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BASIC QUASI-PROXIMITIES, GRILLS
AND COMPACTIFICATIONS

R. N. HAZRA AND K. C. CHATTOPADHYAY

ABSTRACT. In this paper we make a study of nonsymmetric basic
proximity structures defined by ignoring the symmetry axiom from
the definition of basic proximities given in Cech [1]. They have been
used to construct a type of compactification of D,-closure spaces.

1. Introduction. Pervin [14] introduced the concept of quasi-proximities
in 1963. He defined quasi-proximities by ignoring the symmetry axiom
from the definition of classical proximities (EF-proximities) defined by
Efremovic [4]. Steiner [15] has proved that there is a quasi-proximity as
defined by Pervin, compatible with each topological space. Gastl [6] has
also investigated quasi-proximities as defined by Pervin [14].

Mattson [11] has investigated nonsymmetric proximities, which are
defined by including distributive properties in addition to what has been
defined by Pervin [14]. This type of nonsymmetric proximities have also
been studied by E.P. Lane [8], Singal and Sunder Lal [17] among others.

After the introduction of Efremovi¢ proximities, extensive investiga-
tions to generalize the theory of proximities in different ways have been
made by Leader [9], Lodato [10], Harris [7], Gagrat and Naimpally [5],
Sharma and Naimpally [16] Thron and Warren [22] and Mozzochi, Gagrat
and Naimpally [12].

Basic proximities were introduced by Cech [1]. It has been shown that
the closure operator induced by a basic proximity satisfies a symmetry
axiom. Thus one can not expect a basic proximity compatible with an
arbitrary closure space.

In this paper, an attempt, parallel to what has been done by Pervin to
subsume all topological spaces under proximity-like structures defined
by modifying suitably the definition of EF-proximities, has been made
to subsume all closure spaces under basic proximity-like structures defined
by modifying the definition of basic proximities of Cech. We have intro-
duced the concept of basic quasi-proximities and used the theory of grills
to develop the theory in line with what has been done by Thron [19] for
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the theory of proximities. We can show that many of the results of [19]
remain valid for quasi-proximities.

Finally, we have used the theory of quasi-proximities to construct
Dy-extensions (in particular compactifications) of Dy-closure spaces. But,
as it stands right now, we have failed to characterize what compactifica-
tions of Dy-closure spaces could be achieved by our method. We have
concluded by making a remark about the Riesz’ problem in the context
of quasi-proximities.

2. Preliminaries. In this section we fix our notation, collect several
definitions, and state some results without proof.

In what follows there is always an underlying nonempty set X. It will
be convenient to denote the elements of X by x, y, ... and its subsets by
A, B, . ... Families of subsets will be denoted by o7, 4, . . . . In particular,
Z will be used for filters, %, ¥ for ultrafilters and # for grills. The collec-
tion of filters, ultrafilters and grills will be denoted by @(X), 2(X) and
I'(X) respectively. Though, an element x € X and the set {x} containing
the single element x are conceptually different, they are not distinguished.

We begin by recalling the definition of a filter, ultrafilter and grill. Basic
results on grills are given in Thron [19].

DEFINITIONS 2.1. A stack & on a set X is a subfamily of the power set
P2(X) satisfying the condition

A>DBe¥ = AeZ.

We denote, by Y(X), the set of all stacks on the set X. Note that };(X)
is closed under arbitrary unions and intersections.

A filter & on a set X is a nonempty stack satisfying the condition 4,
BeZ = A () Be #. Afilter is said to be a proper filter if it does not
contain the empty set.

An ultrafilter % on X is a maximal proper filter on X. In particular, if
% contains a singleton {x}, then % is called a principal ultrafilter and is
denoted by #(x).

A grill # on X is a stack which satisfies the additional conditions

¢pé¢vand A | Beg > AeZor Beg.

A nonempty grill is called a proper grill. Observe that @(X) is closed under
arbitrary intersections and /'(X) is closed under arbitrary unions.

The words ““filter, grill’” will be used to mean ‘proper filter, proper grill’
unless stated otherwise.

DEFINITIONS 2.2. A functionc: 2(X) —» 2(X)is called a closure operator
on the set X if it satisfies the following three conditions:
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Ci: (@) = D3

Cyic(4 U B) = c(4) U c(B);

C3: C(A) o A.
The pair (X, ¢), where c is a closure operator on the set X, is called a
closure space. These concepts are generalizations of the more familiar
concepts of Kuratowski clousre operators and topological spaces, respec-
tively. If, in addition, a closure operator c satisfies

Cy: c(c(A)) < c(A),

then c is called a Kuratowski closure operator and (X, c)is called a topol-
ogical space.

Closure spaces were introduced by Cech [1]. They form the basic spatial
structures in [1]. One advantage of this approach is that it provides a
convenient basis for the study of general proximities and uniform struc-
tures.

DEeFINITIONS 2.3. A binary relation 7 on the power set 2(X)is said to
be a basic quasi-proximity on X if the following conditions hold:

QP;: () (A4, BU C)en<>(4,Byermor (4, C)er;

() 4 UB CQenre(4,C)enor (B, C)er;

QPy,: A B # ¢ = (4, Byer; and

OP;: (A, Byern = (4 # ¢ # B).
The pair (X, 7) is called a basic quasi-proximity space. If, in addition,
the basic quasi-proximity 7 satisfies

QPy: (A, Byen = (B, A) e,
then 7 is called a basic proximity on X and (X, r) is called a basic pro-
ximity space. The basic proximity spaces were introduced and studied by
Cech [1]. For each basic quasi-proximity 7, we define

c(A) = {xeX:(4,x)exn}, foralldc X

One can easily verify that ¢,: 2(X)— 2(X) is a closure operator; it is
called the closure operator induced by 7. By z~! we mean 7! = {(4,
B): (B, A) € n}. It can be verified that 7~1 is also a basic quasi-proximity
and it is called the conjugate of 7.

We define

n(d) = {Bc X:(4, Byer}, foraldcX.
Henceforth we shall drop the prefix ‘basic’ and just talk of quasi-proxim-
ities.
DerFINITION 2.4. A duality function d: };(X) — Y (X) is defined by
d¥)={BcX:BNA+¢ Ae &}.

The duality function satisfies the following results:
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Hd¥)={BcX:X — B¢ S};
(i) d(d(&)) = &
(iii) d is a bijection map from @(X)onto ['(X)and from ['(X) onto &(X);
(iv) For any element % € Q(X), d( %) = %,
W) d(U &) = Nd&)and d( &) = U d(&,); and
(iv) &1, L2€ L (X), 12 Fo= d(F) © d(&).
Below, we state without proof some results from Thron [19].

THEOREM 2.5. Let @ € ['(X) be any element. Then
g=U{weQdX):u < %}

THEOREM 2.6. Let & € O(X) and ¢ € ['(X). Then & < % holds if and
only if there exists an element U € (X)) such that F < 9 < @.

THEOREM 2.7. Let F€®(X)and %, %€ ['(X) be such that F < %, | %».
Then & < 41 6r F < 9.

From Theorem 2.7 one can easily deduce the following corollary.

COROLLARY 2.8. Let € ['(X) and &1, # 5 € O(X) be such that F, (| F,
c . Then?l cYorF,cg.

THEOREM 2.9. A binary relation & on 2(X) is a quasi-proximity on X if,
foreach 4 c X,

(1) n(A4) and 7=Y(A) are grills; and

() 7(4) > U {#eQX):Aeu} ={B < X: A B # ¢}.

ProoF. It is easy to verify that the condition (i) is equivalent to QP; and
QP;, and the condition (ii) is equivalent to QP,.

THEOREM 2.10. Let 7 be a binary relation on #(X). Then r is a quasi-
proximity on X if and only if
(1) 7(A) is a grill for each A < X,
(ii) w(4 U B) = n(A) U n(B) for all A, B c X
(iii) 7(4) © U{w € AX): A€ ¥} for all A = X; and
(iv) 7(9) = ¢.

Proor. Conditions (i), (iii) and (iv) are equivalent to conditions QP
and QP;. Condition QP, is equivalent to condition (iii).

THEOREM 2.11. Let 71, my be any two quasi-proximities on X and let A,
B be subsets of X. Then
i) m U mq is a quasi-proximity on X;
ii) if A o B, then (A) > m1(B);
iii) (71 U m2) (4) = 71(4) U 72(4); and
iV) cﬂlUﬂz(A) = cm(A) U Cn:z(A)'

ProOF. The proof is straightforward and hence we omit it.
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COROLLARY 2.12. For any quasi-proximity w on X, © |J n~1 is a pro-
ximity on X.

PrOOF. The proof follows from the fact that (x U z7) 1=z () z~L

THEOREM 2.13. Let © be a quasi-proximity on X. Then A € n(B) implies
there is a U € NX) such that % <= n(A) (| n(B).

ProoF. The proof follows from the fact that all grills are unions of
ultrafilters, and if C € %, % € Q(X), then % < =(C).

THEOREM 2.14. Let m, and m, be any two quasi-proximities on X. Then
Cp = g, if and only if 71(x) = 7z '(x), for all x € X.

Proor. The proof follows from the following observation. Let 7 be any
quasi-proximity on X and 4 be any subset of X. Then

c(A) ={xeX: (4, x)en} ={xeX:(x, A)enl}
= {xeX: 4denx (%)}

DEFINITION 2.15. For any quasi-proximity 7 on X and for any filter
Z on X, we define

() = N {x(F): Fe ).

THEOREM 2.16. For any quasi-proximity w on X,

(@) n(F)isagrillon X, for each F € © (X);

(b) n(71 N F2) = w(F1) U n(Fy), for any two 71, F3€ D(X);
© n(d) = U {n(%): Aeu, U € AX)};

(d) n(¥) o &, for each F € D(X);

(e) &1 < n(Fq) = Fo < n UF1), where F1, F5€ O(X);

) v = n(A),Ia u e QX) such that A€ % and v < 7n(%); and
(g) n(%(x)) = n(x), for all x € X.

PRrOOF. (a). Clearly, 7(#) is a stack on X not containing the empty set ¢.
For any two subsets A, Bof X, A |J Ben(#) implies & < 7714 | B)
=7"1(A4) U 7~1(B). In view of Theorem 2.7, we conclude that

F ca(4d) or F < i(B).

Hence A € n(#) or B € n(#). Thus n(&F) is a grill.

(b). Wehave A e n(F, () &y ifandonly if &#; | F» = 7 1(A) if and
only if #; < n71(A4) or #, = n~1(A) (see corollary 2.8) if and only if
Aen(F,) or Aen(F,) ifand only if 4 € 2(F;) U 7(F2).

(c). Be n(A) if and only if 4 € z~1(B) if and only if 3 a % € Q(X) such
that A€ % and % = n~1(B)if and only if 3 a # € Q(X) such that A e ¥
and B € (%).

Thus n(4) = U {n(%): % € AX), A€ u}.
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(d). The result is immediate from QP,.

(e). #1 < n(F,) if and only if &#; < #n(F), for all F e &,, if and only
if Fen~l(%,), for all Fe &,, if and only if &, = n~1(%,).

). ¥ cn(d)=>Aerxi(v)=3Fa decQX)such that A ey < 1
(7)) =7 < n().

(8). w(u(x)) = N {w(A): A€U(x)} = n(x) (See Theorem 2.11 (ii)).

DEFINITIONS 2.17. A closure space (X, ¢) is said to satisfy the Ry-axiom
if, given x, y € X such that x € ¢(), then y € ¢(x).

Now we prove an interesting result in this section. Let (X, ¢) be a closure
space. A quasi-proximity 7 on X is said to be compatible with ¢ if ¢, = c.
In what follows we shall see that, for any closure space, there exists a
compatible quasi-proximity. This is not true in the case of basic proxim-
ities. Since the basic proximity is symmetric, to get a compatible pro-
ximity, the given closure space is required to satisfy the R -separation
axiom.

THEOREM 2.18. Let (X, c) be any closure space. Define

m; = {(4, B): c(4) N B # ¢}.

Then 7° is a quasi-proximity on X compatible with c. Also, n° is the smal-
lest of all quasi-proximities compatible c.

ProOF. Verification of the fact that 72 is a quasi-proximity is straight-
forward and hence we omit it. Also, x € ¢(4) if and only if (4, x) € z% if
and only if x € ¢;0(4). Thus 70 is compatible with c¢. Finally, let 7 be any
quasi-proximity on X compatible with c¢. Then c(4) | B # ¢ = c,(A)
N B # ¢ = (A, x) € «, for some x € B = (A4, B) € x. This completes the
proof.

REMARK 2.19. Now we give an example of a closure space for which
there exists no compatible basic proximity.

ExampLE 2.20. Let X be the set of all natural numbers. Define an op-
erator c: 2(X) — 2(X) by the rule

c(d) = {xe X: x 2 a, for some a € A}.

It can be easily verified that c is a closure operator. By the above theo-
rem, we can get a quasi-proximity z2 compatible with c. Since, by the
definition of ¢, we have 2 € ¢(1) but 1 ¢ ¢(2), it follows that ¢ does not
satisfy the Ry-axiom and hence there does not exist a basic proximity on
X compatible with c.

THEOREM 2.21. Let (X, c¢) be a closure space. We define a relation rl on
P(X) by
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7t =10 U {(4, B): A # ¢ and |B| Z Ry}

Then rl is the largest quasi-proximity on X compatible with c, where 7°
is defined in Theorem 2.18.

(%o denotes the cardinal number of the set of natural numbers and |B|
the cardinal number of the set B.)

PrOOF. We denote, by 4, the set {(4, B): 4 # @, |B| Z 8y}. Clearly
A satisfies QP and QP; of Definition 2.3. Since 7 is a quasi-proximity
it follows that 7! = 7% |J 4 is a quasi-proximity on X.

Now, from the construction of z, it follows that (4, x) € ! if and only
if (4, x) € 70 if and only if x € ¢ %(4) = c(A4). Hence it follows that 7} is
a quasi-proximity compatible with c.

Finally we shall show that z} is the largest quasi-proximity on X com-
patible with c. Let 7 be any quasi-proximity on X compatible with ¢. Let
(A4, B) € . Clearly A #¢ # B. If |B| Z 8y, then (4, B) € z}. So suppose
that B is finite. Then there exists x € B such that (4, x) € 7 and hence
x € c(A) = c(A) = ¢;1(A). That is, (4, x) € z}. Consequently (4, B) € z}.
This completes the proof.

3. Proximity Neighbourhoods. In this section we give an alternative
approach to introduce quasi-proximities by axiomatizing certain pro-
perties of neighbourhood filters.

DEerINITION 3.1. Let (X, 7) be a quasi-proximity space. 4 subset B of
X is called a proximal neighbourhood of a subset 4 with respect to r if
(X — B) ¢ n(A) (notation 4 €, B).

Now it is clear that 4 €, Bif and only if (X — B) €,-1 (X — A). If
no confusion is likely to arise about the proximity, then we simply write
A € B. We denote by (x, A) the set of all proximal neighbourhoods of
A with respect to «, i.e., N(z, A) = {B = X: X — B¢ n(A4)}.

THEOREM 3.2. Let 7 be a quasi-proximity on X. Then, for any A = X:
1) Nz, A) = d(n(A)), where d is the duality function,

i) Wr, A) = N {%eAX): U = n(Ad)} =« {B< X: A < B}; and

i) Nz, A) = N {weQX): Aeu}.

PrOOF. 1). Be N(xn, A) if and only if X — B¢ 7(A) if and only if
B e d(n(A)).
i1). Since 7(A4) is a grill, by (i), we have
N(z, A) = d(z(A)) = d(U{weQX): % = n(A)}
N{d@): % = (A}
= N{u: % <= n(A)}.
Also BeNR(r, A)=X — Bé¢rn(A)=(X-B)NA=¢=>A4cB

I
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iii) Since 7(4) > U {# € A(X): A € }, it follows that

N(r, A) = d(n(A)) <« d(U{# € AX): AU}
N{d@): Acu}
N{weQX): Aeu}.

COROLLARY 3.3. For any quasi-proximity = on X and for any A c X,
N(x, A) is a filter on X.

PrOOF. Since, for each 4 < X, n(A4) is a grill, d(z(A4)) is a filter on X
and hence by the above theorem, R(x, A) is a filter on X.

COROLLARY 3.4. Let & be a quesi-proximity on X. Then B € n(A) if and
onlyif B\ Ny # @, for all N, € R(x, A).

ProOOF. By the above Theorem,
7(A) = d(d(n(A))) = dN(z,A) ={B< X:B(\ Ny # B, N4 €Nz, A)}.
This completes the proof.
COROLLARY 3.5. Let 7 be a quasi-proximity on X. Then for any subset
Aof X,
c(Ad) = N{N4: NyeN(x, A)}.
Proor. From the above results, x € ¢,(A4) if and only if (4, x) € 7 if

and only if x € N, for all Ny e N(x, A), if and only if xe N{N,4: Ny€
N(r, A)}.

THEOREM 3.6. Let ©; and ©, be any two quasi-proximities on X and let
A, B be any two subsets of X. Then

(i) N(z1 U w2, A) = R(my, 4) | (2, A); and

(i) N(zy, 4 U B) = N(my, A) N N(xy, B).

PROOF. (i). N(my U 72, A) = d((m1 U 72) (4)) = d(m1(A4) U 7mo(4)) =
d(mi(A) N d(zx(4)) = R(zy, 4) () Rz, A).
(iD). N(my, 4 U B) = d(zy(4 U B)) = d(z1(4) U m1(B)) =
d(my(4)) N d(zy(B)) = R(m1, ) (| R(ry, B).

COROLLARY 3.7. Let w be a quasi-proximity on X let A, B be subsets of
X. Then

N(z, A U B) = {N, U Np: NyeR(n, A), Ny € N(x, B)}.

Proor. Note that N, € N(z, A) and Nz € N(w, B) implies that N, |J
NgeN(w, A) (| N(z, B) and, hence, by the above results,

Ny UNgeR(n, A U B).
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Also, if E€e R(x, A U B), then E € N(x, A) and E € N(w, B). Thus N(x,
AU B) = {N, U Ng: Ny€N(n, 4), Ng € R(x, B)}.

LeEmMA 3.8. Let © be a quasi-proximity on X and let A, B be subsets of
X. Then
() 4 < B= Nz, A) > Nz, B);
(i) N(z, X) = {X}; and
(i) W(rx, A) = P(X) if and only if A = @.

ProOF. (i). We know that 4 = B = n(4) = n(B). Hence 4 < B =
d(z(A)) o d(w(B)). Thus we have 4 = B = N(x, A) > N(zx, B).

(if). Note that (2(X) — {@}) is a stack. Thus Wz, X) =d(z(X)) =
d@2(X) — (@) = {X).

(iii). Finally, R(z, 4) = 2(X) if and only if d (R(x, 4)) = d(2(X)) if
and only if 7(A) = @ if and only if 4 = @.

COROLLARY 3.9. Let & be a quasi-proximity on X and let A; (i = 1, 2,
.m), B; (j =1, 2,...n) be subsets of X. If, for any pair (i, j), i = 1,
2,...m,j=1,2,...n, B;€N(x, Ay), then
() (1 B, € 0, s 4);
(i) (J1= B; € N(w, (J71 4,); and
(i) ()22y B, € Nz, (71 A)).

PRrOOF. (i). Since, for each i, N(x, A;) is a filter on X, it follows that
B; € N(w, A;) = ()2, BjeN(x, 4;), forall i = 1,2, ... m. Hence, by
Theorem 3.6 (i), ()1 B, € (20 N(x, A) = Nz, I A).

(ii). Since N(x, (1, 4,) is a filter, it follows from above that ( )7, B;
€ N(z, U1y 4)).

(iii). From above, we get ()% B; € W(x, A;), for all i =1, 2, ... m.
Now, since ()%, A, = A;, by Lemma 3.8 (i), R(x, 4,) = N(z, (2 4)).
Hence we get

() B, € N(x, () 4.
=1 =1

REMARK 3.10. Observe that, in the above theorem, some of the neighbour-
hood filters may not be proper. This, however does not affect the proof
of the theorem.

REMARK 3.11. From the above results, it is clear that if we are given a
quasi-proximity space (X, ), then a unique filter R(A) is assigned to each
A < X, defined by N(A) = N(x, A), such that the following conditions
hold:

(Ny) (4 U B) = N(A) N N(B);

(No) R(A) = N {wedX): AeU}; and
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(N3) N(D) = 2(X).

THEOREM 3.12. Let X be a nonempty set and N(A) be a unique filter on X
for each A = X such that the conditions Ny, N5, N3 of Remark 3.11 are
satisfied. Then the binary relation = on (X)), defined by

7(A) = d(N(A)) for each A < X,
is a quasi-proximity on X such that Wz, A) = N(A), for each A < X.

PRrOOF. Since N(A) is a filter, it follows that z(A) is a grill, for each 4 =
X. Since N(A4) = N {#% € AX): A €U}, it follows that

n(4) = d(4)) > U{d@): Aeu}  (by Np)

= U{w: Aeu}.
Also
(4 U B) = d(W(4 U B)) = d(N(4) N N(B)) (by Ny)
= d(N(4)) U dN(B)) = n(4) U n(B).
Finally,

(@) = dW(D)) = d(P(X)) = & (By Ny).

Thus, by Theorem 2.10, it follows that 7 is a quasi-proximity on X.
Also, N(z, A) = d(z(A4)) = d(d(N(4))) = N(4) (by Theorem 3.2 (i)).
This completes the proof.

4. Extension of Dy-closure spaces.

DerINITION 4.1. Let (X, ¢) be a closure space. A grill € on X is called
a c-grill if

Aewgif c(d)ew.

Dual to the concept of a neighborhood filter of a point x is that of an
adherence grill of the point x. By this, we mean the grill

Z(x) ={4 = X:xec(A)}.
LeMMa 4.2. Let (X, ) be a quasi-proximity space. Then, for each x € X,
71(x) = &, (%),
ProoFr. The result follows from the appropriate definitions.
DEFINITION 4.3. A closure space (X, ¢) is said to satisfy the Gy-axiom if
Zx1)) = Zxg) = x1 = xp.
A closure space (X, ¢) is said to satisfy the Dy-axiom if x; € ¢(x5) and

X5 € c(x]) = x; = Xo. (It is immediate that the Dg-axiom implies the
Gy-axiom. But the converse need not be true in general.)
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For any grill # on X, we define
gt ={UeQX): U = %)

DEFINITION 4.4. A quasi-proximity space (X, z) is said to be separated
if, for each pair of points x, yin X,

(x,ex Nz l=>x=y

THEOREM 4.5. A quasi-proximity space (X, ) is separated if and only
if (X, ¢,) isa Dy-closure space.

ProOOF. The result follows from the fact that, for x, y in X, (x, ) €
7« (] =z~Lif and only if (x, y) € # and (y x) € w if and only if y € e,(x) and
x € ().

DErFINITION 4.6. Let (X, ¢) and (Y, k) be two closure spaces and let
U: (X, c) = (Y, k) be an injection map. Then E = (¥, (Y, k)) is called an
extension of (X, ¢) if

(1) U(c(A)) = k(@A) N ¥(X), for all 4 = X; and

(i) kT(X)) =Y.

(Since ¥ is an injection map, (i) insures that ¢ is a homeomorphism
from (X, ¢) onto (¥'(X), k') where k' is the relativised closure operator on
¥(X) induced by k. Conditior: (i) insures that ¥'(X)is dense in (7, k).)

Two extensions £y = (1, (Y1, ky)) and E, = (¥, (Y, k3)) of the space
(X, ¢) are called equivalent if there exists a homeomorphism 6 from
(Y1, ky) onto (Yy, ky) such that,on X, 0 o Uy = U5,

The extension £ is said to be greater than the extension £, if there exists
a continuous function 6 from (Y7, k;) onto (Y5, ky) such that, on X,
0 © w.l = (0‘2.

Associated to each extension E = (U, (Y, k)) of (X, ¢) is the trace system

X = X*(E) = {z(y): ye Y},
where
w(y) = oy, E) = {A = X: yek (U(A))}.
(Extension theory of Gy-closure spaces has been studied in [2].)

DEerFINITION 4.7. Let 7 be a quasi-proximity on X and ¢ be a grill on
X. Then @ is said to be a zw-family if (c.(A4), c,(B)) € = (| n~! for all
A, Be .

LEMMA 4.8. For each x € X, 7~ \(x) is a =-family.

PrOOF. Since A4, Ben71(x) = x € c,(4) and x € ¢ (B) = x € c(4) N
ci(B) = (c(A), c(B)) e () =71, it follows that z71(x) is a w-family.

LEMMA 4.9. Each n-family is contained in a maximal w-family.



846 R.N. HAZRA AND K.C. CHATTOPADHYAY

PrOOF. The result follows by Zorn’s lemma.

THEOREM 4.10. Let & be a quasi-proximity on X and let <7 be a family of
subsets of X. If each finite subfamily of of is contained in a r-family, then
o/ is contained in a maximal w-family.

PROOF. By Zorn’s Lemma, there exists a subfamily # = 2(X) such
that &/ < 4 and each finite subfamily of 4 is contained in a 7-family and
such that it is maximal with respect to this property. Since each finite
subfamily of # is contained in a z-family, to complete the proof, one
needs to check that £ is a grill. Since each finite subfamily of & is con-
tained in a w-family, it follows that @& ¢ Z.

Now let B > A€ 4. It is clear that the subfamily {B} U # < 2(X)
contains o/ and each finite subfamily of its contained in a z-family.
By maximality of 4, it follows that B € 4.

Next let 4 ¢ % and B¢ %. Then there exist two finite subfamilies %,
and %, of 2 such that none of {4} U %; and {B} |J %, is contained in a
n-family. Consequently, {4 U B} U %, U %, is not contained in a z-
family. Since #; U %, is a finite sub-family of 4, it follows that 4 |J B¢
2. Thus Z is a grill on X.

Finally, since any z-family containing & has the property with respect
to which £ is maximal, & is a maximal z-family containing 7.

Now we are in a position to construct extensions of Dy-closure spaces
with the help of the theory developed here for quasi-proximities.

THEOREM 4.11. Let (X, 7) be a separated quasi-proximity space and let
X7 be the collection of all maximal n-families and ©=(x), for all x € X.
Define, for each A < X,

A = {¥e Xt Ae @)}
and a mapping ¢ from X into X* by the rule
o(x) = 77Ux), forall x € X.

Define, an operator h,: P(X™) — P(X*) by the rule h(a) = (p~Ya))* U
rla — (X)) for all & c X*, where r: 2(X* — p(X)) » P(X7) is an
arbitrary function satisfying r(¢) = ¢, a < r(a) and r(a U B) = r(a) U
r(B), for all a, B = X* — o(X). Then (p, (X~, h,)) is a Gy-extension of
(X, ¢p), for each such r, with trace system X™ such that ©(%) = &, for all
@ € X7. Moreover, all extensions of (X, c,) on X* with traces ©(¢) = €,
for all € € X™, can be obtained by a suitable choice of r.

PROOF. In Lemma 4.2 we have seen that 774(x) = ¢, (x) for all x € X.
Hence X7 is a collection of grills on X containing all adherence grills of
(X, ¢z). Now, it is clear that the proof of the above theorem may be
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omitted, for it can be completed in a way similar to what has been done
by Chattopadhyay and Thron in [2].

4.12. SPECIAL CHOICES OF ¥ AND TOPOLOGICAL EXTENSIONS.

A permissible choice of r in A, is r(§) = f, for all § < X* — ¢(X).
The identity mapping from (X, ¢) into (X, ¢’) is continuous if ¢(4) =
c'(A), for all 4 = X. So, if we define #y(a) = (p"H )" U (@ — p(X)),
for all @ = X, then, for any r, it is clear that 4(a) = h,(«). Consequently,
it follows that (¢, (X, h;)) is the largest among all the extensions (o,
(X7, h,)) of (X, ¢,). Now, if we define, for all @« = X7,

ho(a) = (p7H @)™ U rola — p(X)),
where ry(¢) = ¢ and ro(3) = X~ if §is a nonempty subset of X* — ¢(X),
then, as above, it can be verified that (¢, (X, hp)) is the smallest among
all the extensions (g, (X~, h,)) of (X, c,).
Thus we get the result

THEOREM 4.13. Let (X, ) be a separated quasi-proximity space. Then
(p, (X™, hy)) and (p, (X7, hy)) are the laregest and the smallest among all
extensions (¢, (X*, h,) of (X, c;).

It can be easily verified that {47: 4 < X} forms a base for the closed
sets of some topology on X7. Hence the closure operator s defined on
X7 by s(a) = N{47: a = A7}, for all @ = X7, is a Kuratowski closure
operator. Now for each @ = X7, define

hya) = (p~Ha@))* U s(a — p(X)).
Since s(p(A4)) = A7, it can be easily verified that AJa) = (p~Ya)* U
s(a), for all @ < X~ (see [2]). However, if (X, ) is a topological space,
then all z=1(x) are ¢,-grills and if, in addition, all maximal z-families are
also c,-grills, then A7 = (c,(4))* and, hence, ¢p(4) = B* if A* < B~
Consequently, we get s(p(A4)) = A”. Therefore,

hya) = (pH @) U s(a — (X))

s(p(p™ @) U s(a — o(X))
= s(a).

Il

Since the restriction of s to X* — ¢(X) is a choice of r in Theorem 4.11
and s is a Kuratowski closure operator on X7, it follows that (¢, (X~,
s)) is a topological extension of (X, ¢,) with the trace (¥¢) = %, for all
GelXr,

DEFINITION 4.14. An extension (¥, (Y, k)) is a compactification if
(Y, k) is a compact closure space. Cech [1; 41 A3, p. 785] defines a closure
space to be compact if and only if every filter has a cluster point. Using
his definition of a cluster point we are led to the following statement.
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A closure space (X, c¢) is compact if and only if, for every filter & on
X,

N{c(F): Fe F} # ¢.

Let (X, ¢) be a closure space and ¢ be a grill on X. Then x € X is said to
be a cluster point of @ if @+ | @}(x) # ¢. It has been shown in [2] that
(X, ¢) is compact if and only if {&/(x): x € X} covers 2(X). Using this
result one can easily deduce that a closure space (X, ¢) is compact if and
only if each grill on X has a cluster point. It can also be verified that a
continuous image of a compact closure space is compact.

DEFINITION 4.15. A family & of grills on X is said to be a *-family if the
following condition holds.

Given & = 2(X), if each finite subfamily of ./ is contained in an
element of & then «f is contained in an element of €.

LEMMA 4.16. Let X™ be the set of all maximal n-families and all ©=1(x),
x € X. Then X~ is a *-family.

ProOF. The result follows immediately from Lemma 4.9 and Theorem
4.11.

THEOREM 4.17. Let (X, 7) be a quasi-proximity space and let X~ be the
set of all maximal n-families and n=1(x), for all x € X. Then (X~, s) is a
compact topological space.

PROOF. Let o7 be a subfamily of {47: A = X} such that, for any
finitely many A7, A3, . ........... , A% of /7,

TNAEN ... N 4z # @.

Set o7 = {4 = X: A" € o/7}. Since &/~ has the finite intersection prop-
erty, it follows that each finite subfamily of .z is contained in a z-
family. Hence, by Lemma 4.16, </ is contained in a maximal z-family,
ie, o « ¢ and g€ X=. Hence ¢ € () {A™: A € &/7}. Since {A™: A c
X} is a base for the closed sets of the topological space (X7, s), it follows
that (X7, s) is compact.

THEOREM 4.18. Let (X, w) be a quasi-proximity space. (X7, h,) is the
closure space defined as in Theorem 4.11 such that s(a) < h a) for all
a = X Then (¢, (X7, h,)) is a compact extension of (X, c,); in particular,
(p, (X7, hy)) is a Dy-compactification of (X, c;).

Proor. From Theorem 4.11, we have (p, (X7, h,)) is an extension of
(X, c,). From above, we know that (X~, s) is a compact topological space.
Since s(a) = h,(a), for all @ = X7, it follows that the identity mapping
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from (X7, s) onto (X7, A,) is continuous and, hence, (p, (X7, 4,)) is a
compact extension of (X, ¢,).

It can be easily verified that hs(a) = (p~Ha))* U s(a). Consequently
hya) o s(a) for all @« = X~ and, hence, as above, (¢, (X7, A,)) is a com-
pactification of (X, ¢,).

To show that (X7, A,) is Dy, let us consider that ¥, € h(¥,) and ¥, €
h(#,) for two elements %, ¥, of X~

(i). Suppose both of @1, ¥, belong to ¢(X). Then there exist x, y in X
such that @) = 77Yx), ¥, = 71(»). Hence 77 Y(x) € h(z1(y)) = {y}~
Similarly 7~%(y) € {x}*. These together imply that (x, y)er | 7L
Since 7 is separated, x = y and hence ¥; = %,.

(i) Suppose that at least one of ¥, ¢, does not belong to ¢(X). Let
@, ¢ p(X). Since @, €h(%,) = (| {A7: A€ %,} it follows that @, = %;.
Since %, is a r-family and %, is a maximal z-family, it follows that &; =
#,. This completes the proof.

REMARK 4.19. In general, there is no proximkty compatible with a given
Dy-closure space. In order to have a proximity compatible with a given
Dy-space, one must assume that the underlying space is symmetric.
But compatible quasi-proximities are always available for a given Dy-
closure space (See Example 2.20). Thus, from the result discussed above,
it is clear that we have introduced a method of compactification of all
Dy-closure spaces. But, at this moment, it is not clear to us what com-
pactifications could be achieved by our method. So it remains an open
problem to find the class of compactifications that can be realized by our
method.

REMARK 4.20. F. Riesz in 1908 asked to determine fhe class of proximity
spaces (X, ) for which the following condition holds.

There exists an extension (¥, (Y, k)) of the closure space (X, c,) such
that (4, B) € rif and only if k (¥'(4)) N k(T(B)) # ¢.

While proving the remarkable result that there is a one-to-one corres-
pondence between the class of all T,-compactifications of a Tychonoff
space and the class of EF-proximities compatible with the Tychonoff
space, Smirnov [18] has pointed out that separated EF-proximities satisfy
the Riesz property. Thron [21] has proved that proximities belonging to
the class of separated LO-proximities, have the property of Riesz. The
class of LO-proximities is larger than the class of EF-proximities. Chat-
topadhyay and Thron [3] have pointed out that proximities belonging to
the class of separated RI-proximities satisfy the Riesz property. The
latter class is even larger than the class of LO-proximities.

A meaningful formulation of Riesz’ problem in the context of quasi-
proximities should have been the following.
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What quasi proximities (X, z) have the property that there exists an
extension (¥, (Y, k)) of the closure space (X, c,) such that

(4, B)er if and only if k(¥(A4)) N ¥(B) # @?

Now it is easy to verify that c,(4) (| B # @ if and only if k(¥ (4)) N
U(B) # ¢. Thus, given a Dy-closure space, the smallest quasi-proximity
compatible with it satisfies Riesz’ property (in the context of quasi-
proximities)l. This shows that the investigation of Riesz’ problem in the
context of quasi-proximities does not seem to be that interesting, as its
interest lies in the theory of proximities.
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