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BOUNDARY VALUE PROBLEMS FOR
SEMILINEAR ELLIPTIC EQUATIONS OF
ARBITRARY ORDER IN UNBOUNDED DOMAINS

MARTIN SCHECHTER

ABSTRACT. We study boundary value problems for equa-
tions of the form Au = f(z,u), where A is an elliptic operator
of order 2m. If A has suitable properties, we can allow f(z,u)
to grow in u to an arbitrarily high power. It is allowed to have
exponential growth even when 2m < n.

1. Introduction. We shall be concerned with boundary value
problems of the form

(1.1) A(z,D)u = f(z,u) in Q,

(1‘2) Bj((lI,D)u=00n 0Q, 1<j<m,

where A(z, D) is a uniformly elliptic operator of order 2m in a (bounded
or unbounded) domain @ C R", and the operators (1.2) cover it on
99, the boundary of Q(cf. [10, p. 224]). If the coefficients of A(z, D)
and the Bj(z, D) as well as 09 are sufficiently regular, then for any
1 < p < 00 the estimate

(1.3) lullzm,p < C(||A(z; D)ullp + [fullp)

holds for u € H>™P(Q) satisfying (1.2), where ||u||x,p is the norm in the
Sobolev space H*P(Q) and ||ul|, is the LP( norm (cf. Agmon-Douglis-
Nirenber [1]). We shall require more: that A(z, D) is a bijective map of
those u € H?™P(Q) satisfying (1.2) onto LP(Q2). Sufficient conditions
for this to hold can be found in 2, 3, 6, 8, 15-17]. We shall show that
it is true for the Dirichlet problem for constant coefficient operators for
which the corresponding polynomial does not vanish on R™ (cf. §2).

Concerning the function f(z,u) we shall assume that

(1.4) |f(z,u) <D Vi(@)|ul®, b >0
k=1

Received by the editors on October 28, 1985.

Copyright ©1988 Rocky Mountain Mathematics Consortium

519



520 SEMILINEAR ELLIPTIC EQUATIONS

where the by are restricted only by the inequality
(1.5) (1/p—2m/n)bx < 1/p

In particular, if n < 2mp, we can have by, — co. The Vi (x) are required
to be in certian spaces which were introduced elsewhere [11] (definitions
are given in §2). These spaces depend on n,m,p and bx. A series
corresponding to the right hand side of (1.4) is required to converge.
In the case n < 2mp we can even allow

(1.6) |f (z,u)] < V(z)eC™

provided V(z) is in LP(Q2). In particular, we can solve the Dirichlet
problem in unbounded domains for equations such as

(1.7) [(=A)™ + 1Ju = V(z)eCl

provided V(z) € LP(§2) for some p > n/2m and ||V||, is bounded by a
constat depending on m,n,C and Q.

Our results have the advantage that strong solutions are obtained,
i.e., solutions in H?™P(Q) are found. The restrictions on f(z,u) are
extremely mild. Usually one is permitted growth in u only up to order
(n+2m)/(n—2m) when n > 2m. We can obtain nonvanishing solutions
as well (Theorems 2.6 and 2.10). For instance if Q is bounded and
n < 2p, assume that

(1.8) 0 <a(u) < flz,u) < V(z)ef™, u>0
where V(z) is a function in LP(Q2) and «(t) is a nondecreasing function
defined for ¢ > 0 such that a(t)/t is bounded away from 0 on any

bounded interval. Then there exists a solution u(x) > 0 in Q of the
Dirichlet problem

(1.9) —Au = Af(z,u) in Q, =0 on 9N

for some A > 0.

Our main results are stated in Section 2. Proofs are given in §3.
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2. The main results. In stating our hypothese we shall use a family
of norms depending on three parameters. Put

wo(z) =z|*™, 0<a<n
=1-|loglz|,a=n
=l,a>n

For a function V(z) defined on R™ we define

My, s(V) = (/ (~/|z—y|<l |V(x)|rwa(x—y)dx)‘/7dy) 1/t,

1/r
1<t<oo= sup (/ (V(x)rwa(fl; - y)dfﬂ) , t =00,
Yy |lz—y|<1

M,,:(V)=||V||; = the L*(R™) norm of V.

(2.1)

We let M, .+ be the set of those V such that My (V) < oo. The
space H®? is defined as the completion of test functions (smooth with
compact supports) with respect to the norm

(2.2) llullsp = IIFQ + [€*)Full,,

where F denotes the Fourier transform, ¢ its argument and F its
inverse. When s is a positive integer and 1 < p < oo, this norm is
equivalent to the sum of the L” norms of u and its derivatives up to
order s. Let £ be an arbitrary domain (bounded or unbounded) in R".
We shall consider a function f(z,u) which is measurable in z for each
u and continuous in u for almost every z. Our assumption on f(z,u)
will be

N
(2.3) |f (@, w)] < Vo(z) + ) Vi(z) ul*
k=1

where Vi(z) € Mg, r, t,, and the parameters satisfy

(2.4) 1/bpy q <k, 1/q <bi/p+1/tk, 1 <ty < 00,

(2.5) 0 <ag/nrg < sbg/n+1/q—by/p—1/t
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for some s,p, g such that s > 0 and 1 < p,q < oo. If {, = 0o, we make
the additional assumption

(2.6) / |[Vi(z)|™ dz — 0 as |y| — oo.
lz—yl<1

The functions Vi (z) are to vanish outside 2. Thus (2.6) is unnecessary
if Q is bounded. We assume Vp(z) is in L? = L9(R"™). Later we shall
remove the requirement that N be finite.

We let H*P(f2) denote the restrictions to  of functions in H*P.
Under the norm

(2.7) Hu“?m = inf]|v||s,p,v = u in
it becomes a Banach space. Our first result is
THEOREM 2.1. Let A be any continuous linear bijective map of
D(A) C H*?P(Q2) to LY(). Then for each R > 0 either
(2.8) Au = f(z,u),u € D(A), ||u||§2p <R
has a solution or there is a A such that 0 < A <1 and
(2.9) Au = ) f(z,u),u € D(A), ||ul|f, =R

has a solution.

In order to allow N to be infinite in (2.3) we shall need the following
result proved in [11].
THEOREM 2.2. Ifs,b>0,1<p< 00,1 <t< o0,

(2.10) 1/b<g<r<oo, 1/g<b/p+1/t

(2.11) 0<a/nr<sb/n+1/q—b/p—1/t

then there is a constant C(n,s,p,q,b,a,r,t) < oo such that
(2.12)

(/ |V(Z)lq|u($)'qbdz)l/q <C(n,s,p,q,b,0,r, t)Ma,T,t(V)”u”l;,p'
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If ¢ < 0o, then multiplication by |V (x)|'/® is compact operator from
H*P to L. If t = 0o, the same will be true if we assume in addition
that

(2.13) / |V (z)|["dz — 0 as |y| — 0.
|z—y|<1

If we make use of this theorem, we can replace (2.3) with

(2.14) |f(z,u)] < Vo(z) + ) Vi(z)|ul*

k=1

provided (2.4)-(2.6) hold and there is an R > 0 such that

o0
(2.15) W(R) = CkMay ry, (Vi) R < 00,
k=1
where
(2.16) Cr = C(n,s,p,q,bg, ok, Tk, g, ).
We have

THEOREM 2.3. If (2.3) is replaced by (2.14), then the conclusions of
Theorem 2.1 hold for any R > 0 satisfying (2.15).

THEOREM 2.4. If
(2.17) [ullf, < CollAullf, ue D(4),

and there is an R < oo such that

(2.18) ColllVly + W(R)] < R
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then (2.8) has a solution.

THEOREM 2.5. For every A > 0 sufficiently small there exists an
R > 0 such that (2.9) has a solution.

THEOREM 2.6. Assume, in addition, that there is an R > 0 such that
(2.19) infl| £ (-, u)llg > 0 for ||ullsp = R.

Then there is a A > 0 such that (2.9) has a solution

Next we turn our attention to an elliptic boundary value problem.
Let

A(z,D)= > au(z)D*
|u|<2m
be an elliptic partial differential operator of order 2m in 2, where
p = (p1, K2, .-, Hy) is a multi-index of length |u| = p1 + -+ + pn
and
_-io

- 6.’1,‘]' ’

We assume that A(z, D) is uniformly elliptic, i.e., that

D*=D!1...... Din, D,

S au(@)€] 2 ColeP™, € € R

|u|=2m

for some Cy > 0. We assume also that there is a system of m boundary
operators of the form

Bj(:l?,D)= Z bj#(z)D“a 1..<_.7_<_m

|u|<m;

which cover A(z, D) (cf [10]). Let 1 < p < oo, and let D(A) denote
the set of those u in H?>™P such that

Bj(z,D)u=00n0Q, 1<j<m.

We let A designate the restriction of A(z, D) to D(A). We assume
that A is bijective from D(A) to LP(2) (for sufficient conditions cf.
(2,3,6,8,15-17]). We have
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THEOREM 2.7. Assume that (2.4)-(2.6), (2.14), (2.15) hold with
s =2m and g = p. Then for any R > 0 satisfying (2.15) either

(220) Au = f(wa u)a ”u“2m,p S R
has a solution in D(A) or there is a A such that 0 < A < 1 and
(2.21) Au=Af(z,u), |lullzmp=R

has a solution in D(A). For any \ sufficiently small there is an R > 0
such that (2.21) has a solution. If (2.19) holds, then for each R > 0
satisfying (2.15) there is a A > 0 such that (2.21) has a solution.

We note that any constant coefficient elliptic operator of order 2m

AD)= Y a,D*
|e|<2m
such that
(2.22) A©) = D au*#0, (eR
|u|<2m

will satisfy the hypotheses of Theorem 2.7 for the Dirichlet boundary
conditions .
a]—l
Oni—v’

where 3‘% denotes the normal derivative to 92, and 9 is suffi-
ciently smooth. To see this we recall the estimates of Agmon-Douglis-
Nirenberg [1]

Bj(an)= 1<j<m

(2.23) l[ullem,p < C(||Aullp + [lullp),  u € D(A)
holding in general situations. Moreover,in the present case
(2.24) lullm.p < CllAullmp,  u€ Hg"P(Q)

where HJ"P(Q) denotes the closure in H™?(Q) of C§°(R) (cf. [9 p.
55]). If 9 is sufficiently regular, D(A) C Hy"?(2). Thus

llully < llllmp < CllAt|lmp < CllAullp,  u € D(A).



526 SEMILINEAR ELLIPTIC EQUATIONS

This combined with (2.23) gives

llullzmp < CllAullp,  u € D(A).

Next we note that we can reduce the assumptions on f(z,u) when
n < sp. In this case the Sobolev inequality tells us that there is a
constant C; such that
(2.26) llulloo < Cullulls,p-

We have

THEOREM 2.8. Assume that n < sp and that
(2:27) |f(z,u)| < V(z) exp{Ca|u|}

where V(z) € LI(R). Then all of the conclusions of Theorems 2.1,
2.4-2.6 hold if we replace (2.18) by

(2.28) CollVllqexp{CngR} <R

Note that (2.28) will hold for some R if

(2.29) eCoC1Col|V]lg < 1.
A variation of Theorem 2.4 can be obtained as follows.

THEOREM 2.9. Suppose there ezxists a function uo(z) in D(A) such
that

(2-30) |f(z,u) = fo(@)| < Y Vi(@)lu — uo(x)|"
k=1
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where fo(x) = Aup and (2.4)-(2.6), (2.15) hold. If CoW(R) < R then
(2.8) has a solution.

As a special case of a boundary value problem (1.1,2) satisfying our
hypotheses, we can mention the Dirichlet problem for a second order
elliptic operator of the form

n n
(2.31) A(z,D)= Y a;;(z)D;iD; + Y _ bi(z)D; + c(x)
2,7=1 i=1
on a bounded domain 2 with smooth boundary. Assume that the coef-
ficients of (2.31) are continuous in Q and that ¢(x) > 0. If n < p, then
the operator (2.31) is a bijective map of D(A) = H?P(Q) N HYP(Q)
onto LP(2) (cf. [15]). Moreover, the operator A~! is positive, i.e.,
Au > 0 implies u > 0. For such cases we can improve Theorem 2.6 in
the following way.

THEOREM 2.10. Assume that (2.4)-(2.6), (2.14), (2.15) hold, and let
A be a positive continuous linear bijective map of D(A) C H>P(Q) to
L(Q). Assume also that there is a nondecreasing function a(t) defined
fort > 0 such that t/a(t) is bounded on any bounded interval and such
that

(2.32) at) < f(z,t), t>0.

If A has a nonnegative bounded eigenfunction, then there is a A > 0
such that (2.9) has a solution u > 0.

COROLLARY 2.11. Let 2 be a smooth bounded domain and let A be
the operator (2.31) acting on D(A) = H*>P(2) N Hy?(Q) under the as-
sumptions described above. Let a(t) be as described, and assume that
(2.4)-(2.6), (2.14), (2.15), (2.32) hold with ¢ = p and s = 2. Then there
is a A > 0 such that (2.9) has a solution u positive in Q. Ifn < 2p, we
can replace (2.14) with (2.27).

3. Compactness criteria. In this section we show that certain
operators are compact.

LEMMA 3.1. Let By(z,u) denote the right hand side of (2.3).
If (2.4)-(2.6) hold, it is a compact and continuous operator from
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H*?(Q)toLI(R).

PROOF. Suppose
(3.1) |lujll§, < R.

Since H?®P is reflexive and continuously embedded in L?, there is a
subsequence (also denoted by{u;}) which converges weakly to some
u € H*P and such that

(3.2) uj — U a.e.

1 L
By Theorem 2.2, each V,'* u; converges to V,'* u in L% In particular,
we have

AT TAWT

Since
[Vie(z) (Juk [ — [ul®)] < Vi(@)(Juji[® + ul®)

and the left hand side approaches 0 as j — 0o, we have

N
(3.3) D V(s = Jul®)llq — 0

which implies

(3.4) 1B (-, u5) = By (- w)lly = 0.

LEMMA 3.2. Let B(z,u) denote the right hand side of (2.14). If(2.15)
holds as well, then B(z,u) is a compact and continuous operator from
the set

(3.5) [ul|, <R

5P —

to LI(Q).
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PROOF. Let € > 0 be given, and take N so large that

e o]
3 CkMayre e (Vi)R <.
k=N

Put BN(z,u) = B(z,u) — By(z,u). Then by (2.12)
”BN("'U')”q < Z ”Vklulbk”q < Z CkMak,rk,tk(Vk)Rbk <e
N N

whenever u satisfies (3.5). Thus if (3.1) and (3.2) hold, then
I1B(:;ux) — B(-;u)llg < [|Bn (- u3) = BN (-, u)llq + 2e.

Hence B(z,u;) converges to B(z,u) in L9.

THEOREM 3.3. Under hypotheses (2.4)-(2.6), (2.14), (2.15), f(z,u) is
a compact and continuous map from the set (3.5) to L(N).

PROOF. Suppose (3.1), (3.2), hold. Then
|f(x7uj) - f(a:,u)| < B('Ta ’U,j) + B(.’L’, u)

The right hand side converges to 2B(z,u) in L? by Lemma 3.2. The
left hand side converges to 0 a.e. Hence f(z,u;) converges to f(z,u)
in L9.

In proving Theorems 2.1 and 2.3, we shall make use of a simple con-
sequence of the Schauder fixed point theorem (cf. Schaefer [14]).

THEOREM 3.4. Let X be a normed vector space and let S be a closed
bounded conver subset of X containing 0 as an interior point. Let T
be a continuous compact map of S into X. Then either

(a) There is a u € S such that u=Tu or
(b) There are u € 3S and real A such that 0 < A < 1 and u = ATu.
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PROOF. For each u € X, let g(u) = inf{c > 0|% € S}. Clearly
g(u) < 1foru € S,g(u) >1for u¢ S and u/g(u) € 3S. Define the

mapping " g
w Hwe
= {w/g('w) fwégS

The mapping rT is continuous and compact from S to S. Hence we
may apply the Schauder fixed point theorem to conclude that there is
a u € S such that u = rTu. If Tu € S, then rTu = Tu and (a) is true.
If Tu is not in S, then r(Tu) = ATu € 8S, where A = 1/g(Tu) < 1,
and (b) holds.

Now we can give the Proof of Theorems 2.1 and 2.3. Let S be the set
(3.5), and put Tu = A~ f(x,u). By Theorem 3.3 and the hypotheses
on A, T is a compact continuous map from S to H*P. The results now
follow from Theorem 3.4.

PROOF OF THEOREM 2.4. By Theorem 2.2
(3.6)

[o ] o0
G wllg < MVollg+ D IVilul®[lg < [[Vollg+ D, CkMay e e (Vi) llul %%,
1 1

If u satisfies (3.5), then by (2.15) and (2.17)
(3.7) AT w)lls,p < CollIVollg + W(R))

By (2.18), Tu = A~ f(z,u) also satisfies (3.5). Since T is a compact
operator on the set of those u € D(A) satisfying (3.5) (Theorem 3.3),
we can apply the Schauder fixed point theorem to obtain the desired
conclusion.

PROOF OF THEOREM 2.5. If u satisfies (3.5), then by (3.15) and (3.7)
there exist R > 0, A > 0 such that
MAT (¢ u)llsp < R

If we apply the Schauder fixed point theorem to AT = AA~! f(z,u), we
see that there is a u satisfying (3.5) such that u = ATu. Note that we
have not excluded u = 0.
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PROOF OF THEOREM 2.6. By (2.19)
inf||Tullsp >0,  |lulls,, = R

where Tu = A~! f(z,u) is a compact operator on this set. We can now
apply a theorem of Krasnoselskil [18, p. 161] to obtain the desired
conclusion.

Theorem 2.7 is n immediate consequence of Theorems 2.3-2.6.

PROOF OF THEOREM 2.8. In this case we have

B(z,u) = V(z)eC2l¥ = V(z) f: CHlul* /!
k=1

Moreover, by (2.26)
IVIulllg < IVIILCsllull}
and consequently
IB( u)llg < [[VIlg D CECE|lullsp/k! = [IV]lgexp{C1Callulls}-
k-1
This expression is finite for all v € H*P. All of the proofs go through

as before.

PROOF OF THEOREM 2.9. We follow the proof of Theorem 2.4. By
Theorem 2.2

(38)  1fCu) = follg < D 1IVilu = uol™ llg < W(llu — uollfp)-
1

If u € D(A)satisfies
(3.9) [lu— uo”?,p <R
then by (2.15) and (2.17)

A7 f (- u) = wolls,p < CoW(R) < R.
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Thus the mapping Tu = A~!f(x,u) maps the set (3.9) into itself.
Again the conclusion follows from the Schauder fixed point theorem.

In proving Theorem 2.10 we make use of the following theorem due
to Kransnoselskii [18, p. 178].

THEOREM 3.4. Let B, N be operators defined on a cone K of a
Banach space X such that

(3.10) 0<Bu<Nu, u>0,

N is compact on K and

(3.11) 0 < Bu < Bv when 0<u<w.

Assume that there is an element ug > 0 such that ug # 0 and
(3.12) v = inf{7|tuo < v,|[v|| < R implies ¢ < 7}

is finite. Assume finally that there is a constant a > 0 such that
(3.13) atug < B(tug), 0<t<1.

Then there exist A > 0,u > 0 such that ||u]| = R and Nu = \u.

PROOF. For § > 0 put Nsu = Nu + 6ug. Then Nj is compact on K
and
Nsu > Bu + bug > bug.

Thus
inf||Nsu|| >0, u>0,]Ju|| =R.

By the theorem of Krasnoselskii used in the proof of Theorem 2.6 ([18,
p. 161]), there is a As > 0 and a us > 0 such that

(3.14) Nsus = Asus,  |lus|| = R
Thus

(3.15) Bug < Asus, dug < Asus
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This implies the existence of a number ¢s such that

(3.16) 0<ts <7, tsuo<vus
and
(3.17) t < ts when tug < us.

Hence by (3.11), (3.13), (3.15) and (3.16)
atsug < B(tsuo) < B(us) < Asus.

In view of (3.17), this implies & < As. By the compactness of N5 and
(3.14), there is a sequence of {6, } converging to 0 such that Nsus — yin
X. Thus Mg = ||Nsus||/R also converges to some number A > a. Hence
us = Nsus/As — y/A = u. Then u > 0,||u|| = R and Nu =y = \u.

PROOF OF THEOREM 2.10. Put Nu = A~!f(z,u), Bu = A~ la(u).
We show that the hypotheses of Theorem 3.5 are satisfied. Clearly
(3.10), (3.11) hold and N is compact. Let u be a positive eigenfunction
of A~! with positive eigenvalue p. If tug < v, then t||uo|l, < ||v||, <
[|v||s,p- Thus «y given by (3.12) is finite. It remains to verify (3.13). By
hypotheses, there is a constant 8 > 0 such that

B<a(t)/t, 0<t<yM
where M = maxug. Thus
Butuo = PtA  ug < A a(tug) = B(tug)
and (3.13) is verified.
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