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A SIMPLE CHARACTERIZATION OF THE CONTACT 
SYSTEM ON J*(E)* 

R. B. GARDNER AND W. F. SHADWICK 

ABSTRACT. In this note we give an invariant characterization of 
the contact system of Jk(E) where (is, TF, M) is a fibred manifold. 
This characterization generalizes one given in reference [1] for the 
case where k = 1. It affords a simple coordinate free proof that a 
section a of (/*(£"), %k

M, M) is the Â>jet extension of a section of (£, 
TU, M) if o annihilates the contact system [2]. 

1. The First order Case. Let (E, it, M) denote a fibred manifold with total 
space is, projection % and base space M. The k-jet bundle of local sections 
of (E, it, M), denoted by Jk(E), has a natural fibred manifold structure 
over J/(E) for / < & and over E and M. The canonical projections itk/. 
/*(£) -> J'(E), itk

E: Jk(E) -> E and itk
M: Jk(E) - M are given by 

(a) itk/. Jk
x s -» J'x s 

(0 
(b) itk

E:jk
xs->s(x) 

and 
(c) 7tk

M = it°7tk
E\jxs -> x 

respectively. 
We begin by defining the contact system 01 on Z 1 ^ ) as the exterior 

differential system given pointwise by 

(2) Q^A=(tä-itäs*)T*toE. 
Jxs 

It is easy to verify, from (2), that a section a of (J1 (E), itx
M, M) defined 

on U <= M, satisfies a^O1 = 0 iff a = jh where s — itE o &. To see this, 
suppose (7 = jls. Then 

Jxs 

= [fri oyij)* -(so ith ojWITfcE 

= [ 5 * ~ ( 5 o / 4 ) * ] % ) £ = 0. 
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Next suppose that a satisfies a*Q1 = 0 and define a section s of (E, TC9 M) 
by s •= 7zl

E o a. Now for each x there is a section sx defined on a neighbor
hood of x such that a(x) = fìsx. It follows that sx(x) = (7cEoa)(x) = s(x) 
and, in order to show that a = fis, we need only show that all the first 
order partial derivatives of sx and s agree. But this is the same as showing 
that, for each x, sx and s have the same Jacobian, i.e., that 

(5* - s*)T*toE = 0. 

This is precisely the condition given by a*Ql\jiSx = 0, for 

^ l , = <7*(4* - ictisWfaE 

= [(7iEoaT -(sxo%hoa)*]T*{x)E 

= [s* - s*]T*ME 

because s = KE ° a and %M° a = idv. 
We note that the definition (2) leads immediately to the standard local 

coordinate presentation of the contact system. If (xa, zA) are fibred 
coordinates at s(x) e E and (xa

9 z
A, zA) are the induced coordinates at 

fixs e Jl{E) then T*{x)E has the coordinate basis (öfxö|s(^), dzA\s{x), and 
(TZE* - ic]fs*)djc\s{x) = 0, while 

(7UE* - 7T$S*)dzA\s(x) = (dzA - ZAdx«)\x 
Jxi> 

2. The k-th order Case. The contact system on Jk(E) for k > 1 may be 
defined pointwise by 

(3) Q>\k = Orjfr - fftfy*-^*)^ / * - K Ä ) . 

It is immediate from (3) that for k= 2, 3 , . . . . , 

(4) Tt&Q*-1 <= 0*. 

for 

»fro*-1! ,*-!,- jrÄ(jri"i* - * ? - V ) n H J H ( £ ) 
j x s j x s 

Jx ò 

and 
4 = Î * ( Î ; * * - 2 / * - 2 ( £ ) ) = T*k_xj>-\E). 

We now show by induction that if a is a section of (/*(£), 7ck
M, M) which 

annihilates Ö* then a = ./*0r| ° a). The converse is left to the reader. 
Assume for / = 1, 2, . . . . , & — 1, that if <fi is a section of (J'iE), nfa, 

M) which satisfies 0 * ^ = 0 then eft = yv(7rè °^). Let # be a section of 
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(/*, E, %k
M, M) defined o n < 7 c M and let s be the section of E defined by 

s = 7ck
E o a. As above, we have a(x) = ŷ y*. We wish to show that s and 

sx agree to A:-fA order on £/, i.e., t h a t 7 ^ = 7^. 
Now if tf*ö* = 0, (4) shows that 0 = ^ j & O * - 1 = ( 4 - i ° <7)*Qk~l and 

thus, by the induction hypothesis, 

lüi-i o G = jk~l(%E~l o Trf-! O tf). 

But TT^"1 ° 7T*_! o ff = 7T|O <? = S SO 7T*-! ° (7 = y*""1 J. 

Thusy*"1^ = jk"ls, so ^ and s agree to (k — l)st order. Now %%_x ° <7 
= jk~xs, and the fact that a*Qk = 0 shows that %k

k_x o a and jk~lsx have 
the same Jacobian at x. Thus all of the first derivatives of jk~ls and y'*-1^ 
agree for all x in U and hence jksx = jks, i.e., # = y^. 
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