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APPROXIMATION FOR MODIFIED
BASKAKOV DURRMEYER TYPE OPERATORS

VIJAY GUPTA

ABSTRACT. In the present paper, we study a certain inte-
gral modification of the well-known Baskakov operators with
the weight function of Beta basis function. We establish some
local and global direct results in ordinary and simultaneous
approximation for these new operators.

1. Introduction. For z € [0,00) and a > 0, we consider a certain
type of Baskakov-Durrmeyer operators as
(1.1)

Bralf(8),2) = 3 punale) | " bnpa(®)£(2) di + (1 + az) " £(0)
k=1 0

_ /0 W 0)f(2) dt

where
(z) = L(n/a+k) (cx)k
Prnk,a\T) = F(k+ l)r(n/a) (1 +O[$)(n/a)+k
. o= al'(n/a+k+1) (at)F=t
n,k,a( )= T(k)(n/a+ 1) : (1+ at)(n/a)+k+1
and

Wi oz, t) = mek,a(w)bn,k,a(t) + (14 az)~™/25(t),
k=1

4(t) being the Dirac delta function.

The operators defined by (1.1) are the integral modification of the
well-known Baskakov operators having weight functions of some beta
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basis functions. As a special case, i.e., a = 1, the operators (1.1)
reduce to the operators recently studied in [3]. These operators have
different approximation properties than the operators recently studied
by Srivastava and Gupta [8]. The present paper deals with the study
of some local and global direct results in ordinary and simultaneous
approximation for the operators (1.1).

2. Basic results. In this section we mention certain lemmas which
will be used in the sequel.

Lemma 2.1 [7]. For m € N U {0}, if the mth order moment is

defined as
o0 k m
U, = - —
n,m,a(x) an,k,a(m) <7’L :U) )
k=0
then Upo,a(2) = 1,Upn1,a(z) =0 and
”Un,m+1,a(x) =z(l+ al‘)(Ur(L?r)n,a(x) + mUn,m—l,a(x))-

Consequently, we have Uy, 1, o(z) = O(n=1m+1/2]),

Lemma 2.2. Let the function T, m o(z), m € NU{0}, be defined as
Tom,a(z) = Bno((t—2)™, )
=3 el / by (1) (t — 2)™ dt
k=1 0
+ (1 + o)™ (—z)™.
Then Ty o,0(x) =1,Th 1,6 =0,

2z(1 + ax)
Trzal®) == 20

and also the following recurrence relation holds:

(n— O‘m)Tan—l,a(x) =z(1+ az) LT‘I’(L,l)n,a(x) + 2an,m—1,a(x)J
+m(l+2az)T, mo(z).
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Proof. By definition, we have
T (@) =Y p) o (@) /0 b k.o () (t — 2)™ dt
k=1

—m> pukal®) / b (£)(t — )™ dt
k=1 0

—n(1+ ax) V(=)™
—m(1+ az) V*(—z)™ L

Using the identities z(1 + am)p(l) () = (k — nx)pnka(z) and

n,k,a
t(1+ at)bl) o (1) = [(k — 1) — (1 + 20)t]by . (t), we have

l‘(l + al‘)[Tr(L,lT)n,a(x) + an,m—l,a (l‘)]

=3 pujal) /0 "l = n)b g (8)(t — o)™ dt
+n(l+ az) ™V (—z)™ ! = ipmk’a(m)

y /w[(k “ 1)~ (n+2a)t + (n+ 2a)(t — @) + (1 + 2a2)]
b k,a(t)(t—2)™dt +n(l+ owv)7"/0‘(—:1:)’7"”r1

Y / 61+ at)bl) L (8)(t — 2)™ dt
k=1 0

)

+ (n+20) [T ms1,0(2) = (14 az) ™% (—2)™ ]
+ (14 202) [Ty mo(z) — (1 + az) ™™ (—z)™]
+n(1 + az) ™"/ (—z)m+?

= —(m+1)(1 4 202)[Thm.o(z) — (1 + az)™/*(—z)™
— a(m+2)[Tamssa — (1+az) ™/ (~2)™*1]
—maz(1+ ax)[Tym 1.0(z) — (1+ az) ™/ (—z)™ ]
+ (04 20) Tumsra — (1 + @) "/*(—a)™]
+ (14 202) [Ty o (z) — (1 + az) ™™ (—z)™]
+n(l + az) ™"/ (—z)™1,
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Thus, we get

(n —am)T, m+1,0(x)
=z(1+ am)[Té}%%a(:v) +2mTy m—1.0(2)] + m(1 + 202) Ty m o).

This completes the proof of the recurrence relation. From the above
recurrence relation, it is easily verified, for all x € [0, 00), that

Tmalz) = O(n~mTD/2) g

Remark 1. It is easily verified from Lemma 2.1 that, for each
z € (0,00),

i v Tn/a+i)l(n/a—i+1) ;
Buolt'2) = = T D (/)
F'(n/a+i—1)I(n/a—i+1) £l
I(n/a+1)T'(n/a)

Fi(i—1) +0(n72).

The following corollary is a direct consequence of Lemma 2.2 and
Remark 1.

Corollary 2.3. Let § be a positive number. Then, for every v > 0,

z € (0,00), there exists a constant M(s,z) independent of n and
depending on s and x such that

/ Wha(z, t)t7dt < M(s,z)n™%, s=1,2,3,....
[t—x|>0

Lemma 2.4 [7]. The polynomials Q; j r«(z) exist independent of n
and k such that

{z(1+ az)}"D" [pn,k,a (ac)]

, . d

= Z n'(k —nx)’ Qs jra(T)Pnk,a(x), where D= e
2itj<r v
,j 20
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Lemma 2.5. If f is r times differentiable on [0,00), such that
fO=D =0(t"),y > 0 as t — oo, then forr =1,2,3,... andn >~y +r
we have

B ) = PR S ()

X / br—ark4r(t) F7) (2) dt
0
The proof of the above lemma follows along the lines of [6, Lemma
2.7]; thus, we omit the details. O

3. Local and global approximation. By Cg[0, c0) we denote the
space of real-valued continuous bounded functions f on the interval

[0, 00); the norm-|| - || on the space Cg0, o) is given by
Ifll= sup [f(z)].
0<z<o0

The Peetre’s K-functional is defined by

Ky (f,0) = nf[{[|f - gl| +6llg"| - g € W},
where W2 = {g € Cg[0,0) : ¢',¢g" € Cg[0,00)}. By [1, page
177], there exists a positive constant M > 0 such that Ka(f,d) <

Muwsy(f,6'/?),6 > 0 and the second order modulus of smoothness is
given by

wo(f,6%) = sup  sup |f(z+2h) —2f(z+h)+ f(2)].
0<h<§1/2 0<z<oo

Also for f € Cg[0, 00) the usual modulus of continuity is given by

w(f,8) = sup sup |f(z+h)—f(z)l.

0<h<6 0<z<oo

Our first theorem in this section is the following local result:
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Theorem 3.1. Let f € Cp[0,00). Then for all x € [0,00) and
n € N,n > «, there exists an absolute positive constant M > 0 such
that

Bualf,2) = (z)] < Map (f, w>

Proof. Let g € W2 and z,t € [0,00). By Taylor’s expansion, we have

(t) =9(a) + g @)t~ o)+ [ (¢t~ w)g" (w)du.

Applying Lemma 2.2, we obtain

t

Bya(9,2) — 9(z) = Bn,a (/z (t — u)g" (u) du, w)

Also it is easily seen that | fzt(tfu)g”(u) du| < (t—x)?||g"||. Therefore,

2z(1 + az)

|Br.a(9:2) = 9(2)| < Baa((t —2)% 2)/lg"|| = |lg"[l-

Using Lemma 2.2, we have

Bualhio) <3 pukal@) / b (D1 (8)] dt

k=1
+ (1 + az) /| £(0)] < [|£]]-

Thus,

‘Bn,a(fax) - f(.’E)| S |Bn,a(f 79733) - (f 7g)($)|
+ |Bn,a(gaw) —g(:l?)|
<allf — gl + ZUED gy,

Finally, taking the infimum over all g € W2 and using the inequality
Ky(f,0) < Muwy(f,6?), § > 0, we get the required result. This
completes the proof of Theorem 3.1. ]
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Our next result in this section is the global direct theorem.

Theorem 3.2. Let f € Cg[0,00) and n > a+ 1. Then

|B,of — fll < Cwl(f,n/?),

where C > 0 is an absolute constant and ¢(z) = \/2z(1 + az),z €
[0,0) and

wi(f,8) = sup sup |f(z + he(z)) = 2f(z) + [z — he())|

0<h<8 wthe(z)€[0,00)
1s the Ditzian Totik modulus of smoothness of second order.
Proof. Let
W2 (¢) ={g9 € Cp[0,0) : ¢',¢", %" € Cp[0,00)}.

For g € W2 (y), using Taylor’s expansion, we have

g(t) = g(%) +g’(§> <t - %) + /I:/n(t —u)g" (u) du.

Also by Lemma 2.2, we have

Bn,a(gam) - Bn a(g )

il’;,k,a /00o {g(t) g(%)} b k. (t) dt
ipnka / b ko (t [/kt (t—u)g"(u)du] dt,

/n

where Ena( f,z) denotes the modified Baskakov operators given by

ad n « axr k

= T(k+1)(n/a) (1 +ax)”/a+kf
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Therefore, by [2, page 140], we have

(31) [Bnalg,) = Bualg )]

ipnka(x)/ nkot / |t
— k/n 2u(l +au)
1 & t—kn
§anka / bnka // )

k=

IN

t- llo*g"

IN

2 II”

1
1
o

K 1 +at> the

n n *° E\ 2
koo (T)— ———— bnra®)t—= dt]p?g"
e Gl (e

+

1
1
2

[M]8

b
Il

1

> n [ t—k/n)?
> pakal@ [ busa® S a2
k=1 0

+ 1+ at

DN | =

Also by easy computation, we have

(3.2) / buna(t)(t — kjn)2dt = & . mEek 1
0 n

n n—a
and

o (t—k/n)? k1 n+ ak
3.3 bppalt)——"dt=—. = ———
(3:3) /0 walt) 1+at n n n+ak+l)

Therefore combining (3.1)—(3.3), we get
(34) |Bn7a(g,x)an a(97 )|

< %{ ipn,k,a(m)

S

Applying Lemma 2.2, for all f € Cg[0,00), we have

1. _ntak 1, 20m
n n+alk+1)

1
}| Pl < )

(3.5) [Bnafll < IIf]-
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Next, applying Taylor’s expansion of g, the Szhwarz inequality and
using the fact that B, o(1,2) = 1, Bpo(t — z,2) = 0 and B, o((t —
z)% z) = (z(1 + az))/n, we have

(3.6)
|§n,a(9,m)—9(m)| < Bna</k/ (t —u)g" (u) du, x)‘
§ <‘/k/ it —ul-|g" (u)| dul, >
< Boal(t—22)- o' < T g
%n” I
where ¢(z) = /z(1+ az), z € [0,00). Combining (3.4), (3.5) and

(3.6), we obtain

(37) |Bn,a(fa l‘) o f(l‘)|
< |Bn,a(f - g,il?) :(f - g)(:l?)|
+ [Bn,a(9,%) = Bn,alg,z)| + |Bn a(9,2) — g(z)|

1 5
<2f —gll + —ll¥*g"ll + = || g
n (6]

1 .
<2 -all+ 2l "||} {ir-a1+ 216"

}

Proceeding along the lines of [2, page 10|, we consider the K-
functionals:

K3(f,0) = nf{|[f — gll +dll¢°g"|| : g € WZ(0)}, >0,
and
K3(f,0) = mnf{|[f — gll +0l|¢°¢"|| : g € WZ(0)}, 6> 0.
y (3.7), for all f € Cg[0,00) and n > a + 1, we obtain

1Bnof — fIl <2K2(f, (n —a) 1) + K3(f,n ™).
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Using [2, page 11], the inequality ¢(z) < p(z) and [2, page 37], we get
the desired result. This completes the proof of Theorem 3.2. u]

4. Simultaneous approximation. By C,[0,00) we denote the
class {f € C[0,00) : |f(t)] < MtY for some M > 0,y > 0},
and the norm || - ||, on the class C,[0,00) is defined as ||f||y =
SUPg<s<oo | f(£)|[t77. In this section we present the following results.

Theorem 4.1. Let f € C,[0,00) and ) exist at a point z € (0, 00).
Then we have

lim BY) (f,z) = f)(x).
n—00 ’

Proof. By Taylor expansion of f, we have

£(t) _Zf )Y+ e(t,z)(t — )",

l'

where e(t,z) — 0 as t — x. Hence,

BO(fe) = [ Wi f@d
_Zfll / W”)tact—:t:)dt
+ / W (¢, 2)e(t,z)(t — )" dt

0
=: R1 + RQ.

First to estimate R;, using binomial expansion of (t—x)¢ and Remark 1,

we have
)CE) i 7 imw 87‘ fo%s) .
; [”] o) /0 Wia(t, 2)t" dt

Ry=)_
i=0 !

_ fO)(z) dr [F(n/a +r)l(n/a—7r+ 1)!$T
rl dzr I'(n/a+ 1)I'(n/a)

+ terms containing lower powers of w]

— f(x)

— () [F("/a +r)(n/a—r+ 1)1]

I'(n/a+1)T(n/a)
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as n — co. Next applying Lemma 2.4, we obtain

R= [ Wé?&(t,w)a(t,w)(t a2 d,
0

‘Qz, ,ra
Ral< 2, m {3: lj—i- az }r Z [k = ne P k.a(@)
2i+j5<r
i:;JZTJ

/ by k,a(t)|e(t, )|t — | dt
0

T(n/a+r+2)

[(n/a)
The second term in the above expression tends to zero as n — oo.
Since e(t,x) — 0 as t — z for a given € > 0, there exists a § such that
le(t,x)| < € whenever 0 < |t — x| < 4. If p > max{y,r}, where p is

any integer, then we can find a constant M3 > 0, |e(¢,z)(t — z)"| <
Ms|t — z|#, for |t — 2| > 6. Therefore,

Ry <Mz Y m anka )|k —na|’

2i+j5<r k=0
7,7 >0

- {s/ b ()]t — 2" dt
[t—z| <5

+ / by o (£)|t — | dt}
t—z|>6
=: R3 + R4.

(1+az) ™/ "e(0,2)|z"

Applying the Cauchy-Schwarz inequality for integration and summa-
tion, respectively, we obtain

s N 1/2
k=1

2i+j<r
%,j >0

X { gpn7k7a(x) /00o b ko (t)(t — )" dt}l/z.

Using Lemmas 2.1 and 2.2, we get
Rs=e-0(n"?)O(n""/?) =¢-0(1).
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Again using the Cauchy-Schwarz inequality, Lemma 2.1 and Corol-
lary 2.3, we get

o0

Ry < My Z n' an,k,a($)|k — nz|/ / b k,o(t)[t — x| dt
k [t—z|>6

2i4j<r =1
1,j 20

) fo's) ) 1/2
<M Y ME:pm@@Mk—nﬂﬂ{[ | W&Jﬂﬁ}
k t—x|>6

2i4j<r =1
1,520

1/2
x{/' %&Jnu—@%a}
b=l >0

<Ms ), ni{gpn,k,a(x)(km)%}l/z

2i+j<r
0,520

x { gpn,k,a(m) / bt - w>2“dt}1/2

= Z n'0(n?/?)0(n=1?) = O(n"=M/2) = o(1).

2itj<r
4,j20

Collecting the estimates of Ry — Ry, we get the required result.

Theorem 4.2. Let f € C,[0,00). If f"+?) exists at a point
z € (0,00), then

lim n[Bff()l(f, x) — f(T)(m)]

T—00 ’

=ar(r—1)f" () +r(1 4 202) fO () + (1 + az) F7HD ().

Proof. Using Taylor’s expansion of f, we have

T2 p(4) . )
10 =3 T2 -2y v et 2 -2y,
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where (¢, z) = 0 as t — z and €(t,z) = O((t — x)7),t — oo for v > 0.
Applying Lemma 2.2, we have

n[BIL(F(t),2) — 7 («)]
T+2 (z
—n| S5 [T Wi - o' - 10)

— v
+ n/ Wi (t, 2)e(t, ) (t — ) T2 dt =: By + Es.
0

First, we have

Tl =
(") (g
L0 [0 0) — (0]
f(T'H)(:L') N o
el + D) B @) + B, (¢ o)
fOtD(z) [(r+2)(r+1) oo
(r+2)! ”[ 2 w B )

T (r 4+ 2)(—2)BUL(E Y @) + BOL(EH, w>] -

Therefore, by Remark 1, we have

B =nf™ (z) [F(n/a +r)(n/a—r+1) _ l}

I'(n/a+1)I'(n/a)

nf(“Ll)(a:) I'(n/a+7)T(n/a—7r+1)
S [( - b= ){ F(nja + D (n/a) }
(nfa+ 7+ D(nja 1)
+{ [(nja+ DE(nja)l T D
I(n/a + r)T(

B SR

nfr+2) (x) [(r +2)(r+ 1)I2F(n/a +r)(n/a—r+1) r']
(r+2)! 2 P(n/a+1)T(n/a)l
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+(r+ 2)(_x){F(n/a rr +21)1"(n/0z ) z(r+1)!
P(n/a—7)T'(n/a—r) r'}
I'(n/a+1I'(n/a)
{F(n/a +r+2)l'(n/a—r—1)(r+2)! ,
I(n/a+ 1)T'(n/a) 2
F(n/a+r+1)I(n/a—r—1)
s DrG7a) U]

+(r+r

+(r+2)(r+1)

+0(n™?).

In order to complete the proof of the theorem it is sufficient to show
that F2 — 0 as n — oo which easily follows proceeding along the lines
of the proof of Theorem 4.1 and by using Lemmas 2.1, 2.2 and 2.4.

Theorem 4.3 Let f € C,[0,00) and suppose 0 < a < a3 < by <b<
o0o. Then, for all n sufficiently large, we have

||Bnrt)x(f7 .) - f(T)HC[al,bl] S {MIWZ(f(T)a nil/zaaa b) + M2”71||f“'y}

)

where My = My (r), My = Mx(r, f) and wa(f),n=/2 a,b) = sup{|A2
FO(@)] bl < n7V2 a2+ 2h € [a, 0]}

Proof. For sufficiently small § > 0, we define a function f5s(¢)
corresponding to f € C,[0,c0) by

§/2 18/2
pa =0 [ [ (10~ 83s0) dedes

where 7 = (t1 +12)/2, t € [a,b], and A2f(t) is the second forward
difference of f with step length 7. Following [4] it is easily checked
that:

(i) fo,s has continuous derivatives up to order 2 on [a, b],
(i) 1£57 Notas by < P16 e (£, 6,a,0),

(i) |/ = f2llctarpn] < Mown(f,6,a,b),

(iv) | f26llca) < M| £y,

)
)
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where ]\/Ii, i = 1,2,3, are certain constants that depend on [a,b] but
are independent of f and n.

We can write
1B (f,0) = £ cfay )
< IBUL(F = Fos, ) lctan ) + 1BUL(F25,9) = £33l ctar
+ 1 F - f2(:5)||C[a1,b1] = J1+ J2 + Ja.

Since fz(ré) = (f")2,5(t), by property (iii) of the function f, 5, we get

J3 < J/\/Ele(f(r)v (57 a, b)
Next, on an application of Theorem 4.2, it follows that

r+2
J2 < Mzn~ 12“ (])”C[ab

] =r

Using the interpolation property due to Goldberg and Meir [5], for each
j=r,r+1,r+ 2, it follows that

r 2
||f25\|0[a 0 < Mo{||fo.5]lclas + ||f2 || ofan) }-

Therefore, by applying properties (iii) and (iv) of the function f5 5, we
obtain .
J2 S M7'n_1{||f|"¥ + 5_2w2(f(r)7 67 a, b)}

Finally we shall estimate J;, choosing a*,b* satisfying the conditions
0<a<a*<a <b <b <b< oco. Suppose 1(t) denotes the
characteristic function of the interval [a*, b*]. Then

J1 < IBEL @@ (F(E) = F2,5(t)), @)l clar o)

)

+IBIA(L =) (F (1) = f25(8)), ) olar bl
=:Jy + Js.

Using Lemma 2.5, it is clear that
B, (w(0)(f (1) = fas(1)), z)

_T(n/a+r)T'(n/a—r+1)
B I'(n/a+1)'(n/a) an+rk “

y / b (OB D) — £
0
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Hence,

IBEL (W) (£(2) — fo,5(8)), )lctar,on) < MsllF T — 157 loar e1-

)

Next, for z € [a;1,b1] and t € [0,00) \ [a*,b*], we choose a d;1 > 0
satisfying |t — x| > 4;.

Therefore, by Lemma 2.4 and the Cauchy-Schwarz inequality, we have

I=BIU((1—d@®))(f(t) — f25(t), @)

and

|1 < Z n 1Qijra(@)l mek’a )k — nx|!

21+]<r {QE 1 taz }T

X /Om b (E)(1 — W()|F(£) — fos(t)| dt
Dn/atr) | o njamry )
() (L) ™7 (1= % (0)I£(0) - fas(0)]

For sufficiently large n, the second term tends to zero. Thus,

<l Y n me M=nal [ bua(t)

2i+j5<r = |t—x]>6:
1,720
< Myl|f[l,6,°™ D n anka )k —nz|?
2i4+j5<r k=1
1,j20

« < /0 T bea(®) dt>1/2
« < /0 " bpa()(t - 2) dt>

. oo N1/2
< ol f1672" 3 {Z Pl —nm}

2i+j<r
1,520

y { ki:l Poa(®) /0 " bea ()t — z)"m dt}

1/2

1/2



BASKAKOV DURRMEYER TYPE OPERATORS 841

Hence, by using Lemmas 2.1 and 2.2, we have
I < Mo ||} *"O(n /2= < My~ ]|,

where ¢ = m — (r/2). Now choosing m > 0 satisfying ¢ > 1, we obtain
I < Myin=!||f||4- Therefore, by property (iii) of the function f5 5(t),
we get
1 < Mg - 2:; Cla* b*] 11n 5
Iy < M| 1) = £33l ctar ) + Muan 1]

< Miswa (£, 6, a,b) + Min Y| f]|l-

Choosing § = n~1/2, the theorem follows. u]
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