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APPROXIMATION OF LINEAR
OPERATORS ON A WIENER SPACE

D. LEE

ABSTRACT. We study optimal algorithms and optimal informa-
tion in an average case model for linear problems in a Wiener
space. We show that a linear algorithm is optimal among all al-
gorithms. We illustrate the theory by interpolation, integration
and approximation. We prove that adaption does not help.

1. Introduction. In a series of pioneering papers commencing with [4],
Larkin studied average case error, mostly for linear problems in a Hilbert
space equipped with a Gaussian measure. The average case model was
further developed in [8], [13], and [14].

Following the average case model of [13], in this paper we study linear
problems in a Wiener space. A Wiener space is a Banach space of con-
tinuous functions equipped with a Wiener measure. Linear problems in
a Wiener space were first studied in [7], where optimality was considered
in the class of linear algorithms. This paper investigates optimality in.the
class of all algorithms. It also studies optimal information and adaptive
information.

We summarize the main contents of this paper.

In §3 we formulate the problem and recall the concepts of information,
algorithm, radius of information, optimal information and optimal al-
gorithm.

We address the problem of interpretation in §4, and we derive the
optimal algorithm, which turns out to be linear, and the radius of informa-
tion.

Based on the results in §4, we study the problem of approximation of
continuous linear functionals in §5. We derive the optimal algorithm and
the radius of information. As a specific case, we investigate the problem
of integration.

In §6 we study the problem of approximation of bounded linear opera-
tors. As a specific case we study the approximation problem.

In §7 we discuss adaptive information versus nonadaptive information,
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and we show that adaption does not help for linear problems in a Wiener
space.

2. Wiener space. Since the original work by N. Wiener in the 1920,
Wiener measures have received a great deal of attention, because of their
usefulness in the applied fields of statistical and quantum mechanics as
much as for their intrinsic mathematical interest, see [15, 16, 1, 2].

In this section we recall the definition of the classical Wiener space and
measure; for more detailed discussion, see [3].

Let F; denote the set of real-valued continuous functions f in the unit
interval [0, 1] with f(0) = 0. F; is a Banach space with the supremum
norm | f| = supg<<; |f(¢)|- Let B be the Borel g-field of Fj, and let w
be a Wiener measure defined on B. Recall that w is uniquely defined by

w({fe Fi: (f(ty), . ... f(t.)) € E})

@0 = (2775)_"/2'13101‘ -tV
13w — u;_1)2>
jEexp< YAt duy ... du,,
wheren 2 1,0 =1ty<t;...<t, =1, uy =0, and E is a Borel set in

R». Here du; ... du, denotes the Lebesgue measure in R*, The space F;

with a Wiener measure is called a Wiener space. For a measurable function

G: F; = R, fr, G(f)w(df) is understood as the Lebesgue integral with

respect to w. If G(f) = V(f(¢y), ..., f(2,)), where V: R* > Rand 0 < t; <
- <t, =1, then

§, 6man = §_vua..... fewan

@2 = Qo[ - )V
=1
U _L”M>
j_w . V(u, ..., u,) exp( > ,; P duy du,,

where ¢ = 0 and 4, = 0.
In particular, see [3, p. 38], for G(f) = f(t,)f(t,), where 0 £ t;, £, £ 1,

@3 [, fanftawi@n) = min{t, 1),
We need the following

PRrROPOSITION 2.1. If s(t) is of bounded variation, continuous from the
right, and s(0) = 0, then
@ [ f(0)ds() - fBw(df) = [§ds(t) + if1/tds(t),

where 0 £ 1 £ 1;
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(i) [ (f5 f()ds())2w(df) = [§(J§ uds(u))ds(t) + [§(tf} ds@u))ds(z).
If s(t) is continuous, then
(i) §m f3A(0)s@)dt - fDw(df) = fhts()dt + 11/ts(t)at,

where0 <1 < 1;
(1v) [ (B S)s(0)dtyw(df) = [§(s(@) fhus@u)du)dt + [§(1s(2) f} s(u)du)dt.

For the proof, see [5].

3. Formulation of the problem. Let F; be a Wiener space, and let F, be
a separable Hilbert space. Let

(31) S: Fl—>F2

be a continuous linear operator, called a solution operator.

We seek an approximation to S(f) for all fe Fy, given function values
of fat n points. 0 < t; < ... < ¢t, = 1. That is, the information N is
defined as N: F; — R», and

(32) N(f) = (f(t), . . ., f(1,)), for all fe Fy.
An approximation to S(f) is provided by o(N(f)) where
(3.3) ¢: N(Fy) — F,.

We call ¢ an algorithm using information N. The (global average) error
of ¢ is defined as

1/2

G4 elp. V) = {[ 150 = oN(DI2 widh)

Let @(N) be the class of all algorithms ¢ using N for which the error of
¢ is well defined, i.e., [[S(-) — @(N(-))]|? is a measurable function. We
stress that the assumption about the measurability of ||S(:) — @(N(-))|?
is not restrictive as is shown in [11]. We wish to find an algorithm ¢* from
O(N) with the smallest error. Such an algorithm is called an optimal
algorithm, and its error is called the radius of information, denoted by

3.5) rN) = elg*, N) = _inl elp, N).

An n-th optimal information N* minimizes the radius of information
among all information & = {N: N(f) = (f(t)), .. .»,, f(t)), 0 < t; < ...
<t, £ 1}, ie,

3.6) r(N*) = inf r(N).
Ner
To verify whether an algorithm is optimal, we need

LEMMA 3.1. Given information N, an algorithm ¢* € O(N) is optimal iff
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(37) J,. 50 = 9 @), NI = 0
for all p € O(N).

The proof is similar to that of theorem 4.4 in [13] and is omitted.
From Lemma 3.1, we can easily derive

COROLLARY 3.1. Given information N, let ¢of and ¢f be optimal algo-
rithms for the continuous linear solution operators Sy and S, respectively.
Then the algorithm ¢* = a1pf + azpf is an optimal algorithm for the
solution operators S = a;S) + ayS,, where ay and ay are arbitrary real
numbers.

4. Interpolation. In this section we study the interpolation problem,
that is, we approximate

S(f) = f(i), where 0 < 7 < 1,

given information

@1  N(f) = (ft), ..., f(t,), where 0 < t; < ... < t, < L.

The solution of the more general problems will follow from the solution
of this simple problem. We shall show that there exists an optimal linear
algorithm, which is piecewise linear interpolation. The radius of informa-
tion will also be derived.

We first prove the optimality of piecewise linear interpolation. Let
fr=ft),k=1,...,n,and let f = 0 and ry, = 0. We have

THEOREM 4.1. For the interpolation problem, piecewise linear interpola-

tion is optimal. More specifically, let

O*(f1r o5 S

ltk+1_tf+ -t

v i 8, S TS 1y,

=0 F e —t
BTk #17 "% for some k from {0,...,n — 1},

4.2)

lf'm lftnéié L.

Then ¢* is an optimal linear algorithm among all algorithms from O(N).

ProOF: It is obvious that ¢* is optimal if { = #,, for some k£ from
{0, ..., n}, since e(N, ¢*) = O for this case. Thus it is sufficient to con-
sider the following two cases. ()¢, < f < ty,1, k=0, 1,...,n—1;
()t,<t=1,ifr, <1.

Case (). By Lemma 3.1, we need only to show that
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_ o Ly —1
wy = OB o fwa)
=0
for all p € O(N). Let
(44) I = Il — 12 —_ 13,
where
b=, fOphe .. L,
= B e fw),
and
I; = jFl tk+1 — t "t fernp(fr, - - . LIW(AS).
Let f; = f(7). Then, from (2.2), we have
Iy=Qm) "2 ]jl(ti_ t;)7l2 j_w . jio tt:+11_ tku (U, -+ v, Uy)
(4.5) . ) y
x exp<— ~—Z ;ut’ll—)dul o du,,
=1 - ti-1
s Up)

L=ty o
el S CEREE

=(27r)_"/2,]j1 (t;—1;1)712 j_m o J-

(4.6)
x exp< % Z} ——(u.:u; 13 )dul
where yy = 0, and
= @y 12((J] 0 = t-072) = 1) 2ty =) 12
(1,0 - 10
0o 00 k —1. o — 2
% f_oo . j‘_wugw(ub s u,,)exp< (Z;(ut’,_l:':i) (ué_l;:)
(U1 — up)? & (w — uig)? ))
+ La
tpr1 — 2 iZFe i — i
X duy - duyduzduy,, - - - du,

“.7

= a1 [ (6= 1r)V2) (a = 82— 1)ty = D)
=]

z
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X j_w “ee j‘_m(p(lll, ey u”)

x exp< Z (o = up)? >exp<_%_ (g — uk)2>

= R ) L1 — U
x<:u; exp(—%(%fi’;) + (L;’: 11—_u22)2>>dui>du1 - du,
Since
o o — )2
j_w Uu; exp<— %< (uit = 1;:)2 + (“tk;ll —uit) >>duz
= V(g = 1) A = 12ty — (/) s+ Uiy =Dt
Il — Iy
1 (g1 — uk)2>
x exp( — = ~Herl T %W)7 )
xp< 2 h—
we have
1= @) [t 10772ty = 0820 = 1 Aty =)
oo 1 7 = U 1)2)
leoo j <§D(u1""’ ")CXP< 2; ;i — tiy
% exp(% (Uk+1_lt‘k) >(2n.)1/2((tk+l_tk) 12(7 — 1,)172
X (tes1 — DV2) ¢ - tk)u};:il"'_(ttljl — Du,
4.8) L )2
- = k+l T Y e
exp< e >>du1 du,
= 2 —n/2< & t; — ti_ —1/Z> jm
@y ([ = ) |
® ( ter — 1 t— 1, )
j—w( Lpr1 — 1 et el — 1 Uar )P - 2 )

SR
X exp< ;%) duy - - - du,.

Comparing (4.8) with (4.5) and (4.6), we have [ = [, — I, — I; = 0.
Case (i1). By Lemma 3.1, we need only to show that
49 J= L @ = o*(frs - SN - - LIwdf) = 0,
1
for all p € O(N).

From (4.2) we have
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J= j s = L)W - - L)W
(4.10) Fi

= [, fotho o towid) = [ fupin- - fw).

We now compute
fplfzfp(ﬂ ..... fwldf) = (zﬂ)—n+1/z<i](t’_ — ti_l)~1/2> (t — t,)1/2
x j'io - j:) up(ug, . . ., u,,)exp< iL_——IZi—)Z>

X exp<

(“Zi—:_t%ﬁ>du1 - duydu;

= (Zﬂ)—n+1/2<li[ (t — t, 1) 1/2>(t —t ) 1/25 j (p(ub ey
x exp< —%—é (u;l__bz i)2>

X (f:} u; exp(— _é__(“;_:.t%i> duz>du1 - duy,.

Since
.‘i u; exp( - (L't—)> duy = (i — £,)V2(2m) 2,
we have
[ ot gt
= @O ([ (1 = 1)) = 1)1

x jo_om 5 <<p(u1, cee s Uy)e

4.11) exp(— _;_ }”3 (Ltf__“_fl)—> (i — t,)2(27)"2u, >du1 e du,

=1 i~ i

= (277:)_71/2 & (tz - I 1) 1/2-“ . te jo_o un(p(ul’ ey un)

z

=1
__1_ s (M, - Ui1)” 1) >
X exp< > ;1 P~ -+ du,

- j’ O ATTC))

From (4.11) and (4.10), we have (4.9). This completes the proof.
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Recall that the radius of information is the error of the optimal algo-
rithm. From Theorem 4.1, we have

THEOREM 4.2. For the interpolation problem, the radius of information is

0, if t = t,, for some k from {0, . .., n};
4.9 r(N)=] (“’Ltt)_—(tt—t’*) ift, <t <t, for somek
1 kL Tk from {0, .., n — 1};
Vi—t, ift, <1 = 1.

PROOF. It is obvious that #(N) = 0if 7 = 7, for some k from {0, . . ., n}.
Suppose therefore that ¢, < f < t,,; for some k=0, 1,...,n — 1.
Then

2= eV = [ (A0 - Sl g - LSt g )

L1 — U Tpe1

= | dopwan + (=LY | (repyewian
+ () f (flt4)0(d)
—2 e m L f o) —27 20 | e

4ol =1 1 j St fterIWdS)

vl — L tk+l - t

. ter1 — 1 \? t—t tho1 — 1 t—1t,
EVE L SV PN B EA
i1 — 4 /) F t— 1) FF tpry — 1y tpr1 — Iy

+ 2t = -1 .tk=(tk+1_i)(i_tk).
tprr =t vl — U tpv1 — I

So

HN) = \/(tk+1 - -t

Lpv1 —

Finally, suppose that ¢, < ¢ < 1. Then
HNY2 = e, 992 = [ 00 = Kwian) = [ oy
=2, fouwen + § @y =1 - o,

So



LINEAR OPERATORS 649
r(N) = ‘\/i - tn,
which completes the proof.

5. Approximation of continuous linear functionals. In this section, we
consider the optimal algorithm and the radius of information for a solu-
tion operator S, which is a continuous linear functional. The problem of
integration is considered as a specific case.

Since F; is a subspace of the space C[0, 1], S has a continuous linear
extension to C. Therefore, by the Riesz representation Theorem,

E3) st = | fwst),

where s is of bounded variation, continuous from the right, and s(0) = 0.
Given information as in (4.1), we have

THEOREM 5.1. For the solution operator S of the form (5.1),

(5.2) O*(fps - - o) = Z; B.fs
is an optimal linear algorithm among all algorithms from O(N), where
f;‘=f(ti), i= 1,...,}1.
1 ti+1 tit1
Bi = 7———< i+1 ds(t) — j tds(t))
3 t; t;

i+1 — U

1 tg d t) t; td (t)
S CRS MC O WCE0))

di=1,...,n—1,and

j as(t) + s <j::_1tds(t) — 1 _" : ds(t)).

ProOF. For 0 = #) < t; < -+ < 1, £ tyu1 =1, let 49 =
I/m(t; — t;)), and let ¢ = t;  +jd9, j=0,1,...,m;i=1,...,
n + 1. By the definition of Riemann-Stieltjes integral we have

[ornaste) = tim 535 ) (02 = staf)
m—o0 {=] =

(5.3)

We use the solution of the interpolation problem for each ¢/ to solve
our problem. By Theorem 4.1, we have

f (e = (= e + 2000 oo fwed) =

and
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J, 0w = gepethe . fw = @) =0,
forallpe @®(N)andi=1,..., nj=0,1,..., m.
Thus
J (B e 6y = sy
i=1 j=0
b (CET PR
X (5(t) = 56 = 8 J(0) ((4f1?) = 0 ))
X 9(fy - fIWCS) = 0,
and so
tim (5 "'zlf(wxs(z 2) = s()
m—oo J F1 \1=1 ;=0 A /
(= 4 = t, 4P =t
(54) tg 7=0 < t; ;— f(t’ 1) + l f(t )>

X (s(tf) = 5(t7)) =" fit) (L) = st70)
7=0
X QUi+, L) = 0.

From the definition of Riemann-Stieltjes integral we have
lim Z D) (s(tf2) = s, - - . LIw(dS)
a0 (jﬂf(t)(p(fl ..... Fow@n) s, i = 1, .. oom + 1.

We shall show that

(5.6) ([, Aweth . fowidh) Jasto)

= Ll G::_lf(t)w(fl, . -,f,,)ds(z)>w(df),

and the proof will be completed, since, from (5.4), (5.5) and (5.6), we have
J o (Jyodse = ot pa)oti - St
= [, (J,fwaso - % ﬁfff)so(fl ,,,,, fowldr)

= | ([ sy - Zl Lt (" sty - (7 s
S\t — 4
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- t‘,_ < B j' ds(t) — j:j_ltds(t)>>f(t,-)
([ s = (7 s = 1 7 ast0))10e)

AT
=& moa0-5(" (=

)
+ L2 bm ) ase) - f(tn)dS(t)>so(f1,--.,fn)W(df)

t; —

ntl (ot

-3), (j f(t)<p(f1,---,ﬂa)w(df)>ds(t)

—;i.‘.i (S <t _t,_ fit; ) + =t ﬂt))

% plhe - S st = . ( j o - - s Sy ds(@)
= lim (il Z‘jf(r @) (s(22) — s(2))

m—00 v=1 7=0
n m—1 ti — t .‘ —_ ti—l @ @)
-55 B () + L ) )02 — s(ef7)
= — i i—

= ) () = SN ol Swd) =,
ie.,

5 P (5 :f ()ds(t) — é ﬁ1ﬁ><p(ﬁ, - [yw(df) = 0, for all p € D(N),

where §;’s are given in (5.3). We now derive (5.6).
Let G(t, /) = f(Wo(fs, - - -, f,) and let t, = f(¢) for t;_; < t < t;. Then

"G = 9 S | " fwdsto).
Since @(fy, - - -» f,) € Ly(F1, w) and [ f(t)ds(t) € Ly(Fy, w),
.7) 5:1 G(t, £)ds(t) € Ly(Fy, w).

On the other hand, since 7, ; <t < ¢,

jn G(t, f)w(df) = j [ Ji9Uss SIW) = Qo)
< (L=t 2)e-02e—tp22 |7 |7 ugt,..u)
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_1 (uj — uj—1)2> <_ 1 (@ — u)? 1 (u — ui—1)2>
* exP( 2 ,;. t; — t;i P2 t;—t 2 t—t;

X duy + -« du;_1dudu; - - - du,
= (2r)nt1/2 (Jl;[(tf — tj_l)—1/2> (t;, — 1) V2t —t;_q)712

J‘o_ooo...j‘:fp(ub . ..,u,,)exp(-— %ZM)

jE ol —tiy

(j:o u, exp(— 1 —w) _ l(“'——”"——l)z>du,>dul .o du,

2 t,—t 2 t—t;
Since
oo o u)2 oy )2
j_oo u, exp(— _é_ (u;i _utt) - % (utt—;:z—-ll) >du,
_ V(s 1 \-1/2(s — 5. M/2(p. — 12y E— LoD+ (8= u;_y
= Qu)VA(t;— ;) VAt = t;_ )V At — 1)1?) -
_ _LM)
x exp( =)
§, 6w
_ S - TPTEPTIR S Y O Rl Ul 7800 75 o (75t )78}
=(27) ,I;[l (tj—t;_1) j . j_m r—

(s8) %ol wexp(— 3 I LD Jay - au,

= (1) J”I;[l (t — t,1)V2 t—tig j . fiolfss - - o £)W(dS)

L=t
t, —t
+ 2 gl S,
i i1 J R
So [p, G(t, f)w(df) is integrable with respect to s(z), and (5.6) follows
from this fact, (5.7) and Fubini’s theorem.
From Theorem 5.1 and Proposition 2.1, we can easily derive

THEOREM 5.2. The radius of information N(f) = (f(t), ..., f(z,),0 <
ty <...<t, 21, for the solution operator S as in (5.1) is

F(N) = ( j' ;( _" ; uds(u)> ds(t) + _f ; (z_": ds(w)ds(7)

+ éﬁ?ti - 2§ ﬁ,q; tds(t) + ¢; j:ids(t)> +2 ) ﬁ,.ﬁ,t,.>1/2,

1=<j<n

(5.9)

where B;’s are given in (5.3).
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For the more specific solution operator

(5.10) sin) = [ rosa,
where s(z) is continuous, we have
THEOREM 5.3.

is an optimal linear algorithm among all algorithms from ®(N), where
B; = t;(tm j"“ s(t)dt — j’tm ts(t)dt)
t; t;

i+l — L

(5.12) _ _1____<,,._1 j' : s(t)dt — jzf_lzs(t)dt>,

1 — 1,1
i=12,..,n—1,
and
1 1 b tn
8, = j s(t)dr + t—< j " st 1,4 j tn_ls(t)dt>.

tn n— 1

The radius of information is

(N = (.ﬁ (s(t) j ; us(u)du)dt + j <1) (ts(t) j : s(u)du)dt

(5.13) + Z=:1 Bit, — 2 ; ﬁ(ﬂ ts(t)dt + 1, j‘ ; s(t)dt)
+ 21§i<2fsn Bibs ti>1/2'

We finish this section by considering the integration problem i.e., we
consider the solution operator

(5.149) st = | o,

which is a specific case of (5.10) when s(¢) = 1. From Theorem 5.3, we
easily get

THEOREM 5.4. Given information N(f) = (f(t1), . . . f(t), 0 < t; < ...
< t, £ 1. For the integration problem,

(515) oo f) = 4 ST L 4+ (1 - fat ey,

is the optimal linear algorithm among all algorithms from ®(N), and the
radius of information is
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HV) = (5 4§ teatl = tyata + Fthaty
(5.16) n 1/2
+ 1 Z(titiz—l - ’x‘zti—l)> .
1=1

|

We now find the n-th optimal information N* for the integration
problem. From (5.16) we have

2( N * .

) = Qrunity =t + 12y = 2iti) = 0i= L 1,

)
th, —t¥=1tF — 1},
Let t}, —t¥*=¢t Then t* =it,i=1,...,n t5, =2 — nt, and
r(N*)?2 = —;- - llzn(4n2 — D3 + n?%t? — nt.
Since
*)2
"”(a# = — Ln@n — 2+ 221 —n =0,
_ 2
s TR

We summarize the above in

THEOREM 5.5. For the integration problem, the n-th optimal information

is N*(f) = (f(t), ..., ft7)), where

* _ 2i -
(5.17) t'_—-2n+1’ i=1...,n
The radius of information is
1
.1 N¥)= — |
G18) ‘W= 5T

The optimal linear algorithm using this optimal information is

(5.19) U 1D = gy §f<2n2-:; r)

6. Approximation of bounded linear operators. In this section we
study the approximation of bounded linear solution operators from a
Wiener space F, to a separable Hilbert space F,.

Let {e;, ..., e, ...} be an orthonormal basis in F,. Then S(f) =

Z;‘;I(S(f), e/')ej = Z;c’:l Si(.f)ej’ where SJ'(.f) = (S(.f)! ej)s .] = 1’ 2s ]
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is a continuous linear functional on F;. We denote a continuous linear
extension of S; to C by the same S;, and we have

6. s = | fwrsio),

where s; is of bounded variation, continuous from the right, and s40) =
0,j=1,2,....Itis straightforward to verify

THEOREM 6.1. Given information N(f) = (f(ty), ... f(t)),0 < 4, <
<o+ < t, <1, there exists a linear algorithm ¢*, optimal among all al-
gorithms O(N), which is

©2) PN = 5 pf V(e
where ¥ are the optimal algorithms for the solution operator S}, i.e.,
O3 - 1) = 5Bl
By = (ten j' :’“ dsy(t) — [ sy (1)

1 — I 2

t;

1 t
- t;— <ti~1 ti—1 de(t) - jt,-

o=t [ -t ),

Pl

zds,.(z)), i=1,..,n—1,
-1

s; is given in (6.1), j=1,2, ....
The radius of information is

r(N) = (;’i ( j :( j’ : uds,~(u)> ds (1) + _"; (t j' j dsy(r)) ds(e)

(6.3) + ‘Z:iﬁ’zfti - 2§ﬁsj<jgtdsi(t) +1 j‘:{dsj(t))
+ 215’;9‘ B.iBsi ’;))1/2,

We now consider approximation of fin Ly-norm, that is, we have the
solution operator S: Fy — F,, where S(f) = f, and F, = {f: || f]; =
{§3(f(2))? dt}1/2}. Applying Theorem 6.1 we conclude

THEOREM 6.2. Given information N(f) = (f(ty),...,f(t,),0<t; < ---
< t, = 1, for the problem of approximation, the optimal algorithm is
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lp1 — U u-—1

It —7 et T S il S U S e,
(6.4)  Q*(N(f) (u) = "#1 7 * LT e~ 0, n— 1,

fm ift,,<u§1,

and the radius of information is
1 n—1 1 1/2
(6.5) ) = (& 5 e — 002 + 30— 092)
6 = 2

The optimal information N* can be derived from 9r(N*)?/ot, = 0,
k =1, ..., n. This yields

THEOREM 6.3. For the problem of approximation, the optimal information

is N*(f) = (f(¢]), - . ., f(t})), where

3k
 — —
tk—3n l,k—l,...,n.

The radius of information is

1

(6.6) r(N*) = :/—QC;T—_'FI)

7. Adaption does not help. In previous sections, we only studied non-
adaptive information i.e., information which is in the following class.

ron — {Nnon: Nnon(f) = (f(tl)> . ~af(tn))’ where the

7.1
@D points 0 < f; < .-+ < t, < 1 are given simultaneously}.

If the i-th point ¢; depends on the previously computed function values,
then we have adaptive information, the class of which we denote by

U= = {N*: N*(f) = (f(tn), . . ., f(1,)), where
(7.2) t; = t;(f(t), ..., f(t;_7) is measurable in R,

i=1,..., n

The structure of adaptive information is much richer than that of
nonadaptive information. Therefore one might hope that adantive in-
formation can be much more powerful than nonadaptive information.
As a matter of fact, since ¥ < U3,

7.3) inf r(N2) = inf  r(Nom).

Nacsyre Nrnon&{ffnon
Is it true that the inequality in (7.3) is strict? It turns out that the answer
is negative for many cases. For approximation of linear operators in a
separable Hilbert space equipped with an orthogonally invariant measure,
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it is proved in [8] and [14] that adaption does not help. A similar result
holds for the worst case, see [9] and [10]. We have

THEOREM 7.1. Let S be a continuous linear solution operator from a
Wiener space to a separable Hilbert space. Then adaption does not help,
ie.,

(7.4) inf A(N®) = inf  r(N®n).

Necsya Nnon& frnon

We provide a sketch of the proof, and for a complete one, see [5].
We consider the following class of adaptive information

Ui = (N N(f) = [0, - - ., Pubs
[ — fi1)

7.5 —t , 0 A T
(7-3) P = VIt — 1 !
0 s i,- = ii——l'
where 7, = 79y, . .., J;_1) is measurable in R-1, i = 1, ..., n, and the

class of nonadaptive information

Ppr = {Nron : Nroo(f) = [y, . . ., Fl,

7.6 g SE) — S
(7.6) 7 N L...,n,
0=i0<i1<.”<in§1}'

We prove the inequality
inf  p(N™) £ inf  r(Nnom)

Nnone{fnon Nrnonsyrpon
(7.7 . ~ .
< inf A(N®) £ inf r(N?),
Nesus Ny

and (7.4) follows directly from (7.3) and (7.7).

We decompose the Wiener measure as follows. For each N e §on,
let wy(A|Nmn) = w((Nn)-1(4)) for all Borel sets 4 in R”. Then wy(™"-|N)
is a probability measure in R, and for almost all § = (Jy, ..., 7,) € R,
there exists a unique probability measure w(+|) concentrated on V(ANron,

$) = {f: Nmon(f) = y}, such that
(7.8)  w(B) = J'R" wo(B () V(F™, 5)[§)w(dF), for all Be B.

See [6 Th. 8.1, and 11] for details.
For 7 € R», we define the local radius of information N as

~ . 1/2
a9 @y ={int [ 150) - gl wdp)}

&F: _
=2y (hen, )
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It is proved in [11] that r(N' ™", ) is wy-integrable, and
(7.10) rfmoye = [, 552 wi(d)

We have

LEMMA 7.1. Given information N € ¥, the local radius of information
r(N™", y) equals the global radius of information r(N™v).

One can show
LEMMA 7.2. For any N1, Ny pen,
wi- [N) = wy(-|Ngom).
We need the following theorem, which is established in [12].

THEOREM 7.2. For any Nuon, Ngoneon jf

(i) Wi IFP) = wi(-INg™), and _ i

(i) r(Nyn) < r(N5) implies r(Nir, 3) < r(N™, 7)
for almost all § € R», then, for every N* € U2, there exists N e @5, with
(7.11) r(Nmm) < r(W2).

From Lemma 7.2, Lemma 7.1 and Theorem 7.2, we have

(7.12) inf  p(N™) < inf r(N?).

Noonsypen Necus
To complete the proof of (7.7), we need
LeMMA 7.3. For N2 € U, there exists N* € U'% such that
(7.13) r(N2) £ r(N?).
From Lemma 7.3, we have

inf r(N®) £ inf r(N2).

(7.14) Ny} Nesys

Similarly, we can prove

(.15 inf  r(N™) < inf (Wm0

Nnoncyfrnon N"“EW';"
The inequality (7.7) follows from (7.15), (7.12) and (7.14).
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