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1. Introduction. Let (M, g) be a compact Riemannian manifold of 
dimension n, dim M = n. Let A be the Lapalace operator which acts on the 
algebra C°°(M). We denote by Sp(M, g) the spectrum of A on C°°(M). 
The influence of Sp(M, g) on the geometry on (M, g) is treated in [6] and 
[16]. 

There are other operators of higher order which act on the algebra 
C°°(M). These operators have a spectrum which is related to the geometry 
on (M, g). 

The aim of the present paper is to study the influence of the spectrum 
of a special fourth order operator, which is called the symmetrized fourth 
order Laplace operator on the geometry of a compact Riemannian 
manifold. 

The whole paper contains seven paragraphs. The second paragraph 
gives the definition of the symmetrized fourth order Laplace operator 
and some properties. The coefficients of the asymptotic expansion of a 
function which is constructed by the spectrum of the operator are com
puted in the third paragraph. The fourth paragraph studies the influence 
of the spectrum of this symmetrized fourth order Laplace operator on the 
geometry of a compact Riemannian manifold. The fifth paragraph deals 
with special compact Riemannian manifolds whose geometry is deter
mined by the spectrum of this Laplace operator. 

The sixth paragraph deals with the influence of this symmetrized fourth 
order Laplace operator on the geometry of a compact Kahler manifold. 

The last paragraph studies special compact Kahler manifolds whose 
geometry is determined by the spectrum of this symmetrized fourth 
order Laplace operator. 

2. Let (M, g) be a compact Riemannian manifold whose dimension is 
n. Let P be a point of the manifold M. We consider a normal coordinate 
system (x\, . . ., x„) at the point P of M. This normal coordinate system 
covers an open neighborhood U of M with center the point P. Let (yl9 
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yi, • • •> yn)
 De a n v other coordinate system on U. The Laplace operator 

A on U is given by 

where gl7 are the components of the metric tensor g relative to (yx,. . ., 
yn)> (gji) i s t h e inverse matrix of (g0), and |g| = det(gl7). 

On £/ we consider another operator J P for the differential functions 
D°(U) on U, which, with respect to the normal coordinate system (x l5. . ., 
xn), can be written 

(2.2) AP = 2 ö 

The operator J F , defined by (2.2), is called the Euclidean Laplacian. It 
can be easily proved that 

(2.3) (Af)P = (JPf)P, 

but in general the relation 

(J*/)/> = (Âk
Pf)p 

is not valid. 
From the above we obtain that the formula (2.1) is valid for any local 

coordinate system, in contrast to the formula (2.2) which is valid for a 
normal coordinate system with origin at the point P. 

On the manifold M we consider the covariant derivative V and denote 
by V* the kth power of V. Let / be a function on the manifold M. Now 
we can consider Vkf as a covariant tensor field of degree k. The value of 
this covariant tensor field on vector fields XÌ9 . . ., Xk is denoted by 

(2-4) nit...,xj-

Let (ei, . . ., en) be a local orthonormal frame. Below we use the ex
pression 

y t V - - l k 

instead of the expression 

VÎ,lf...,,lA, 1 è «i, . . ., /* ^ n. 

The following formulas can be proved easily. 

(2.5) n r . . M i / = 

(2.6) J * / = t V?f,v..,Vj/ 
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It can be proved easily that the right hand side of (2.6) is independent 
of the choice of frame. 

Therefore the operator Ak is globally defined on the whole Riemannian 
manifold (M, g). 

Now we want to define the operator L of degree 2k on the algebra D°(M) 
which has the property [11] 

(2.7) LPf=(ÂPf)p. 

The operator L can be defined as 

(18) L / = 1.3....U-l),v5=1
{V'"'-^/+ ••" + Vft~»>-hf)-

The right hand side of (2.8) does not depend on the choice of orthon
ormal frame. 

The relation 

(2.9) (JPf)P = (Af)P = (J] V„/j f 

can be proved: 
Let Rijkl and pi} be the components of the curvature and Ricci tensor 

fields with respect to an orthonormal basis of TP(M). We choose the 
signs so that 

(2.10) RxY = Vtx,n-\yx,VYÌ 

for all X, YzD\M). 
We denote by t the scalar curvature on the Riemannian manifold. 
It has been proved [11] that 

(2.11) (JPf)P = (ffif + i - <V/, Vr> + -f- <VV, P>)p, 

where 

(2.12) (df, dz} = <V/, VT> = f ] (V,/) (V,r), 

(2.13) <y2f,P>= S Wif)Pn> 

and (V2/)p is just the Hessian off at m. 
The given second powers of the Laplacians (other than A2) are the 

following 

(2.14) £ V4,,7, £ Vjjji9 

which are equal and can be expressed by 
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(2.15) £ Vfo, / = 2 Vjjjf =J2f+l < v/, VT> + < VV, />>• 

From the above we conclude that we have the following natural fourth 
order operators with leading symbol given by the square of the matric 
tensor 

(2.16) Ai(f) = ^f=njjf> 

(2.17) AUf) = Vhijf = As(f) = %*f> 

(2.18) J 2 / = i - (Vjwf + Vfo,/ + Vfo,/). 

Therefore we have three distinct operators. The operator Â2 is called 
the symmetrized fourth order Laplacian. 

3. From the above we obtain that 

(3.1) J 2 : C~(M) >C~(M), 

(3.2) J 2 : / >J2( /) , feC-(M). 

If we have Â2f=Àf,kt R, then / i s called an eigenfunction of J 2 

and I the eigenvalue of z/2 associated to / 
The set of all eigenvalues of Ä2 is denoted by Sp(M, g, Ä2) and therefore 

we have 

(3.3) Sp(M,g,J2) = {X/J2f=Xf}. 

This has the form 

(3.4) Sp(M, g, Â2)= {0 = ^ < ^ = - - - =XX<X2= • - -k2< - - • <oo}. 

This means the spectrum is discrete and the multiplicity of each eigenvalue 
is finite, since A2 is an elliptic operator. 

Now we form the function 

oo 

(3.5) f{t, Â2) = YtKe-**, 

where kQ = 1 and ki9 i ^ 1, is the multiplicity of the eigenvalue X(. 
If we obtain the asymptotic expansion of the formula (3.5), then we 

have 

(3.6) f(U Â2) ~ t^(47ct)-»'2{a0(J2) + «i(Â2)t + a2( J2)*2 + • • • } , 

where a^{Ä2), ^1(^2)» #2(^2)» • • • a r e r e a l numbers which can be com
puted by the formulas 

(3.7) a(J2) = f »Ah )dM, i = 0, 1, 2, . . . , 
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where dM is the volume element of M and 

(3.8) t/,(i2): M > R, / = 0, 1, 2, . . ., 

are functions which are local Riemannian invariants. 
The three first coefficients #0(^2)* ^1(^2) a°d #2(^2) a r e §^ven by t r i e 

following theorem [10]. 

THEOREM 3.1. Let (M, g) be an orientable compact Riemannian manifold. 
The three first coefficients a0(^2X #1(^2) and #2(^2) °f the symmetrized 
fourth order Laplacian are given by 

(3.9) a0(J2) = \ {4K)-»<* r - ^ ) r(-J-) §MdM, 

(3.10) ax(Â2) = - \(AKY*'* r(^y r(^Y£ $TdM, 

a*to=jr«*)-» ri^J1 ^ 4 ) 3 6o ( ,_Ì ) ( , + 2 ) 

(3.11) . f((5«2 + 20« + 40)r2 

- (2«2 + 40« 4- 32) |/?|2 + 2(«2 - 4) \R\*)dM, 

where T{k) is the gamma function defined by 

(3.12) r(k) = f°° t*-ier*dt 

which satisfies the functional relationship 

(3.13) kf(k) = I\k + 1) 

##<i defines a meromorphic function with simple poles k = 0, — 1, . . . and 
\R\, \p\ are the norms of R and p respectively with respect to g. 

REMARK 3.2. From the above we conclude that the coefficients in the 
formulas (3.10) and (3.11) depend in a non-trivial fashion on the dimen
sion n of the manifold. 

The coefficients 

(3.14) r^jL^AJ1 r(Ji^.) = „,(„>, 

,3,5, r ( ^ ) - V ( i ^ ) 7 r X T - ^ > 

are regular holomorphic functions if n since the poles cancel the zero 
at the exceptional value of n = 2. In this case we use the limiting values. 
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The formulas (3.9), (3.10) and (3.11), by means of (3.14) and (3.15), 
can be written 

(3.16) a0(i2) = qM f dM, 
J M 

(3.17) a i (J2)= -qi(n)\ zdM, 
J M 

(3.18) a2(Â2) = q2(n) f (A^n) r2 - A2(n) |p|2 + Az(n) \R\*)dM9 

where 

(3.19) q0(n) = \ (4*)-'2 / ( j - ) - ! / ( * • ) , 

(3.20) ^(/i) = i - (47T)-^2 6 I ( / I ) A ^ A , 

(3.21) ^ ) = ^ ( 4 ^ 2 6 2 ( , ) 3 6 0 ( / i
1

+ 2 ) , 

(3.22) /41(«) = 5/72 + 20« + 40, ^2(«) = 2«2
 + 40« + 32, ^3(/î) = 2(«2_4) 

4. Let (M, g) be an orientable, compact Riemannian manifold. For 
this manifold we have 

PROPOSITION 4.1. We consider an orientable, compact Riemannian 
manifold of dimension 2. Then the spectrum Sp(M, g, Ä2) determines the 
Euler-Poincare characteristic x(M) of M. 

PROOF. The form (3.17), for n = 2, implies 

(4.1) ai= - fc(2)jW. 

Let x(M) be the Euler-Poincare characteristic of the two-dimensional 
orientable compact Riemannian manifold (M, g). This is given by the 
Gauss-Bonnet formula 

(4.2) x(M) = ±\zdM. 

From (4.1) and (4.2) we conclude that 

(4.3) * ( M ) = - ^ l ^ a i . 

Therefore x(M) is isospectral invariant. 
Let (M, g), (AT, g') be two orientable compact Riemannian manifolds. 

If we have the condition 
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(4.4) Sp(M, g, i 2 ) = Sp(AT, g\ 4 ) , 

then the two manifolds are called isospectral with respect to the symme
trized fourth order Laplace operator. 

From the definition of the isospectral orientable compact Riemannian 
manifolds (M, g) and (AT, g') with respect to J 2

 w e obtain 

(4.5) a{{Â2) = a'M / = 0, 1, . . . , 

where these coefficients are defined by (3.7). 
Now, from the above, we have the following theorem. 

THEOREM 4.2. Let (M, g), (AT, g') be two orientable compact Riemannian 
manifolds with the property 

(4.6) Sp(Af, g9 i 2 ) = Sp(AT, g'9 4 ) . 

Then we have 

(i) Vol(Af) = Vol(M'), 
(ii) dim M = dim AT. 

PROOF. From (4.6) we conclude that 

(4.7) (47üt)-»/2{a0 + axt + a2t
2 + • • • } = (Ant)-»f/2{aó + a[t + a2t

2 + • • •}, 

where n = dim M and n' = dimAf. 
The relation (4.7) by means of (4.5) implies 

(4.8) n = dim M = ri = dim M'. 

From (4.6), by virtue of (4.5), we obtain 

(4.9) a0(J2) = a » 

which, by means of (3.16) and (4.8), gives 

(4.10) <7o(")f dM = q0(n)[ dM>'. 

Equation (4.10) finally gives 

(4.11) f dM = Vol M = f dM' = Vol AT. 

REMARK 4.2. The formula (3.18), for n = 4, becomes 

(4.12) a2(i2) = ?2(4) f (200r2 - 224 \p\* + 24|Ä|Z)rfM. 

The Euler-Poincare characteristic x(M) of (M9 g), for dimension 4, is 
given by 
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(4.13) x(M) = - J ^ - j (|Ä|2 - 141/72 + r 2 ) ö f M . 

From (4.12) and (4.13) we conclude that 

(4-1 4) -^oc2(Â2) - 768*(M) = f (176r2 - 128|/>|2¥M. 
<72(4) J M 

The second member of (4.14) depends on the Riemannian metric on 
the manifold. Therefore it is not topologically invariant. 

From this we conclude that 0:2(^2) *s n o t topologically invariant in 
contrast to the fact that a i ( J 2 ) *s topologically invariant. 

5. Let (M, g), (AT, g') be two orientable compact Riemannian mani
folds with the property 

(5.1) Sp(M, g, i 2 ) = S p ( M \ g', A ' 2 \ 

We study the condition (5.1) with some other relations under which 
the Riemannian manifolds (M, g) and (AT, gf) are isometric. 

THEOREM 5.1. Let (M, g), (Af, g') be two orientable compact Riemannian 
manifolds of dimension 2 with the property (5.1). (M, g) has constant Gauss 
curvature if and only if(M\ g') has constant Gauss curvature. 

PROOF. F rom the condition (5.1) we obtain 

(5.2) a 0 ( J 2 ) = a'la'2\ « i ( i 2 ) = tfi'(4D, 

(5.3) a 2 ( i 2 ) = a 2 (J 2 ) . 

From (5.2) and (5.3), by means of (3.16), (3.17), (3.18) and (3.22) and 
taking under consideration that n = 2, we obtain 

(5.4) f dM = Vol M = \ dM' = Vol AT, 

(5.5) f zrfM = f r'rfM', 

(5.6) f (lOOr2 - \20\p\2 )dM = f (lOOr'2 - l20\p'\2)dM'. 
J M J M' 

Since the Riemannian manifolds (M, g) and (AT, g') are of dimension 
two we have 

(5.7) l^2 = T ' lR[2 = 2]p]2 = T 2 ' 

(5.8) l/>'l2 = ^ , l*'l2 = 2|/»'|2 = T'2 . 

By use of (5.7) and (5.8), formula (5.6) takes the form 

file:///20/p/2
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(5.9) f 4(WM=f 40z'2dM'. 
J M J M' 

We assume that the Riemannian manifold (Af', gf) has constant Gauss 
curvature, and therefore 

(5.10) z' = k' = constant. 

From the relations (5.5) and (5.10), we conclude the inequality 

(5.11) f z2dM^ f T'2dM'. 
J M J M' 

The equality holds if z = constant. 
From (5.9) and (5.11) we conclude that 

(5.12) f z2M = f z'2dM\ 
J M J M' 

which implies z = const = /:. 
The equality (5.5) implies 

(5.13) T' = k' = z = k, 

From Theorem 5.1., we obtain the following propositions. 

PROPOSITION 5.2. Let (Af, g) be an orientable compact simply connected 
Riemannian manifold of dimension 2. Let (S2, go) be the standard Euclidean 
sphere of dimension 2 with the standard metric g0 of Gauss curvature 1. We 
assume 

(5.14) Sp(M, g, i 2 ) = Sp(£2, g0, J2). 

Then (Af, g) w isometric to the sphere (S2
9 gQ). 

PROOF. By the assumption (5.14) and by Theorem 5.1, we conclude that 
the Gauss curvature of (Af, g) is constant and equal to 1. Therefore (M, 
g) is locally isometric to (S2, g0). From the fact that (Af, g) is simply con
nected, we conclude that (Af, g) is isometric to (S2, go). 

PROPOSITION 5.3. Let (Af, g) be an orientable compact Riemannian mani
fold of dimension 2 whose first homotopy group is Z2. if we have the condi
tion 

(5.15) Sp(Af, g, J2) = Sp(P2(R), g^ 4 ) , 

then (Af, g) is isometric to (P2 (R), gó), which is the real projective space of 
dimension 2 with the standard metric gó. 

PROOF. From (5.15), we conclude that (Af, g) has constant sectional 
curvature k = k' = 1, where k' is the sectional curvature of (P2 (R), go). 
Since by assumption, we have 
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(5.16) m(M) = *i(P2(R» = Z2, 

we conclude that (M, g) is isometric to (P2 (R), go)-
From the above propositions we conclude the following corollaries. 

COROLLARY 5.4. Sp(S2, g0, ^2) determines completely the geometry on 
{S\ go). 

COROLLARY 5.5. Sp(P2(R), gó, J2) determines completely the geometry 
on (P2 (R), gS). 

Let (M, g) be an orientable compact Riemannian manifold of dimen
sion n. Let (U9 <p) be a chart on the manifold with local coordinate system 
(x1, . . . , xM). Let C, G be the Weyl conformai curvature tensor field and 
the Einstein tensor field on (M, g). The components (Ct-jkl) and (G,-y) of 
C and G respectively with respect to (x1,. . . , xn)9 are given by 

(5.17) 
Cijki = Rijki - oc(pjkgn - Pjigik - pngjk - Pikgji) 

+ ßigjkgii - gjigik) T, 

(5.18) Gij = pij - ygijZ, 

where 

( 5 , 9 ) a = ^ T ' ^ - (B - !)'(„-2) • r - j -

From (5.17) and (5.18) we obtain 

(5 20) ICI2 = \R\2 - 4I^I2 4- — 

(5.21) |G|2 = |/?|2 - f-, 

Using (5.20) and (5.21), (3.18) takes the from 

(5.22) a2(j2) = q2{n) f (B^2 + B2\G\2 + 2?3 |C|2)</M, 

where 

(5.23) 

(5.24) 

(5.25) 

which by 

1 i 72 «(« - 1) 

D > . 4^3 
B2 = - A2 + ^ - , 

n — 2 
£3 = ^ 3 , 

virtue of (3.22) take the form 
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(5.26) Bx = n{n
 l_ 1} ((/i - 1) (5*3 + 18/i* - 32) + 8(*2 _ 4)), 

(5.27) £2 = ~2(«2 + 18« + 14), 

(5.28) 2?3 = 2(«2 - 4) 

From (5.26), (5.27) and (5.28) we can conclude that 

(5.29) Bx > 0, if n à 2, 

(5.30) £2 < 0, if« ^ 2, 

(5.31) £3 > 0,if/î > 2. 

From (5.29), (5.30) and (5.31) we find that, in order to study the in
fluence of Sp (M, g, J2) o n the geometry of (M, g), we must assume that 
the Riemannian structure on (M, g) is an Einstein structure. Einstein 
structures are characterized by the fact that 

(5.32) |G|2 = 0. 

By (5.32), (5.22) becomes 

(5.33) a2(i2) = q2{n) f (Bxr
2 + B3 \C\*)dM. 

J M 

Now we can state the following theorem. 

THEOREM 5.6. Let (M, g), (M\ gf) be two orientable compact Einstein 
manifolds of dimension « ^ 3. We assume that 

(5.34) Sp(M, g, i 2 ) = Sp(M', g', J 0 . 

The Einstein manifold M has constant sectional curvature k if and only 
if(M', g') has constant sectional curvature k' = k. 

PROOF. We assume that (M', g') has constant sectional curvature k'. 
This implies 

(5.35) C" = 0<HC'l 2 = 0. 

From (5.34) we obtain 

(5.36) a0(i2) = «o(4D> «i(4s) = «i'(4D> 

(5.37) a2(J2) = a2(i2). 

By (3.17) the second equation of (5.36) gives 

(5.38) f %dM = f x'dM'. 
J M J M' 

By (5.35), (5.33) implies 
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(5.39) aWò = q2{2) f Bxz'2 dM'. 
J M' 

By (5.33) and (5.39), (5.37) implies 

(5.40) f (B3 |C|2 + Bl z2 ) dhi = f Bxz'2 dM'. 
J M J M' 

From (5.38), since z' = const, we conclude that 

(5.41) f z2dM^[ z'2dM. 
J M J M' 

Equations (5.29), (5.31) when n ^ 3, (5.40) and (5.41) imply 

(5.42) |C|2 = 0, C = 0. 

Therefore the Einstein manifold (M, g) has constant sectional curvature 
k. Equation (5.38) implies k = k'. 

THEOREM 5.7. Let (M, g) be an orientable compact simply connected 
Einstein manifold of dimension n ^ 3. If 

(5.43) Sp(M, g, J2) = Sp(S", go, i 2 ) 

w/zere (Sn, g0) w //*e standard Euclidean sphere with the Riemannian metric 
of constant sectional curvature 1, then (M, g) is isometric to (Sn, g0). 

PROOF. From Theorem 5.6. and assumption (5.43) we conclude that 
(M, g) has constant sectional curvature 1. Since (M, g) is orientable com
pact and simply connected we conclude that (M, g) is isometric to (5n, g0). 

6. Let (M, / , g) be a compact Kahler manifold. Let (£/, p) be a chart 
on M on which we obtain a local coordinate system (x1, . . . , xn). Let i? 
be the Bochner tensor field on (M, / , g). We denote by (Bijkl) the com
ponents of B with respect to (JC1, . . . , xn). These are given by 

Bam = Rijki - oc*(pJkga -Pjigik+gjkPu - gjiPik +PjrJ
rkJti 

(6.1) - PjrJlJik + J)kPirJl - JjlPirJk " ^Pkr^lhj ~ ^Pir^kl) 

+ ß*(gjkgtl - gjlgik + //*/,"/ - V « * ~ 2JklJij)'Zi 

where 

(6-2) a * = 7 T T T ' ^* = (n + 2)\« + 4) " 

It is known that / is parallel and satisfies the relations 

(6.3) J)J{ = - ÔU gijJ[Ji = grs. 

From (6.1), by (6.2) and (6.3), we obtan 
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(6.4) |£|2 = \R\2 - ^ 6 | /? |2 + 
n + 4 '^' (« + 2)(« + 4) * 

By (3.18), (5.21) and (6.4), we obtain 

(6.5) a2(J2) = ^2(n) f (Z^ 2 + L2 |G|2 + L3 | 2 W M , 

where 

(6.6) Lx = Ax - A2 , SA3 

n n(n + 2) ' 

(6.7) Lx= -A2 + 16^3 
/i + 4 ' 

(6.8) L3 = ^3. 

By (3.22), the relations (6.6), (6.7) and (6.8) become 

,,Qv r 5«3 + 18«2 - 16« - 64 
(6.9) Li = , 

( 6 m L - 2 ( ~ 2 0 ( * + 4 ) ( * + ^ - ^ - 4 ) ( * - 2 ) ) 

v ' y 2 /i + 4 

(6.11) L3 = 2( / |2 -4) . 

From the formulas (6.9). (6.10) and (6.11), we obtain 

(6.12) Lx > 0, if n ^ 2, 

(6.13) L2 < 0, if« ^ 2, 

(6.14) L3 > 0, if« ^ 3, 
The relations (6.12), (6.13) and (6.14) imply that, in order to study the 

influence of Sp (M, g, zl2)
 o n t n e geometry of the compact Kahler mani

fold, we must assume that (M, g) is an Einstein manifold which yields 

(6.15) \G\2 == 0, G = 0. 

Theorefore, (6.5), by means of (6.15), takes the form 

(6.16) a2(Â2) = q2(n) { (L^ + L3\B\*) dM. 

7. We consider two compact Kahler manifolds (M, g, J) and (Af, g', J') 
which satisfy the relation 

(7.1) Sp(M, / , g, i 2 ) = Sp(M, / , g, 4 ) . 

The relation (7.1) implies 
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(7.2) ax(Â2) = a Ä 

(7.3) a2(J2) = a 2 (4) . 

Equations (7.2) and (3.17) give 

(7.4) f r^M = f r </AT. 
J M J M > 

Equations (7.3) and (3.18) imply 

(7.5) f (Lxr
2 + L3 |2?|2) </M = f (Z^r'2 + L3 |5'|2) <«*'. 

Now we can prove the following theorem. 

THEOREM 7.1. Let (Af, / , g), (Af, / ' , g') Z?e two compact Kahler and 
Einstein manifolds of real dimension n = 2m. We assume 

(7.6) Sp(M, / , g, J2) = Sp(Af, / ' , g\ 4 ) . 

77^ Kahler manifold (Af, / , g) /zas constant holomorphic sectional curva
ture h if and only if(M'9 g', h') has constant holomorphic sectional curvature 
h' and h = h'. 

PROOF. We assume that the Kahler Einstein manifold (Af', / ' , g') has 
constant holomorphic sectional curvature \h'\. Therefore, we obtain 

(7.7) \B'\* = 0, 

hence B' = 0. 
The relation (7.5), by means of (7.7), implies 

(7.8) f (Lxz
2 4- L3 |£|2) dM = f Lx T'2 rfM. 

J M J M' 

Since the Kahler manifold (AT, / ' , g') is an Einstein manifold we have 

(7.9) z' = const. 

The equality (7.4), by virtue of (7.9), implies the inequality 

(7.10) f z^dM^i z'2dM'. 
J M J M' 

From (7.8) and (7.10), by means of (6.12) and (6.14), we conclude that 

(7.11) l*|2 = 0, 

so B = 0, which implies that the Kahler Einstein manifold (Af, / , g) has 
constant holomorphic sectional curvature h. 

The relation (7.4) implies 

(7.12) h = h'. 
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Now we can prove 

THEOREM 7.2. Let (M, J, g) be a compact simply connected Kahler Eins
tein manifold of real dimension n = 2m. We assume 

(7.13) Sp(M, 7, g, Â2) = Sp(P-(C), /0 , go, à2) 

where (Pm(C), JQ, go) is the complex projective space with the Fubini-Study 
metric. Then (M, J, g) is holomorphic ally isometric to (Pm(C), J0, go). 

PROOF. It is known that (Pm(C), J0, g0) has constant holomorphic sec
tional curvature h. From this, (7.13), and Theorem 7.1., we conclude that 
(M, / , g) has the same constant holomorphic sectional curvature. Since 
(M, / , g) is simply connected we conclude that this is holomorphically 
isometric to (PW(C), J0, g0). 

We consider the complex projective space Pm(C) with the almost com
plex structure J0 which comes from the complex structure on PW(C). On 
the complex manifold PW(C) we consider two Kahler metrics g and g0, 
where g0 is the Fubini-Study metric whose holomorphic sectional curva
ture h0 is constant. 

Now we shall prove the following theorem. 

THEOREM 7.3. We consider the two complex Kahler manifolds (Pm(C), 
«Ab go) and (Pm(C), /0 , g) which satisfy the relation 

(7.14) Sp(P-(C), /0 , go, à2) = Sp(P»(C), J09 g, A'2\ 

lfm 5 4, then (PW(C), JQ, g) has constant holomorphic sectional curvature 
h equal to the constant holomorphic sectional curvature ho of the complex 
projective space (PM(C), /0> go) with the Fubini-Study metric g0. Hence 
(P-(C), /„, g) = (P«(C), Jo, go). 

PROOF. From the relation (7.14) we obtain 

(7.15) «iW2) = < * Ä 

(7.14) a2Q2) = a2{â'2\ 

The relations (7.15), (7.16), (3.17), and (3.18) imply 

(7.17) [ zdM = f z'dM\ 
Jpm(C) JP*(C) 

(7.18) f (Atf* - A2\p\* + A3\R\2)dM 
J PW(C) 

= f W* - A2\p'\* + A3\R'\*)dM', 

where dM and dhf ' are the volume elements on Pm (C) with respect to 
the metrics gQ and g, respectively. In the formulas (3.22), n = 2m. 
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It is known that, for these Kahler manifolds, we have the condition 
[1, P. 149] 

(7.19) f (z2-4\p*\ + \R\2)dM = f (r '2-4| /? ' |2 + |/?'|2)</M'. 
J P«(C) Jp«(C) 

From (7.18) and (7.19) we conclude 

(7.20) f (A^2 + r2\p\*)dM = f (Ar'2 + AI/>T) dM' 
JP«(C) JP«(C) 

where 

(7.21) A = Ax - A3, 

(7.22) A = 4^3 - A2. 

Using (3.22), (7.21) and (7.22) take the form 

(7.23) A = 3«2 + 20« + 48, 

(7.24) A = 6«2 - 40« - 64, 

where n = 2m. 
By (7.20) and (5.21), 

(7.25) f (A1 T
2 + A2 \G\2) dM = f (Ax r'2 + A2 |G'|2) dM\ 

JP>»(C) JP«(C) 

where 

(7.26) A1 = A + A 

(7.27) A = /I2, 

which, by virtue of (7.23) and (7.24), become 

(7.28) Ax = 3n3 + 2 6 w 2 + 8 " - 6 4 , 
« 

(7.29) A2 = 60«2 - 40« - 64. 

It can be proved earily that if 

(7.30) n = 2m ^ 8, 

then 

(7.31) Ax > 0, A2> 0. 

Since the Kahler manifold (PW(C), JQ, go) has constant holomorphic 
sectional curvature h0, 

(7.32) |G|2 = 0 and G = 0. 
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Therefore, (7.25) and (7.32) give 

(7.33) f Al z2 dM = f \Axz'2 + A2\G
f\*} dM'. 

Jp^(C) Jp»(C) 

From (7.15) and the fact that % = constant, we obtain 

(7.34) f z2dM^[ z'2dhf'. 
J P W ( C ) J P*(C) 

The relations (7.31), (7.33), and (7.34) imply 

\G'\2 = 0 and G' = 0. 

This completes the proof of the theorem. 
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