ROCKY MOUNTAIN
JOURNAL OF MATHEMATICS
Volume 18, Number 3, Summer 1988

WEIGHTED INEQUALITIES FOR A VECTOR-
VALUED STRONG MAXIMAL FUNCTION

OSVALDO N. CAPRI AND CRISTIAN E. GUTIERREZ

ABSTRACT. We show weighted weak type and strong type
norm inequalities for a vector analogue of the strong maximal
function.

1. Let f be a locally integrable function on R"™, the strong maximal
function M, f is defined by

1
M,f() = sup oo /R £ ()ldy,

where the supremum is taken over all rectangles R in R", with edges
parallel to the coordinate axes. We shall denote this class of rectangles
by R.

Ifl<gqg<ooand f = (f1,...,fk,.-.) is a sequence of functions
defined on R"™, we say that f is £9-valued if f(z) € £9, that is

ad 1/q
f@l={Tin@r} <o
k=1

For such f we define M,f = (Myf1,..., Msfk,...).

A weight function w will be a non-negative, locally integrable function
on R™ and for measurable E C R" we write w(E) = [, w(z)dz. We
say w € Ap(R), 1 < p < oo, if there is a constant C such that

(|71?T /R w(w)dw)(l—}lzl- /R w(w)_l/(”_l)dz)p_l <cC

for all R € R. For p = 1 the second factor on the left is understood to
be ess sup,cpw(z)™t.

In this note we shall prove the following:

Copyright ©1988 Rocky Mountain Mathematics Consortium

565



566 O.N. CAPRI AND C.E. GUTIERREZ

THEOREM. Let 1 < ¢ < 00.
i) If w € A;(R) then there is a constant Cy such that

w{:c eR": | M,f(z)|q > /\}

1f(x)lq + [f(@)]g\"?
< e (1 + log 3 ) w(z)dz,
for all XA > 0.

i) If 1 < p < o0, there is a constant Cy such that

/ M@ < G [ 1@
R" R"
if and only if w € Ap(R).

For real valued functions this theorem has been proved in [2]. Also
a particular case of the inequality in ii) has been considered in [3]. If
instead of M, we have the Hardy-Littlewood maximal operator then
similar results have been proved by K.F. Andersen and R.T. John in
(1].

The proof is based on the fact that M, can be dominated by the
composition of n one-dimensional operators and then it will follow by
applying lemma 2.1 below.

As usual the letter C' will denote a constant, not necessarily the same
at each occurrence.

2. Let 1 < p< o0, 1< qg< oo and let w be a weight function.
By L2 (£7) we denote the class of w-measurable functions f defined on
R™, £9-valued, such that

/
Mz = ([ 1f@fu(z)dz) " < oo.

When p = 0o, we make the obvious modifications.
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LEMMA 2.1. Letl < p <00, 1 < qg < oo and let k be a positive
integer. Suppose that T1,T> are sublinear operators and there are
constants C1,Cy, M1 and My such that

(@Tif1l Lz eay < I FllLz eays @ =1,2.
O)w{z : |T1f(2)lq > t}

<M |f(93)|4(
Rn t
for all ¢t > 0.

() {z: |T2f(z)|g > t} < %Ilfl!;,}u(gq), for all t > 0.
Then
Tf =TT, f satisfies
w{z : |Tf(z)|g >t} < C’/ |f(56)|q (1 + log™* —If(f)’q)kw(w)d:z;,

1+ log +@)k_lw(a:)dx,

for allt > 0, where C is a constant independent of f.

PROOF. For each t > 0 write f(z) = f1(z)+ f2(z), where fi1(z) = f(z)
whenever |f(x)|g > t/2, and fi(z) = 0 otherwise. We assume p < oo,
for p = oo the proof is similar. To simplify the notation we put |-|q = |-|.
Then (a) and (b) imply that

w{z : |T1f(z)| >t}

(2.2) <Ct /|f(z)|>t/2 |f(z)|(1 + log y )" w(z)dz

+ Ct_p/ |f (z)|Pw(z)dz.
|f(=)I<t/2

We shall show that

/ 1T (@) w(z)de
| Ty f(z)|>t/2

(2.3)
<C/ |f(x)]| 1+lg + iz I) w(z)dz,
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and

/|T B DPUGE
(2.4) (=)<t
<ol / |f(:c)|(1+lg+ |f(= )|) w(z)dz,

for each t > 0.
To prove (2.3) write

/ T\ (@)lw(a)de

[Ty f(z)|>t/2

= -;-w{:c | Tuf(z)| > t/2} +/ wi{z : [Ty f(x)] > A}dA
t/2

=1+ I,.

An application of (2.2) shows that

2| f(z)| k-1
I, <C If(2)] / ,\‘1(1 +log M) dw (z)de
I£(2)|>¢/4 t/2 A

+C/ |f(:l:)|"/| s AP w(z)dz

Now (2.3) follows by performing the integration

Since
t/2
/ Ti@Pu@ds=p [ ¥ tule: T0(@) > Alr
1Ty f(=)|<t/2 0
and (1+logt /@) < (1+1ogt L&) (14 10g* %), from (b) we obtain

/ T2 (o) Pu(z)dz
Ty f(2)I</t/2

t/2
< C[/ AP=2(1 + log* :t\—)k_ld,\]
0

< [ 1@l ot LY ueyas.
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Hence (2.4) follows.
Now (a) and (c) imply that

wi{z : |ToT1 f(z)| > t}

<ct™? / |T1 f (z)|w(z)dz + Ct7P / |Ty f(z)|Pw(z)dz.
|Ty f(=)|>t/2 Ty f(z)I<t/2

Then, from (2.3) and (2.4) the lemma follows.
3. PROOF OF THE THEOREM. We recall the following result from [2].

LEMMA 3.1. Let1l < p < oo. Then w € Ap(R) if and only if
there is a constant C, such that for almost every fized (n — 1)—tuple
(15 Bjm1, g1y - > )y WL,y e 1y s Tjpdyeeve e ,Tn) € Ap on
R with constant bounded by C'.

For 1 < j < n and g a real-valued function defined on R", the partial
maximal operator M; is defined by

1 j +k

Mjg(w) = Ssup |g($17 ce a:’;j——l’ta Tjt+1y--- ,(En)ldt

hi>o b+ k Jo _p

For f = (f1,..., fky...) we write M; f = (M f1,..., M, fx,...).

Since the inequality in ii) holds for the Hardy-Littlewood maximal
operator (see Theorem 3.1 of [1]) then from lemma 3.1 we get

[ i@ <o [ i@k,

for almost every (n — 1)-tuple (z1,...,%j_1,%j41,...,%n), Where 1 <
P,q < 0o,w € Ap(R) and C is a constant depending only on p,q and
the constant that appears in the definition of A,. Analogously, when
w € A1 (R) we have

C o0
/ w(oids; < 5 [ i@l
{=z;:|M; f(z)|g>A} —o0
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Integrating both sides with respect to z1,...,Zj—1,Zj+1,...,Za, We get
(3.2) [1M; fllLz 20y < ClIfllL2 o0
and
C
(3.3) w{z: |M;f(z)|lqg > A} < X”f”L},,(lqy

On the other hand, it is well known that
(3.4) M fi(r) K MpMp,_q ... M fi(z),k=1,2,....

Therefore sufficiency in part ii) follows from (3.2) and (3.4). The
necessity is a consequence of the fact that if the inequality in ii) is
valid for real valued functions then w € Ap(R) (see [2] for a proof).

It follows from (3.2) and (3.3) that T3 = M,_; ... M;,To = M, and
kn—1 satisfy the hypothesis of lemma 2.1. Hence, from (3.4), we get 1).
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