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DUALITY FOR INFINITE HERMITE SPLINE INTERPOLATION

T.N.T. GOODMAN

1. Introduction. Let x = (x,)%,, § = (£,)=, be non-decreasing sequences
in R satisfying
1 [{ilx; =t} +[{il&=t}sn+],

where |S| denotes the number of elements in a set S.

For a positive integer n, we denote by (n, x, £) the problem of interpolat-
ting data at x by spline functions of degree n with knots at & To make this
precise we define for each integer i,

(2) p,,=|{k<l|x,,=x,}|,v,=|{k<l|$k=E,}l

Then the space of spline functions of degree n with knots at & is defined
to be

A8 = {f: (¢, &) — R | for any integer i with
&; < &;41, f coincides on (&;, &;41) with a
polynomial of degree < n and f¢? is continuous
at&, 0<j<n—y;,— 1},
where 4., = lim;, 4., &;.

We shall say (n, x, &) is solvable if for any bounded sequence (y,)%, in
R there is a unique bounded spline fin {,(£) satisfying

3 JE(x) = y; (ieZ).

For this to make sense we must have x; € (5_, &) (i € Z).
We note that condition (1) ensures that we do not interpolate at a dis-
continuity. Defining

4 dx; = min{x; — x; | x; > x;},

we define the global mesh ratio of x as

(5) sup {dx,;/dx;|i, jeZ}.

A similar definition holds for & We shall prove the following.
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THEOREM. If the global mesh ratios of x and & are finite and if (n, x, &)
is solvable, then (n, &, x) is solvable.

We remark that this result is known if x and ¢ are periodic [4], and also
for the corresponding problem when x and & are finite [5]. Indeed in both
these cases the duality extends to more general Birkhoff spline interpola-
tion. Finally we note that if n is odd and x is strictly increasing with
finite global mesh ratio, then (n, x, x) is solvable [2].

2. Proof of the theorem.

LEMMA 1. For any interval I, let x(I) = |{i|x; € I}|and &(I) = |{i|§; € I}|.
Then if (n, x, £) is solvable, x(I) is finite if and only if £(I) is finite, and if
they are finite then |x(I) — &) | = n + 1.

PRrROOF. Suppose (n, x, &) is solvable. Take I with &(/) finite. Then for
any bounded vector {y;|x; € I} there is a spline f in {,(€)|7 with 1 ®(x,)
= y; whenever x; € I. But dim {,(&)|7 < &) + n + 1 and so x(/) is finite
withx(J) < &) +n + 1.

Next take I with x(7) finite. Let { denote the space of splines in {,(§)
which vanish outside 7. If dim { > x(/), there would be a non-trivial ele-
ment f of { with f®)(x;) = 0 for all x; in I, and hence for all integers i.
Since f is bounded this would contradict (n, x, &) being solvable. Thus
dim = x(I). Butdim{ =z &I) — n — 1 and so &(J) is finite with &)
Sx(I)+n+1.

We now introduce the ‘normalised B-splines’ defined by
(6) N(”s:‘: ey 61’+n+1) = (Et’+n+l - 5;’)[51', ey E;’+n+1](' - t)i,

where asusual [§;, .. ., &;1,+1] f denotes the divided difference of f at these
points. We shall denote N(.|&;, ..., &;rnt1) DY N, It is well known that
N;isin {,(¢) and N(t) = Oforall ¢, with N(¢) > Oifand only if §; < ¢ <
&:+,+1- Moreover any spline fin {,(£€) can be expressed uniquely in the form

™ f0) = 5 6N ,0)

where the sum converges locally uniformly since locally it has only a
finite number of non-zero terms, see [3]. Thus for any integer i,

® ) = i B NEDx)B; = i

It is shown in [1] that there is a positive constant C,, independent of
&, such that for any 8 = (8)% € 4.,

&) Gl = 1 _ZmﬁiNi“oo = 118l
Thus fin {,(&) is bounded if and only if the sequence § of its B-spline
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coeflicients is bounded and so by (8), (n, x, &) is solvable if and only if the
matrix

(10) N = (N;)Pjmcor Nij = Nj(x;),
represents a bijective map on /..

LeMMA 2. If (n, x, &) is solvable, then there is an integer m such that for
any i, j, N;; # O only whenm — n £ i — j £ m + n, i.e., all the non-zero
elements of N are contained within 2n + 1 consecutive diagonals.

Proor. Take any i, j, k, /withi —j <k — sand N;; # 0 # N,,.
Then §; < X; < §jtntry &/ < Xk < §/4nt1- First suppose &; < &40
Then applying Lemma 1 with I = (§;, &,1,41) givesk — i +1 = 7 +
n—j+n+1landsok — s <i—j+ 2n. Next suppose &; = &,.,41.
Then Lemma 1 with I =[§,4,4, § gives i—k—-12j—7/—n—
(n + 1)andsoagaink — /< i — j + 2n. Thusinallcases 0 < (k — /)
— (i — j) < 2nand the result follows.

LEMMA 3. For any f'in { (x), let
an 7 = (= D#[n){fO#2(xf) = f@1)(x7)} (e Z).
Then for any integer i,

(12) jzimN(#i)(leeb R 5;’+n+1) Tri= (&i+n+1 - E:’)[Ei? fees §i+n+1]f:

ProoF. Take fin {,(x), i in Z, and choose any k, /with x, < &;, &;,,11 <
x,. Then for some polynomial p of degree < n,

f@) =p@) + j;‘é] Gf—!m)T(_ Dyt — x)57#, x, St < x,.
Thus, recalling (6),
Eitnrr — EJMEs -+ Sl f

/=1 n!

= j:Zsz W (— l)wrj(EH-n-i—l - s:) X [Ei’ DR &i+n+1](' —xj)t}t-_ﬂi

= 20 riN®xl&is .., Errur)-
j=—0

LEMMA 4. Take points ty < t; < +++ < t,41 with ty < t,;. Suppose
the distinct elements of {ty, ..., t,u1} are zy, ..., z,, with multiplicities
i, - - ., Ay respectively, and write

m a;—1

(13) [to, - sty f = Z=Il ,§) Aij fP(z)).
Then
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(14) gl <(, 2 o)) vz,

where M; = min {|z; — z;||k = 1, ..., m, k # i}.
PRrOOF. We first show that
(15) Aij = @)W a; — 1 = ),

where @(t) = gzt — z))™
It is easily verified that for any sufficiently smooth function f, the poly
nomial

a9 w0 =5 e £ G [ voso]

=1 i

satisfies
a7 PPE)=f0z), j=0,...,a;,— L,i=1,...,m.

For v=0, ...,n + 1, we put f(¢) = p,(¢) := t*in (16). Then (17)
tells us p(¢) = p,(t) and equating powers of 7+ gives:

av,n-}-l = Z: (Ct','l D! l:dta'_l (pv(t)¢ (t))l

_ m a;—1 ¢(a,—1— (Z) i
z; /§) ]|(a 1= ])| p( )(Zi).

Comparing with (13) then gives (15).
Now ¢i(t) = — ¢u(t) X aj(t — z;)7}, and so
Bi(t) = ¢1) ;; ailt — z;)! é(a’k + k) (t — zp)7L.

Repeating this procedure we see that fory =0, 1,2, ...,

#9001 S 101G (minle — 2,1}

Substituting into (15) gives (14).

PROOF OF THE THEOREM. We assume the global mesh ratios of x and &
are finite and (n, x, &) is solvable. Without loss of generality we can num-
ber the indices of x and & so that, from Lemma 2, N;; # 0 only when
|i — j| = n. We have seen that the matrix N represents a bijection on /,,
which we denote by A. Since the global mesh ratio of £ is finite, we see from
(6) and Lemma 4 that N, is uniformly bounded, and hence 4 is a bounded
map. The Open Mapping Theorem then tells us that 4~ is also bounded.
Now it is easily seen that N7, the transpose of N, represents a bounded
map B on »/; whose adjoint is 4. But it can be shown that if a bounded,
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linear map on a Banach space has a boundedly invertible adjoint, then it
must also be boundedly invertible. Hence B is boundedly invertible.

For any fin {,(x) we define 1(f) = (7)%% by (11), and »(f) = (3;)= by

(18) N = Epmer — EEs - - -5 Ejpmnal e
Then Lemma 3 tells us
19) NTr(f) = 9(f)

We shall first prove uniqueness for the problem (n, &, x); that is we
take any bounded element f of {,(x) satisfying f*(&,) = 0, i € Z, and we
shall show f = 0. Now NTy¢(f) = y(f) = 0. Since NT represents a bounded
and boundedly invertible map on /;, we can apply Theorem 3 of [2]
to show that () is either zero or increases exponentially in at least one
direction. More precisely, if y(f) # 0, then for some index x and positive
constants K, A, with 4 > 1, we have either for all i > y or else for all
i< p

l#—pl
2mi<jETn(i+1) Iril 2 KA

For any integer i we write N(t) = N(t|x;, . . ., X;1,+1)- Now for integers,
i, j with x; £ x; £ X;4,+1, We see from Lemma 4 that, since the global
mesh ratio of x is finite, there is a constant K;, independent of i and j,
such that

(20) |Nfm=t (x}) — N (x7)| £ Ky,

Lettingf = X, B;N,, we then have for any integer j,

i = |3 5 B - i)
< Kl Jtn

=n! - ;n—l I8l

Since f'is bounded, ; is uniformly bounded and so y(f) cannot increase
exponentially in either direction. Hence 7(f) = 0. So f is a polynomial
which vanishes infinitely often and so f = 0.

We shall next construct the fundamental functions for the problem
(n, & x). Take any integer k and let » = 75(g;), where g, denotes any
function satisfying g%7(§,) = 04, i € Z. Choose L, in {,(x) with (L,) =
B-1y. By altering L, by a polynomial of degree < n we may assume
LPNE) = g¥(&), i= 7, ..., / + n, where ¢ is any integer with
v, = 0. But by (19), 9(Ly) = NT(Ly) = By(L,) = 9 = y(g;) and so
&, .- Erntil(Le—8r) = 0, i€ Z. Thus for any integer i, LY?(&,) =

(”')(&) = 5:/@
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Next we make estimates on L,(t). Suppose ¢ is in (§,_;, &) for » = k.
Then by (12) with (L) = (7,)%,

20 NUxilt, Eppnrrs -+ s Evrant )Ty

J=—o00
= Ervontr — O Erpntrs -+ o5 Ervontally
—Lyt)t = &)t (F = Epponr) ™

Recalling (6), Lemma 4 and that the global mesh ratio of & is bounded,
we see there is a constant K, independent of k£ and ~, such that

/+2n
(2] L)l = Ks 25 Irjl.
J=¢/—n—1

By applying a similar argument for zin (§,_,, &,), / < k, we see there is
a constant K3 such that for any integers k£ and ~, and any ¢ in (§,_4, £,),

/+2n
(22) L)l = K3 25 il
J=t—3n—2

Now Theorem 2 of [2] tells us that if the matrix which represents B-!
is denoted by (b;;), then there are positive constant Ky, 4, with 1 < 1,
such that for all i, j,

(23) [b;;] < KA.
Since y(L;) = B~1pand 5 = y(L,), on recalling (18) we see for any
integer i,
=) ktn

Q4 1= ; =Z_:°° b;m; = ; Zﬂ_l bijEiinrr — EDIEs - - o5 Ejpmril Ly

=k—2
From (23), (24) and Lemma 4, noting that the global mesh ratio of
& is bounded, there is a constant K5 such that for any integers i and k.

(25) l7:] < KA.
Combining (22) and (25) gives a constant Kg such that
(26) ILi0)| = Kol H(t€[§,—1, €, k, 7€ Z).

Finally we take any bounded sequence (y,)%.. By (26) the series
1 2.y:LAt) converges uniformly on bounded sets to a bounded func-
tion f. Clearly flies in {,(x) and satisfies f*?(§;) = y;, jeZ. Thus
(n, &, x) is solvable.

ReMARK. If x and £ are strictly increasing, then the above proof can be
easily modified to cover the possibility of x and & having infinite global
mesh ratios, provided there are positive constants A, a such that
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dxi/dx; < Ali — jlo, 4848 £ Ali — jl* (G, j € Z, i # ).
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