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THE ROGERS-RAMANUJAN IDENTITIES 
WITHOUT JACOBI'S TRIPLE PRODUCT 

GEORGE E. ANDREWS 

A B S T R A C T . We provide polynomial identities which con
verge to the Rogers-Ramanujan identities. These identities 
naturally involve the partial products for the related infinite 
products. Hence Jacobi's triple product identity is never re
quired. 

1. Introduction. For many years it was an open question whether 
a bijective proof could be given for the Rogers-Ramanujan identities. 
In 1980, A. Garsia and S. Milne [6], [7] gave the first bijective proof 
using what has since become called the Garsia-Milne Involution Prin
ciple. Subsequently D. Bressoud and D. Zeilberger [5] gave an alter
native bijective proof; however it also relied on the Garsia- Milne In
volution Principle. Indeed, given the known analytic proofs of the 
Rogers-Ramanujan identities it seems that the Involution Principle is 
inherently involved; this is because all the known proofs actually es
tablish 

OO n 2 1 OO 

(1.1) g « _ = ^— £ (_!)A A(5A+l)/2 

and 

a 2) y*qH +n - 1 y * r_!iv(6A+3)/a 
( 1 - 2 ) ^ ( « ^ - ( ^ o o ^ 1 ^ 

where 

OO 

(1.3) (A; q)n =\[{l- Aqm)/{1 - Aqm+n) 
m=0 

(= (1 — A)(l — Aq) • • • ( ! — A<7n_1), when n is a nonnegative integer), 
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and 
oo 

(1.4) ( A ; g ) o o = r j ( l - ^ m ) -
m = 0 

The standard infinite product form of the righthand sides of (1.1) and 
(1.2) is then deduced using Jacobi's Triple Product Indentity [3; p. 22, 
Cor. 2.9] in the following form: 

oo 

(1.5) £ ( - i ) V ( 5 A + 2 a + 1 ) / 2 = (?5;?5)oo(g3+aw5)oo(92-a;g5)oo. 
A=—oo 

The natural bijective method to pass from the numerator products 
introduced by (1.5) to the standard forms: 

(1-6) E q -
nr£ te?)n fe<75)oo(?4;?5)oo' 

and 

(1-7) E 
n-^0 (vq)n (?2;?5)oo(<73;<75)oo' 

appears to be the Involution Principle. 
At the Colloque de Combinatoire Énumérative-U.Q.A.M 1985, D. 

Zeilberger asked whether it was possible to provide a proof of the 
Rogers-Ramanujan identities which makes no use of Jacobi's Triple 
Product. This might then provide the starting point for a bijective 
proof of the Rogers-Ramanujan identities that would avoid the Invo
lution Principle. 

The object of this paper is to provide such a proof. In the next section 
we outline how our proof goes. In §3 we provide the necessary lemmas 
from basic hypergeometric series. §4 provides the actual proof. 

2. The background of the proof. We shall consider well-known 
families of polynomials [8; Sect. 7, Ch. 3], [1] that converge to the 
Rogers-Ramanujan identities. Namely 

(2..) D.. £ •["->] . 
o<2j<n J 
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and 

(2.2) dn= £ ^[n-j~1], 
0<2j<n-l 3 

where the Gaussian polynomial or ^-binomial coefficient is defined by 

(2si r n i = r n i te^)n T j 1 (i - qn~j) 
LmJ LmJ<* (<?;g)m(?;?)n-m £ * ( l - g * + 1 ) ' 

Now clearly 

oo v2 

(2.4) lim />„ = £ - « 

and 

00 / + * (2.5) i i m r f n = y]«_^. 

Let us now define 

(2.6) G„fa)= n ( i - ^ r 1 

j = i,4(mod5) 
0<jf<n 

and 

(2.7) Hn(q)= fi ( W r 1 . 
j = 2,3(mod5) 

0 < j < n 

Obviously there exist polynomials Pn{q) and Rn(q) such that 

(2.8) £>n = Gn(<?)Pn(<?), 

and 

(2.9) dn = Hn(q)Rn(q). 
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In §4 we shall derive closed forms for Pn(q) and Rn(q) which will 
imply 

(2.10) lim Pn{q) = 1, 
n—•oo 

and 

(2.11) lim Rniq) = 1. 
n—•oo 

Equations (2.10) and (2.11) are adequate to establish the series-
product forms of the Rogers-Ramanujan identities (i.e. (1.6) and 
(1.7)), namely we let n —• oo in (2.8) and (2.9) respectively. 

3. The <?-Hypergeometric Series Lemmas. First we want to 
represent both Dn and dn as appropriate q-hy per geometric series. This 
is easily accomplished using the polynomial identities of [1]. We shall 
utilize both ordinary and bilateral g-hypergeometric series. 

m i * r a i>---> ar ;g>*] v ^ (ai;g)j(<*2;q)j•••(<*!•;q)jtJ 

{6' ] "I bu..-X J ^ (q;q)3(bi;q)r--(bs;q)3 ' 

and 

,ar\q,t} _ v ^ (ai;q)j{a2;q)j • • - (ar;q)jtJ 

L fti,.-.,6a J j£^X} {b1',q)j{b2;q)r--{bs;q)3 

We note that if one of the â  is q~N where iV is a nonnegative integer 
then bo th r 0 s and r ^ 5 terminate above. If 6̂  = qN+1 t hen r ^ s termi
nates below. We refer the reader to the books by Bailey [4] or Slater 
[14] or the survey article [2] for the theoretical development of these 
series. 

LEMMA 1. 

D {q',qhn(l-q3) 
{q;q)n-i(q;q)n+2 

5.3) l^o^* 
ç5+§5 -qS+ï, q5~n, q4~n 

qi, -g§ , ?n+3 , gn+4 

g 2 - , ^ - » , r; <75, <p 

q3~n, 
nn+5 
H 5 

,5n+4 A 
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for n > 0; 

£>2n = 
( < ? ; < ? ) 2 n + l ( l - - < ? 2 ) 

(<7 :? )n (<7;? )r i+2 

(3.4) 

• l im 8^8 
T—•O 

„ 6 _ n 6 < 7 ~ n + 4 / i " t l + 3 r7-w+2 H 1 H 1 H IH ì H ? 

g, -<?, ^ n + 3 , ^ n + 4 , Ç n + 5 , 

<?n+6, qn+\ r"1 </7 

for n > 0; 

d>2n-i — 
( g j g ) 2 n ( l " g ) 

(3.5) 

• l im 8^8 
r—>0 

n+1 

g 5 + è 5 _ ç 5 + i 5 g - n + 4 5 ^ - n + 3 ) ^-n+2^ 

**, -**, qn+\ <7n+3, <Zn+4, 

gn+5, gn+6, r"1 g6 

for n > 0; and 

à^n = 
te^)2n+l(l-g4) 
( 9 ; ^ ) n - l ( ^ ; ^ ) n + 3 

(3.6) 

• l im 8^8 
T—•O 

<77, V , <T"+5> <f™+4, <7~"+3, 
g2, -g2 , g«+4, qn+5, g"+6, 

g-"+2, g - " + \ r; g5, g 5 n + 7 / r 
g"+7, g"+8, T~1 g9 

for n > 0. 

PROOF. We start with the formulae 
oo 

(3.7) Dn= J2 H)v ( 5 A + 1 ) /2 

A=—oo 

n 
n—bX 

2 

and 

(3.8) dn = Y, H ) v ( 5 A ~ 3 V 2 

A=—oo 

n^5AJ+1 
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w h e r e [x] is t h e l a rges t in teger < x. T h e s e fo rmulae a r e e s t ab l i shed by 

m e a n s of s imp le r e c u r r e n c e s in [1], [9]. 

E a c h of (3 .3)-(3 .6) is p r o v e d s imilar ly . W e shal l go t h r o u g h t h e de t a i l s 

for (3.3) a n d t h e n briefly i n d i c a t e d t h e r e m a i n d e r . I n (3.7) we spl i t t h e 

s u m i n t o t w o p a r t s : one w i t h À even, t h e o t h e r w i t h À o d d . 

D2n-i 
oo 

= £< 
A=—oo 

oo 

-£< 
A=—oo 

,10A2 + A 2 n - l 

n - 5A - 1 

„10A2 + l lA+3 

= (q;qhn-i ^2 

2n-l 

n - 5A - 3 

710A2+A 

{(1 - Ç n + 5 A + 2 ) ( 1 - ç " + 5 A + l ) - 4 1 0 A + 3 ( 1 _ ^ - 5 A - 1 ) ( ! _ g5A-2)} 

fe <?)n+5A+2 

~ ^ l O A ^ A ^ . ^ l O A + S ) ^ . ^ ) 

= (q;qhn-i X. , , ^ /„.„x _ 
A=—oo 

{q\q)2n 

{q\ q)n-b\-l{q\ g)n+5A+2 

{q',q)n-i{q\q)n+2 

^ ( - I j A g l O A ^ A + S A n - f ^ + M ^ - n + l ^ J ^ J l - ç l O A + S ) 

A=—oo 

(g;g)2n( l -g 3 ) 
(9;9)n-l(9;9)n-f2il 

l im 8 ^ 8 p 2 " 

(<7n+3;<?)5A 

(3.9) 
r—0 9 2 , 

Q5~n, 
3 

"tf2 , 
„n+3 

? 3 - n , 
„n+4 

g 2 " n , ^ - n 

g n + 5 <?n+6, qn+\ r " 1 

g 5 , ç 5 n + 4 / r 

<?8 

w h i c h is (3 .3) . 

Fo r t h e r e m a i n i n g t h r e e iden t i t i e s we p rov ide on ly t h e key s t e p : 

(3.10) 

£>2„= £ ,10A2+A 2n 

, n — 5À 
A=—oo 

°° 10A2-A 
= faî )̂2n X) " 

A=—00 

- E aOA2-9A+2 2 n 

n - 5A + 2 

( l - g l 0 * + 3 ) ( l - g 2 " + l ) 

( ^ ; ^ )n+5A+2(ç ; ç )n -5A 
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d>2n-l = Yl $ 
A(10A-3) 

A=—oo 
oo 

2 n - l 
n — 5A 

(3.11) 
A=—oo 

2 n - l 
n - 5A - 2 

V ^ g(2A+l)(5A+l) 

~ ^ ( l O A - ^ ^ . ^ l O A + l ) ^ . ^ 

*2n 

(3.12) 

A=—oo 

oo 
y" ^ ( 1 0 A - 3 ) 

=—oo 
n 

oo 
. y ^ g (2A-l ) (5A-

A=—oo 

( Ç ; ^ ) n - 5 A ( ^ ; ^ ) n + 5 A + l 

2n 
-5A + 1. 

-4) 2n 
n - 5 A + 3. 

^ ^ ( 7 A ( 1 0 A + 3 ) ( 1 _ g 1 0 A + 4 ) ( 1 _ g 2 n + l ) 

A=—oo 
fe tf)n+5A+3(<?; ç ) n - 5 A - l 

Now each of the 8^8's appearing in Lemma 1 is terminating above and 
below. Furthermore, each is of the classical very well-poised type. We 
need now a transformation of such series that will yield the factoriza
tions (2.8) and (2.9) and the limits (2.10) and (2.11). 

Since our s^s's are terminating, we can easily shift the index of sum
mation to yield 807 's. Then the ^-analog of Whipple's theorem [12], 
[11; p. 100, eq (3.4.1.5)] provides us with the appropriate transforma
tion. All this is encoded in the following result. 

LEMMA 2. Let R > 0 and -R < e be integers. Then 

l im 8^8 
T—•O 

aq R, qy/ä, -q\ß, cq R, dq R, eq 

qR+\ y/a, -VS, ^V aqR+1 aqR+1 

(3.13) -R-e 

~R+l+£ 
rq -R. a2Q6R+2 + S 

cder 

o ç l T T 6 , ar x qx 

= FR(q\e; a; c, d,e)LR(q\e; a; c, d\ e), 
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where 
(3.14) 
FR{q\e',a',c,d,e) = 

{q\q)R{a>(l',(ÙR+e{a> 1q;q)R-e(a xqR+1 £\q) R+e 
{a-lqR+l.q)R{c-lqR+l.q)R{^lqR+l.q)R{e-lqR+l.q)R{qS+R+l.q)R 

1 
X 

{aqR+1/d;q)R+e(aqR+1/e]q)R+e(aqR+1/c,q)R+ei 

(3.15) 
LR(q\e;a;c,d;e) 

3*2* q 

2R+e 

n-2R-e 
X 

2R+e 

6(L 
ceq 

r2R e£ 

2R+e 
2R-e 

q, q 
deq 

= E < - ' ) ' V ä l + w ( ^ ) (2Ä/"e)(«-1«M-''+1i«)<(j«"'+*-y+,i9)j 

V de JïR+c-jK ce J. 2R+e-j 

REMARK. The expression FR will contribute primarily the Gn(q) or 
Hn(q) while LR will provide most of the Pn(q) or Rniq)-

PROOF. If we examine the series on the lefthand side of (3.13) we see 
that, in fact, it is a finite sum whose index j runs from -R to R + e. 
The first thing to do is shift j to j - R so that the sum runs from 0 to 
2R + e. To do this we make use of the fact that 

(A;q)j-R = {M R',q)j 
(Aq-R;q)R' 

Hence 

lim 8^8 
r—>0 

aq R, qy/ä, -q\/ä, cq R, dq R, 
>R+1 aq?+1 

eq 

q 

rR-e 

«+1 y/5, -yß, 2£ 

-R. 

d ' 

rq q, 
a g Ä + 1 + £ , ar'1 qR+1 

a 2 q 6f l+2 + g 

cder 
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= Hm ( fog)*(g;g)s(ff;g)«(f;g)« 
r - o I (aq-™; q)R{cq-2R; q)R{dq-2R; q)R 

(aq1+s;q)R{aT-1q;q)n 1 
' (eq-2R;q)R(q-2r-*;q)R(Tq-™;q)R j 

(1 - aq-2R) / a 2
g

6 R + 2 + £ ^-f i 
X ( 1 - a ) A cder '-y 
X 807 

ag ,-2A 
eg 

- 2 ß 

0£ 
C ' 

dg ,-2ß 

eg~2Ä, q~2R~e, rg~2Ä; rq~2R- q, 
aq ag 1 + e , ar 1q 

a2q6R+2 + e 

cder 

_ (<?;q)R(<f;q)R(T>g)«(?;9)fiN1+£; g) f i ( - l ) f l a r g f l ( f l + 1 ) / 2 

N 2R;q)R{cq~2R\q)R{dq 2R;q)R{eq 2R;q)R{q 2R-£;q)R 

-aq-2R) / cde ^ ( a g 1 - 2 f i ; c ) 2 f i + g ( ^ ^ ; g ) 2 Ä + £ 

( 1 - a ) \a 2 ö 6 Ä + 2 +e/ ( ^ ; ö ) 2 ß + £ ( ^ ; a ) 2 ß + £ 

X 3 0 2 eg ,-2Ä n-2R 

aq 
c ' 

dg *", g 
6 d g ~ 4 f i - g 

ö, 

(by the g-arialog of Whipple's Theorem [12]) 

= FR(q\e;a;c,d,e) 

^^««(^«L,^ ( eq 2 ß , dq 
aq 
c ' 

e dg 

-2Ä 
' 4 ß - e 

« - * * - ; g, 

(by algebraic simplication of the initial factors) 

1 + 2 Ä 

= Fß(ö|s; a; c, d, e) x (̂  ; g J 
r2Ä+e 

l+2fl 

(*F») 2Ä+e 
3^2 ceq 

-2R~e 
i 

1 - 4 Ä - « 
eg 2 Ä , eg 2 ß e; g, g 

d e g ~ 4 f i - £ 

(by [10; p. 175, eq. (10.2)] with p - • g,a = q~2R~£,b = eq~2R,c 
eq -2R-e /a, e —> ag/c, / = edg e /o) 

= FR(q\e; a; c, d, e)LR(q\e; a; c, d; e), 
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which is our desired result using the first expression in (3.15) for 
Lji{q\e',a\c,d;e). The second expression for Ln(q\£;a;c,d; e) is easily 
derived from the first once we observe that 

(3.16) 
B 

{q-A;q)B 
K ' q (q;q)B 

and 

(3.17) (cq-N; ç),- = ( - l ) V ^ t f - i ) / V ( c - V - ' ' + 1 ; <?);• 

Hence Lemma 2 is established. 

LEMMA 3. For \q\ < 1, 

(3.18) lim LR(q\e;a;c,d;e) = 1. 
R—>oo 

PROOF. For L^(^|e;a;c, d;e) we use the second representation in 
(3.15), which we write as 

2R+e 

(3.19) £<?*'. Tj{R). 
3=0 

As R —• oo, we see that Tj(R) is bounded by 

<,*> iâ i ' î râ ( H e" I W H* i W ' -H ï | W i W ) -
"HSliW).H2bhl)--

Hence as R —»• oo every term of the sum in (3.19) goes to 0 except the 
first, and the first converges to 1. 

4. The Rogers-Ramanujan Identities. We are now prepared to 
give the main results outlined in §2. 

THEOREM 1. Equations (2.8) and (2.9) hold with Pn{q) and Rn{q) 
given by 
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(4.1) 

(4.2) 

(4.3) 

(4.4) 

(4.5) 

(4.6) 

(4.7) 

(4.8) 

(4.9) 

(4.io; 

and 

(4.11; 

(4.12] 

(4.13] 

(4.14] 

(4.15] 

(4.16] 

(4.17] 

(4.18] 

(4.19] 

(4.20] 

PiOn-ò(q) 

Pl0n-4(q) 

Pion-z(q) 

Pl0n-2(q) 

PlOn-l{q) 

PlOniq) 

PlOn+l(q) 

Pl0n+2{q) 

Pl0n+3(q) 

Pl0n+4(q) 

Rl0n-6(q) 

Rl0n-4(q) 

Rionsiq) 

Rl0n-2{q) 

RlOn-l(q) 

Rion(q) 

RlOn+l(q) 

Rl0n+2(q) 

R\0n+z{q) 

RlOn+ò(q) 

^Ln(q
5\-l;q

S;q\q
e;q4), 

= Ln(q
5\-l;q2;qe,q4;q3), 

= (l-q™n-3)Ln(qS\-l;q
3;q°,qW), 

= (l-q10n-2)Ln(q
5\-l;q2;q4,q3;q). 

= (l-q10n)Ln(q
5\-l;q

3;q,q
2;q4), 

= Ln(q
5\0;q2;q,q3;q4), 

= Ln(q
5\0;q3;q,q2;q4), 

= (l-q10n+2)Ln(q
5\0;q2;q-1,q;q3), 

= (l-q
10n+3)Ln(q

5\0;q
3;q-\q;q2), 

= ( 1 _ g l o „ + 5 ) L n ( g 5 | 0 ; g 2 ; g - 2 ) 9 - i ; ç ) ; 

= Ln(q
5\-l;q4;q6,q7;qs), 

= Ln(q
5\-l;q4;q3,q6;q7), 

= Ln(q
5)\-l;q;q

2,q3;q4), 

= (l-q
10n-1)Ln(q

5\-l;q
4;q,q3;q% 

= Ln(q
5\0;q;q2,q3;q4), 

= (l-q10n)(l-q10n+1)Ln(q
5\-l;q4;q,q2;q3), 

= Ln(q
5\0;q;q-\q

2;q
3), 

= Ln(q
5\0;q4;q,q

2;q
3), 

= (l-q10n+4)Ln(q
5\0;q;q-

2,q-
1;q2), 

= (1 - g1 0"+ 5)( l - q^+^Lniq^q^-3^-2-^1). 

PROOF. These twenty results are merely straightforward applica
tions of Lemma 2 to Lemma 1. We give the details for (4.1); the 
remainder are done in exactly the same way. 

By (3.3) 

DlOn-5 = 
(<?;<7)l0n-4(l--tf3) 

(4.21) 

(<2S 4)5^3femori 

• lim 8^8 
T—•O 

[ « * , -qV, ,7-5«, <?6-5n) 

I c i , -qi, g**1, q5n+2, 

nb—5n «4—5n n3—5n ~. 
H 5 H v H l ' i 
^önH-3 „5n+4 n5n-\-5 

q5, q25n-6/T' 
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_ fa<?)l0n-4(l Q ) p , 5, i . _ 3 . J 7 „ 6 n4\r fnb\ i . „ 3 . J7 n6. n4\ 
— —,—^ 7 — ^ — * n ( - Q \-±,q ,Q -q ,q )^n[q h 1 » ? ,q ,q ,q ) (q',q)sn-m\qhn 

(by Lemma 2). 

Comparing (4.21) with (2.8), we see that to establish (4.1) we need 
only show that 

{q;q)ion-4{i-g3)F , 5 | . 3 . „7 ne n^ 
/ . x T—\—*n{q \ - i , q ,q ,q ,q ) 
\q,qhn-3Kq,q)bn 

(q;q)i0n-4(q5;q5)n{qs;q5)n 

{q\q)bn-^q)Uqbn^qb)n{qbn-2\q^)n 

( g 2 ; ^ n + i ( g 5 n + 7 ; < r % - i 
(g5n-1;g5)n((75n+1w6)n(g6n;96)n 

1 
X ( ^ n + 2 ; g 5 ) n _ l ( 9 5 n + 4 ; g 5 ) n _ l ( g 5 n + l ; ç 5 ) n _ 1 

_ 1 

" teq5)n(q4;q*)n(q5n+4;95)n-l (<Z5n+1; <Z5)n-l 

= 7 TT T~7 ^ = GiOn-5(ç ) 5 

te^5)2n-l(ç4;Ç5)2n-l 
as desired. 

The rest follow in the same way. 

THEOREM 2. Equation (1.6) and (1.7) are vaM, i.e., the Rogers-
Ramanujan identities hold. 

PROOF. By Theorem 1 and Lemma 3 we see immediately that 

(4.22) lim Pn(q) = 1, 
n—>oo 

(4.23) lim Rn{q) = l. 
n—*oo 

Hence 
0 0 -n 2 

J2 r-r = lim D » 
= lim Gn(q) • P n ( , ) (by (2.4) and (2.8)) 

(4.24) n-+°° 
= lim Gn{q) 

n—»oo 
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and 

o ^ qn
2+n 

zZ 7 \~ = lim ** 

(4.25) 
= Jmi^Hniq) • Rn{q) (by (2.5) and (2.9)) 

(by (4.23) and (2.7)). 

= lim Hn(q) 
n—*oo 

(<?2;<?5)oo(<73;g5)oo 

5. Conclusion. It should be pointed out that the title of this 
paper is somewhat misleading. We have technically avoided the use of 
Jacobi's triple product; however the real engine of our proof is Lemma 
2 a result much stronger than Jacobi's triple product. Indeed if we let 
R —• oo in (3.13) we obtain 

E°!-oo (<*2V2*} - aWqi2"1)) 
——- ( i - 0 ) = (^^oo(aq;q)oo{a 1q;q)co 

or 
oo 

] T ( - l ) ' a V a ) = {q',q)oo{a;q)oo{a~1q;q)oo, 
j=—oo 

which is precisely Jacobi's triple product identity [3; p.21, Th. 2.8]. 
Thus in Lemma 2 we have a finite, rational function identity that con
verges to Jacobi's triple product in the limit. 

On the other hand, it is well-known that the standard finite form 
of Jacobi's triple product identity [3; p. 49, Ex. 1] is equivalent to 
the g-binomial theorem. It would be unreasonable to expect that the 
Roger's-Ramanuj an identities could be deduced without ever invoking 
a result as strong as the ^-binomial theorem. 

The real point of this paper lies in the fact that we have use
ful closed forms for Pn{q) and Rn(q) given by Theorem 1. If real 
combinatorial progress is to be made on the understanding of the 
Rogers-Ramunajan identities, then Pn(q) and Rn(q) deserve further 
study. 
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