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CHORDAL QUADRATIC SYSTEMS*
ARMENGOL GASULL, SHENG LI-REN AND JAUME LLIBRE

ABSTRACT. A quadratic system is called chordal if all its singu-
larities are on the equator of the Poincaré sphere. First, we establish
necessary and sufficient conditions for a quadratic system to be
chordal. Later, we determine all the phase portraits for such sys-
tems.

1. Introduction. This paper contains a study of those two-dimensional
autonomous systems with quadratic polynomial right-hand sides without
finite singularities. Such systems will be referred to as chordal quadratic
systems (CQS, for abbreviation). The chordal systems were studied by
Kaplan, see [6] and [7]. The name of chordal system is due to the fact
that a such system has all its solutions starting and ending at the equator
of the Poincaré sphere. For a survey on quadratic systems (QS, for
abbreviation), see Coppel [4] and Ye Yangian [13]. At the end of the paper
[4], Coppel states that what remains to be done for quadratic systems is to
determine all possible phase portraits and, ideally, to characterize them
by means of algebraic inequalities on the coefficients.

This paper first establishes necessary and sufficient conditions for a
QS to have all its singularities at infinity (on the equator of the Poincaré
sphere), i.e., to be a CQS, and then determines all possible phase portraits
for such CQS.

Our main result is the following theorem.

THEOREM. The phase portrait of a chordal quadratic system is homeomor-
phic (except for perhaps the orientation) to one of the separatrix configura-
tions shown in Figure 1. Furthermore, all the separatrix configurations of
Figure 1 are realizable for the chordal quadratic systems.

REMARK 1. The Figures 1.1 to 1.21 are realizable for properly chordal
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quadratic systems, Figures 1.22 and 1.23 for properly chordal linear
systems, and Figure 1.8 for chordal constant systems, too.

Sheng Li-Ren studied in [9] the chordal quadratic systems with Reeb’s
components. In that work all the CQS of Figure 1 except the systems
4,9, 13, 14, 15, 19, 21 and 23 were studied.

The unique CQS which are structurally stable are systems 1 and 8 of
Figure 1, see [12].

REMARK 2. Note that it is not necessary to solve Hilbert’s 16th problem

FIGURE 1. The chordal quadratic systems (except, perhaps for orientation).
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in order to determine all the possible phase portraits for CQS because
they do not have finite singularities.

2. Classification of CQS. First, we need a general classification of QS
in which it is easy to study the finite singularities. The following lemma
completes the classification of Cherkas [3] and Sheng Li-Ren [9].

LEMMA 1. A quadratic system

&.

X = 7 = P(x, y)
(1) ;
y=% =0 y

t

is affine-equivalent, scaling the variable t if necessary, to one of the following :

M {x=1+xy, VD) {x=1+x2,
¥ =0(x,y), = 0(x,y),

(I1) {x = (VII) {x =%
J} = Q(x9 y), ) = Q(X y)

(I11) {x =y (VIIT) { -
Yy = Q(X, y)» y = Q(x’ J’),

¥, x=1,

IX

™ { = 0(x, »), 0 {y= o(x, »),

) {x=—1+x2, x) {x=0,
¥y = 0(x, ), y =0k, ),

where Q(x, ) = d + ax + by + Ix2 + mxy + ny2
ProoOF. We write (1) as
@ {x = d) + ayx + by + [1x2 + mixy + ny)?,

Yy =dy + axx + byy + Irx? + moxy + nyy2

We can assume that n; = 0. Otherwise, system (2) becomes a QS without
term »2 in P(x, y) if we make the change of variables x; = y — rx, y; =
y where r # 0 satisfies

3) Iy + (mg — Ir + (ny — m)rz — ny3 = 0.

If I, = 0, that is, if the x2 term does not appear in Q(x, y), then it is
sufficient to interchange x and y. In short, we have
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@ {x =d; + aix + by + I1x2 + myxy,

y = 0(x, ).

If m; # 0, then we introduce the translation x; # x + bymyL, y; = y
and system (4) becomes

) {x =d + ax + I'x2 + mxy,
V= Q(x, y).
Now, the change x; = x, y; = a’ + I'x + myy converts system (5) to
x=d + xy,
(6) { .
Y= 0(x, ).

We may put x; = (d')"lx, y; = yin (6) if d’ # 0 to obtain (I). If 4’ = 0,
then we have (II).
If m; =0 and b; # 0, then the change x; = x, y; =d; + a1x + b1y
converts (4) to
. = 2
o {x y + hx?,
y = 0(x,y).

Now, ifl; # 0, then we may put x;, = x,y;, = I3y, 4 = I, t in (7) to
obtain (III). If /; = 0, then we have (IV).

When m; = by =0and /; # 0, we put k = a? — 4l1d,. If k # 0 the
change x; = 2/ |k|V%x + a;(2h)™1), y1 = y, t; = 271 |k|1/2¢ converts
system (4) to (V) or (VI) according to whether k is positive or negative.
If k = 0, then the change x; = x + a;(21)™1, y; = y, t; = l;¢ converts
system (4) to (VII).

If mi =b, =1, =0 and a; # 0, then the change x; = x + dy(a;)7},
y1 =y, t; = a;t converts system (4) to (VIII).

Lastly, suppose that m; = b; = I, = a; = 0. If d; # 0, then the change
x; = X,y = )y, 4 = dyit gives (IX); and if d; = 0, then we have (X).

In order to study the singularities at infinity of the ten systems of
Lemma 1, we need the Poincaré compactification [5], [11]. Consider the
sphere S2 = {yeR3: )2 + 3 + % = 1}, let ¢ = (0, 0, 1) be the north
pole of S2, and T,S? be the plane {y e R3: y; = 1}. Let p*: T,5% —» §?
and p~: T,52 —» S? be the central projections, i.e., p*(») (resp. p~(»))
is the intersection of the line joining y to the origin with the northern (resp.
southern) hemisphere of S2. Let X be a polynomial vector field of degree
d on the plane and let /: S2 > R be defined by f(y) = y§ 1. Then the
vector fields f- (pH)eX =f- Dp*(Xo(p*))) and f - (p7)«X, extend X
to an analytic vector field p(X), on S2. The equator is invariant under the
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flow of p(X) and a neighborhood of the equator corresponds to a neigh-
borhood of infinity in R2

To study p(X) we use the following coordinate systems on S2. Let
U;={yeS2y;>0}and V, = {y € S2: y; < 0}. Let F;: U, > R? be
given by F(y) = (y;y7% yeyi®), for j < k and j, k # i. We define G;:
V, — R? by the same expression. Consider the vector field p(X), where
X(x, y) = (P(x, y), Q(x, y)) is such that P and Q are polynomials of
degree at most d and at least one of them has degree d. Then (Fy)4 (p(X))
is given by

® 1= A@Yz4(—21P(z57, 2122 Y) + (271, z123Y)),
zy = —A@D)VZTP(z3 Y, 21237,

where A(z) = (1 + 2} + 2DV z1 = yoyr' = yx7L, 7, = yayit = x°L.
Here the points of the equator are represented by z, = 0, the points of the
northern hemisphere by z, > 0 and the point (0, 0) corresponds to the
point (1, 0, 0) € S2. (Fy)« (p(X)) is given by

{2'1 =A@ (P(aizz?, 73") — 2102172 ),

2y = — A2 TQ(z122 Y, 22Y).

(€)

As before the northern hemisphere corresponds to z; > 0 and (0, 0) =
F50, 1, 0). The vector fields (G,)«(p(X)) have the same expressions as
(F)s(p(X)), multiplied by (—1)4-1, but in this case the northern hemi-
sphere corresponds to z, < 0.

In short, systems (8) and (9) will be sufficient in order to study the
singularities at infinity of system (1).

From now on we shall denote by (y, z) the coordinates (z;, z,) =
Fi(y1, y2, y3), where (y1, ya, ¥3) € Uy, and by (x, z) the coordinates (z;,
z3) = Fa(y1, Y2, y3) wWhere (y1, yz, y3) € Ua.

We shall say that X(x, y) = (P(x, »), O(x, y)) is degenerate at infinity or
that the CQS is degenerate, if all the points of the equator of S2 are
singularities of p(X) and X is properly a quadratic system. If X is nonde-
generate at infinity, then from (8) and (9), and the fact that each singularity
of p(X) at infinity completely determines its antipodal singularity, it
follows that there are only one, two or three singularities at infinity to be
considered.

Let X(x, y) = (ax + by + F(x, ), cx + dy + G(x, y)) be a vector field
such that F and G are analytic in a neighborhood of the origin and have
expansions that begin with second degree terms in x and y, and the
origin (0, 0) is an isolated singularity. Then, we say that (0, 0) is a singu-
larity of type:

E if (0, 0) is a nondegenerate singularity;

S if the linear part DX(0, 0) has an unique eigenvalue equal to zero;
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H if the linear part DX(0, 0) has the two eigenvalues equal to zero and
DX(0, 0) is not zero; and

T if the linear part is zero.

Now, we shall study the singularities at infinity for the system (I). For
this system, from (8) and (9), we have

(10) {)3=I+my+az+(n — 1D)y? + byz + dz% — yz2,

z= —yz—28

a {x =1 — nx — mx%2 — bxz + 22 — Ix3 — ax?z — dxz?,

z= —nz — mxz — bz?2 — Ix2z — axz? — dz3,

where we omit the positive function A = (1 + y2 + z2)1/2 in (10), and
A =(1 + x% + z2)/2in (11). So, the singularities at infinity of the system
(I) will be the singularities (y, 0) of (10) and (x, 0) of (11).

The point (y, 0) € Fy(U;) will be a singularity of (10) if and only if y
satisfies (n — 1)y2 + my + [ = 0. The matrix of the linear part DX(y, 0)
of the vector field (10) at the singularity (y, 0) is given by
(12) [m +2m -1y a+ by]

0 -y

The unique singularity (x, 0) € F5(Us,) of (11) which does not belong to
F(U,) is the singularity (0, 0). The matrix of the linear part DX(0, 0)
of the vector field (11) at the singularity (0, 0) is equal to

l—-n O
(13) [ o n}

Since system (I) does not have finite singularities, the polynomial
Ix* + ax3 + (d — m) x2 — bx + n has no real roots different from zero.

From (10)—(13) and this last condition it is easy to classify the singulari-
ties at infinity for system (I), the result is given in Table 1.

Similarly, we can classify the singularities at infinity for systems (II)-(X)
when they have no finite singularities, the results are given in Tables
2-10. Note that to study system (X) it is necessary to consider the im-
aginary conics.

Table 11 summarizes the classification of the singularities at infinity.

3. Phase portraits for degenerate, linear and constant CQS.

LEMMA 2. For a degenerate, linear or constant CQS (1), there exists an
affine transformation and a scaling of the variable t which reduces it to one
of the systems:



TasBLE 1. The singularities at infinity for system (I).

System
O
has at
infinity

8N‘~N1NN ulm»—-ulwu‘w-u

singularities
of type

(E.E.E)
(E)
(E,S)

(E,E,S)

(E,T)
(E,E,S)
)
(S,5)
(E,S,S)
(S.H)
(S.7)
(E,S)
()

(S.5)

degen.

if

m—an—1DI>0 | (L)

1£0 |m—4n—1I<0 | (L2)

n#0, 1 m2—4n—1DI=0 (L.3)
T ITm#0 (1.4)

=0 m=0 (1.5)

mt + 4l > 0 (L.6)

1£0 | m+4l<0 (L7)

me 4+ 4l =0 (1.8)

n=0 m %0 (1.9)
1=0 220 (L.10)

m=01 ,-0 (L11)

m # 0 (L.12)

1 #0020 (L13)

A R P (L14)
m=0 (L15)

with

A

(B)

©

(B

(A)

(B)

In Table 1, we have:

(A) The polynomial Ix*+ax3 + (d — m)x2 — bx + n has no real roots different from zero.

(B) Eithera = 0,d — m # 0 and b2 — 4n(d — m) < 0,
ora=b=n=0andd - m #0,
ora=d-m=n=0and b #0,
ora#0andn=b=d-m=0,
(C) Eitherb=0and a2 —4l(d—-—m)<0,orb=a=d - m=0.

ora=d—-m=b=0andn # 0,
ora#0,n=0and (d — m)? + 4ab < O,

SWALSAS JILVIAVNO TVAYOHD
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TaBLE 2. The singularities at infinity for system (1I).

3 (E,E,E) m2 —4n — DI >0 [(L])
1 (E) I#0 | m—4n—-1DI<0 [(L2) (A)
2 (E,S) n#0,l m2—4n — DI =0 |(L3)
3 (E,E,S) [ m # 0 (IL4)
2 (E,T) O mZo (IL5) ®)
System | 3 (E,E,S) m + 4l > 0 (1L.6)
(D 1 | singularities | () , I#0 | m?+4 <0 L7 | Gith 1 ©
hasat | 2 | of type (S.9) if | ,=0 m2 + 4l = 0 (IL.8)
infinity |3 (E,S.S) =0 | m#0 (11.9) (D)
2 (S,7) m=0 (11.10)
2 (E,S) / m#0 (IL11)
1 () | 0 m=0 (IL.12) A
2 (5.5) "= I—o | m#0 (I1.13) )
00 degen. m=20 (11.14)

In Table 2, we have:

(A) b2 — 4nd < Oand a2 — 41d < 0,
(B)a =0and b2 — 4nd < 0,
Ob=0andaz2—-41ld <0,
MD)a=>b=0andd # 0.

8SL
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TaBLE 3. The singularities at infinity for system (III).

System 3 (E,E,E) (m—-12—-4nl>0 | (IILD)
am | 1| singularities | () n#0 | (m—12—dnl<0 | A2 | .| (&)
has at 2 of type (E,S) if (m - 1)2 —4nl =0 (III.3)
infinity ", (E.H) n=0 (I1L4) (B)
In Table 3, we have:
(A) the polynomial nx* — mx® + (I — b)x2 + ax + d has no real roots,
(B) either m =0, /] — b #0 and a2 — 4d(l—b) <0, orm=I1l—-b=a=0andd #0.
TaBLE 4. The singularities at infinity for system (IV).
3 (E,S,S) m?2 — 4nl > 0 (IV.1)
System 1 (E) 0 m?2 —4nl <0 (Iv.2)
v) 2 singularities (E,H) ) m2 — 4nl = 0, 4an? — 2bmn — m?2 # 0 | (IV.3)
has at 2 of type (E,T) if m?2 —4nl =0, 4an® — 2bmn — m2 =0 | (IV.4)
infinity ) (S,H) o m#0 av.s)
1 (H) m=0,l#0 (IvV.6)
System (IV) is linear when n=m=1[1=0 (av.7n

In Table 4, we have always either / # 0 and a2 — 4ld < 0,or/=a =0and d # 0.

SWHALSAS JILVIAVNO TVAYOHD
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TaBLE 5. The singularities at infinity for system (V).

System | 3 (E,E,E) (m— 12— 4nl >0 v.1) |
V) I | singularities | (E) n#0 (m — 1) —4nl <0 (VD | yith | W
has at 2 of type (E,S) if m—-12—-4nl =0 (V.3)
infinity ™", (E,T) ln=0 vy | (B)
In Table 5 we have:
(A)y(m+b)2 —4n(d+a+ 1) <Oand(m — b)2 — 4n(d —a + 1) <0,
Bym=b=0andd+1# + a
TABLE 6. The singularities at infinity for system (VI).
3 (E,E,E) (m— 1)2 — 4nl > 0 (VL1)
System i (E) n#0 (m — 1% — 4nl < 0 (V1.2)
(VD) 2 singularities (E,S) o (m— 12 — 4nl =0 (VL.3)
l!-:laﬁsn?tt 2 of type (E,T) m# 1 (VL4)
¥ 1 (T) n=0 | m=1,1#0 (VL5)
o0 degen. m=11=0 (V1.6)

09L
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TaBLE 7. The singularities at infinity for system (VII).

3 (E,E,E) (m—12—4nl>0 | (VIL])
System 1 (E) n#0 (m—12—4nl <0 (VIL2) b2 —4nd <0
(VID) 2 singularities (E,S) £ (m—1)2 —4nl =0 (VIL3) with
hag a}t 2 of type (E,T) m#1 (VIL.4)
infinity (T) n=0 | m=1,1%0 (VIL5) b=0,d#0
© degen. m=11=0 (VIL6)
TasLE 8. The singularities at infinity for system (VIII).
3 (E,S,S) mZ—4nl >0 (VIIL1)
1 (E) m2—4nl< 0 (VIIL2)
System n#0 b2 — dnd < 0
(VIID) 2 singularities (E,H) " m2—4nl=0,2an—(b—1)m #0 | (VIIL3)
has at 2 of type |(E,T) ! m?—4nl=0,2an—(b—1)m=0 | (VIIL4) | iy
infinity | —
A (S,7T) _o |m#o0 (VIIL5)
1 (T) "= m=0,120 (VIIL6) b=0d#0
System (VIII) is linear when n=m=1[=0 (VIIL.7)

SWALSAS JILYIAYNO TVAIOHD
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TABLE 9. The singularities at infinity for system (1X).

3 (E,S,S) mZ — 4nl > 0 (IX.1)
2 _
System 1 (E) "t 0 m? — 4nl <0 (IX.2)
(IX) 2 singularities (E,H) o m? — 4nl =0, 2an — bm # 0 (I1X.3)
has at 2 of type (E,T) ! m2 — 4nl = 0, 2an — bm = 0 (IX.4)
infinity |, (S,T) o | m#0 (IX.5)
1 (T) h m=0,l+#0 (IX.6)
System (IX) is linear or of degree zero whenn =m =17/=0 (IX.7)
TaBLE 10. The singularities at infinity for system (X).
System (E) % m2 — 4nl/ < 0 and either /D > 0orD =0 (X.1)
X) singularities | (ET) | f m2—4nl=2an —bm=D=0,b2—-4nd <0 | (X.2)
has at of type
infinity (T) = m=b=0,/#0anda® —4ld <0 (X.3)
System (X) is of degree zero when =l=m=a=b=0,d#0 (X.9)

In Table 10 the equation d + ax + by + Ix2 + mxy + ny? = 0 has no real solutions and

D

I
m/2
a2

m/2
n

b2

al2
b/2
d

oL
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TABLE 11. The classification of the singularities at infinity for
properly chordal quadratic systems.

(E,E,E) (L.1), (IL.1), (IIL1), (V.1), (VL1), (VILI).

(E,E,S) (L4), (16), (IL.4), (IL6).

(E,S,S) (1.9), (IL9), (IV.1), (VIIL1), (IX.1).

(E,S) (1.3), (1.12), (IL3), (IL11), (IIL.3), (V.3), (VL3), (VIL3).

(S,S) (1.8), (1.14), (IL.8), (IL13).

(E) (1.2), (11.2), (I1L.2), (IV.2), (V.2), (VL.2), (VIL2), (VIIL2),
(IX.2), (X.1).

(S) (L7), (L.13), (AL7), (IL.12).

(E,H) (IIL.4), (IV.3), (VIIL3), (IX.3).

(E,T) (L5), (IL5), (IV.4), (V.4), (VL4), (VIL4), (VIIL4), (IX.4),
(X.2).

(S,H) (1.10), (IV.5).

(S,T) (1.11), (IL.10), (VIILS5), (IX.5).

(H) (IV.6).

(T) (VL5), (VILS), (VIIL6), (IX.6), (X.3).

Degenerate  (1.15), (I1.14), (V1.6), (VIL.6)

x =1+ xy, x=1,
(D.1)!" (D4, .

V= y=y

x = Xy, x=1,
(D.2) { . (D.5) { .

y=1+by+ y=0,
m&f=”

y=1,

where |b| < 2.

PROOF. System (I.15) with d = 0 is (D.1). If d 5 0, then d > 0 (because
b? — 4d < 0). Therefore, the change x; = d'/2x, y;, = d 12y, t; = dV/2 ¢
converts the system to the form

x=1+ xy,
(14) { )

y=1+by -+

and after the change x; = x — b’ — y, y; = y the system becomes (D.2).

System (I1.14) becomes (D.2) in a similar way to system (I.15) with
d #0.

System (IV.7) becomes (D.3) if b =0. If b # 0 the change x; =
bd-1(y — bx), y1 = d + by, t; = bt transforms the system to (D.4).

The translation x; = x + b, y; = y + a converts system (VL6) to
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X =x% —2bx + b% + 1,
1s)

y=d + xy.

If d’ # 0, then using the change x; = (b2 + D)V2(d") 1y, y, = (b2 + 1)~1/2x,
t; = (b2 + 1)1/2¢ system (15) becomes (14). If d’ = 0, then the change
x; =y, = (b2 + DV2x, t; = (b2 + 1)/2¢ converts (15) to (D.2).

System (VII.6) is equivalent to system (D.1) using the change x; =
dY(y + a), y1 = x.

System (VIIL.7) becomes(D.4) if a = 0. If a # 0 the change x; = d-!
(y — ax), y1 = ax converts the system to (D.4), too.

System (IX.7) becomes (D.4), (D.3) or (D.5) accordingto b # 0,5 = 0
and a# 0, or a = b = 0, respectively. Lastly, system (X.4) is equivalent
to (D.5).

THEOREM 3. The phase portrait of a degenerate, linear or constant CQS
is homeomorphic (except, perhaps for the orientation) to one of the separatrix
configurations shown in 20, 21, 22, 23 and 8 of Figure 1. Furthermore, sys-
tems (D.1)~(D.5) realize all of these configurations.

Proor. It will be sufficient to describe the flow of the systems given in
Lemma 2. System (D.1) has the following orbits x = —(2y)~! — ky and
y = 0; so, its phase portrait is given by 20 of Figure 1.

In U, system (D.2) becomes

y = (by + 2)z,
Z= —yz

(16)

If we omit the factor z we can draw the orbits of (16), so the phase portrait
of (D.2) is given in Figure 1.21. Lastly, the orbits of systems (D.3), (D.4)
and (D.5) are x = »22°1 + k, y = k exp(x) and x =1, y = k; respec-
tively. Hence, 22, 23 and 8 of Figure 1 follow.

4. Phase portraits for CQS with all the singularities of type E and S. Let
X be a polynomial vector field. Since the equator of S2 is invariant by the
flow of p(X) (see §2),a singularity at infinity of type E will be a saddle or
a node. Similarly, a singularity at infinity of type .S will be a saddle, a node
or a saddle-node (see Theorems E and S of the appendix).

From Theorems E and S, the stable and unstable separatrices of a saddle
p of type E or S form an angle into the point p. So, the equator separates
the hyperbolic sectors as in Figure 2. From Theorem S, the equator sep-
arates a saddle-node p as in Figure 3. We note that the matrix of the

linear part, Dp(X) (p), will be either
0 *}
o %o

#0 *} or
0 of
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according to whether p is of type S; or S, respectively.

FIGURE 2. A saddle of type E or S on the equator of S*
(We can reverse the orientation of the orbits).

FIGURE 3. The saddle-nodes of type S, or S, of p(X) on the equator of S*
(We can reverse the orientation of the orbits).

The following lemma generalizes Lemma 6 of [9)].

LEMMA 4. Let X(x, y) = (P(x, ), O(x, y)) be a QS. Suppose that X has
at the equator a singularity of type So, H or T. Then

(1) there exist at most two singularities at the equator

(2) if there is another singularity at the equator it can not be of type S,
HorT.

Proor. Since there is a singularity at infinity of type S,;, H or T, the
infinity of X is nondegenerate. Without loss of generality we can choose
a coordinate system (x, y) for X such that all the singularities at the equa-
tor are contained in Uj.

We write X in the form of equation (2). From (8), X becomes
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Ii’ =l + (my — L)y + az 4 (ny — m)y? + (b — ay)yz + dyz*
a7 —my? — by’z — diz%,

lz‘ = — Lz — ayz2 — myyz — mzy? — byyz% — dy25.
If (y, 0) is a singularity of (17), then it satisfies the equation
(18) my? — (ng — m)y?2 — (my — )y — I, =0
The matrix of the linear part, Dp(X) (y, 0), is given by

(my — 1) + 2(ng — my)y — 3ny )2 as + (by — ay)y — byy?

0 —h=-my-my* |

Since (y, 0) is of type S,, H or T we have that (my, — I)) + 2(ny — my)y
— 3nyy?2 = 0. Therefore y is a multiple root of (18). Hence (1) follows.

Let (1, 0) and (), 0) be two singularities at infinity of type S, Hor T
with y; # y,. Then, we have ny =ny —my=my, — Iy = I, =0, and
this is a contradiction because the equator would be degenerate.

THEOREM 5 (Poincaré’s index theorem, see [8]). The index of a surface
relative to any vector field X with at most a finite number of singularities,

d e

FiGURE 4. (a) Singularities of type (E, E, E), (E, E, S) or (E, S, S) with indices
(+1, -1, +1)

(b) and (c) Singularities of type (E, S, S) with indices (+1, 0, 0)

(d) Singularities of type (E, S) or (S, 5) with indices (+1, 0)

(e) Singularities of type (E) or (S) with index (+1).
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is independent of the vector field and equal to the Euler-Poincaré charac-
teristic of the surface.

LEMMA 6. Let X be a CQS with all the singularities of type E or S. Then
the behaviour of X near the equator of the Poincaré sphere is shown in
Figure 4.

ProOOF. From Theorem E, the index of a singularity of type Eis +1 or
— 1. While, by Theorem S, the index will be +1, —1 or O for a singularity
of type S.

We note that, by Theorems E and S, and Figure 2 we have that a singu-
larity of type E or S with the same index has the same behavior with
respect to the equator.

Suppose that X has three singularities at the equator. From Theorem
S, their indices are (+1, —1, +1) or (+1, 0, 0). If the indices are (+1,
—1, +1), Figure 4.a follows. Now, assume that the indices are (+1, 0,
0). By Lemma 4, the two saddle-nodes are of type S;. Hence, Figures
4.b and 4.c follow.

If X has two singularities at the equator, then the indices are (+1, 0)
and Figure 4.d follows. Lastly, Figure 4.e shows the equator with a unique
singularity.

Markus [10] has shown that in the plane two C1 systems with isolated
singularities and no limit separatrices are equivalent if and only if their
separatrix configuration are equivalent. Thus, if a QDS X is such that
p(X) has only a finite number of singularities, it suffices to determine all
possible separatrix configurations in order to determine all possible phase
portraits.

THEOREM 7. The phase portrait of CQS with all the singularities of type E
and S is homeomorphic (except, perhaps for orientation) to one of the sepa-
ratrix configurations shownin 1,2, 3,4, 5, 6, 7 and 8 of Figure 1.

The proof follows easily from Lemma 6. We note that 1 and 2 of Figure
1 have indices (+1, —1, +1), and 3 and 4 have indices (+ 1, 0, 0).

TABLE 12.
1 (IL.1) withn > 1
2| of (IL.1) with n € (0, 1)
3|Figurel |x =y, p=1—y+ xy+ )2
The 4 is X =y, y=—1—y+xy+ )2
configuration | 5 | realizable | (I1.3), (IL.8), (V.3), (VIL.3)
6| bythe |(IL11), (I1.13)
8 | systems | all the systems of type () or (S) of Table
11




768 A. GASULL, S. LI-REN, AND J. LLIBRE

It is not difficult to verify Table 12. So, the eight possible configurations
given by Theorem 7 except, perhaps, configuration 7 are realizable for
CQS with all the singularities of type E and S. The configuration 7 will
be realized later on.

5. Phase portrait for CQS with some singularity of type H. From Table
11 a singularity of type H at infinity for a CQS appears in the cases (E, H),
(S, H) and (H).

We shall need the following lemmas.

LEMMA 8. For n # O the system
{5‘ = P(x, y),
y=d+ ax + by + Ix? + mxy + ny?,
with the change of variables x; = x, y; = y + m(2n)~1x becomes
I)‘c = P(x, y — m(2n)~1x),
y=d+ (2an — mb) 2n)"1 x + by + (4nl — m?) (4n)~1x2
1 + ny? + m(2n)"1P(x, y — m(2n)1x).
The proof follows easily.
LEMMA 9. For n # 0 the system
{x = P(x, y),
y=d+ ax + by + ny?,
with a = 0 can be written as
x=x2+1, X = x2, x=xz -1,
{)" = Q(x, y), {)’ = 0(x, y), {)" = 0(x, y),

according to whether k = b2 — 4nd is negative, zero or positive. And if
a # 0 it can be written as

Xx=y+ x2
{y' = 0(x,)).
PRrOOF. This follows easily with the changes of variables:
x; = 2nlk|7V2(y + b(2n)71), y1 = dnak-1x — k |k|1,
tp =21 k|V2rifk #£0,a #0;
x1=2nlk|"V%(y + b2n)Y), y; =x, H=21[k|2¢tif k #£0,a=0;
x1 =y +bQ2n)1, y =anlx, t =ntifk =0,a #0,;
and
x1 =y + b2n)1, y1=x, ti=ntifk =a=0.


file:///k/~/

CHORDAL QUADRATIC SYSTEMS 769

LeMMA 10. Let X(x, y) = (P(x, y), Q(x, y)) be a CQS with singularities
at the equator of type (E, H). Then the local phase portrait of the singularity
of type H is given by Figure 5.a.

Proor. From Theorems E, H and 5, the indices are + 1 for the singula-
rity of type E and O for the one of type H. Again, from Theorem H we
have that the singularity of type H is a saddle-node.

Since the parabolic sector of a saddle-node of type H reaches the
singularity in a unique direction given by the one of the three separatrices
(see Theorem H) and the infinity of a QS is invariant, we have that a
saddle-node of type H at the equator for a QS must be as in Figure 5.

Since the singularity of type E is a node, the orbits on the equator are
as in Figure 6. So, the configurations for the saddle-node shown in
Figures 5.c and 5.d are not possible.

By Lemma 8 and 9 systems (IV.3), (VIIL.3) and (IX.3) can be trans-
formed into system (III1.4). This system has the singularity of type H
at the point (0, 0) of the local chart (U,, F5). In this local chart the equation
becomes

(19)

X =1z + x2 — bxz — Ix3 — ax?z — dxz2,
2= —bz? — Ix2z—axz2—dz3.

We apply to this system two successive changes of variables x = x,
z = wyx and x = x, w; = wx. Therefore, system (19) is equivalent (after
omitting a common factor x) to

X =x+ wx — Ix2 — bx?w — ax3w — dx*w?,
W= —2w — 2w2 + Ixw + bxw? + ax?w? + dx3w3.

This system has exactly two singularities on the w-axis, from Theorems
E and S; they are a saddle at (0, 0) and a saddle-node at (0, —1), and the
saddle-node has the two hyperbolic sectors either to the right or to the
left of the invariant w-axis. So, from Figure 7, the lemma follows. (For
more details, see pp. 335-336 of [2]).

The next theorem follows immediately from Lemma 10.

THEOREM 11. The phase portrait of a CQS with singularities at the
equator of type (E, H) is homeomorphic (except, perhaps for orientation)
to the configuration shown in Figure 1.9.

Now we shall study the case (S, H). This case appears in systems (1.10)
and (IV.5). System (1.10) with the change of variables x; =y, y; =
d + ax + by becomes a system contained in (IV.5). By Theorem H we
have that the singularity of type H of system (IV.5) is the union of a
hyperbolic and an elliptic sector (because « =3, =1, a= —m?, b =
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FIGURE 5. The possible saddle-nodes of type H on the equator of S2.
In fact, only configuration a is possible (We can reverse
the orientation of the orbits).

node
saddle-node
FIGURE 6.
W W, Y
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< T
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FIGURE 7.
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Ficure 8. The possible configurations for a singularity of type H at infinity which

is the union of a hyperbolic and elliptic sector (We can reverse the orientation of the
orbits).

—3m). Then, by Lemma 4, the singularity of type S is a saddle-node of
type S.

From Theorem H, the orbits which reach or leave the singularity of
type H do so in a unique direction. So, we have that the local behaviour
at the singularity H must be as shown in Figure 8. The following lemma
tells us that, for (IV.5), the unique possibility for a singularity of type H
is given by Figure 8.a.

LEMMA 12. If m # O the semiaxes x > 0 and x < 0 are separatrices of
the origin for the system

20) {x =z — mx? — bxz — Ix3 — ax?z — dxz2,

z = —mxz — bz? — Ix?z — axz? — dz5.
ProOF. We apply to system (20) two successive changes of variables
x = x, z = wix and x = x, w; = wx. Therefore (20) is equivalent (after
omitting a common factor x) to

Xx=x(—m—Ix +w — bxw — ax?w — dx3w?),
W= w(m + Ix — 2w + bxw + ax?w + dx3w).

L
SN e T

FIGURE 9.
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This system has exactly two singularities on the w-axis, a saddle at
(0, 0) and a node at (0, 271m). So, from Figure 9, the lemma follows.

In short, since the singularity of type H of system (IV.5) in the local
chart U, is the origin of system (20), we have the following theorem.

THEOREM 13. The phase portrait of a CQS with singularities at infinity of
type (S, H) is homeomorphic (except, perhaps for orientation) to the con-
figuration shown in Figure 1.10.

Lastly, the case (H) only appears in system (IV.6). By Poincaré’s index
theorem and Theorem H we have that the singularity of type H is either
a topological node or the union of a hyperbolic and an elliptic sector (see
Figure 8). The second case implies that the behaviour of the flow on the
equator of the Poincaré sphere must be like that in Figure 10 and this
fact is impossible for the quadratic systems. So the phase portrait of
system (IV.6) is like 8 of Figure 1.

6. Phase portraits for CQS with some singularity of type 7. From Table
11 we must consider the systems whose singularities at equator are of
type (T), (S, T) and (E, T).

\\\‘_//
FiGure 10.

w z

~—

——
X X

—

\\ s

FIGURE 11.
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Case (T). In this case we have the following systems (VL5), (VIL5),
(VIIL6), (IX.6) and (X.3).

The system (VIL.5) has the equations

x=14 x2

20
(20) {)’)=d’+by+x2+xy,
after the change of variables x; = x, y; = (y + a)l~1. It has, at the
equator, a singularity of type (7) at the point (0, 0) of the local chart
(U,, Fy). In this local chart the system becomes

@1

X = —bxz + z2 — x3 — d'xz2,
= —xz — bz%2 — x2z — d'z3.

So, the zeros of the equation z(x2 + z2) = 0 give the directions to
reach the singularity of type (7). Then, the unique possible direction to
reach this singularity is given by the equator, z = 0.

If we make the change of variables x = x, z = wx, (21) becomes
(after omitting a common factor x)

¢ = —bxw + xw? — x2 — d'x2w?,
W= —w— w

The unique singularity of this system is (0, 0) and, by Theorem S,
it is a saddle-node. Since the unique direction to reach the origin of (21)
is given by the equator, Figure 11 follows. So Figure 1.8 gives us the
phase portrait of (20).

System (VII.5) is given by

X = x2
22 ’
(22) {)’/=d+ax+lx2+xy,
with d # 0 and [ # 0. We introduce the change x; = /|ld|~1/2 x,
yi=d|™V%a + Ix + p), t; = [71|d]|2¢. The equations (22) becomes

{)’c:xz,
y=+1+x2+ xy.

This system has the line x = 0 invariant and the other solutions are
given by y = F(2x)-! + x log|x| + kx. Drawing these solutions for the
minus sign we obtain again a phase portrait like that in Figure 1.8. But
for the plus sign the phase portrait is shown in 11 of the same Figure.

System (VIIIL.6) is given by

X = X,
3
(23) {)'/=d+ax+lx2.
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with d # 0 and / # 0. The transformation x; = |[ld~1|1/2x, y; = [71|ld}|
(y — ax) converts (23) to one of the two forms

X X,
}'7=.+__]+x2_

This system has the solutions x(t) = k exp(t), y(t) = + ¢t + k2271
exp(2t). When we choose the plus sign we obtain 8 in Figure 1. But, for
the minus sign, the phase portrait is shown in Figure 1.12.

System (I1X.6) has the equations

=1,
24 ’
(24) {}"=d+ax+by+lx2,

with / # 0. If b =0 the transformation x; = x + a(2])71, y; =
171 (y — (d — a%(4))™Y) (x + a(2])71)) converts (24) to the form

(25) {’:‘ =1

y=x%

Since the solutions of (25) are y = 371x3 + k, its phase portrait is
like 8 in Figure 1.

When b # 0 in (24) the change of variables x; = b(x + a(2)71),
y1 = b3y + b71(d — a%(4])71)), t; = bt converts system (24) to the
form

(26) {x =1,
y=y+ x%
Since the solutions of (26) are y = k exp(x) — x2 — 2x — 2 its phase
portrait is given in 13 of Figure 1.
Lastly, system (X.3) looks like 8 in Figure I.

Case (S, T). From Table 11 we must study the systems (I.11), (I1.10),
(VIILS) and (IX.5).

System (L.11) can be transformed into systems (VIIL5) or (IX.5) ac-
cordingly as b # 0 or 4 # 0 with the changes of variables x; = b71y,
y1 =bx, t; = bt or x; =y, y; = x, t; = dt, respectively. In a similar
way, system (II.10) is transformed into system (IX.5) with the change of
variables x; = y, y; = x, 1; = dt.

Now we consider the system (VIIL.5) which has the equations

{x=x,
y=d+ ax + Ix? + mxy,

with d # 0 and m # 0. We introduce the variables x; = mx, y; = (md)~!
(a + Ix + my + Im™1). In the new variables system (VIII.5) becomes
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X = X,
27
27 {}3=l+xy.

Since the solutions of (27) are given by x(t) = ¢ exp(t), y(t) =
exp(c exp (1)) (fiexp(—c exp(¢)) dt + k) its phase portrait is shown in
Figure 1.14.

System (1X.5) is given by

x 1,
{J’/=d+ax+by+1x2+mxy,

with m # 0. We consider the variables x; = [m|Y2(x + bm™1), y;=a—2blm™1
+ I(x + bm™Y) + my, t; = |m|"%t. In the new variables system (1X.5)
has the following equations

X =1,
(28 { L
) y=d F xy.

Note that we can assume that d’ = 0 or d’ = 1. The solutions of (28) are
x(t) =1, y(t) = exp(F27112) (d’ [} exp(x271t2)dr + k). So the phase
portraits of (28) for d’ = 0, minus sign; d’ = 0, plus sign; d’ = 1, minus
sign; d’ = 1, plus sign are given by 15, 16, 15 and 17 of Figure 1, respec-
tively.

Case (E, T). We must study the cases (1.5), (I1.5), (IV.4), (V.4), (V1.4),
(VIL4), (VII1.4), (1X.4) and (X.2).

By Lemmas 8 and 9, the cases (1.5), (I11.5), (IV.4), (VI11.4) and (I1X.4)
are contained in the cases (V.4), (V1.4) and (VI1.4). It is clear that system
(X.2) has a phase portrait like Figure 1.15. So we must study these last
three cases.

System (V.4) is given by

x=x2-1,
y=d+ ax + Ix2

with d + | # +a. If a =0, then the change of variables x; = x,
y1 = (d + D)1 (y — Ix) converts system (V.4) to the form

x=x2 -1,
y =1

The solutions of this system are x(z) = (1 + k exp(2t)) (I — &
exp (2¢))71, y(¢) = t. So, its phase portrait is shown in Figure 1.7. Note that
this phase portrait was the one not realized in §4.

When a # 0 we introduce the coordinates x; = x, y; = ai(y — Ix)
and system (V.4) has the equations
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29) {x ==L
( y=x+k,

where k = (d + I)a~1. Note that we can assume that k = 0, k # 1. This
system is solvable. If k > 1, then the configuration of (29) is shown in
Figure 1.7. If 0 £ k < 1, then its phase portrait is like 18 in Figure 1.
System (VI.4) is given by the equations
Xx=x2+4+1,
(30) .
y=d+ ax + by + Ix2 + mxy,

where m # 1. The singularity of type (T) for (30) is the point (0, 0) of the
local chart (U,, F,) and the system in this chart has the equation

€1))

x=( — mx? — bxz + 22 — Ix3 — ax?z — dxz?,
z = —mxz — bz2 — Ix2z — axz? — dz8.
So the unique direction to reach this singularity is the direction given by
z=0.
Assume m < 1. Then the singularity of type (E) is a node. By making
the change of variables x = x, z = wx in (31), we obtain (after omitting a
common factor x)

x=(0 —m)x — bxw + xw? — Ix2 — ax?w — dx?w?,

(32) { .

W= —w— w.

Since the unique singularity of (32) on the w-axis is a saddle and the
unique direction to the the origin of (31) is z = 0, we obtain Figure 12.
So the phase portrait of (30) with m < 1 is given by Figure 1.15.

Assume m > 1. In this case the origin of (32) is a topological node,
and since z = 0 is the unique direction to reach the origin of (31), we have
that the behaviour of (31) near z = 0 is given by Figure 13 but without
knowing if there is some elliptic sector. The singularity of type (E) for
(30) is the point (/(I — m)~1, 0) of the local chart (U;, Fy) and it is a
saddle. By making the inner product of the vector field (30) with the
vector(/(1 — m)~!, —1) on the line r = {(x, I(1 — m)~1x — am™! —
blmY(1 — m)1): x eR} we obtain ¢ =I(1 — m)"! —d + bam™! +
1b%(1 — m)~'m=1. So if ¢ = 0, the line r is an invariant straight line con-
necting the two opposite saddle points, and, by the Poincaré-Bendixson
theory on the sphere, the phase portrait of (30) is given in Figure 1.16. If
¢ # 0, r is a line without contact and so the separatrices of the saddles
cannot connect. Hence, from Figure 13, and, again, by the Poincaré-
Bendixson theory, the phase portrait of (30) must be like in Figure 1.17.
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System (VII.4) is given by

X = x2,
y=d+ ax + Ix2 + mxy,

with d # 0 and m # 1. We introduce the variables x; = x, y; =
y + I(m — 1)7lx. In the new variables system (VII.4) becomes

{x = x2,

33
(33) y=d+ ax + mxy.

If m # 0 the transformation x; = (md)~1(a + my), y; = mx converts
(33) to

(34) {x=l+xy,

y=mly

Since m # 1 the point (0, 0) in the local chart (U,, F,) is a node if
m < 1 and a saddle if m > 1. By the symmetries of system (34) it suffices
to study the half-plane —ym~1 > 0. The solutions are x = k(—ym-1)»
—m((m + 1)y)1form# —1and x = —y1(log|y| + k) for m = —1.
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Drawing these curves we obtain 6, 17 and 19 in Figure | forme [—1,0) U
0, 1), m > 1 and m < —1, respectively.

If m =0 and a # 0, then system (33) becomes
x = x2,
35
%) {J'/ =1+x

using the transformation x; = ad~lx, y; = a1y, t; = da 1.
Lastly, if m = a = 0, then system (33) is equivalent to the system

L 2
(36) £
y= 1.
Systems (35) and (36) have the solutions x(t) = —¢71, () =1t —
log|t| + k and x(t) = —t71, y(t) =t + k, respectively. Hence, they

have a phase portrait like 6 in Figure 1.
APPENDIX

This appendix contains the theorems which we use in this paper con-
cerning the local behaviour near a singularity of type E, S or H.

THEOREM E. (see [2]). Let (0,0) be an isolated singularity of the vector
field X(x, y) = (ax + by + F(x, ), cx + dy + G(x, y)), where F and G
are analytic in a neighborhood of the origin and have expansions that begin
with second degree terms in x and y. We say that (0, 0) is a nondegenerate
singularity if ad — bc # 0. Let Ay and 2, be the eigenvalues of DX(0, 0).
Then the following hold.

(1) If A1, Ay are real and A, A, < 0, then (0, 0) is a saddle (Figure 14.a)
whose separatrices tend to (0, 0) in the directions given by the eigenvectors
associated with A, and 2.

(2) If Ay, Ay are real and Ay A, > 0, then (0,0) is a node (Figure 14.b).
If 41 > 0 (resp. < 0) then it is a source (resp. sink).

B)VIf Ay =a + Biand A, = a — Biwitha, § # 0, then (0,0) is a focus
(Figure 14.c). If a > 0 (resp. a < 0) then it is repellor (resp. attractor).

(4) If Ay =Biand A; = — Bi, then (0, 0) is a linear center, topologically a
focus or a center (Figure 14.d)

The corresponding indices are —1, +1, +1, +1.

THEOREM S. (see Theorem 65 of [2]). Let (0, 0) be an isolated singularity
of the system

{x = X(x, y),
y=y+ Y(x ).

where X and Y are analytic in a neighborhood of the origin and have ex-
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FIGURE 14. The local behaviour near a singularity of type E
(We can reverse the orientation of the orbits).
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FIGURE 15. The saddle-nodes of type S
(We can reverse the orientation of the orbits).

pansions that begin with second degree terms in x and y. Let y = f(x)
be the solution of the equation y + Y(x, y) = 0 in the neighborhood of
(0, 0), and assume that the series expansion of the function g(x) = X(x,
S(x)) has the form g(x) = a,x™ + ..., where m 2 2, a,, # 0. Then the
Sfollowing are true.
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(1) If m is odd and a,, > 0, then (0, 0) is a topological node.

(2) If mis odd and a,, < 0, then (0, 0) is a topological saddle, two of whose
separatrices tend to (0, 0) in the directions 0 and w, the other two in the
directions /2 and 37/2.

(3) If m is even, then (0, 0) is a saddle-node, i.e., a singularity whose neigh-
borhood is the union of one parabolic and two hyperbolic sectors, two of
whose separatrices tend to (0, 0) in the directions 7|2 and 32 and the other
in the direction 0 or © according to a,, < 0 (Figure 15.a) or a,, > 0 (Figure
15.b).

The corresponding indices are +1, — 1, 0 so they may serve to distinguish
the three types.

THEOREM H. (see [1]). Let (0, 0) be an isolated singularity of the system

{fc =y + X(x, )
y=Y(x,»)

where X and Y are analytic in a neighborhood of the origin and have expan-
sions that begin with second degree termsin x andy. Let y = F(x) = a,x% +
asx3 + --- be a solution of theequa tion y + X(x, y) = 0 in the neighbor-
hood of (0, 0), and assume that we have the following series expansions for
the functions f(x) = Y(x, F(x)) = ax*(1 + - - -) and O(x) = (0X/0x + 0Y/0y)
(x, F(x)) = bxf(1 + ---) wherea # 0,a =2 2 and 3 = 1. Then

(1) If a is even, and

y y

&;»j/ . NI
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N TN
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| N
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FIGURE 16. The local behaviour near a singularity of type H
(We can reverse the orientation of the orbits).
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(l.a) @ > 28 + 1, then the origin is a saddle-node (index 0), see
Figure 16.a.

(1.b) either « < 23+ 1 or O(x) = 0, then the origin is a singularity
whose neighborhood is the union of two hyperbolic sectors (index 0), see
Figure 16.b.

(2) If « is odd and a > 0, then the origin is a saddle (index —1), see
Figure 16.c.
(3) If a is odd, a < 0, and

(3.a) either « > 23 + 1 and B even, or « =2 + 1, Beven and
b2 + 4a(f + 1) = O, then the origin is a node (index +1); see Figure
16.d. The node is stable if b < 0, or unstable if b > 0.

(3.b) either « >28 + 1 and B odd, or ¢ =28 + 1, B odd and b2 +
4a(B + 1) Z O, then the origin is the union of a hyperbolic and an elliptic
sector (index +1), see Figure 16.e.

(B.c) either «a =28+ 1 and b2 + 4a(B+ 1) <0, or ¢ <28+ 1
(or O(x) = 0), then the origin is either a focus, or a center, respectively
(index +1).

REFERENCES

1. A F. Andreev, Investigation of the behaviour of the integral curves of a system of
two differential equations in the neighborhood of a singular point, Translation of A.M.S.
8 (1958), 183-207.

2. A.A. Andronov, E.A. Leontovich, I.I. Gordon, and A.L. Maier, Qualitative theory
of second-order dynamic systems, John Wiley & Sons, New York (1973).

3. L.A. Cherkas, On the conditions for a center for certain equations of the form
y' = P(x) + Q(x)y + R(x)y?, Diff. Eq. 8 (1972), 1104-1107.

4. W.A. Coppel, A survey of quadratic systems, J. Differential Equations 2 (1966),
293-304.

5. E.A.V. Gonzales, Generic properties of polynomials vector fields at infinity, Trans.
of A.M.S., 143 (1969), 201-222.

6. W. Kaplan, Regular curve-families filling the plane, 1, Duke Math. J. 7 (1940),
154-185.

7. ———, Regular curve-families filling the plane, 11, Duke Math. J. 8 (1941),
11-46.

8. S. Lefschetz, Differential Equations: Geometric Theory, Interscience, New York
(1962).

9. Sheng Li-Ren, Systémes quadratiques et composantes de Reeb, Preprint, Université

de Strasbourg (1984).

10. L. Markus, Quadratic differential equations and non-associative algebras, Ann.
Math. Studies 45 (1960), 185-123.

11. J. Sotomayor, Curvas definidas por equagoes diferenciais no plano, Instituto de
Matematica Pura e Aplicada, Rio de Janeiro (1981).

12. G. Tavares dos Santos, Classification of generic quadratic vector fields with no
limit cycles, Lect. Notes in Math. 597 (1977); 605-640.

13. Ye Yanqian, Some problems in the qualitative theory of ordinary differential equa-
tions, J. Differential Equations 46 (1982), 153-164.



782 A. GASULL, S. LI-REN, AND J. LLIBRE

SECCIO DE MATEMATIQUES, FACULTAT DE CIENCIES, UNIVERSITAT AUTONOMA DE BARCE-

LONA, BELLATERRA, BARCELONA, SPAIN
DEPARTMENT OF MATHEMATICS, ANHUI UNIVERSITY, HEFEI, AN HUI, PEOPLE’S REPUBLIC

OF CHINA

SEcc10 DE MATEMATIQUES, FACULTAT DE CIENCIES, UNIVERSITAT AUTONOMA DE BAR-
CELONA, BELLATERRA, BARCELONA, SPAIN



