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OUTER GALOIS THEORY OF PRIME RINGS 

S. MONTGOMERY AND D.S. PASSMAN 

1. Introduction. The purpose of this paper is to present an essentially 
self-contained account of the Galois theory of a finite group of outer 
automorphisms of a prime ring R. The major theorems are due to V.K. 
Kharchenko and are special cases of his more general work [8] on the Gal
ois theory of semiprime rings. 

The subject of noncommutative Galois theory was begun by E. Noether 
in 1933 [17] in her work on inner automorphisms of simple algebras. In 
1940, N. Jacobson [5] established a Galois correspondence theorem for a 
finite group of outer automorphisms of a division ring. H. Cartan [1] 
added to this by proving that automorphisms extend from intermediate 
rings, thereby obtaining the usual consequences concerning intermediate 
Galois subrings. Next, T. Nakayama [15] and G. Hochschild [4] estab
lished a Galois theory for outer automorphisms of simple Artinian rings. 
Complete rings of linear transformations were studied by T. Nakayama 
and G. Azumaya [16] and by J. Dieudonné [3], while continuous trans
formation rings were studied by A. Rosenberg and D. Zelinsky [18]. 
Finally the outer Galois theory of separable algebras was developed by 
Y. Miyashita [12] and H.F. Kreimer [10]. 

The recent work of Kharchenko is a significant advance since it con
tains a Galois correspondence theorem for TV-groups of automorphisms of 
semiprime rings. To prove this result in its full generality is a long and 
difficult task. Indeed this is even true of the prime case which is discussed 
in our earlier paper [14]. However, when we further restrict our at
tention to outer automorphisms of prime rings, a considerable simplifica
tion occurs. In addition, our use of trace forms of minimal length replaces 
both the independence and trace function results developed in Kharchen-
ko's earlier papers [6, 7]. Since the outer case is so much shorter and 
simpler and since it has a number of interesting applications in its own 
right, it seems worthwhile to present it separately. 

1. The bimodule property. Throughout this paper, R will denote a prime 
ring with 1, G a finite group of automorphisms of R and RG the fixed ring 
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of G on R. In order to discuss what is meant by G being X-outer, we must 
first introduce the Martindale ring of quotients of R. 

Consider all pairs (/, /) where / is a nonzero ideal of R and / : / -* R is 
a left /^-module homomorphism. Two pairs ( / /) and (g, J) are said to be 
equivalent if /and g agree on the common domain / f| J. It is not difficult 
to check that this is an equivalence relation. The Martindale ring of 
quotients Q = Qo(R) is defined to be the set of these equivalence classes. 
Q is actually a ring with addition corresponding to addition of maps and 
with multiplication corresponding to function composition. We let / 
denote the equivalence class of ( / / ) . 

For each r eRletrp:R-+R denote right multiplication by r. Then the 
map r -> rp imbeds R isomorphically into Q and in this way we view R 
as a subring of Q with the same 1. Furthermore, if / : / -» R is a left R-
module homomorphism and if r e /, then the maps r p / and (r/)pare both 
defined on R and are easily seen to be equal. Thus with R appropriately 
embedded in Q, we have rf = rf or, in other words, the map f: I -+ R 
actually describes the right multiplication of r e / b y / . We now summarize 
some well known properties of Q, many of which follow from the above 
observation. In any case, the proofs are elementary and can be found for 
example in [13]. 

LEMMA 1. Let Q = QQ(R) and let C be the center ofQ. Then 
i) Q is a prime ring, C is afield and C is the centralizer ofRinQ. 

ii) For any q^Q there exists an ideal I ^ 0 of R with Iq ^ R. Fur
thermore ifqh q2 6 Q\0 and if J ^ 0 is an ideal ofR, then qxJ q2 # 0. 

iii) If a is an automorphism of R, then a extends uniquely to an auto
morphism ofQ. 

The center C of Q is called the extended centroid of R. Although the 
definition of Q seems somewhat abstract, the ring Q can be computed in a 
number of important special cases. If R is simple, then QQ(R) = R. If 
R = Mn(A), the ring of n x n matrices over the commutative domain A, 
then Q0(R) = Mn(F) where F is the field of fractions of A. Finally if R 
is the complete ring of linear transformations of a vector space over a 
division ring, then it is known that QQ(R) = R (see [13]). 

DEFINITION. Let S be a subring of R with the same 1. We say S has the 
bimodule property in R if every nonzero (R, S) - or (5, R) - subbi 
module M of Q contains a nonzero ideal of R and satisfies M f| S ^ 0. 
It follows immediately from Lemma 1 (ii) that S = R has the bimodule 
property in R. We will use this observation freely throughout the remain
der of this paper. 

The next lemma is an extension of an old result of Martindale [11]. 

LEMMA 2. Let S be a subring of R satisfying the bimodule property, let 
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G G Aut(Ä) and suppose there exist nonzero elements 0, b, a\ V sQ with 
asb' = bs°ä for all s G S. Then there exists a unit q^Q with aq = b, 
qa' = V and q~xsq = sa for all seS. 

PROOF. It is clear that Sa also satisfies the bimodule property. Define 
/ : RaS -» RbS* and g: RbS* -> RaS by / : J j c ^ , - -> Exgby* and g: 
Exjby*- -» E ^ W i for all xt- e R,yt G S. To see that fis well defined, sup
pose that 0 = £xtayt: Then since yt- 6 S we have for all s e S 

0 = (ZxwdsV = (Exib/D^if. 

Thus 0 = fâXibyDS'a'R. Since Saa'R contains a nonzero ideal of R, we 
conclude from Lemma 1 (ii)that 0 = £*,-6yj and / is well defined. Similar
ly g is well defined. 

Since RaS contains a nonzero ideal I of R,f: I -• R is a left jR-module 
homomorphism and hence determines an element q = feQ. Similarly 
g: J -> R and we have g G g. Furthermore since fg and g/are the identity 
maps on appropriate ideals we have/g = 1 = g/ . Thus g = q~l. 

Let 5 6 S . Then for x G R, y e S we have 

(xèy) g V = (xay) spf = (xa(^)) / 

= xbyasa = (xòy<0(s<0r 

Thus the maps gspf and (s*)p agree on RbSa and hence on the nonzero 
ideal it contains. From this we conclude that 

q~lsq = gspf = (s*)p = s*. 

Now let A: be a nonzero ideal of R with Ka ç Z?. Then IKa ç 7 and since 
/ is defined on / we have xaq = (jca)/ = xb for all x G IK. Thus (/AT) » 
{aq — &) = 0 and, since /AT ^ 0 in the prime ring R, Lemma 1 (ii) yields 
b = aq. Finally substituting sa = q~l sq and b = aqin the original formula 
yields asb' = a^a ' for all seS. Thus (RaS)(b' — ##') = 0 and since 
RaS contains a nonzero ideal of R we conclude that V = qa'. 

The automorphisms which occur above give rise to the following. 

DEFINITION. An automorphism a of R is A'-inner if there exists a unit q 
of Q with ra = gr-1/^ for all r G Z?. In other words, #• is A'-inner if it be
comes inner when extended to Q. Of course if this does not occur then 
a is Ajouter. 

COROLLARY 3. Let a G Aut(i?). Then G is X-inner if and only if there exist 
a, b, a', b' G R\0 such that arb' = braa' for all r e R. 

PROOF. If arb' = brad for all reR, then Lemma 2 implies immediately 
that G is dinner. Conversely suppose G is conjugation by the unit q e Q. 
By Lemma 1 (ii) there exist a9 beR with aq = b ^ 0. Now ra = q~lrq 
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yields rq = qra for all r e R. Multiplying the latter identity on the left 
by a and replacing r by ra yields arb = braaa. 

Thus we have obtained an internal characterization of X-inner au
tomorphisms. Notice that the above condition is right-left symmetric even 
though the definition of Q = QQ(R) is decidedly not symmetric. 

2. Truncation of trace forms. A trace form is a formal expression in the 
variable x given by 

where at-, b{ e Q and 07e Aut(i^). The 07 need not be distinct. Of course T 

clearly gives rise to a linear function from R to Q. 

For any finitely many elements rk, sk e R, we let 

T(x) = %kT(xrk)sk = S?= 1 atfihi 

where 5, = TikrV^isk e Ô- We call any such f obtained in this way a right 
truncation of T. More generally if S is a subring of i? and if we insist that 
the sk above belong to S, then f i s a right (R, S) — truncation of T. 

PROPOSITION 4. Let S satisfy the bimodule property in R and let T(x) — 
2]?=i aix°ibt be a trace form with bx ^ 0 and o\ = 1. Then there exists 
a right (R, S) - truncation 

f(x) = 2 , T(xrk)sk = ZU atfihi 

of T(x) with b1 e S\0. Furthermore for any i with b{ ^ 0 there exists a 
unit q{ e Q with b{ = qjlb\ and with sai = qlxsq{for all s e S. In particular 
ifS = R, then 07 is X-inner. 

PROOF. We begin with several general remarks. First the a/s merely 
play the role of a place holder here. It is of no concern whether they are 
zero or not. Second for any such T= EiL^oc^'ô,- we let the support of T 
be the set of subscripts / with b{ ^ 0. It is clear that if f is a right (R, S)-
truncation of T, then Supp f ç Supp T. If Supp f = (j> we say that T 
is trivial. Third, if T' is a right (R, S) - truncation of f, then it is also a 
right (R, S) - truncation of T. Finally if bj ^ 0 in the above, then the 
bimodule property implies that RbjS f] S ^ 0. Thus there exists f = 
S?=1 a^bi with bj e S\0. 

The proof of the proposition proceeds by induction on the support size 
of T which we may for convenience assume to be n. By the preceding re
mark we may further assume that bx e S\0. If n = 1, the result now fol
lows by taking q\ = 1. Now suppose n > 1 and let <F denote the set of all 
right (R, S) - truncations of T. If f = 2X**1' h G F w i t h I Supp T\ < n, 
then the result will follow by induction provided that 5X ^ 0. Thus we 
may assume that all such f e 3T of support size less than n satisfy bl = 0. 
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One further reduction is necessary. For each /, there exists a nonzero 
ideal li of R with /,-*,. c R. Thus if / = f)f. /'iT

1, then / # 0 and I^b{ £ 
/? for all /. In addition, we can choose rei with rbx ^ 0. Then f (x) = 
r(xr) is a truncation of T with all b( e /? and ^ ^ 0. We can now assume 
that T itself has this property and our goal is to show that T satisfies the 
conclusion of this proposition. As above we may assume bx e 5^0. 

We first show that if T = £ atx<"b't e «T with |Supp T'\ < n, then T 
is trivial. We already know that b[ = 0 but suppose 6J # 0 for some 
j # 1. By truncating 7" if necessary we may assume that bj e S\0. Since 
S6}JR contains a nonzero ideal of R, we have biSb'jR ^ 0 by Lemma 1 
(ii). Thus there exists se S with b^bj ^ 0. For this s e S let 

T(x) = T(x)sb'j - T'ixb'/s^) 

Here 5, = è , -^ — i^' V <'ib,
i. Hence since b[ = 0, we have 5X = b^bj 

^ 0 by the choice of s. On the other hand, the above formula clearly 
yields bj = 0 and this contradicts the assumed property of ST. Thus 
all nontrivial elements of ST have support size n. 

Finally we return to T itself. For any s e S, let 

f (x) = Tixbtf) - T(x)sb1 = Z ^ i t f , ^ . 

Then T e 3~ since bxeS and bt = èf^ô,- — £^&i. Since ^ = 1 we have 
&! = 0 and therefore f must be trivial. Thus for all i and all s e S we have 
b{sbi = b^s^bi. Applying Lemma 2, there exists a unit <3V G g with sai = 
gT"1^ #; for all ^ e 5 and with ^ z = bx. The result follows. 

Similarly, suppose T(x) = S^ i^oc^ - is a trace form and that we have 
the finitely many elements sk e S,rke R. Then the trace form 

f(x) = %kskT(rkx) = 2?=i */*"*/ 

where ät- — L A^rf« is called a left (S, i?) - truncation of T. 

PROPOSITION 4'. Let S satisfy the bimodule property in R and let T(x) = 
S?=1fll-x

ff»6l- be a trace form with a± ^ 0 and o\ = 1. 77*eft /Aere e x t o Û 
fe/f (5, /?) - truncation 

fix) = 2 ^ r ( V ) = SîLi **"*/ 
ofT(x) with äi e S\0. Furthermore for any i with ä{ ^ 0 there exists a unit 
qt e Q with ä{ = ätf,- and with s0i = qj1 sq( for all s e S. In particular if 
S = R, then Oi is X-inner. 

PROOF. Since the bimodule property and Lemma 2 are both right-left 
symmetric, an obvious modification of the previous argument, with one 
exception, yields the result. The exception concerns the proof that we can 
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take the coefficients a{ to be in R. However, this can be achieved as follows. 
Given T(x) = E ï a^'b; with ax ^ 0, there exists a nonzero ideal/ of R 

with lui c R for all /. Observe that / is an (5, #)-bimodule and S satisfies 
the bimodule property so / f] S ^ 0. Furthermore, SctiR is a nonzero 
(5, i?)-bimodule so it contains a nonzero ideal of R and hence /R(SaiR) = 
0. Therefore (I f\ S) - (&*i/0 * 0 and we have shown that(/ Ç] Sfa ï 0. 
Finally choose s e I f] S with sax # 0. Then T(x) = 57X*) is a left (5, /?)-
truncation of T with all 5,- e /? and ^ ^ 0. With this observation, the proof 
goes through and the result follows. 

As a consequence we see that certain trace forms are nontrivial as 
functions. 

COROLLARY 5. Let T(x) = £?=itf,-x*»"èf- be a trace form and let I be a 
nonzero ideal of R. Suppose that for some subscript j we have aj ^ 0, 
bj ^ 0 and aj1 at- is X-outer for all i ^ j . Then T(I) # 0. 

PROOF. For convenience, we may assume that 7 = 1 . Furthermore, re
placing T(x) by T(xo:[l) and / by Iai if necessary, we may assume that 
0\ = 1. The hypothesis now asserts that a\ ^ 0, bx ¥" 0 and at- is Ajouter 
for all i ï 1. If T(I) = 0 and if f(x) is any right (R, R) - truncation of Ty 

then clearly T(I) = 0. Now let T be given by Proposition 4 using S = R. 
Then by deleting zero terms we have clearly T(x) = a1xb1 for some bx # 
0. But then f (I) = ailbl # 0 by Lemma 1 (ii) and thus we must have T(f) 
# 0 . 

3. Galois Correspondence. As we will see, the results of the previous 
section have a number of lovely, yet immediate, consequences. 

DEFINITION. Let G be a group of automorphisms of the prime ring R. 
We say that G is Ajouter if all the nonidentity elements of G are X-outer. 
Of course the identity map is always X-inner. 

If G is a finite group of automorphisms of R, we define the G-trace 
tG(x)to be tG(x) = Tkg<=Gx8- Then tG{x) is a trace form and clearly tG(R) 
£ RG. 

For the remainder of this paper, G will denote a finite group of JT-outer 
automorphisms of the prime ring R. 

PROPOSITION 6. If lis a nonzero ideal ofR, then I f) RG ^ 0. 

PROOF. Replacing / by f]g^g
 9E 0 if necessary, we may assume that / 

is G-invariant. But then tG(I) e / f| RGm since tG(I) ^ 0 by Corollary 5, 
the result follows. 

PROPOSITION 7. The centralizer of RG in Q is precisely C, the extended 
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centroidof R. In particular, the only X-inner automorphism ofR which fixes 
RG elementwise is the identity map. 

PROOF. Certainly CQ(RG) 2 CQ(R) = C. Conversely let a e CQ(RG) and 
suppose a # 0. Since tG(R) £ RG we have atG(r) = tG(r)a for all reR. 
In other words, if T(x) is defined by T(x) = T,gŒGax^ - HgŒGxga^ then 
T(R) = 0. Furthermore if T is any right (/?, R) - truncation of T, then 
also f (R) = 0. In particular this applies if f is the form given by Pro
position 4. Deleting zero terms if necessary, we see that f (x) = axb — 
\xb' for some b, V e Q, not both zero. But then f (R) = 0 implies first 
that both b, V are not zero and then, by Lemma 2 with S = R, that there 
exists a unit q eQ with q~xrq = r for all r e R and Ö = 1 • q = #. Thus 
a = qe CQ(R) = C. 

DEFINITION. If 5 is a subring of R we let &(R/S) be the group of all 
automorphisms of R fixing S elementwise. We say that R/S is Galois if 

We can now obtain the first of Kharchenko's theorems. 

THEOREM A. (Galois group). Let G be a finite group ofX-outer automor
phisms of the prime ring R. Then &(R/RG) = G. 

PROOF. Certainly &(R/RG) 2 G. Conversely let a e &(R/RG). Since 
tG(R) c RG9 it follows that the trace form 

T(x) = (Z^cX'Y - (E,**') 
= 2-lgŒ:GXga ~~ HgŒGXg 

vanishes on R. Since the automorphism g = 1 occurs in T, it follows from 
Corollary 5 that at least one other automorphism appearing in T is X-
inner. But all g e G\l are X-outer, by assumption. Thus there exists ge G 
with ga dinner. Since go clearly fixes RG it follows from Proposition 7 
that go = 1 and we conclude that a = g_ 1 e G. 

We can now begin our study of the intermediate rings, that is the rings 
S with i* 2 S 2 RG. 

COROLLARY 8. Let S be a subring ofR containing RG. Then &(RjS) is a 
subgroup of G. Hence R/S is Galois if and only if S = RH for some sub
group H c G. 

PROOF. Since S 2 RG, Theorem A implies that H = &(R/S) is a sub
group of G. Hence if R/S is Galois, then S = R^R/S) = RH. Conversely if 
S = RH, then surely RjS is Galois. 

PROPOSITION 9. Let S be a subring ofR containing RG. Then 
i) S is prime. 
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ii) S satisfies the bimodule property in R. 
iii) IfH= &(R/S), then S contains a nonzero ideal of RH. 

PROOF, (i). Suppose a, b e S with aSb = 0. Since S 3 RG this implies 
that 

T(x) = a(ZgŒGx*)b = Egecax'b 

vanishes on R. By Corollary 5, either a = 0 or b = 0. 
(ii). Let M 9e 0 be an (S, R) - subbimodule of Q and choose m e M\Q. 

Since S=> RGit follows that tG(R)m s 7?GM s M. Thus if T(x) = 2*c=c 
xgm, then r(7?) ç M. Furthermore, since MR ç M it follows that if 
f(x) is any right (R, R) - truncation of T, then f (7?) s M. Now let f (x) 
be given by Proposition 4. Then by deleting zero terms, we have clearly 
f (x) = xb for some b e R\0. Thus Rb ç M and M contains the nonzero 
ideal 7 = RbR. Furthermore we have I f] RG ^ 0 by Proposition 6 and 
hence Mf}S^iP\S^0. A similar argument using Proposition 4' 
works for (7?, S) - bimodules. 

(iii). Let T(x) = tG(x) so that 7(7?) ç RG ç S. Hence if f (*) is any 
right (7?, S) - truncation of T, then clearly T (R) ç S. By the above, 5 
satisfies the bimodule property so we can let T(x)=J^gŒGxgbg be the right 
(R9 S) - truncation of T given by Proposition 4. If bg #= 0, then there is a 
unit qge Q with .y* = q~glsqg for all s e S. But S 3 RG so ^ centralizes 
7?G and hence 5, by Proposition 7. By deleting zero terms if necessary it 
follows that f(x) = ZhŒHxhbh where 7/ = &(R/S) ç G and therefore 
f(rx) = r f (x) for all r e RH. It now follows from Corollary 5 that I = 
T(R) is a nonzero left ideal of RH contained in S. Similarly, using Proposi
tion 4', there exists a nonzero right ideal / of RH contained in S. Finally 
since S is prime, IS J is a nonzero two-sided ideal of RH contained in S. 

DEFINITION. We say that S is an ideal-cancellable subring of R if for 
all nonzero ideals 7 of S, Ir ç S for r e R implies r e S. 

We now obtain Kharchenko's main theorem. 

THEOREM B. (Correspondence). Let G be a finite group of X-outer au
tomorphisms of the prime ring R. Then the map H -> RH gives a one-to-one 
correspondence between the subgroups of G and the ideal-cancellable sub-
rings S with R s S 2 RG. 

PROOF. Let H be a subgroup of G. We first show that S = RH is ideal-
cancellable. Let / be a nonzero ideal of S. Since S satisfies the bimodule 
property, by Proposition 9 (ii), RI contains a nonzero ideal of R. Since R 
is prime we conclude that rR(I) = 0. Now suppose Ir ç S. If h e H and 
s e /, then sr e S so sr = (sr)h = ,sVÄ = srh and /(r — rh) = 0. Thus r = 
rh for all A e 7/ and r e RH = S. 
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Conversely suppose S 2 RG is ideal-cancellable. Then by Proposition 
9(iii), S contains a nonzero ideal / of RH where H — &(R/S). Thus / is also 
an ideal of S s RH and if r e RH then / / * Ç / ç S . W e conclude from the 
ideal-cancellable property that reS and thus S = RH. Finally, by The
orem A, the map H -> RH is one-to-one so the result follows. 

We remark that the ideal-cancellable property can be restated in terms of 
the Martindale ring of quotients. Indeed if S 2 RG it can be shown that 
Qo(S) is contained naturally in QQ(R). With this embedding, S is ideal-
cancellable if and only if S = Q0(S) fl /*. 

4. Galois extensions of the fixed ring. In order to obtain the usual results 
about normal subgroups and Galois extensions of RG, we first require a 
result on extending automorphisms. This was stated by Kharchenko for 
free algebras [9], but his proof can be adjusted to work for prime rings in 
general. 

THEOREM C. (Extension). Let G be a finite group ofX-outer automorphisms 
of a prime ring R and let S be a subring containing RG. If <j>: S -> R is any 
monomorphism fixing RG, then <j> is the restriction of some g eG. 

PROOF. Let H = &(R/S) ç G and let M be the set of all finite sums 
TtkfkSk s u c h that rk e R, sk e S and EkrPk = Ofor all g e CXI!. Then M is 
clearly an (R, S) - subbimodule of R. Set T(x) = tG(x). 

We first show that there exists an element w e G and m = J^krksk G M 
with m T£ 0 and with Tàkrksîw~l ^ ^ ( m ^a c t ' ^ *s precisely this element 
w G G which, when restricted to S, will agree with <j>). Since S satisfies the 
bimodule property in R, let f be the right (R, S) - truncation of T given 
by Proposition 4. Thus f(x) = JlkT(xrk)sk = Tigx

gbg with rk eR and 
sk G S. Furthermore, as we observed earlier, if bg ^ 0 then there exists a 
unit qgeQ with s* = qj^q^ But then qg centralizes RG, so qg centralizes 
5, by Proposition 7, and hence g e H. Thus 2*r*^ = 5X 7e 0 but for 
all g G G\H we have E^f«** = bg = 0. In other words, m = 5X G M and 
m # 0. Furthermore by Corollary 5 there exists r eR with 0 # f(r) = 
JlkT(rrk)sk. Since <f> is a monomorphism fixing /?G and r(rr^) G 7?G we can 
therefore apply cj> to conclude that 0 ^ HkT(rrk)sf. In other words, if 
T'{x) is defined by T\x) = ZkT(xrk)s$ = E***** then r'CK) * 0. 
Hence surely some coefficient say b'w is not zero. Since b'w = E^H^f» t m s 

fact follows by applying w~l to the expression 0 ^ Hkrkst-
Now for each g e G was define a map fg: M -+ R byfg: Hkrksk-+ 

Hkrkstg1' To see that each/^ is well defined, suppose E**V* = 0. Thus 
since / / fixes S we have 0 = (E**V*)Ä = E * ^ * f° r all A e / / and hence, 
by definition of Af, we have 0 = Ekr

g
ksk for all g G G. It follows that if f (x) 

is defined by T(x) = E^C*7"*)^ = TtgXgbg then ^ = 0 for all g eG. 
Thus surely, for all r e R, we have 0 = f (r) = TikT(rrk)sk. Again r ( r^ ) G 
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RG Ç S so applying <fi to the expression yields 0 = TikT(rrk)s^ In other 
words, if T'{x) is defined by T'(x) = ZkAxr^sf = EgX*b'g then T'(R) = 0. 
Corollary 5 now implies that for all g G G, 0 = bg = ZlkrPÌ and, by ap
plying g-1, we conclude that fg is well defined. Note that fg is clearly a 
left jR-module homomorphism. 

Since S satisfies the bimodule property and M is a nonzero (R, S)-
subbimodule of R, we see that M contains a nonzero ideal / of R. Thus 
QSichfg: M -> R determines an element/^ of Q. Now let m e M and w G G 
be the elements given in the second paragraph of the proof and se t / = fw 

and q = / . Then the properties of m and w assert precisely that mf ^ 0. 
Furthermore since 0 ^ I(mf) = (Im)f Ç If we see that q = f ^ 0. Now 
let 5 G 5 and let T*krksk De a n y element of M. Then using p to denote 
right multiplication we have 

Œkrksk)spf= Œkrk(sks))f= EM^Y"'1 

= ŒM*»-1)**»-1 = (i;krksk)f. (s^-% 
Thus since M ^ fit follows that 

sq = sf = /s*""1 = ^ t t ' " 1 

for all s G S. But again (j)w~l fixes ÄG 5 S so ^ e CQ(RG) = C, by Pro
position 7. Since C is a field central in Q and # ^ 0, we can cancel # to 
conclude that s = s^'1 for all 5* G S. In other words, $ is the restriction 
of w G G. 

Using the above, we can now obtain analogs of the classical results 
characterizing the intermediate rings which are Galois over RG. These do 
not appear explicitly in Kharchenko's work. 

THEOREM D. (Intermediate rings). Let G be a finite group of X-outer 
automorphisms of a prime ring R and let S be a subring of R containing RP. 
Then S is Galois over RG if and only if S is G-stable. Moreover, when this 
occurs then H = <Ç{RjS) is normal in G, &(S/RG) = GjH and <g{SjRG) 
is X-outer on S. 

PROOF. Let K = {g G G | S* = 5} be the stabilizer of S in G so that K 
is a subgroup of G containing H = <?{RjS). By restriction, K acts on S 
fixing RG and hence we have a homomorphism K -* ^(S/RG). The kernel 
of this map is clearly H and hence H is a normal subgroup of K. Further
more if <j) G &(S/RG), then <f> is an automorphism of S fixing RG and 
Theorem C implies that (j> is the restriction of some g G G. Clearly this 
g stablizes S so g G K and the map K -• &(S/RG) is onto. Thus we see 
that &(S/RG) = K\H. 

Next we observe that KjH is X-outer on the prime ring S. Indeed if 
g e K induces an Jf-inner automorphism on S, then by Corollary 3 there 
exist a, b, a\ b' G S\0 with asb' = bssa! for all s e S. But S satisfies the 
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bimodule property, by Proposition 9 (ii), so Lemma 2 applies. We conclude 
that there exists a unit q e Q with q~lsq = s* for all s e S. This implies 
that q e CQ(RG) = C, so g acts trivally on S and hence g e H. 

Now suppose that 5 is (7-stable so that K = G. Then / / <3 G, &(SIRG) 
= <7/// is X-outer on 5 and SG/H <= (RH)G/H = RG. Thus S /̂jy = #G and 
5 is Galois over RG. 

Conversely suppose S is Galois over RG. By Proposition 9 (iii), S con
tains a nonzero ideal / of RH. Furthermore we know that 

and that # / / / is X-outer on 5. Thus by Proposition 6, / fl ^G = / fi ^ / / r 

is a nonzero ideal of RG. Finally since RK c /?# we have IRK ç 5 and 
hence (/ fi /?G)/?^ g ^ = /?G. But RG is ideal-cancellable in R, by 
Theorem B, so this yields RK £ ÄG and hence RK = RG. By Theorem B 
again we have K = G and S is (7-stable. 

We remark that in the above situation, the normalizer of H can be 
strictly larger than the stablizer of 5. Thus it is possible for H to be normal 
in G but with S/RG not Galois. We close this section with 

COROLLARY 10. Let H be a subgroup of G. Then RH is Galois over RG if 
and only if H is normal in G. 

PROOF. If G is an automorphism of R and S is a subring of R then it 
follows easily that &(R/Sff) = &(R/sy. Thus Theorem A implies that 
the stablizer of RH is the normalizer of H. Hence Theorem D yields the 
result. 

5. Applications. In this final section we briefly discuss several applica
tions of the outer Galois theory. 

We first consider simple rings. As we noted in §1, if R is simple, then 
Qo(R) = R and Ajouter is just outer in the usual sense. The next lemma 
was originally proved using the Morita theorems, independently by the 
first author and J. Osterburg; see [13, Theorem 2.5]. The present argument 
is more elementary. 

LEMMA 11. Let G be a. finite group of outer automorphisms of the simple 
ring R. Then RG is simple if and only if R contains an element of trace 1, 
that is if and only if 1 6 tG(R). 

PROOF. Observe that tG: R -• RG is clearly an (RG, RG) - bimodule 
homomorphism and thus tG(R) is an ideal of RG. Suppose first that RG is 
simple. Since tG(R) ^ 0, by Corollary 5, and RG is simple, we have tG(R) = 
RG and hence 1 e tG(R). 

Conversely suppose 1 e tG(R) and let / be a nonzero ideal of RG. Then 
IR is a nonzero (RG, /?)-subbimodule of R. But RG satisfies the bimodule 
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condition, by Proposition 9 (ii), and R is simple, so we conclude that 
IR = R. Finally we have 1 e tG(R) = tG(IR) = / • tG(R) £ / so / = RG 

and RG is simple. 

THEOREM 12. Le/ G èe a finite group of outer automorphism of the simple 
ring R and suppose that 1 s tG(R). Then the map H -> RH gives a one-to-one 
correspondence between the subgroups of G and the intermediate rings 
S 2 RG. In particular there are only finitely many intermediate rings and 
they are all simple. 

PROOF. If H is a subgroup of G, let A be a left transversal for H in G 
and define tA(x) = £ ^ J C * . Since AH = G we conclude that tG(x) = 
^HOAM)

 anc* hence that tG(R) £ tH(R). In particular, we now know that 
1 e tH(R) and hence that RH is simple, by Lemma 11. 

Now let S 2 i?G be any intermediate ring and let H = ^(/?/S) ç G. 
By Proposition 9 (iii), 5* contains an ideal of RH. But RH is simple so we 
conclude that S = RH. The result follows from Theorem B. 

The hypothesis that R contains an element of trace 1 is trivially satisfied 
if \G\~l e R or if R is a division ring. Indeed if R is a division ring, then so 
is RG and Lemma 11 yields this fact. Thus the Galois correspondence for 
fields is a consequence of Theorem 12, as is Jacobson's correspondence 
theorem [5] for division rings. More generally if R is simple Artinian and 
G is outer, there always exists an element of trace 1, as the following lemma 
shows. Therefore the Galois correspondence of [4] and [15] can also be 
recovered from Theorem 12. 

LEMMA 13. Let Rbe a simple Artinian ring and G a finite group of outer 
automorphisms of R. Then RG is simple Artinian and 1 e tG(R). 

PROOF. By Proposition 9, we know that RG is prime and satisfies the 
bimodule property. Now / = tG(R) is a nonzero ideal of RG by Corollary 
5; thus the (RG, i?)-bimodule IR contains an ideal of R. Since R is simple, 
IR = R and hence /R(I) = 0. 

To show that RG is Artinian, we first prove that if K is any non-zero 
right ideal of RG, then K contains a non-zero minimal right ideal of RG. 
Since R = Mn(D), the ring of n x n matrices over the division ring D, 
we can choose a e K, a ^ 0 to have minimal rank as a matrix in R. Then 
al is a nonzero minimal right ideal of RG. To see that it is minimal, choose 
b e al, b ^ 0. Then bR s aIR = aR, and so aR = bR by the minimality 
of the rank of a. Applying the trace, al = a • tG(R) = b • tG(R) ^ bRG. 
Thus al is minimal. 

Now in any semiprime ring, a minimal one-sided ideal is generated by 
an idempotent. Thus if Ki is a minimal right ideal of RG, then K\ = eiRP 
for some idempotent ex and RG = eiRG © (1 — et)R

G. Assuming (1 — e{) 
RG jz o we can find a minimal right ideal e2R

G contained in (1 — e{)RG 
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and with RG = exR
G ® e2R

G © (1 - ex - e2)R
G. We continue in this 

manner and observe that the procedure must stop after at most n steps, 
since R = Mn(D) cannot contain more than n mutually orthogonal 
idempotents. Thus RG is a finite sum of minimal right ideals, so it is 
Artinian. Finally since RP is prime and Artinian, it is simple Artinian by 
Wedderburn's theorem. Thus since / = tG(R) is a nonzero ideal of RG

9 

we have tG(R) = RG and 1 e tG(R). 

In closing, we mention some applications to free algebras. Let F = 
k(xi, . . . , xny denote the free algebra over the field k generated by the 
variables xÌ9 . . . , xn. A group G ^ Aut^(F) is said to be linear on F if 
each g e G is determined by a /:-linear transformation of the A>vector space 
spanned by jcb . . . , xn. If all such linear transformations g e G are scalars, 
that is determined by multiplication by nonzero elements of k9 then we 
say G is scalar on F. 

Some basic properties here are as follows. First, any group G £ Aut^F 
is Ajouter on F. Second, if G is linear on F, then FG is a free /c-algebra. 
Finally, if 5 is a free subalgebra of F, then S is ideal-cancellable in F. 
The latter two are consequences of P.M. Cohn's weak algorithm. By 
combining these ingredients with the main theorems stated in this paper, 
we obtain the following result of Kharchenko [9]. 

THEOREM 14. Let G be a finite linear group of automorphisms of the free 
algebra F = k(xÌ9 . . . , x„>. Then the map H -• FH gives a one-to-one 
correspondence between the subgroups H of G and the free intermediate 
algebras S 3 FG. In particular there are only finitely many such free inter
mediate algebras. Furthermore if S ^ FG, then any monomorphism <j> : S -* 
F fixing FG is the restriction of an element ofG. 

Finally we mention a lovely result of W. Dicks and E. Formanek [2] 
which determines when the invariant ring of a free algebra is finitely 
generated. It uses the previous theorem to reduce to the case of a cyclic 
group of prime order. 

THEOREM 15. Let G be & finite linear group of automorphisms of the free 
algebra F = k(xh . . . , x„}. Then FG is a finitely generated k-algebra if and 
only if G is scalar on F. 

REFERENCES 

1. H. Cartari, Théorie de Galois pour les corps non commutatifs, Ann. Sci. École 
Norm. Sup. (3) 64 (1947), 59-77. 

2. W. Dicks and E. Formanek, Poincaré series and a problem of S. Montgomery, 
Linear and Multilinear Algebra 12 (1982), 21-30. 

3. J. Dieudonné, La théorie de Galois des anneaux simples et semi-simples, Comment. 
Math. Helv. 21 (1948), 154-184. 



318 S. MONTGOMERY AND D. S. PASSMAN 

4. G. Hochschild, Automorphisms of simple algebras, Trans. A. M.S. 69 (1950), 292-
301. 

5. N. Jacobson, The fundamental theorem of the Galois theory for quasi-fields, Annals 
of Math. 41 (1940), 1-7 

6. V.K. Kharchenko, Generalized identities with automorphisms, Algebra i Logika 14 
(1975), 215-237 (English translation Algebra and Logic 14 (1976), 132-148). 

7. , Fixed elements under a finite group acting on a semiprime ring, Algebra i 
Logika 14 (1975), 328-344 (English translation Algebra and Logic 14 (1976), 203-213). 

8. , Galois theory of semiprime rings, Algebra i Logika 16 (1977), 313-363 
(English translation Algebra and Logic 16 (1978), 208-258). 

9. , Algebras of invariants of free algebras, Algebra i Logika 17 (1978), 478-
487 (English translation Algebra and Logic 17 (1979), 316-321). 

10. H.F. Kreimer, Outer Galois theory for separable algebras, Pacific J. Math 32 

(1970), 147-155. 
11. W.S. Martindale III, Prime rings satisfying a generalized polynomial identity, J. 

Algebra 12 (1969), 576-584. 
12. Y. Miyashita, Finite outer Galois theory of non-commutative rings, J. Fac. Sci. 

Hokkaido Univ., Ser I 19 (1966), 115-134. 
13. S. Montgomery, Fixed rings of finite automorphism groups of associative rings, 

Lecture Notes in Math. No. 818, Springer-Verlag, Berlin, 1980. 
14. and D.S. Passman, Galois theory of prime rings, E. Noether's 100th 

birthday issue J. Pure and Appi. Algebra (1984). 
15. T. Nakayama, Galois theory for general rings with minimum condition, J. Math. 

Soc. Japan 1 (1949), 203-216. 
16. and G. Azumaya, On irreducible rings, Annals of Math. (2) 48 (1947), 

949-965. 
17. E. Noether, Nichtkommutative algebra, Math. Z. 37 (1933), 514-541. 
18. A. Rosenberg and D. Zelinsky, Galois theory of continous transformation rings, 

Trans. A.M.S. 79 (1955), 429-452. 

UNIVERSITY OF SOUTHERN CALIFORNIA, LOS ANGELES, CALIFORNIA 90089 

UNIVERSITY OF WISCONSIN, MADISON, WISCONSIN 53706 


