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ON FACTORIZATION OF BIINFINITE TOTALLY
POSITIVE BLOCK TOEPLITZ MATRICES

W. DAHMEN, C. A. MICCHELLI AND P. W. SMITH

ABSTRACT. We extend the work of Aissen, Schoenberg, Whitney,
and Edrei, who characterized the symbol of a totally positive Toe-
plitz matrix, to characterizing the determinant of the symbol of a
block Toeplitz totally positive matrix. As a consequence of our
arguments we show that the symbol for the block Toeplitz case may
be factored just as in the Toeplitz setting.

1. Introduction. A biinfinite matrix 4 = (4,;), —© < i, j < oo, is
called totally positive provided that all its minors are nonnegative, i.e.,
foralliy <. <iyj1 <.+ <j,

i,y dp A"lgfl /l.il»jp
(1.1) A(, ' >= : 5

J1s o vs ]

1 » A A,

imit
In two previous papers, [5, 6], we were concerned with factorization and
invertibility of such matrices. Our motivation for these questions arose
from certain problems in the theory of spline functions. Consequently,
these papers only treated the case where A is banded, i.e., for some inte-
gers n and m, with m nonnegative, 4;; = 0,ifi — j < nori —j>n + m.
In this case, we say A is m-banded. We will concentrate our attention here
on matrices which are block Toeplitz. Thus for some integer N we require

A"j = Ai+N,j+N a" i,jG Z.
Any such matrix has the block structure
A—l A() A1 Az
(12) A= cee A_z A-—l Ao Al AZ
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where each A4, is the N x N matrix given by

(Ak):‘f = Ai,kN+js 0= 19] é N - L

It is customary to associate with 4 the N x N matrix-valued formal
Laurent series

(1.3) Az) = ki} Azt

which is called the symbol of 4. The importance of the symbol is based
on the easily verified relation

(1.4) (AB) (z) = A(z) B(z)
so that, in particular,
(A(2))™1 = A7Yz2)

whenever both sides are defined.

The material we present here arose from an attempt to extend the re-
sults obtained in a series of papers [1, 2, 7, 8, 9, 12] for the scalar Toeplitz
case, N = 1. In his papers [7, 8, 9] Edrei obtained the following complete
characterization of the (scalar) symbol of a totally positive biinfinite
Toeplitz matrix A = (a;_;)

) A(z) = i ajz=7 = yzkes: ﬁ <l+—a,-z>’ ifa;j =0 forj >0,
(15) j=—o0 j=1 1 - IBjZ

. = » . < (1 + a;z)(1 + §;/2)
- 25 = yzhetaztpla) i i
i) 4() j:z_:oo a2 rate ;l;ll (I = B2 —714/2)

where in both cases k is an integer, all constants are nonnegative and

j:ZDo(a,' + ,B,' + 7+ 5,) < 0.

Earlier, for the lower triangular case i) above, Aissen, Schoenberg and
Whitney only obtained the representation

= kog (2) T I+ afz>

A(z) = yzkes ,];[1< —

where g(z) is some entire function. Later Edrei, [9], identified g(z) as az,
a > 0, thus proving the conjecture in [2].

Our results for the block Toeplitz case are quite similar to those above.
To explain this we notice the following matrix theoretic interpretation of
Edrei’s result. Each factor in Edrei’s representation (1.5) is the symbol of
a simple totally positive Toeplitz matrix. For instance, the factor 1 + az
is the symbol of the one-banded matrix corresponding to the sequence
ag=1a;=a>0 a4;=0, j#0, —1. Similarly, (1 — 82)7! is the
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symbol of the lower triangular inverse of the one-banded matrix corre-
sponding to the sequence by =1, by = —3<0, b; =0, j#0, —1.
Therefore we can view (1.5) as a factorization of the (scalar) Toeplitz
matrix A = (a;_;) into elementary totally positive Toeplitz matrices.

In the block Toeplitz case, we factor the symbol A(z) by directly fac-
toring the associated matrix 4. We thereby obtain a factorization of the
symbol in terms of a product of symbols of one-banded block Toeplitz
factors, inverses of one-banded block Toeplitz matrices and a remaining
symbol. For N > 1, this symbol as well as its inverse is entire and has
determinant identically one. Consequently, we obtain a complete factori-
zation of the determinant of the symbol. This result gives a useful cri-
terion for invertibility of block Toeplitz totally positive matrices over
sequence spaces.

The outline of the paper is as follows. First we identify the possible zero
patterns of a totally positive block Toeplitz matrix. In case the given
matrix has all entries positive we characterize certain ‘“‘trivial” cases up
to which all such matrices can be written as a product of a lower and an
upper triangular totally positive block Toeplitz matrix. This factorization
is based on some general results in [3]. In terms of the symbol this means
that the Laurent expansion A(z) is a product of one-sided expansions in-
volving only positive or negative powers of z, respectively. This allows us
to restrict our subsequent considerations to the one-sided (lower tri-
angular) case without any loss of generality. This useful reduction was
not made in the scalar Toeplitz case, although the LU factorization is
apparent from Edrei’s factorization (1.5).

§3 is concerned with the factorization of lower triangular matrices. We
start by extending the factorization theorem for strictly banded matrices,
[6], to arbitrary block Toeplitz banded matrices whose symbol does not
identically vanish. We note here that such factorizations are not unique
and even for Toeplitz matrices one may find non-Toeplitz factorizations,
[6]. Therefore, we emphasize that our procedure preserves the block
Toeplitz structure. §4 is devoted to characterizing the determinant of
the symbol and to the statement of our results for the two-sided case.
Finally, in §5 we discuss a class of symbols which arise as solutions
of a biinfinite system of ordinary differential equations. These are
analogous to the exponential factors appearing in the scalar case. We
show that these matrices cannot be factored into a product of one
banded matrices or inverses of such. Furthermore, we conjecture that
this class comprises all non-factorable symbols of lower triangular totally
positive block Toeplitz matrices and that the remaining symbol in our
factorization has this form.

2. Preliminary Remarks. We will denote by .oz the class of all totally
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positive biinfinite block Toeplitz matrices with block size N. Our first
objective is to clarify the circumstances under which the formal expansion
A(z) in (1.3) converges in some domain of the complex plane. To this
end, let us recall some well-known facts.

LEMMA 2.1. Let A be totally positive and suppose for some i, je L, A;; =
0. Then at least one of the following conditions is satisfied :
1) A,,=0,forallr £iands =z j;
i) A,,=0,forallr Ziands < j;
n) A;,=0,seZ;
iv) A,;=0,reZ

The proof follows immediately by checking appropriate 2 x 2 minors
of A having A;; as upper left or lower right corner entry. We shall refer
to cases i) and ii) as the (i, j) zero casting an upper right or lower left
shadow (of zeroes), respectively.

Since total positivity is preserved whenever a zero row or column is
deleted or appended to a totally positive matrix we will assume throughout
the sequel that all matrices have a non-zero entry in every row and every
column, thereby excluding cases iii) and iv) in Lemma 2.1.

Combining Lemma 2.1 with the N-periodicity of the elements of any
A € oy yields.

LEMMA 2.2. Let A be in <fy. Then either A is full (4;; # 0, i, je Z).
banded, or triangular (for lower triangular we have A;; = 0 fori < j + m
and A;; # 0ifi 2j+ m + N + 1).

Later we will refer to the latter case above as a ragged edge.

PROOF. Suppose A is neither full nor banded. Then for each row we
have (excluding (iii) and (iv) of Lemma 2.1) 4;;_, = 0 and either 4, ;_,,
# 0 or A;; ,.1 # 0 where the index p may depend on i. The first
case as we shall see corresponds to a lower triangular matrix while
the second corresponds to an upper triangular matrix. Let us just consider
the first case since the reasoning is similar for both cases. By Lemma 2.1
we conclude that 4;;_, throws an upper right shadow. Since 4 € .o/ we
see that 4, ,y,;,~—, also throws an upper right shadow for all ~€ Z and
At N iziN-p—1 # 0. It follows that 4, ; = Oforr — s <p — N,r,seZ.
Since A4 is not banded all zero entries in 4 must throw upper right
shadows. It follows that A4,; # 0if r — s = p + N + 1. Thus we see that
m = p — Nin Lemma 2.2.

This means that any A in oy is either full, banded, lower, or upper
triangular with respect to some diagonal (with possibly ragged upper or
lower edges, respectively). Next note that each entry of the symbol of
A€oy
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A(Z) = (Ars(z))gs:l

with o
Ars(z) = kzwAr,kN+sz_k

is the symbol of a Toeplitz matrix in «7;. Consequently, from the scalar
case [11], if 4 is lower triangular then A(z) is convergent in a (deleted)
neighborhood of the origin while if A4 is upper triangular then A(z) is con-
vergent in a (deleted) neighborhood of infinity. If 4 is full, i.e.,, 4;; # 0
for all i, j € Z, we have the following analog to the scalar case (cf. [8]).

THEOREM 2.1. Let A € oy, A;j # O for i, j € L. Then either there exists
0 < R; < Rysothat

A(Z) = Z Aj z=7
converges in the annulus Ry < |z| < R, or the blocks A; have the form
2.1 Aj = pidy
Sfor some p > 0andall 2 x 2 minors of Ay are zero.

REMARK. Note that any block Toeplitz matrix of the form (2.1) where
Ay has nonnegative elements and all its 2 x 2 minors vanish is totally
positive.

PRrOOF. Since each A4,,(z) is the symbol of a Toeplitz matrix in o/; we
know that

Ar,lzN+s Ar,(le+1)N+s

%
=]

Ar,(k—l)N+s Ar,lzN+s

Thus we have

Ar,kN+s Ar,(k—l)N+s
,
A, a1y N+s A iN+s

v

and so we can define

= lim Ar,kN+s .
T kokeo Ay (pr1) N+s
We know from [6] that 7, and y_ are independent of » and s and hence
by the ratio test each of the functions A4,,(z) have the same convergence
properties. In particular ¥ 494, ,v.,z7* is convergent in |z| < 1/y_ and
2 0w A, 4n+s27F is convergent in |z| > 1/r,. Note that y, = y_ so that
as long as 7, > y_ we have a nontrivial annulus of convergence for A(z)
with R; = 1/r. and R, = 1/y_. If, on the other hand, we have y, = y_
then all the ratios must be constant in which case (2. 1) holds with p =
1/rs. The remaining claim follows by considering 2 x 2 minors of the
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submatrix of 4 consisting of the blocks 4y and pA,. This completes the
proof of Theorem 2.1.

Let A(z) = X A;z~/ be the symbol of A. Then it is easy to verify that
for any p > 0 the symbol of

/‘lp = (pi_j Aj_,')

A,(2) = A(pz).

If A € o/ ythen 4, € o7y since clearly a positive scaling of rows or columns
of A preserves total positivity. According to Theorem 2.1, if {4;} is not
the trivial sequence (2.1), we may choose p so that 4,(z) converges in an
annulus containing the unit circle. Moreover, if det A(z) is not identically
zero in its annulus of convergence we may choose p > 0 so that

det A,(z) # 0, for [z| = 1.

Clearly, in this case we have A,%(z) = (4,(z))7! for |z| = 1, where 4;!
is the /=(Z) inverse of A,. It follows that both 4, and A4, have entries
which decay exponentially away from any fixed diagonal. Hence 4, and
A, are bounded maps on /= (Z) into itself.

It was shown in [3] that under these circumstances there exist unique
lower and upper triangular (relative to some diagonal) totally positive
matrices L and U both inducing boundedly invertible maps on 7« (Z) such
that 4, = LU. The uniqueness of this factorization ensures that both L
and U are in oy as well. Thus to understand the structure of the elements
in o/ y whose symbol converges in some annulus and has determinant
not identically zero, it suffices to study the subclass of lower triangular
matrices.

3. A factorization procedure. From the preceding discussion it is suffi-
cient to study lower triangular matrices, that is

A= (Aj—i)i.jEZ’
where for some n
(3.1) A; =0, for j > n.
In addition, we will assume throughout that
(3.2) det A(z) # 0.

Let us denote by &% the class of matrices in 7 satisfying (3.1) and
(3.2). Recall that each entry of A(z) is itself a symbol of some element of
/1. As already remarked, from this it follows immediately that A(z) con-
verges for 4 € o/ in some deleted neighborhood of the origin.
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Let us describe next how to remove ragged edges of an upper triangular
Ae JZ{N.

LEMMA 3.1. Let A € o/ y, det A(z) # 0, and assume A;; = 0 for all j <
i — m, but for some iy, A, ;. ., =0. Then there exists a block diagonal
one-banded lower triangular matrix M € of y with M ;; = 1, i € Z, satisfying

A= MB
where B = (B;;) e o/yand B, ;_,, = 0, for all i€ Z.

Thus we see that multiplication by M -1 on the left of 4 removes one
band of A4. To prove this result we borrow from the ideas of de Boor and
Pinkus, [4], which are based on Gaussian elimination. We first make a
few simplifying assumptions. We may assume that m = iy = 0 while
Ay # 0 (since if A;; = 0 for all i we could choose M to be the identity).
Note that Ay; # O since otherwise we would have 4, = 0 for all i contra-
dicting (3.2). It follows that we may “eliminate” the (1, 1) entry using the
(0, 1) entry. In matrix notation, setting t; = Aqy1/Ag,

1, i=j

(TYj = —t, G J)=(1,0),
0, otherwise,
and
Al = T4
we have
(A1 =0

where the remaining band structure of A! is still the same as that of 4. If
now (A'),, # 0 (otherwise we proceed to the next non-zero element on
the respective diagonal) we have again (41); ; # 0 since Lemma B of [4]
ensures that the semiinfinite matrix (A1), ;- is still totally positive so that
(AY);,2 = 0 would imply, using Lemma 2.1, that row zero and row one
of A were linearly dependent again contradicting (3.2). Thus we may
repeat this process to successively eliminate the non-zero diagonal entries
or, in matrix form, we have

A® = Tw ... T4

where for t, = A ™V[A%7Y the T“ are defined recursively as

Jl, i=j
(T(/))i,j = —'t/» (19 j) = (/’ /- 1)
1 0, otherwise,
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unless 4,, = 0 in which case we set T = [, the identity matrix. Note
that 4%~ = A,,. The construction assures that each 4’ is totally posi-
tive on the index set i, j = 0. Let us denote the first principal N x N sub-
matrix of TW-1...T® with respect to the index set i, j = 0 by S. Since

= A® is in oy we know that 4,y ,v = 0 for all p € Z. Thus we con-
clude that TN = [forp = 0, I, . ... Therefore if T'is the block diagonal
matrix with S on the diagonal we have that the matrix

B=TA

belongs to /. Furthermore, since 71 is a one-banded totally positive
block Toeplitz matrix we conclude that the assertion holds with M = 71,

3.1 Factorization of banded matrices. We now show that a banded ma-
trix in o/ may be represented as a product of one-banded factors in
&/%. This result is an improvement over the theorems in [4, 6] in the fol-
lowing sense. Both papers deal with factorization of arbitrary totally posi-
tive banded matrices. However, while the procedure in [6] applied to a
block Toeplitz matrix does produce block Toeplitz factors it requires
strict bandedness, i.e., whenever a band contains any non-zero entry all
its entries are non-zero. On the other hand, the factorization procedure
in [4] does not require strict bandedness. But it does not guarantee that
for block Toeplitz matrices the factors are also block Toeplitz.

THEOREM 3.1. Suppose A € /3 is m-banded. Then
A=R;--- R,
where each R; is in o/ and is one-banded.

PROOF. If A is strictly m-banded then Theorems 1 and 7 in [6] immedi-
ately yield the result. Let us assume that {4;; ,}.cz is the lower-most
nontrivial band of A. If this band is not strict then applying the procedure
in Lemma 3.1 yields

A= MDLAD

with M D € o7y, one-banded and 41 € o7y is (m — 1)-banded. If 4D
has a strict lower band we stop; otherwise continue the procedure until

a strict lower band is encountered, which indeed must happen since det
A(z) # 0. This yields

A=MD ... M(/)A(/)
with M ) € oy, one-banded, and det A(z) = det A“)(z), and AY is
(m — /)-banded. If /= m — 1 we are done. If 4 is strictly banded
then the results in [6] complete the proof. If the upper-most non-trivial

band of A“ is not strict then we apply Lemma 3.1 to (4“’)T and trans-
posing back we obtain
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A(/) — A(/+u)[’(u) 1“'(1)

where finally A4 “*# is strictly m — (/ + u) banded and the ') € o/, are
one-banded. Thus another appeal to the results in [6] completes the proof.

Note that det A(z) = det 4“*¥(z). Hence referring to [14] we immedi-
ately know that the dimension of the null space of 4 is m — ¢/ — u. As
an immediate corollary to this Theorem 3.1 we state

COROLLARY 3.1. Let A € o/f; be m-banded. Then there are integers ¢ and
u as before with (¢ + u) £ mand A(z) = MV(z) -+« M) Ri(z) ---
Ry iy T9(2) - -« T'V(2) where det M ¥(z) = det [''P(z) =1, i =
I,...,7,j=1,...,u,sothat

m—(/+u)
det A(z) = ] det Ry(2),
=1

where

1 riz"—

ry o1

(3.3) R(z) =

0 o1
and M 9 and (I''?)T are as in Lemma 3.1.

We note further that
m—(/+u)
3.4 det Az) = [ (0 = (= DVNy;2)
J=1

where y; = #{ ... r{. Finally we remark that we have achieved a formal
LU-decomposition of A4 by setting L= ML ... M Ry -+ R,_(4n
and U = [ ... ' We hasten to add, however, that it is quite possible
that L is not boundedly invertible even when 4 is.

As for non-banded matrices in /;; we first observe that the preceding
discussion shows that for 4 € &/} we may remove the ragged upper edge
of 4 by applying the one-banded factorization techniques of the previous
section yielding A = LB where B is a finite product of one-banded factors
and L € &/} has been normalized so that L; =1, ieZ and L;; = 0 if
i < j,i.e. Lis unit lower triangular. Again det A(z) # O assures that only
a finite number of eliminations is needed to remove the ragged upper edge
since otherwise det 4(z) would have a zero of infinite order. We record
these observations in

THEOREM 3.2. Let A€ o/} and define I, = (0, ;-,);, ez € 4. Then
there exists some r € Z such that
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(3.5) A=1LU
with L; = 1,ie€Z, L € o/F; unit lower triangular and
U=DR,---R,

where each R; € o/F; is a one-banded unit upper triangular block diagonal
matrix and D € o/7; is a diagonal matrix.

As pointed out in [6], L has a unique lower triangular inverse which we
denote by L-1. Furthermore, the matrix |L~1| which is formed by taking
the absolute values of the entries of L1, i.e.,

IL7Y;; = (LDl
is in &7%.
In order to continue our factorization procedure we require the fol-

lowing lemma whose proof follows from Lemma 2.1 and the reasoning
in [6] for a similar case.

LEMMA 3.2. Suppose A € o/ is not banded. Then the limits

(3.6) Bi(4) = lim _Aijnee

oo A Nkl
exist and do not dependon i = 1, ..., N. In fact, we also have for each in-
teger j

3.7) Bu(A) = lim _AiNer_

3
=0 Af jN+E+1

and consequently

(3.8) r(4) = lim AN _ gy (4

J— 5, (j+DN+k
is independent of i and k.

We remark that, when A4 is unit lower triangular, by Pringsheim’s
theorem 1/y(A) is the first common singularity of each entry of A(z),

Aplz) = ZE)Ai,—jNHsz‘
=
Since each A4;,(z) is a symbol of an element of /7, (1.5) says that this
singularity is a pole.

LEMMA 3.3. Suppose A € o/5; is not banded and is unit lower triangular.
Then

AV = A(I — BY) e %

where
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0 Bi(A)z

B2(4) O

Bl(z) = ’
_ 0 Bv(4) 0

Proor. For arbitrary #, positive m and large positive g consider the
section

- Al,fN- * ) Al, (+m)N
Avwe =+ AwGemn
Aml:/, N A, (/.+m)N

_ Ay N - - A, (/+r;z)N .

Now subtracting A, ,n/A4,, ,~+1 times the second column from the first
one and then subtracting 4, ,y11/4,, v+ times the third column from the
second and so on yields as the last row

(0’ 0, e 09 Aq, (/+m)N)'

This operation is known to preserve total positivity for each g, (c.f. [15]).
Thus sending ¢ to infinity and noting the freedom in # and m one obtains

the result.
We are now in position to state our main result of this section.

THEOREM 3.3. The symbol of each A € /% has the form
(w)An=unﬁu+ﬂmamﬁu—m@wbgu+w@)

with the following properties.
1) A#(z), Bi(z) and Ui(z) are N x N matrices of the form

0 zal ~ —0 zbj

a0 b 0

(3.10)  Aiz) = e Bi(z) =
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0 Y 0
0
Ui(z) =

0 ufy
_uflz 0
where the af, bi, ul are all non-negative and

N
=1

Y (@ + bl) < oo.
7=1

ii) 7is finite and [[M, ui =0,j =1, ..., 7, so that
det(/ + Ui(z)) = 1.

iii) D is a positive constant diagonal matrix.

iv) C(2) is the symbol of a matrix C in of§; such that both C(z) and
C-1 (2) are entire,

det C(z) =1
and
N N
11840 =1 B(C1 = 0.
k=1 k=1
As a corollary we obtain

COROLLARY 3.2. Let A € o/% be unit lower triangular. Then

A = (=D¥;2)
det A(z) = 1

=)

I;[(l - 5jZ)
where v, 6; 2 0,j=1,2, ... and }J32, (F¥N + YY) < c0.

We wish to prove Theorem 3.3 in several steps. Notice first that if 4
is banded the result follows from Theorem 3.1 and Corollary 3.1. If 4
is not banded then, according to Theorem 3.2, 4 = I,LU with L unit
lower triangular in «/# and the symbol of U has the required structure
stated in ii). Thus, without loss of generality, let us assume that 4 € o/%

is unit lower triangular. The first step in the factorization is to go after the
poles.

LEMMA 3.4. Let A € o/§; be unit lower triangular. Then

A@) = 61U - By
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where G € o7} is unit lower triangular with an entire symbol and

— 0 zb] —
b 0
Bi(z) = o b{go,}%mb{<oo
. . =1 7=1
_0 by 0 _

PrROOF. Let 4 = A® and b} = B(49, k =1, ..., N, with the 8,(4)
as in (3.6). If b} = 0 for some k then the result follows from the remarks
after Lemma 3.2 by choosing G(z) = A(z) and b;(z) = 0. If all the b} # 0
then set

—0 zbl
b 0
Bl(z) =
_0 by 0 _

and conclude from Lemma 3.3 that
AD(z) = 40(2) (I — BU(2)

is the symbol of a unit lower triangular matrix in &/§. If 4D is banded we
are finished in view of Theorem 3.1. Otherwise, we may repeat the above
process thus generating a sequence

A9@) = 4@ [0 - Bi)
where

b= BAY V) k=1,..., N,

and 4™ € o/} is unit lower triangular. Again if for some n, 7, = b} - - -
b = 0 we are finished. If this never happens we must be sure that the
infinite product

ITu - Bf)
converges. To this end, note that
(AP);i1 = AP, = B} + - +b) 20

fori=1,...,k, and so
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Ms
M=

(3.11) bj < .

|
—
-
Il

j 1

Defining [|4]|,, = sup; XJ;|4;;| we have for [z| < p

ITL¢ - Bl S TT 1 = B S exp (5 1B}

Hence by (3.11) we immediately conclude uniform convergence of the
infinite products on all compact sets of the complex plane. It follows that
Tn=bf--- b% - 0 as n —» oo. Since 4™ (z) is analytic for |z| < 1/r,
and 7y, - 0, n > oo, we see that

G(z) = A%2) ﬁu - B{(2))

is entire. This proves Lemma 3.4.
We remark that it was pointed out in [6] that 7y = y; = ---. This
also follows from the fact that y; is the first singularity of 4 “-1(z).
Now let G-! be the (unique) unit lower triangular inverse of G. Ac-
cording to an observation made in [6] we know that |G~1| = DG-1D e
% where D;; = (—1)i;;. Thus we may apply Lemma 3.4 to |G| yield-
ing

(3.12) IG7(2) = L(2) ( ]jl(l - 42!

where L(z) is entire, A/(z) is given by (3.10), ¢ Z 0 and 2, ¥,
a’ < . Note that

(3.13) DIG™M((= D¥2)D = G™X(z2) = (G(z))

where D = ((— 1)%9; ;)¥7%. Hence

(G((= W2 = DLEXTT U — 4X@)1D
which gives "~

G(—1)Vz) = b ﬁl(l — Ai(z))DDLz)D,

and finally

G(z) = ﬁl(D(l — Ai{(—=1)N2))D)|LY|(2).
=
This simplifies to

co

(3.14) G(z) = Il(l + Ai(2))|L7Y(2).

j=

Thus setting C(z) = |L71|(z) we see that,
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(3.15) AQZ) = ﬁ(l + AH(2)CEX fjl(l — Bi@)

and all assertions of Theorem 3.3 have been verified except for the re-
quirements on C(z). However, since C(z) is entire by Lemma 3.4, det
G71(z) has no zeroes and thus by (3.13) det|G!| (z) also has no zeroes.
But (3.12) yields

det L(z2)

o ’

M0 —of - ao)

det G-1(z) =

from which we conclude that det L(z) has no zeroes. Since we also know
that L(z) is entire it follows that both C(z) and C~1(z) are entire.

In order to complete the proof of Theorem 3.3, it remains to prove
that det C(z) =

THEOREM 3.4. Let A € o/5; be unit lower triangular with A(z) entire and
det A(z) non-vanishing. Then det A(z) =

This theorem is a consequence of the following fact which is of interest
in its own right.

THEOREM 3.5. Let N > 1 and A € o/ be unit lower triangular. Then
each entry of A(z) must be of the form ((1.5) 1) witha = 0, i.e.,

l + a;z
(755
H I =Bz
with 332, (a; + B;) < o and 7, a;, B; 20, k€ Z.

PrOOF. Since any 2 x 2 submatrix of a symbol A(z), 4 € o/y is the
symbol of some 4 € 47, it is sufficient to prove the assertion for N = 2. Let

Ay1(2) A15(2)
(4(z) = [Am(z) Azz(z):l

and hence

(A@)! = A-Y(z) = {Azjz)(z) —':1?8} /det A(z)
— 21

_ [311(2) Biy(2) }
L Ba@ Bay(2) .
Since from (3.13) we have
A~Y(z) = D|A~Y(2)D

we conclude that B;;(2) is the symbol of an element of .«7; which gives
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(3.16) Byy(2) = e ,@( i %j;) = 4t 252)'

On the other hand, by (3.15) and the fact that A,5(z) is also a symbol of
an element of o/; we get

Bi(2) = e (: ——; . ) /det C(2)

where C(z) and C~1(z) are both entire. Consequently, we have for some
r€R

3.17) det C(z) = elrzm)? = erz,
Next, we show that y = 0. In view of (3.15) we have

Q1
det A@) = er 1 (15507 ) = Au(e) Aul) — M) An@).

7=
Again since the A;;(z) are symbols of elements of .o7; we obtain
1+ B® 1 + az

det A(z) = e H < ﬁ]@ ) H < = 05(2)2 )

where a, B, af, 80, 69 20, /=1,2,j=1,2, ... and ¥ %, T2,
(@ + B} + 8?) < oo. Note that the conclusion of the theorem follows
assoon as weshowa = 3 = 0.

On clearing the denominators we obtain

(3.18) er: I-[l(l + g;z) = e H1(1 + a;z) — ef= [[ (1 + bjz)
7= 7= =1

where a;, b;, g, are real numbers satisfying

J;Uajl + 1,1 + 1g;D) < oo.

Rewriting (3.18) as

o)

e’z H(l + gjz) = ela1/Dz l‘[ (1 + ajz) — eb-1/2: nma + b;z)
J=1 =1 7=1

we see that if y < O the right hand side of this equation goes to zero as
z - — oo, since each product is of exponential type zero. On the other
hand, for the same reason, the left hand side is not bounded. Thus we
conclude that y = 0.

Now since by (3.13) we get for N = 2

det C1(z) = det |CY|(2), |C71| € &7,

we can apply the same argument to |471| and conclude —¢ = 0. There-
fore y = 0 and we obtain
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det C(z) = det C1(2) = 1.
Now equation (3.18) reads

MMa +giz)=e=]] (1 + ajz) — ef [[ (1 + bj2).
J=1 J=1 7=1

Therefore the same argument used above shows that « = 8 = 0. This
completes the proof of Theorem 3.5.

We return to the proof of Theorem 3.4. We now know that each entry
of A(z) is of the form

A;if(z) = rz* /l;[l(l + a,z)

where 7, k, a, depend on (i, j). Since det A4(z) is a linear combination of
products of this type it is of exponential type zero. But det A4(z) has by
assumption no zeroes and no poles and so it is a constant. This completes
the proof of Theorem 3.4 because det A(z) = det 4(0) = 1.

As an example satisfying the hypotheses of Theorem 3.4 consider the
matrix

A =lim (I + B/n)"

where
09 i —I #* l,
Bt'j' = bi’ l'—J = l,
bi+N = b,', iel.
Then
(3.19) A(z) = exp (B(2))
and
0 zby
by, 0
B(z) =
_0 by 0 _

Since det A(z) = exp (tr B(z)) it follows that det A(z) = 1.

Let us point out that there exist matrices 4 € &y, N > 1, such that both
A(z) and A~1(z) are entire but A is not of the form (3.19). As an example
let N = 2 and define for any a, b, ¢, d = 0
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(3.20) A(z) = exp<2 [:)Z) exp<2, (;)Z>

Clearly 4 € o77 but it is easy to see that it is not of the form (3.19).

In fact, the fifth section is devoted to the discussion of a subclass of
&/ which strictly contains the class of matrices of the form (3.19) or
(3.20) but still satisfies the hypothesis of Theorem 3.4.

4. The Two-Sided Case. Suppose now that 4 € o/ but neither 4 nor AT
is in o7%;. We know from Theorem 2.1 that A(z) is either the trivial func-
tion

2 07zid,

where A, is as in Theorem 2.1, or A(z) converges in a non-trivial annulus.
In the latter case, as discussed in section 2, we may rescale A(z) to A(pz) =
A,(z) so that A, € o7y and det A,(z) # O for |z| = 1. Thus 4, is bounded
and boundedly invertible on #« (Z) and we may factor A, for some r as

A,=1,LDU

withe L € o/§; unit lower triangular UT € &/} is unit lower triangular and
D e 7% is diagonal. We recall that for any block Toeplitz matrix A

AT(z) = [AzD]".
Thus we may state

THEOREM 4.1. Let A € of y be neither lower nor upper triangular with
respect to any diagonal. If det A(z) converges in some annulus and is not
identically zero then

A(z) = 1(2) Dy L(z) D, U(2)
where L(z) and UT(z) can be factored as in Theorem 3.3 and Dy, D, are
diagonal matrices in of y.

We obtain two corollaries from this theorem.

COROLLARY 4.1. Let A€ o/y, N = 2, with det A(z) not identically zero
and A(z) convergent in some annulus. Then

< (1 = (=DNr,2) (1 = (=DNa;
o= o] G =

where all constants are non-negative and
5 N N
2@y + BYN + YN + YY) < oo.
7=1

Recall that for any block Toeplitz matrix 4, 4 is a bounded mapping
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from /= (Z) to /> (Z) implies A(z) is defined for |z| = 1 and 4 is bound-
edly invertible if and only if det (4(z)) # 0 on |z| = 1. Thus we conclude
from Corollary 4.1.

COROLLARY 4.2. Let A € oy be a bounded mapping on 7~ (Z) then A is
boundedly invertible if and only if

det A((— 1)V # 0.

The proof is immediate since the only possible zeroes on |z| = | are at
(— 1)V as can be seen from Corollary 4.1.

5. Symbols accessible by flows. Consider the biinfinite system of ordinary
differential equations,

Y'(t) = Y() A@)

. Y(tg) = I
where
(5.2) Aif(t) = 6,541 ri2),

and r; € L= [0, 1]. The solution to (5.1) will be denoted by Y(¢) = Y (t) =
Y(ty; t). Aswe will see, for all 1 = 1, Y(zp; t) is totally positive. Therefore,
if in addition r; = r;yy, i€ Z and t Z ¢t it follows Y(¢y; ¢) € &/F;. We now
make the following conjecture.

CONJECTURE 1. Let A be in of y such that A(z) is entire and det A(z) = 1.
Then there is a A of the form (5.2) with r; = r;.y so that if Y is the solution
to (5.1) then

A= Y0; 1).

The remainder of this section explores the supporting evidence for this
conjecture. We begin with the requisite background material.

Let .# be the Banach space of all biinfinite matrices which map < *«(Z)
into inself. The matrix ["is in ./ if and only if

(5.3) 17l = sup 2, |1l < o0

Let C, [0, 1] be the continuous .#-valued functions on [0, 1] with the su-
premum norm. C [0, 1] is a Banach algebra with identity e = (¢;;) and
norm

(5.4) I7'(+)l = ess sup [|1(2)|
0=t=<1

and so C [0, 1] is isometrically embedded in L3, [0, 1].
For reasons that will soon be apparent we wish to study the Volterra
integral equation on C [0, 1]
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(5.5) H0=I+I?%)H®dm
Setting
(5.6) (TY) (t) = _[ j Y(o) I'(o) do,

then clearly || T|| < |I'] and we also have lim,,_,..|| 77||1/» = 0. Consequently
for 'e LG [0, 1] the Neumann series / + T/ + --- + T#I + --- con-
verges to the unique solution of (5.5). Moreover, Y(¢) is Lipschitz con-
tinuous and so satisfies (5.1) a.e. for I' = A. These standard remarks
guarantee us that (5.1) has a unique solution. Moreover, since

(5.7 T = I' r .. t""p(t”) o P(t)dt, - dy
toJ iy to

we see that Y(z) is lower triangular whenever ['(¢) is lower triangular. In
particular, for the choice (5.2) Y(¢) is lower triangular. Thus the equation

Y'(t) = Y(t) I'(1), t 2 t,,

8 T(to) = 1,

for I' lower triangular generates a flow in the space of lower triangular
matrices. When will Y(z) also be totally positive for ¢ = ¢, and any #,? If
it were then the off diagonal entires of /" are nonnegative because for i # j

Yt = L,( Y(o) I0));; da

(5.9) = j' : Ii{0)da + 0(t — to)?

= (t — tg) I';j(to) + O(r — t9)2

Next observe that ['(#) must be tridiagonal for all z. We will content our-
selves by showing only that I';; ,(¢) = O for all i. A similar argument
gives ['; ;4,(t) = O for |k| > 1. Since Y(¢) is totally positive we have

0 Y0P L4 }) = = Finia (0o + 0t - 102

which we derive by making use of (5.9). Therefore I';.; ;-1(c) = 0 since
we have already shown it is nonnegative. Hence when ["is lower triangular
we may express it as ['(t) = D(t) + A(t) where A(¢) has the form (5.2).
From this equation we can obtain

Yi(t) = Yi(1)D(r)

where D is the diagonal matrix
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_ t
D(t) = exp _" Do)do

and A = DA. Thus, modulo a diagonal scaling, we see that the only
I'(t) which may yield a flow in lower triangular totally positive matrices
has the form (5.2).

Let us now explicitly compute the entries Y,;(¢) of the solution (5.1)
when #; = 0. Since Y is lower triangular and

(5.10) Yit) = Y, j1(0)rja(t)
for all i = j we get Y (z) = 1. Therefore it follows that
(5.11) Yiia® = ['rioyde

and in general for i > j one has

t ¢ ti— j—
(5.12) Y;i(t) = jorj+1(11) J.Olrﬁz(fz) e ."0 ' lri(tx'—j)dti—-j -eedty.

We also write this as

Y:'j(t)=j- strj+1"'ri

i~
where Y, ; < t represents the simplex {(¢, ..., #,-;): 0 S #;_; < --.
< t; £ t}. Note that

(5.13) 1Y (D) < (il/ﬂ';;! L0<t<1,i>)

Similarly, if Y~1(¢) denotes the lower triangular inverse of Y(¢) then for
(5.19) W(t) = DY 1(t)D, D = ((—1)‘;;)

we have

Wi@t) = A)W(),
W(0) = I.
Therefore, we obtain as before
(5.15) W it) =j .
;- jst

We will now show that Y(z) is totally positive for each fixed ¢ > 0.
This could be directly verified using (5.12) but in our context it is ap-
propriate to use a modified Euler’s method to make this conclusion. To
this end, note that for 0 = ¢y < ¢; < --- < t, =t we have

(5.16) Y(t;1;) — Y(t;) = _f:f*IY(a)A(a)da = Y, _" :f*‘A(o)da + 0(dr),
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dt; = t;4; — t,. It follows that
(7
(5.17) Y(t,y) = Y(t) (I + j‘ 'A(o)do) + 0(4r2)
t;

and by a standard argument we get

(5.18) Y@ = lim 'ﬁ:(l + j " Ao)do),

n—»co0 ™!

4, = max; 4t, ;. Each factor on the right of (5.18) is one-banded with
nonnegative entries and hence Y(z) is totally positive. Furthermore, if we
introduce the matrices

tn,n‘+l .
A;‘=5 Ao)do, 1 S i< n—1

tnyi

then
(5.19) lim max ||4%||, = 0
as 4, — 0. This suggests introducing the subclass 2, of biinfinite matrices

in oy such that 4 € 2, whenever its symbol is a uniform limit on com-
pact subsets of C,

(5.20) A(z) = lim 1_11 (I + A%2))

for some {47} = &y such that (5.19) holds and the symbol of A% has the
form

0 zal,
a?’z 0
A¥(z) =
_0 afy 0

Equation (5.18) therefore shows every matrix accessible by the flow (5.1),
(5.2) is in 2. We will next show the converse is also true. For this pur-
pose, we let

Dy ={A: Ae gy, A= Y(l), where Y(t) solves (5.1) for some A
as in (5.2)}.

THEOREM 5.1.

@N = ?N.
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ProoF. We wish to show that any 4 € 2 is accessible by the flow
(5.1), (5.2). To get a feel for 22y we let A(z) = lim,,_,,, A*(z) where

@) = [10 + 45)

then

n
n —_ n
Az‘,:‘—l - z:alaji'

=

Thus, lim ., 3%, a}; exists for each i. For our later use we define

$(4) = lim 3 ﬁ;lay,..

n—oo 1=1 =

Furthermore, we observe that
det A(z) = lim det A*(z) = lim H (1 — (= DNy2z)
7n—00 n—oo j=1
where
N
7= k];[l aj e

Since max; gla%, — 0, as n - co, we have for N = 2 }7_,r* - 0 and
so we get det A(z) = 1. This observation is consistent with Theorem 5.1
because for every A € @y with 4 = Y(1) we have

(5.21) (Y'(1)) (2) = Y(1) (A@)) (2)
and so by the formula
det (Y(1)) (z) = expj(l)trace(A(o)) (2)do

we get det A(z) = 1 too.
Returning to the proof we first observe that

(5.22) A(z) = lim ,I:]l exp A%(2).
This is scen by setting
exp A}(z2) = I + A}(2) + R}(2).
Then
(5.23) IR7(2)lloo < 1AHDIE exp [|47(2)]| -

Therefore

[T exp (4362 = 4762) + G762,
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The remainder G*(z) may be estimated as follows. Setting ¢, ; =
maxnzlgp”A?(z)”m and e, = max;<;<, ¢, ; SO that 2 i1 6nj = max(1, p)
3> (A) we note that by (5.23)

max |G7(2)]. < exp(2 X (max(l, o) 3} CEn e i)

1=/H<--<j,=

Recalling that ¢, — 0, as n — oo, it is easy to verify that the right hand
side of the above inequality tends to zero as n — oo. Thus we have verified
(5.22).

As a next step we will construct for a given 4 € 2y a sequence of
matrices /,(¢) of type (5.2) so that Y, (1) converges pointwise to A.

To this end, we define

N n N
An,j = (Ie;l 07,1;)//;1& a}l,k'

Excluding the obvious case when A is the identity matrix, we have )] (4)
> 0 and so max; 4, ; - 0 as n - oo and

2 4d,;=1
=
Therefore by defining
tﬂ,l' = ZAn,jal é i é n,
=

tn,O = 0’

we obtain a partition {¢, ;} of [0, 1]. Next we introduce the step functions

a]”',k/An,ja ifre [tn,j-l, zn,j)’
i) = .
0, if t¢1[0, 1].
Since [|rfll < 2071 2051 @k We get
(5.24) lim 7], £ Z(4), 12k <N
Setting
0 zri(t)
r3(z) 0
(5.25) A(t)(z) =
_0 (@) 0

it follows that
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(5.26) exp (47(2)) = exp (dj,, A"(1)(2))

for t€([t, ;-1, t, ;). Therefore, the matrix whose symbol is

(5.27) 8@ = [ exp (43)
satisfies, on one hand

(5.28) B,(2) = Y (1) (2)
while, on the other hand (5.22) provides

(5.29) '1;1_{1010 B,(z) = A(2).

We complete the proof by showing that there is a A as in (5.2) with
4] £ X(A) satisfying Y (1) = A.

It is easy to see from (5.24) and (5.25) that the {¥ ,}32, are equicontinu-
ous and bounded and in addition the sequences {47 ;_;}:2, are bounded
in L™[0, 1]. Thus we may select a subsequence (again calling them {47}
and {Y.}) so that Y, — Y by the Arzela-Ascoli Theorem and A7 ;_; —
A; ;-1 weak star L™[0, 1] by Alaoglou’s Theorem where (4| = X(A4). We
need to verify that ¥ = Y,. To this end, observe that

Yult) = I + _[ ; Y w(0) A(0)do

= 1+ [ Y 10)d0) + (1Y = YN0)#(0) do.
Letting n — oo and using Y, — Y and A* —» A we conclude that
Y() = I + j ; Y(0) A(0)do.

This completes the proof of Theorem 5.1.

We finally discuss whether or not matrices in @y can be factored as
A = RBor A = BR where R, Be o/y and R is one-banded. So far we
have observed for every 4 € 9y det A(z) = | and y(4) = [ X, 8,(4) =0
because A(z) is entire (see (3.6)). We approach this issue by determining
when the §;,(4) =0,i =1, ..., N. As we shall see this means that 4 €
9y cannot be factored.

Let us now clarify the circumstances which assure us that 8,(4) = 0,
i=1,..., N. This requires introducing the subclass #2y of 9y

S Dy = {A: A = Y(1) for some A as in (5.2), satisfying for

(5.30) 1
alliandalle, 0 < ¢ < I, L A; i-1(0)do > 0}.

THEOREM 5.2. A necessary and sufficient condition for A € Qy to satisfy
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B(A) =0, i=1, ..., N is that A€ SDy. Moreover, any A€ F Dy
cannot be factored as A = RB or BR when R, B € oy, R is one-banded but
not diagonal and B has an entire symbol.

We should keep in mind that there are matrices A € 9, which are
banded with banded inverse. For such matrices the 3,(4) are not de-
fined. As a simple example of this possibility we let N = 2, r;(¢) = 1 and
ro(t) = 0, then

v.@ = (1 1)

PrROOF. In order to prove the first assertion, we need the following
lemma.

LEMMA 5.1. Let A € o/§; with A(z) entire and A, B € «/F; be unit lower
triangular, such that ${(A) and BAB) exist for all i. Then

(5.31) B{AB) = B(B), i=1,..., N.
PRrROOF. Let C = AB and compute for i > j
Cij }?—" AicBes :
(532) L =& = 3 WidB/B, 1) + Vi
i,i+1 Z Ax’/B/,j+l /=j+1
/=j+1
where
Wij/ = iAi/B/,j+l ,
Z AiBy, i1
k=j+1
and

;
V.'j = Ax‘j/ , __; L A,»/B,, 1
Now for fixed j, 7~ and i > k + N >

A,~ ) /B/. j+1

Wi ¢ é
Ai, /+N B/+N y 71

and also for i - o

N
Aik/Ai.k+N - kl;ll Bk(A) =0.

Thus W,;,, V;; - 0asi — oo for fixed j, 7. But then (5.32) is seen to be a
summability method which gives

. C;i . B;;
lim Y =lim LA
im0 Ciju1 imeo By

as was to be shown.
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Returning to the proof, we let A = Y,(1) be in 9. Note that
Y1) = Y (1) Y4(2; 1)
where Y, (t; -) solves
Vi=VA V() =L
Since Y ,(t)(z) is entire for each ¢t € (0, 1), Lemma 5.1 yields
(5.33) BAAY = BAY A(t; 1).
But from (5.12) we have
. Y (t; D) ;

This inequality holds for all z € (0, 1) and hence from (5.33) we conclude
that all the 8(4), i = 1, ..., N, vanish.

Conversely let 8(4) =0, i=1, ..., N and suppose 4 € Q5. Then
A = Y/ 1). Let t* = min{s: t £ | and Y(t) = Y (1)} and set A*(z) =
t*A(tt*). Hence A = Y (1) and f1_ A*@)dt #0 for0 <e < 1. If 4 is
not in 9y then we must have

= (= Dlrjllce

1
(5.34) j' At = 0

for some i and ¢y > 0. Again we have
A = YA‘(I - 60) YA*(l — &o, l).

From (5.12) and (5.34) it follows that Y ,.(1 — &; 1) is a non-diagonal
banded matrix in o/3. Hence by Theorem 3.1 it is a product of one-banded
nondiagonal matrices. In particular, there exists B € o/ with det B(z) =
1 and R a one-banded nondiagonal matrix in «/f such that

A = BR.

Since det A(z) = det B(z) = 1, it follows that det R(z) = 1 from which
we conclude R is a block diagonal matrix. Consequently, R~1 is block
diagonal too, and DR-! D € &/%. Hence we can find a column of R-1
(say the j—t4) so that the only two nonzero entries are
Rij}=1land R7} ; =c <0.
Thus
B,-j - A,‘j + CA,',j.;.l - A,-j
A jn A; i+ A jn

+c

is negative for large i because {A) is zero. This same argument can be
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used to conclude that 4 € 9, has no one-banded factors of the type
mentioned in the theorem. This completes the proof of Theorem 5.2.

Theorem 5.2 leads to the following characterization of the matrices in
Dn.

THEOREM 5.3. A4 is in @y if and only if
0
(5.35) A=BIlR

where each R; is one-banded with det Ri(z) = | and B€ F9Dy.

Before proving Theorem 5.3 we observe that if conjecture 1 is valid the
central remaining factor C(z) in Theorem 3.3 has the form

0
@) = B@) 11 R)

where 8(B) =0,i = 1,..., Nand B e ¥9y. Consequently, by relabeling
all one-banded factors appearing in (3.9) and (5.35) we would get the re-
presentation (3.9) with the remaining central factor in #92y. This would
give a complete factorization of A4(z) analogous to the scalar case.

Proof of Theorem 5.3. Suppose Be ¥y and [[2-_. R; exists where
det R(z) = 1,i =0,..., —oo. Since Py is closed under pointwise limits
and under multiplication

0

(5.36) B'_H R e 9y

follows as soon as we have shown that any one-banded matrix R e o7F
such that det R(z) = 1 is in @y. For such an R we can assume without
loss of generality that R;; = 1, ie Z, and

L
i+1,0 T rigo’ l=kN+],]=ls’N_l
Now let
Ti=1,ieZ,
. rjp I =kN+Jj keZ
T, =i ;
0, otherwise.

Notice that
T = Y, 7(1)

where
Al iiwn,ivan(t) = 0;,r,, k€Z,
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and
N—1
T’ = R
I
proving (5.36).

Conversely, let 4 € 9y and assume A = Y /(1) where /(z) does not
vanish identically in a left neighborhood of 1. If f} . A4;,_1()dt > 0 for
allieZ and all | Z ¢ > 0 we have by Theorem 5.2 that 3(4) =0, i =
1, ..., N, whence the assertion follows with 4 = B, R; = [, all i. If for
some iy and some ¢ > 0, f1_, A, ;1(¢)dt = 0 we pick the largest ¢ with
this property, ¢; say, and write

A=Y= Y1 —e)¥ (1 — &35 1).

As before we easily conclude that Y (1 — ¢; 1) is banded and det Y (1 —
e1; 1)(z) = 1. Hence Y, (1 — ¢; 1) can be factored into one-banded
matrices RY, with det Ri{(z) = 1. We now repeat the same argument on the
interval (0, 1 — &) if any of the 8;(Y (1 — ¢;)) # 0, thereby obtaining the
desired factorization.

REMARK. The following example shows that there may indeed be an
infinite number of factors in (5.35). Let N = 2 and A9, ;—1424(¢) = r{t),
i=0, 1, keZ when

I, te[272-1 2720 k =0, ,...,
ro(t) =
0, te[272, 272+1) f =1,2, ...,
ri(t) =1 = ro?).

We end this paper with another conjecture which would follow from
Conjecture 1. This additional conjecture may be of some use in resolving
Conjecture 1.

CONJECTURE 2. Let A € </ yy with an entire symbol. Then there are banded
matrices R, € of 5 such that

A(z) = lim R,(z)
n—roo
uniformly on compact subsets of C.
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