kihler manifold, then (T N,J™,H)
is a complex manifold such that VCJN = 0.

Next, let f : M — N be a smooth map between an almost contact
manifold (M, , €&, n) and an almost complex manifold (N, J). Denote
by F = df : TM — TN the tangent map induced by f and by
dF : TTM — TTN the tangent map induced by F. Assume that
dFJM = £JNdF. Obviously, it will be sufficient to study only the case
when dFJM = JNdF. For a vector field X € ['(H), H =kern C TM,
we have dFJM XV = JNdFXV. But dFJMXV = dF(pX)V =
(dfX)V and JNAFXY = JN(dfX)V = (JdfX)V, see [17]. Hence,
df X = Jdf X, for any X € T'(H).

Since dFJM¢C = JNAFEC, dFIJMEC = dFeY = (df¢)V and
JNAFEC = JN(dfE)C = (Jdf€)C, it follows that (df¢)Y = (Jdfé)C.
Taking into account the expressions for vertical and complete lifts of
vector fields in local coordinates, one obtains Jdf¢ = 0 and that means

df p§ = Jdf€.
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Conversely, if we suppose dfy = Jdf, it is easy to verify that
dFJMXC = JNdFXY and dFJM XY = JNdFXV, for any vector
field X € X(M). Together, all these results give

Proposition 4.3. If f : M — N is a smooth map between two
manifolds as above, then df p = £Jdf if and only if dFJM = +£JNdF.

From Proposition 3.6, Proposition 4.1, Proposition 4.2 and Proposi-
tion 4.3, one obtains

Proposition 4.4. Let f : M — N be a smooth map between a normal
almost contact manifold (M, p,£,n) and a Kdhler manifold (N, J, k),
and let F = df : TM — TN be the tangent map induced by f, where
TM and TN are endowed with the Hermitian structures (JM,G) and
(JN,H) as above. If dfp = +Jdf, then F is a Hermitian harmonic
map and if dFJM = £JNdF, then f is a p-harmonic map.

In the following, let us recall some results from [3]. Consider an
almost complex metric manifold (P,,(,6,h). On the tangent bundle
TP we define

H=h%+0" 0% 6" -6°).

It is easy to verify that H is a semi-Riemannian Hermitian metric with
respect to complex structure

JP:¢C—00®CC+0V®CV.
If P is a cosymplectic manifold, then VH#J¥ = 0, where V¥ is the

Levi-Civita connection corresponding to H.

If f: M — P is a smooth map between two almost contact
manifolds and F = df : (I'M,J™) — (TP,J¥), then it is proved
that df JM = +£JPdF if and only if df ¢ = ¢df and df¢é = al, a € R,
see [3].

Using these results and Proposition 3.7, one obtains

Proposition 4.5. Let f : M — P be a smooth map between a
normal almost contact manifold, (M, ¢,&,n), such that (dn), # O,
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for any © € M, and a cosymplectic manifold, (P,1,(,0,h), and let
F =df : (TM,J™,G) — (P,J¥,H) be the induced tangent map. If
df p = t4df, then F is a Hermitian harmonic map.

Proposition 4.6. If in Proposition 4.5 we take M to be only a
normal almost contact manifold, then dF J™ = £JPdF implies that f
s a @-harmonic map.

5. Generalized p-pluriharmonic maps. In [10] the concept is
introduced of a y-pluriharmonic map from an almost contact manifold
into a Riemannian manifold as follows.

Let (M, ¢,£,n,N) be an almost contact metric manifold, and let N
be a Riemannian manifold. If V is the Levi-Civita connection on M and
V¥ is the Levi-Civita connection on N, then the second fundamental
form, «, of a smooth map f: M — N is defined by

a(X,Y) = VYdfY —df(VxY), X,Y ex(M).
The map f is called gp-pluriharmonic if « satisfies

a(X,Y)+a(pX,9Y) =0, X,Y €x(M).

In this section we consider an analogous notion by using an adapted
connection on M instead of Levi-Civita connection.

Definition 5.1. Let (M, ¢,£,n) be a normal almost contact metric
manifold, and let N be a Riemannian manifold. A smooth map
f: M — N is said to be generalized @-pluriharmonic if

(5.1) (Vdf)(X,Y) + (Vdf)(pX,9Y) =0, X,Y €X(M),

where (Vdf)(X,Y) = VNdfY —df (VZY), X,Y € X(M), VY the Levi-
Civita connection on N and VM a torsion-free adapted connection on
M. If (5.1) holds only for X, Y € T'(H), H = kern C X(M), then f is
called generalized H-pluriharmonic.

Proposition 5.2. The definition of a generalized -pluriharmonic
map does not depend on the chosen torsion-free adapted connection
on M.
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Proof. Let VM be any torsion-free adapted connection on a normal
almost contact manifold (M, ¢,&,n). Due to the definition of adapted
connections, we get

(VY e)(¥) = 5 dnleX, o¥)¢

and 1
(Vex @)Y =n(Y)eX — 5 dn(X,Y)E.
Hence, since VM is torsion-free,
(52) VXY +VokoV = olpX, Y]+ [X, Y] + Y (n(X))¢
Thus, the expression of (Vdf)(X,Y) + (Vdf)(¢X, ¢Y) remains un-

changed for any torsion-free adapted connection on M. ]

Proposition 5.3. Let f : M — N be a generalized -pluriharmonic
map from a normal almost contact manifold into a Riemannian mani-
fold. Then f is a p-harmonic map.

Proof. Let g be an associated metric on M, and let {e;, pe;, &} be an
orthonormal p-basis in M. Since f is generalized @-pluriharmonic we
have

(Vdf)(ei,e:) + (Vdf)(pei, pei) =0, (Vdf)(&,€) =0,

for i = 1,n, where dim M = 2n + 1. One obtains

n

trace (Vdf) = Y _[(Vdf)(ei, ;) + (Vdf)(pei, pei)] + (Vf) (€, €) = 0,

i=1

and that means f is a p-harmonic map. u]
Next, we have

Proposition 5.4. Let (M, p,&,n) be a normal almost contact metric
manifold and (N, J, h) a Kdihler manifold. Then a £ (¢, J)-holomorphic
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map f : M — N is generalized H -pluriharmonic but it is not generalized
p-plurtharmonic.

Proof. Due to (5.2),
VXY + VgkeV = plpX, Y]+ [X,Y],

for any X,Y € I'(H). On the other hand, since N is Kéahler and f is a
+(¢p, J)-holomorphic map, one easily obtains

VixdfY + Vi, xdfoY = —~J[Jdf X,dfY] — [df X, dfY]
- _df(90[¢X7 Y] + [Xa Y])a

for any X,Y € xX(M). We have

(VAf)(X,Y) + (Vdf) (9 X, pY) = Vi xdfY + Vi xdf oY
—df (VMY + V¢MX¢Y) =0,

for any X,Y € I'(H).
For X € x(M), we get

(Vdf)(X,€) + (Vf) (9 X, p€) = —df (VYE) = —df X
= FJAfX #0,

since f is £(¢, J)-holomorphic. So f is generalized H-pluriharmonic
but it is not generalized -pluriharmonic. o

Proposition 5.5. Let (M, ¢,£,n,g) be a normal almost contact met-
ric manifold and (N,%,(,0,h) a Sasakian or a cosymplectic manifold.
If f : M — N is a £(p,¥)-holomorphic map, then f is generalized
‘H-pluriharmonic. Moreover, if (dn), # 0, for any x € M, N is a
Sasakian manifold and f is +(p,)-holomorphic with df¢ = +(, then
f is generalized p-pluriharmonic. If N is a cosymplectic manifold, then
f cannot be generalized p-pluriharmonic.

Proof. The fact that f is generalized H-pluriharmonic can be ob-
tained exactly as in the proof of Proposition 5.4, since for a cosymplec-
tic or a Sasakian manifold, NV, one obtains easily that, (see [1, 10]),
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VXY + VixeY = X, Y]+ [X,Y],

for any X,Y € ['(H'), where V¥ is the Levi-Civita connection on N.

On the other hand, if (dn), # 0, for any « € M, then df¢ = ac,
a € R, by the meaning of Proposition 3.7. Assume that N is a Sasakian
manifold. Then, for any X € X(M), we have

(Vdf)(X,€) = VYdfe — df VY € = VI vdfe + df o X
= —aYdf X +dfpX = (Fa+ 1)df pX.

Thus, f is generalized @-pluriharmonic if and only if a = £1. If N is
a cosymplectic manifold, V¢ = 0, for any X € X(IV), and we obtain
(Vdf)(X,€) = df pX, for any X € X(N), then f cannot be generalized
-pluriharmonic. ]

6. Examples. We end by giving some examples of ¢-harmonic
maps.

1. Let (M, J,g) be a Hermitian manifold such that (V¥ J)X = 0,
for any vector field X € x(M). On M x R, set n = dt and & = 9/0¢,
where t is the coordinate on R, and define the tensor field ¢ of type
(1,1) by 9€ =0 and ¢(X,0) = JX for X € X(M). Then (¢,&,n) is an
almost contact metric structure on M x R with dn = 0.

Since (M, J,g) is Hermitian, we have N; = 0, where N is the
Nijenhuis tensor of J. Then, for the Nijenhuis tensor of ¢, N,, one
obtains N, ((X,0),(Y,0)) = Ns(X,Y) and N,((X,0),(0,(0/0t))) =0
for any X,Y € x(M). Thus N, = 0, and since dn = 0, one obtains
that (M x R, ¢, £,n) is a normal almost contact manifold.

If : M x R — M is the canonical projection, then 7 is a (¢, J)-
holomorphic map and, by Theorem 3.6, a p-harmonic map. If M is a
Kahler manifold, then 7 is a generalized H-pluriharmonic map.

2. Now let us recall some results obtained in [13, 14]. First, let
w1 M?"tl 5 N27t2 be a principal circle bundle over a complex
manifold NV, and assume that there exists a connection form 7 such
that dn = 7*¥, where ¥ is a form of bidegree (1,1) on N. Define
X = wJdrX, where J is the almost contact structure on N and 7
is the horizontal lift with respect to 7, (see [1] for details). If £ is a
vertical vector field with n(§) = 1, then (¢,£,n) is a normal almost
contact manifold, [13].
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Conversely, if (M?"! ¢ £ n) is a compact normal almost contact
with £ regular, that is, for any point p € N there exists a cubic
neighborhood of p such that any integral curve of £ passes through
the neighborhood at most once, then M is the bundle space of a
principal circle bundle 7 : M?"*1 — N?2"*2 gyer a complex manifold
N. Moreover, 7 is a connection form and the 2-form ¥ on N such that
dn = 7* W is of bidegree (1,1), [14].

Note that this fibration is similar to the well known Boothby-Wang
fibration of compact regular manifolds.

Next, assume that M?"*t! and N?"*2 are two manifolds as above
and in addition N is Hermitian with (VY J)X = 0, for any vector field
X € X(N). Since, from the definition of horizontal lifts, it follows easily
that 7 is (g, J)-holomorphic, and then 7 is p-harmonic. If N is Kahler,
then 7 is generalized H-pluriharmonic.

3. Let (M?™*! p, £,n) and (V271 4, ¢, 0, h) be two normal almost
contact metric manifolds, and consider Hermitian manifolds (M x
R, J1,G), (N xR, J2, H) where structure tensors J; and J; are given by
(2.3) and G, H are the product metrics G = g+dt?>, H = h+dt?, which
are Hermitian, see [1]. Assume that (dn), # 0, for any € M, and let
F: M xR — N xR be a smooth map such that F(z,t) = (f(z),t), for
any (z,t) € M x R, where f : M — N. Then it is easy to obtain that
F is +holomorphic if and only if f is a (¢, ¥)-holomorphic map and,
moreover, df¢ = (. Thus, if F' is +holomorphic, then f is a p-harmonic
map. If N x R is Kéhler and f is (¢, ¥)-holomorphic with df¢ = +(,
then F' is Hermitian harmonic. Finally, assume that H is conformally
equivalent to a Kahler metric H' such that H = e 2!H’. In this case
N is a Sasakian manifold, see [1]. Hence, F' is +holomorphic implies
that f is generalized @-pluriharmonic, by Proposition 5.5.
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