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CYCLOTOMY OF ORDER TWICE A PRIME 
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Dedicated to the memory of E. G. Straus 

Gauss defined /-nomial periods for a prime p = ef + 1 as 

(1) rjj = 2 C? where £p = exp(2 %bi\p) 
rtr~Cj 

and Cj is the residue class with index j with respect to some primitive 
root g. These periods satisfy an irreducible monic period equation of 
degree e with integer coefficients 

(2) / /*) = f f ( * - 7/) = 0-

Kummer proved that if/? is replaced by a general n then all the prime 
factors of the integers represented by fe(N), where TV is any integer, are 
e-th power residues of/?, except possibly when they divide Pk with(e, k) = 
r T£ 1, where 

(3) Pk^m-rii-rj^) 

in which case they may be only r-th power residues of /?. Kummer [3] 
called such primes exceptional. 

Recently Evans [2, p. 13] proved Kummer's theorem for a generalized 
cyclotomy in which 

(4) 7]j = L a (fi with «,. e Z(CS), (J, /I) = 1. 

He also defined semiexceptional divisors as those divisors of the dis
criminant De = flï=i Pk that are not <?-th powers residues and found for 
e = 8 some semiexceptional divisors which are not exceptional [2, p.22-24]. 

In a recent paper [5] we considered in great detail the special case of 
e = 6 and /? a prime and found that all semiexceptional divisors are ex
ceptional in this case. In doing this it became necessary to use a lemma 
derived from Theorem 5.2 of our paper [4] on Kloosterman sums 
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S(A)=SV**(**S Hmodp)). 

If we define the generalized periods by Oj = I ^ c , 5(A) then it turned out 
that for e even 

(5) e o,. = s V x - V ~ 2 0 yi + ( - iy+<*-i>'2(/> - i), 

where 

are the Jacobsthal sums, and therefore rational integers. 
Theorem 5.2 showed that for e a prime all the odd prime factors q ^ p 

of the numbers represented by Ge{N), where 

(6) Ge{X) = U(x - Oj) 

are e-th power residues of/?. The only property of the 0's used in the proof 
was that the 0's are distinct modulo q. This can be ensured by requiring 
in (5) that ô = (a0, ah . . . , ae-i) = 1 and that not all the a{ are equal. 
Therefore we can restate our Theorem 5.2 as follows: 

LEMMA 1. Let p = ef -f 1, where p and e are primes and let 

e-l e-l 

Hefa) = fi (X - Xi)> %i = L aiVi+v 
i=0 v=0 

Let ö = (ufo, tf1; • . . , tf*_i) tfftd suppose that not all the a{ are equal, then 
for any integer N all the odd prime factors q ^ p are e-th power residues 
ofp with the possible exception of the divisors of d. 

In what follows we will make use of this lemma in order to relate the 
ordinary Gaussian cyclotomy for p = 2ef 4- 1 with e and p both prime 
to the generalized cyclotomy of order e in which the periods are linear 
combinations of Gaussian periods. 

Let p = 2ef + 1 and let 

(7) Vj= L CjO' = 0 , l , . . . , 2 e - 1), 

satisfy the period equation 

(8) A W ='ft1 (*-?;•) = °-
/=o 

Then obviously 
(9) VJ + Vj+e = VJ 
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where TJJ is an rj of order e in (1). 
Let (ij) = (ij)2e be the cyclotomic numbers of order 2e, i.e., the number 

of times that an element of class C{ is followed by an element of class 
Cj. It is well known that [8] 

e-l 

(10) VjV'j+k = L (*' 0 7«'+y + .A 
i=0 

where e = 0, except when /c = 0 and / is even, or when k = e and / is 
odd, when e = 1. 

Pk= Jl (yl - Vl+k) = Ufa) 
f=0 

where 

By (10) we have 

nk = L [fo ») - (* + ^ v) - (e - k, v - k) + (e, v - k))?jl 

(11) (2f(-\)f-\ k = e 
+ 2 / / o d d 

[0 otherwise. 

Using the well known relation [8] 

(12) (i,j) = (2e-ij-i) 

we see that the coefficient of rjl+g in (11) is the same as the coefficient of 
Tji so that by (9) we can write 

e-l 

(13) tf* = £ av3?*+v 
v=0 

where, since ££=0 T/V = — 1, the coefficients a» by (11) are given by 

av = (*> v) - (* + ?, v) - (<? - k, v - k) + (e, v - A:) 

( 1 4 ) ( 2 / ( - l ) / , \fk = e 
+ - 2 / , i f /odd 

(O otherwise. 

We will now examine when the conditions on the at- in Lemma 1 are 
satisfied. 

Using the well known sum [8] 

2e_i (f— 1 if / = 0 and / is even 
(15) £ 0 V / ) = j / - l if i = e and / is odd 

J~° [f otherwise 
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we find from (14), using the fact that ae+v = a„ that 

(if- (f- 1) - ( / - 0 + / + 4e/]/2 = 2ef+ 1 =p, 
Ç«„ = [ / - I -f-f+(f- l)-4ef]/2 = -2ef-l = -p, 

( 1 6 ) l [ / - / - / + / ] /2 = 0 

if /: = e and/even 
iff odd 
otherwise. 

Therefore conditions on the #'s in Lemma 1 are satisfied if/ is odd. For 
/even they are satisfied if k = e. For k ^ e the a's cannot all be equal, 
but divisors of dk may not be e-th power residues. Therefore, Lemma 1 
leads to the following. 

THEOREM 1. Let p = 2ef 4- 1 and let q be an odd prime i=- p dividing 
He{x) for some integer N, then q is an e-th power residue iff is odd. Let 
fbe even; q is an e-th power residue if q\ P e, but if' q\Pk for k ^ e, then it is 
an e-th power residue provided that qXdk-

A part of Evans' general theorem about exceptional primes for the case 
of/? = 2ef 4- 1, e a prime, can be stated as follows: 

THEOREM 2. Evans [2]. The odd prime q ^ p is exceptional if and only 
if either 

q\ P2k and is a quadratic, but not an e-th power residue of p. or q\Pe and 
is e-th power, but not a quadratic residue of p. Moreover if the exceptional 
prime q\ Pe then q2\ Pe, and ifq\ P2k then qe\ P2k. 

We can now sharpen. Evans' theorem for the case of p = 2ef 4- 1 as 
follows : 

THEOREM 3. Let p = 2ef + 1, e and q ^ p be odd primes, then q is ex
ceptional for f odd if and only if 

(17) ? | F c a n d ( | - ) = - 1 . 

If fis even, then q is exceptional if and only if either (17) holds or 

(18) q\ P2v, q\ô2v and q is not an e-th power residue. 

PROOF. This is an immediate consequence of Theorems 1 and 2. 

In [5] we introduced a notion of a special prime. Such a prime q is not 
exceptional, but it divides the discriminant and is not an e-th power re
sidue. 

Using the previous theorems we can state the following theorem. 

THEOREM 4. Let q be special, then q must satisfy the following conditions 
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(19) qXPt; ifq\ Pk for k * e then ( j - ) = - 1 . 

Iff is even then there is another condition, namely, q is not a 2e-th power, 

(20) k odd, q\Pk fork * e, q\dk, 

Conversely if q satisfies these conditions then it is special. 

PROOF. By Theorem 1 all the divisors of Pe are e-th power residues. 
If (q/p) = U they are 2e-th power residues and if (q/p) = — 1 then they 
are exceptional by Theorem 3, therefore in either case they are not special. 
Similarly if / is odd or if/is even and qXdk, then q is an <?-th power residue 
and hence (q/p) = — 1. If q\dk, then q need not be an e-th power residue 
in general and therefore (20) is necessary if k is odd. If k were even then 
such a prime would be exceptional and not special. 

We will now illustrate the use of these theorems in case 2e = 10. We 
make use of Dickson's quadratic form [1] 

(21) 16/7 = x2 + 50u2 4- 50v2 + I25w2 

with the side conditions 

(22) xw = v2 - u2 — 4uv, x = 1 (mod 5) 

which has four solutions 

(23) (x, u, v, w), (x, -u, - v, w), (x, v, - u, - w), (x, -v,u-w) 

together with a table of cyclotomic numbers (/,/)io found in Whiteman 
[9] and a computer printout of Muskat's table of (x, u, v, w) for/? < 50000. 
There also exists a table for/? < 10000 by K. S. Williams [10]. 

For/even and 2 a quintic residue of/? one finds by (11) using White-
man's table that 

4TT2 = ( — w — 2M + v)rjo + Aw7j\ + ( - w + lu 4- V)TJ2 - WTJS - v^4 

47r4 = (w -f u 4- 2V)T]Q + wyji — 4wyj2 + WTJ3 4- (w - u — 2v)^4 

so that if #|<?2, then q must divide u, v and w, but that implies that q\D5 

given in [7], namely 

(24) 256 D5 = /?4[w'2(4v - 3w) - u(u - v)2]2[w2(3v + Au) + v(v 4- w)2]2 

and so q is a quintic residue in this case. Moreover by (21) we have 16/? = 
x2(mod q) so that since / i s even (q/p) = 1 and hence q is a 10-th power 
residue and therefore is neither exceptional nor special, if it divides P2. 
The same conclusion will be reached for divisors of P6 and P8. In fact 
P2 = P8 and PA = P6. 

In case 2 is not a quintic residue we find from Whiteman's table that 
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16n2 = (x - 4u - 2 v + W)T)Q + 2(v-« + 3w)^i + 4(w + v - HJ)3?2 

+ 2(v - u + 3u0?73 + ( - x + 4w - 6v - 9w')^4, 

This implies that if q\ö2, then the following conditions hold: 

(25) u = 2w, v = —w, x = 5w and p = 25w2 (mod <?), 

or else w = v = w = 0 (mod <?), but in the latter case q\D5 as before and 
is a tenth power residue, so we are left with (25). 
Similarly 

1Ó7T4 = (x 4- 2w + 8 v - w)97o — (* + 2u — 9w)r]i + ( — A1 + 4w + 2v-w)rj2 

- 4(w + v - W)T]3 + (x - v - 11 w)^4. 

If g|<54, then argueing as before we find that condition (25) must hold. 
Hence for cyclotomy with 2e = 10 Theorem 3 becomes: 

THEOREM 5. The odd prime q ^ p is exceptional if and only if 

/>= 10/i + \,q\P5and(^)= - 1 . 

p = 20n + l,qXP5,but q\ P2k, &0?) ^ 1 ÖWÖ? (25) holds. 

Our table for p < 500 provides many examples of exceptional primes, 
marked with an asterisk, which divide P5 and appear to the second power, 
but none that divide P2fr To show that such primes exist we point to the 
following examples : 

p = 1801, x = - 2 9 , u = 16, v = 1, w = 11 and q = 3 

/? = 7001, x = - 2 9 , w = - 5 , v = - 3 6 , w = - 1 9 and # = 11. 

There is no example for # = 5 because (25) cannot hold or for q = 7 
because (25) implies w = — 2v (mod #) which in turn implies that 7 is a 
quintic residue and therefore not exceptional. K. S. Williams [11] gives 
conditions for quintic residuacity for q < 20 which show that q = 11, 
13, 17, and 19 are quintic non-residues if u = —2v (mod q). This can also 
be checked by substituting the conditions (25) into the reduced quintic 
period polynomial given in [6] 

F5(z) = z5 - 10/7Z3 - 5pxz2 - 5p[(x2 - 125w>2)/4 - p]z 
(26) 

+ p2x - p[x* + 625(w2 _ v2)w]/8. 

Letting z = 5wt we obtain 

F5(5VVO/(5R>)5 = tb - 10f3 - 5/2 + 10/ - 1 (mod q) 

which is irreducible modulo q for 11 ^ q ^ 41, so that all these primes 
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are quintic non-residues of/?. To find other examples the following special 
case may be of interest: 

THEOREM 6. Let p = 20« + 11 and let u = v = w (mod q). Then q is 
exceptional if and only ifq= — 1 (mod 4). 

PROOF. Since u = v (mod q) it follows that q is a quintic residue of/?. 
By (21) we have 16/? = x2 (mod q), so that (p/q) = 1. By Theorem 5 we 
must have (q/p) = — 1 so that /? = q = — 1 (mod 4) a n d / i s odd. It re
mains to show that in this case q divides P5. Letting x = 4a (mod #) we 
find that under the above conditions 

= (a(Vo + (a+ l)/5) (mod q) if Zs(2) = 1 

** W + (a + l)/5) (mod ?) if Z5(2) * 1. 

Therefore in either case 

^5 = a%(-(a + l)/5)) = F5(-a) = 0 (mod ?), 

since with u = v = w = 0 (mod #) and x = 4a (mod #) we have by (26) 

F5(z) = (z + tf)4(z - 4a) (mod q). 

This proves the theorem. 

It is interesting to note that if ^5(2) # 1, then <? also divides Px since 
16TTI = (4a - l)/5 - 974 and hence 2™PX = F5(4a) = 0 (mod q). 
Examples of Theorem 6 are given below: 

<7 
3 

3 

3 

3 

7 

7 

P 
1051 

1471 

2131 

2791 

38791 

44851 

X 

-29 

-19 

11 

41 

-209 

-229 

u 
9 

6 

6 

-24 

-56 

-49 

V 

6 

15 

21 

9 

49 

-70 

w 
9 

9 

-9 

9 

-49 

49 

No example for q = 11 has been found for/? < 100000. 
Finally we have to look at %x and TT3 to see if condition (25) of Theorem 

5 can hold for the case 2e = 10. Again there are two cases. If ^5(2) = 1, 
then 

4n\ = (U — H>)̂ o - ( « + W)^! + W772 -f W7]± 

47T3 = (v + vvtyo - WTJI - wrj2 + (w - V)TJ3 

and hence if q\ô, then q divides w and w or v and hence by (22) it divides 
w, v, and w in both cases and is a quintic residue of/?. But by (21) we have 
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16/7 = x2 (mod q) so that q is a 10-th power residue of/? since/is even. 
Hence q is not special. 

If Zs(2) # U h e n 

1 Ó7Ti = (x - 6v 4 5H>)T?O 4 (x 4 2w 4 8 v - W)Î?I 4 ( - x + 6w4 8v4 w)ç2 

- (x 4 4w + 6 v + 9w)?73 4 4( - w - v 4 w)^4. 

1Ó7T3 = 4(3w — v + w)9?o + 2( - w 4 v - 5W)TJI 4 ( — * - 4w 4 2v - vv)972 

4- (x - Au - 2v 4 W)T]3 4 2( - u 4- v 4 3w)^4. 

In both cases 5 = 1 so that condition (25) of Theorem 5 does not hold. 
Since P7 = P3 and P9 = Pi we can now restate Theorem 4 in the case 
of 2e = 10 as follows: 

THEOREM 7. If p = 1 0 / 4 1 then a prime q # p is special if and only if 
q XPb9 but q\Pk fork Ï 5,and(q/p) = - 1 . 

It is an open question whether special primes exist in this case or in 
general for cyclotomy of order twice a prime. We have shown in [5] that 
there are none for cyclotomy of order 6 by giving explicit formulas for 
all Pk. Theoretically it could be done in the present case but it would in
volve a prodigious amount of algebra and should be automated. 

p 
31 
41 
61 
71 

101 
131 
151 
181 
191 
211 
241 
251 
271 
281 
311 
331 
401 
421 
431 
461 
491 

Pilp 
67 
83 
1 
971 
3637 
70061 
22.19-491 
3571 
5-37633 
152081 

_ 210 

75017 
52-41621 

- 1 6 0 7 
72-13-571 
79-7883 
9203 

- 6 4 0 1 3 
2 1 3 . 3 4 

445157 
36-37-571 

P2IP P 
53 

- 3 2 

47 
4079 
17 
10957 
213 

3917 
54 

1933 
- 2 7 - 1 8 1 -

24-53-271 
55-83 
53 79 
13-65323 
31-1607 

- 2 5 * - 2 9 2 

149 
24-36-503 

- 1 8 1 1 
36-432 

slP f 
52 

- 1 
13 
372 

-17 
307 
215 

73 
5-383 
3591069 

-2» 
24-5-6173 
7013 
21859 -
73.13-89 
68879 
24439 -

-185291 -
22.36-433 
69379 
37.37 

\IP 
52 

1 
-13 

1663 
701 
28297 
28-227 
773 
52.4423 
116657 

-27-211 
58 

52-83-211 
-59 727 

72.892 

89-10009 
_ 25*.2971 
-401-457 

211.35 

113 5531 

P5IP 
1 

_ 3 2 * 

112* 

1 
- 1 

7}2* 

2 16 

— 72* . 172* 

1 
6012 

—28«192* 

216 
2392* 
6612* 
112*.I32 
232* 

-5032 
-5412* 

214.32 

_132*372* 

3-37-97-643 32-3732* 
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